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ABSTRACT

A newly developed perturbation technique for resolving Chrystal’s classical seiche problem
has been applied to Vittern, a deep and elongated lake in central Sweden. Theoretical
predictions of the standing-wave periods were compared to those obtained from spectral
analysis of a 3-month water level record. The results for the gravest-mode seiche were found to
be in good agreement, whereas the second- and third-mode predictions showed a systematic
deviation from the observations. A sensitivity analysis of the computational procedure
indicates that this discrepancy can most likely be ascribed to insufficient knowledge of the

detailed topography of the lake.

1. Introduction

The study of barotropic standing waves in
enclosed basins has been a recurrent theme with-
in limnology and physical oceanography ever
since Forel in the 1870s conducted the first
systematic investigation of the phenomenon as
observed in Lake Geneva. A well-known study of
this type was undertaken by Bergsten (1926) for
Vittern, an elongated and rather deep lake in
central Sweden, extending 120 km in a direction
from roughly north to south (cf. Fig. 1). This
pioneering investigation was based on four exten-
sive series of limnograph recordings at various
positions along the lake which had been obtained
by the Swedish Meteorological and Hydrological
Agency (SMHA) in the years 1910 to 1925. From
these measurements, Bergsten not only
determined the periods associated with the 6
gravest standing-wave modes of the lake, but
could also locate the approximate positions of the
nodal points for the two most fundamental of
these seiches. He furthermore showed that
numerical predictions based on the Chrystal
(1904, 1905) theory of seiches were in good
agreement with these empirical results.
Bergsten’s results were impressive, not least in
view of the computational aids which were avail-
able at the time of the inquiry, and have been
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extensively quoted ever since they were pub-
lished. In particular, his graph demonstrating
phase-shifted simultancous lake-end recordings
of a uninodal seiche has received widespread
attention and is reproduced in many textbooks
(e.g., Defant, 1961; LeBlond and Mysak, 1978).

It would be difficult, even against the
background of present-day technical resources, to
improve much in the design and execution of
Bergsten’s field experiment. In view, however, of
the remarkable advances which have been made
in statistical data processing over the last
decades, the present authors decided to under-
take a fresh survey of the seiching of the lake.
The field study to be reported here was conducted
on a much more modest scale than the original
experimental investigation described above, and
only involved a single water level gauge which
was mounted on a pier in Jonkoping harbour at
the southern end of the lake. The recordings over
a 3-month period were subjected to statistical
analysis, and the results were found to conform
quite well to those of Bergsten. The experimental
data was furthermore compared with predictions
based on a newly developed generalization
(Lundberg, 1990) of the classical Ertel (1933)
technique for determining seiche periods from
Chrystal’s equation.

In Section 2, recursive formulae for this
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Fig. 1. Map of Lake Vittern where the water level
gauge was located in J6nkoping harbour. A quasi-
autonomous, deep basin at the southerly end of the lake
is delimited to the north by the island of Visingss.

perturbative method are derived for an arbitrary,
although elongated, lake topography. Section 3
deals with the analysis of the field data
and furthermore includes a direct comparison
between these results and theoretical predictions
obtained by applying the computational algo-
rithm to Bergsten’s topographical data. Since the
higher-mode results proved to be somewhat in-
consistent with the observations, it was decided
to attempt to resolve this disquieting feature of
the analysis by examining the effects of alterna-
tive discretizations of the lake topography, a task
which is described at some length in Section 4. A
sensitivity analysis is undertaken in Section 5,
and the entire study is concluded with a review of
the results obtained and a discussion of the
prospects for future work.

G. G. A. BIORK AND P. A. LUNDBERG

2. Theoretical considerations

We here limit ourselves to examining the
seiche problem in its most simplified form, i.e.,
small-amplitude inviscid motion in a shallow
elongated basin of moderately varying cross-
section. By reformulating the longitudinal velo-
city as the time-derivative of the horizontal par-
ticle displacement and making use of a cross-
sectionally integrated equation of continuity, the
linearized horizontal equation of motion may be
cast in the following form:

32 olv, 1) _ 2o, 1)
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go(v)
Here ¢(v, ?) is the horizontal bulk displacement
of the water mass, g is the acceleration due to
gravity, v is a horizontal coordinate expressed in
terms of the accumulated surface area, and a(v) is
the normal curve of the lake, viz., the product of
the surface width and cross-section at location v.
This equation (Chrystal, 1904) governs longitudi-
nal wave motion in the basin, and is most
conveniently resolved mathematically by using
the “Ansatz” ¢ (v, ) =¥ () {(1), "/ = —A; A> 0.
After separation of variables and imposing no-
flux boundary conditions at the limiting points of
the basin (v=0, L), an eigenvalue problem is
obtained from which the periods of the standing
oscillation T = 2x/VA can be found:

d2 y () A _
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Chrystal’s (1905) method of solution for this
problem was based on piecewise approximation
of the normal curve with low-degree polynomials.
Hereafter, the governing equation could be
resolved analytically, ultimately yielding the
eigenvalue A as the solution to a purely algebraic
problem.

In the present study, the formal eigenvalue
problem will instead be analyzed using a
perturbative procedure (Lundberg, 1990). A
suitable expansion parameter ¢ is obtained by
reformulating the normal curve ¢(v) in terms of
its deviation from a constant value, i.e.,
o(v) =S(1 — eh(x)), where S is the maximum
value of the product of basin surface width and
cross-section, and x=wv/A is a dimensionless
horizontal coordinate (where A4 is the total
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surface area of the basin). The governing equa-

tion assumes the following nondimensionalized

form:

dz y(x) p
dx? 1 —eh(x

) y(x)=0. 2.4)
Here the parameter A/,/gS has been incorpor-
ated in the time-scale of the problem. Due to
constraints imposed by the topography of natural
lakes, the final evaluation of all results will be
undertaken for £ =1, but for the time being this
quantity is left unspecified and solely regarded as
a small parameter. It is hence postulated that
and 4 can be expanded in powers of &:

w(x)=z ymem, A= Z/l‘""

m=0
Insertion of these expressions in eq. (2.4) and
ordering yields:

(2.5, 6)
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These equations to all orders are associated
with the homogeneous boundary conditions

Y™(0) =y™(1)=0. The zeroth-order problem
has the following solution:

AW=nrn?, YO (x)=/2sinnnx,

It is now assumed that ¥{"(x) can be expressed in
terms of this complete set of eigenfunctions:

n=12,...

YP(x) = Z bY /2 sin knx.

k=1

This expansion (which satisfies the first-order
boundary conditions) and the lowest-order solu-
tion are hereafter inserted in eq. (2.8). The result-
ing expression, after multiplication with /2 sin
nx and integration over the interval [0, 1], yields
the following first-order correction formulae:

1
AV = —2p? o2 J h(x) sin nzx sin nnx dx, j=n,
0
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Note here that the coefficient b is as yet

undetermined.

Proceeding to the mth order problem and
expanding Y(x) in the zeroth-order
eigenfunctions, a generalization of the analysis
above yields the following result:

A = — Z b= 22 g2 J. h(x) sin lnx sin nex dx
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The hitherto unspecified coefficients 5! may be
determined from the normalization condition:

Il [y dx=1.

Insertion of the power series (2.5) in this
expression and ordering in ¢ ultimately yields:

m—-1 o
BO=0, b=—1) ) b¥beH m>2.
k=1 j=1

From a formal standpoint, the problem is now
fully resolved to arbitrary order, since a recursive
procedure for determining the eigensolutions and
characteristic values has been derived. As will be
evident, however, a number of practical problems
associated with the numerical implementation of
this scheme remain to be solved.

The results above represent an extension of the
classical theory due to Ertel (1933), who limited
his analysis of Chrystal’s equation to formulating
the first-order eigenvalue correction. A techni-
cally related analysis for the somewhat more
complex case of the wave-equation in non-canon-
ical form (valid for a strictly two-dimensional
basin) has been given by Lundberg (1990). Note
finally, however, that the classical seiche problem



618

G. G. A. BIORK AND P. A. LUNDBERG

1wl
= ¢
S1o
< |
ER
5
o
0600 1200 1800 00.00 0600 1200
Dec. 6 Dec. 7
Time

0000 0600
Dec. 8

18‘.00

Fig. 2. Recording of the water leel at Jonkoping during a 60-h period in December 1985. The gravest-mode seiche
with a peak-to-peak amplitude of around 8 cm and a period of approximately 3 h is clearly visible.

dealt with in all these studies is somewhat ideal-
ized; for a review of modern developments in the
field such as including the effects of the earth’s
rotation and the curvature of the basin axis, cf.,
Raggio and Hutter (1982).

3. Field investigation and comparison with
theory

The water level recordings in the form of
discrete measurements every 10 min were made
from a pier in Jonk6éping harbour from 25
October 1985 until 2 February 1986, at which
time the lake froze over. This period of observa-
tion was selected after a study of climatological
data had suggested that the maximum amount of
stormy weather occurred during autumn, hereby
increasing the likelihood that the free barotropic
oscillation modes might be excited in the lake.
The recordings were made with a differential
pressure gauge, thus eliminating the necessity to
compensate for barometric variations. A linearly
interpolated segment of the unprocessed time
series is shown in Fig. 2, where a gravest-mode
standing wave with an amplitude of around 4 cm
and a period of approximately 3 h is evident. The
onset of the seiching motion is quite drastic,
whereafter the standing wave is slowly damped
out. (The maximum amplitude of this fundamen-
tal oscillation observed during the entire
experiment was 6 cm.)

In order to prepare the time-series for statisti-
cal analysis, slow changes were removed from the
data set using a Butterworth filter (Bath, 1974)
with a half-power point of 6 h. (During the
experiment, the overall water level varied over a
40-cm range, due not only to the precipitation

over the lake and its drainage basin, but also to a
fluctuating runoff controlled by the hydro-electric
power plant in Motala.) The spectral characteris-
tics of the de-trended residual time series
consisting of around 10* records were hereafter
determined using standard techniques (Bdth,
1974), and in Fig. 3, the resulting power spectrum
is shown. Three significant peaks associated with
the gravest modes of the standing oscillation are
clearly in evidence with the periods 7 = 179.5,
T,=97.0 and T5 = 80.5 min. These results were
found to be in good agreement with Bergsten’s
observations (and consequently also with his
theoretical predictions). A noteworthy feature of
the data set is that no significant information
could be extracted for frequencies beyond those
demonstrated in Fig. 3; hence, no indication of
autonomous seiching motion in the Jonkdping-
Visingsd basin was discernible in the spectral
results. A further discrepancy with Bergsten’s
study is that during the experiment reported here,
no standing oscillations of mode number higher
than three were observed. However, in view of
the fact that the data upon which Bergsten (1926)
based his period estimates had been culled in a
highly selective fashion from water-level records
covering around 30 gauge-years, this shortcoming
of the present investigation should not be taken
too sertously.

The good correspondence with Bergsten’s data
tended to further reinforce confidence in the
experimental appraisals of the seiche periods.
These observations may now be compared with
the standing-wave periods predicted using the
perturbative scheme derived in Section 2. Before
this algorithm can be applied, however, the
rather intricate question must be settled of how to
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Fig. 3. Power spectrum of the water level recordings
where the three distinct peaks may be associated with
the gravest modes of the standing oscillation. A 95%,
confidence limit is also shown. The spectrum, based on
consecutive sets of 2000 recordings, is smoothed by a
Parzen window with a cut-off point equal to 200. It did
not contain any significant information beyond the 1.1
cycle/h limit of the graph.

best accomplish a useful Fourier representation
of the normal curve in Chrystal’s equation.
Several different possibilities have been explored
on the basis of Bergsten’s original 28-point
discretization of o(v) for Lake Vittern, where
§=21.19 km3> and A4=1890.0 km2. Fourier
decompositions to arbitrary order of either a
linearly interpolated normal curve or Bergsten’s
piecewise polynomial approximation both proved
to have the drawback that spurious effects were
induced in the analysis by Gibb’s phenomenon
occurring at the junction points between the
segments, where discontinuous first derivatives of
a(v) were the rule. It was finally decided instead
to represent Bergsten’s topographical data using a
straightforward 28-component Fourier-cosine ex-
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pansion. A related question concerns where to
terminate the infinite summations occurring in
the general recursive formulae (2.10, 11). An
extensive set of numerical experiments showed
that a 50-term approximation in all cases pro-
vided ample margins, and hence the results to be
reported here have been calculated for this limit.
The convergence radii of the perturbation series
have been determined using a graphical version
of Cauchy’s ratio test (Domb and Sykes, 1957). In
Fig. 4, the results for the gravest modes of the
eigenvalue expansion (2.5) are shown, and from
this graph, it is recognized that for each of these
three power series, the radius of convergence is
significantly larger than 1, since it is the
reciprocal of the extrapolated intercept at 1/n = 0.
Although not shown here, analogous results were
obtained over the entire interval (0, 1) for the
corresponding eigenfunction expansions (2.6). A
truncation level which must finally be decided
upon before any evaluation of the eigenvalues
determining the seiche periods can be carried
out, is to which order N in ¢ the perturbation
series (2.5, 6) are to be calculated. The present
results (cf. Table 1) partly circumvent this ques-
tion by showing the outcome of the analysis for
N =10, 20, 50 and 100. In this context, it must
furthermore be underlined that all values in the
table have been obtained for ¢ = 1, in accordance
with the considerations of Section 2. This value
of the perturbation parameter is located well
within the circle of convergence of the
expansions, and hence the power series (2.5, 6)
converged in an adequate fashion even for this
rather large value of ¢ In order to further in-
crease their rates of convergence, however, a
nonlinear transformation of the partial sums
(Shanks, 1955) has also been applied when com-
puting the results of Table 1.

The present investigation has primarily
restricted itself to examining the periods of the
standing oscillations, since the rather modest
field experiment did not permit any far-reaching
conclusions about the spatial characteristics of
the seiches. The eigenfunctions ¥,(x), n=1, 2, 3
associated with the gravest modes of the standing
wave are nevertheless shown in Fig. 5, based on
50-term evaluations of the expansion (2.6). The
nodal points of the seiches, corresponding to local
maxima and minima of these three eigensolutions
for the bulk horizontal displacement of the water
mass, were found to be: x =0.51 [0.51]; x=10.21
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Fig. 4. Domb-Sykes plots of the eigenvalue expansion coefficients A%, n=1, 2, 3 for the three gravest modes
of the standing oscillation. For clarity, only the ratios based on the coefficients from k = 40 to k = 110 have been

included in the graph.

and 0.73 [0.21 and 0.78]; x =0.15, 0.50 and 0.87
[0.18, 0.58 and 0.95], where, for comparison,
the values obtained from Bergsten’s theoretical
analysis have been included within brackets. It is
seen that the agreement between the two sets of
predictions decreases for the higher modes, but
unfortunately, Bergsten’s observational results

(which were limited to the two gravest modes) are
insufficiently precise to permit any comparison
between the accuracy of the two computational
schemes for determining the eigensolutions. For
the third mode of the standing oscillation, no
observational evidence concerning the location of
the nodes was obtained during the original
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Fig. 5. The three normalized gravest-mode eigen-

functions of the problem, determined on the basis of 50-
term perturbation expansions.

experiment. Bergsten, however, made the inter-
esting observation that the amplitude of this
seiche at the northerly end of the lake was around
twice that registered at Jonkoping, This asym-
metry, which stands in marked contrast to the
observed results for the first- and second-mode
seiches, is fully borne out by the calculated third-
mode eigensolution of Fig. 5, when this graph is
interpreted in terms of surface elevations rather
than bulk displacements of the water mass.

From Table 1, and in particular the agreement
between the 50- and 100-term results, it appears
evident that the convergence of the expansions
does not pose any serious problem. (This was
further verified by a considerable number of
numerical experiments not reported here.) A
more interesting feature of the table is that,
independent of the order of the perturbation
expansions, the theoretical predictions decrease

in accuracy for the higher modes of the standing
oscillation. The first- and second-mode results are
of such quality that they may serve a useful
purpose, but nevertheless, the intriguing question
of what causes the successive degradation of the
predictive value of the algorithm remains to be
answered. Neglect of friction in the analysis
could be invoked to at least partly account for the
disagreement between observations and predic-
tions; a well-known effect of damping in
oscillatory systems is to decrease the
eigenfrequencies. Recent results (Hukuda, 1986)
furthermore indicate that this effect should be
particularily pronounced for the higher seiche
modes. The observed deviations are, however, of
such a magnitude that it is highly questionable
whether the entire discrepancy could be ex-
plained in terms of frictional damping (especially
since the characteristic e-folding time of the
standing waves was observed to be on the order
of 35 h, yielding a friction coefficient of magni-
tude around 103 s~1, cf. Defant (1961)). Simi-
larly, neither the effects of lake stratification
(LeBlond and Mysak, 1978) nor those of the
earth’s rotation (Defant, 1953), although both
these factors act so as to decrease the
eigenfrequencies, are sufficiently large to account
for the observed deviations in the second- and
third-mode results. A cause which appears more
likely is that the lake topography may have been
resolved with insufficient accuracy. This state of
affairs should give rise to precisely the effects
outlined above, since the higher seiche modes
(with their shorter length-scales) can be expected
to be progressively more sensitive to im-
perfections in the representation of the
bathymetry. Against this background, it was also
decided to undertake period calculations for
normal curves of Lake Vittern based on different
resolution than that employed by Bergsten.

Table 1. Theoretically-determined periods of the three gravest modes of the standing oscillation for various
truncation levels N of the perturbation expansions; also included are the results from the field observations ;

all values are given in min

N=10 N=20 N=50 N=100 Observed
T, 178.66458 178.71809 178.72130 178.72134 179.5
T, 93.26428 93.37675 93.38150 93.38159 97.0
T 66.03964 66.12052 66.12076 66.12123 80.5
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4. Predictions using normal curves of lower
resolution

When we attempted the construction of a more
detailed normal curve o(v) than that provided
by Bergsten (1926), it was recognized that
no bathymetrical measurements had been under-
taken in Lake Vittern since the beginning of last
century when Sir Thomas Telford supervised a
survey of the lake in conjunction with the plan-
ning of the Gota Canal. Any additional
topographical cross-sections would hence have to
be based on the same sparse observational ma-
terial as that available to Bergsten. (These origi-
nal soundings were furthermore made using
hemp rope, which casts some doubt on their

d (km3)

20 4 L

500y km2) 1000 1500
Fig. 6. Bergsten’s original discretization (solid circles)
of the normal curve of the lake ¢ versus the cumulative
surface-area coordinate v. The geographical position of
his cross-sections are indicated by the dashed lines in
the schematic map. The reduced 15- and 8-point repre-
sentations of the normal curve are also included as
dashed and dotted lines, respectively.

Table 2. Calculated periods for the three gravest
standing-wave modes for 8-, 15- and 28-point repre-
sentations of the normal curve; the perturbation
expansions have been truncated after 30 terms; all
values given in min

8 points 15 points 28 points
T, 179.8323 179.1541 178.7209
T, 95.8302 93.7456 93.3806
T, 65.7347 69.7723 66.1200

accuracy). In view of this state of affairs, it was
decided instead to examine the effects of chang-
ing the topographical resolution by decreasing
the number of points representing the normal
curve. By only retaining every second data point,
two reduced normal curves were ultimately ob-
tained: a 15- and an 8-point version, both of
which are shown in Fig. 6.

The results from the calculations pertaining to
these two “condensed” topographies are shown
in Table 2, which also comprises the previously
obtained periods from the 28-point analysis. (The
computations were undertaken for 15- and 8-term
Fourier-sine representations of the normal curve,
respectively. A 30-term truncation level was used
for the perturbation series, and the summations
in the general recursive formulae for the expan-
sion coefficients in these cases were also limited
to 50 terms.) The overall impression gained from
this table is that it appears unlikely that a more
highly resolved normal curve would lead to any
great improvements of the predictions for the
higher modes. It is striking how stable the three
gravest-mode periods are to the changes of the
normal-curve representation, and how (in good
agreement with qualitative considerations) the
deleterious effects of too low a resolution first
manifest themselves in the third-mode results,
which show a slightly nonuniform behaviour.

These questions concerning the numerical
effects induced by the various discretizations of
the normal curve touch upon another matter of
great importance, namely that of the accuracy of
these representations. Since, as outlined above,
the bathymetrical data for the lake is imprecise,
it is not inconceivable that systematic errors may
have entered the analysis due to an incorrectly
prescribed normal curve. A sensitivity analysis,
aimed at clarifying some aspects of this problem,
will be outlined next.

5. Sensitivity analysis

A set of numerical experiments has been con-
ducted in order to look at possible effects arising
from incorrect estimates of the cross-sectional
areas underlying Bergsten’s normal curve. (The
surface widths of these cross-sections were
assumed to be unchanged, this in order to leave
the cumulative horizontal coordinate of the
mathematical problem unaffected.) The results
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Fig. 7. Results of the sensitivity analysis for the three
gravest modes of the seiche. The period envelopes,
{_Jbtained by varying in turn each of the normal curve
interior points +20% from Bergsten’s values, are
shown. Note how well the regions of maximum sensi-

tivity correspond to the nodal points of the standing
waves.

obtained by varying in turn each of the interior
normal curve points ¢,, k =1, 26 over a range of
+20% from Bergsten’s values are demonstrated
in Fig. 7, where the resulting envelopes around
the standard 50-term predictions from Table 1
are shown for the three gravest modes. (A de-
crease of the cross-sectional area corresponds to a
lengthening of the seiche period, as may be
recognized by interpreting the normal-curve
changes as directly influencing the propagation
velocity of the long wave.) From the graph, it is
striking how well the regions of greatest sensi-
tivity to topographical changes correspond to the
locations of the nodal points (where the largest
horizontal velocities are encountered and conse-
quently where changes of the cross-sectional area
can be expected to exert particularly effective
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controlling influence.) The spatial separation of
these maxima is, as will be shown, alsc highly
interesting when attempts are made to impose
corrections on the computational results.

The gravest-mode seiche is, in a relative sense,
least affected by perturbations of the normal
curve, and furthermore is seen to be markedly
insensitive to topographic changes over the most
northerly part of the lake. The second mode of
the standing wave shows a pronounced sensitivity
maximum at around x = 0.2. This region not only
includes the most southerly nodal point of the
seiche, but also coincides with the location of
Visingsd Island (cf. Fig. 1). It is reasonable to
assume that the existence of this island tends to
decrease the effective cross-section available for
flow below the directly calculated area value
employed by Bergsten for his predictions.
Against this background, a numerical experiment
was undertaken where the normal-curve points 5,
6 and 7 were simultaneously reduced by 10, 20
and 10%, respectively, in which case the 50-term
results for the three gravest-mode periods became
T, = 180.098, T, =95.595, and T3 = 66.703 min.
By comparing with the original predictions of
Table 1, it is recognized how selectively this
topographic change has limited itself to primarily
affecting the second mode of the standing oscilla-
tion, the first and third modes remaining almost
unchanged. It thus appears as though the
discrepancy between observations and predic-
tions of the second-mode period may, to a large
extent, be explained in terms of the constricting
effects of Visings6 Island.

When attention is directed towards the third
mode, a more complex picture emerges. By re-
taining the correction for cross-sections 5, 6 and 7
introduced above and simultancously reducing
the normal curve by 20% for sections 23, 24 and
25, (where the third-mode sensitivity has an
overall maximum associated with the most north-
erly node), the following periods were obtained:
T, = 180.634, T, =96.580 and T; = 69.477 min.
The third-mode period discrepancy of Table 1
was, however, around 15 min, and it cannot be
accounted for solely on the basis of this effect,
even if the magnitude of the nodal region topo-
graphic correction is considerably increased.
Nevertheless, these results serve as an indication
of a mechanism which could possibly come into
play; when the cross-sectional areas 25 and 26
were reduced by 50 and 679, respectively, the
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third-mode discrepancy was drastically reduced,
whereas the first- and second-mode periods
remained almost unchanged: T, =180.791,
T,=97.616 and T; = 74.705 min. These numeri-
cal calculations of the three gravest-mode seiche
periods conform in an overall sense much more
closely to the spectral peak locations of Fig. 3
than any of the previously computed results, and
hence it appears reasonable to ascribe the
difference between the third-mode observations
and the original prediction to insufficient know-
ledge of the detailed lake topography in the
vicinity of Askersund.

No effects of comparable size were recorded
when cross-sections 1 and 2 immediately adjacent
to Jonkoping were manipulated in the same
manner. This “asymmetrical” response indicates
that what has been observed from the numerical
experiments is not merely a boundary effect, but
rather represents a fundamental dependence of
the third-mode seiche upon the topographical
conditions in the extreme north of the lake. To
judge from the data presented above, it moreover
appears far from unlikely that this sensitivity
may be of such a magnitude so as to possibly
account for the discrepancy between the observed
and calculated periods of the third-mode standing
wave. From a predictive standpoint, this skewed
topographical dependence is unfortunate, since
the lake bathymetry, as evident from Fig. 1, is
most complex at the northern end of the lake.
This does not facilitate good estimates of the
cross-sectional areas, and hence there may be
some reason to assume that errors of this type
have crept into the original normal curve data.
For Bergsten’s calculations, these inaccuracies
were of no consequence due to the many degrees
of freedom available when fitting his polynomial
approximations to the normal curve, but for the
present computational method, which relies on a
much more exhaustive use of the available data,
far from negligible errors have been introduced
into the results.

This discussion of the sensitivity problem may
be concluded by noting that similar effects were
observed for perturbations of the lake surface
area, i.e., the cumulative horizontal coordinate
used in the calculations. Retaining the previously
introduced corrections for cross-sections 5, 6 and
7, a 509 increase of the surface areas between
sections 25, 26 and 27 yielded the following 50-
term results: T, =184.835, 7,=99.362 and
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T,=74943 min. Hence, the third-mode
prediction was affected in the most selective
fashion also for this type of topographic modifi-
cation applied at the northern end of the lake. No
systematic investigation of this dependence was
undertaken, but to judge from the quoted result,
it most likely also plays a role in determination of
the overall results of the numerical computations.

6. Discussion and conclusions

From the analysis of Section 5, it appears as
though the 4-min discrepancy between the obser-
vations and predictions of the second-mode
standing oscillation can be ascribed in a rather
straightforward manner to the constricting effects
of Visingsod Island, located at the most southerly
node of the seiche. The mechanism underlying
the 15-min third-mode discrepancy is more
subtle, not least since it could be demonstrated
that topographical corrections of reasonable mag-
nitude applied in the most sensitive nodal-point
region of the standing wave did not suffice to
account for the entire difference. Numerical ex-
periments indicated that the lack of agreement
may instead by caused by overestimates of the
lake cross-sectional area (and/or underestimates
of the surface area) at the extreme north of the
basin. This conclusion is further borne out by the
observation that when the computational algo-
rithm derived here was applied to the polynomial
representation of the normal curve due to
Bergsten, perfect agreement with his predictions
(and consequently also with the observations)
was obtained. Except for the northernmost cross-
sections of the basin, the deviations between this
polynomial approximation and the original 27
points of the normal curve are smaller than those
shown by the reduced-point representations of
Fig. 6, for which the computed standing-wave
periods are given in Table 2. Although the
higher-mode results are slightly off the mark,
these sets of predictions are internally remarkably
uniform, and hence it has been concluded that
Bergsten’s very accurate theoretical calculations
cannot be ascribed to his polynomial representa-
tion of the normal-curve interior points. The
explanation appears instead to be that (as is
evident from a careful inspection of Bergsten’s
original figures) the polynomials have been
chosen so as to obtain a sharply wedged northern
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termination of the normal curve, i.e., precisely
the effect achieved by the cross-sectional and
surface-area corrections applied in Section 5 of
this study. That standing waves can be extremely
sensitive to topographic features of this type
has been demonstrated in another context by
Lundberg (1989), and in the present case, this
strong dependence upon the end-point geometry
of the basin is further corroborated by the Domb-
Sykes plots of Fig. 4. From this, it is recognized
that, contrary to intuitive expectations, the radii
of convergence of the eigenvalue expansions in-
crease for the higher modes of the standing
oscillation. The explanation most likely can be
found in the geometrical properties of the
eigenfunctions as demonstrated in Fig. 5. When
interpreted in terms of surface elevations rather
than bulk horizontal displacements of the water
mass, this graph shows that at the northern end
of the lake, the higher-mode free surfaces
“intersect” the normal curve at progressively
larger angles (i.e., in a less singular fashion), a
state of affairs which is reflected in the conver-
gence properties of the perturbation expansions.
The overall impression gained from the results
of this study is that the disagreements between
observations and model predictions as sum-
marized in Table 1 may be accounted for in terms
of unsatisfactory knowledge of the lake
bathymetry (including the difficulty of quantify-
ing the constricting effects of Visingsoé Island).
Other explanations are conceivable; a breakdown
of the validity of the canal approximation does
not, however, appear very likely, since the lake is
both straight and narrow, viz., an almost ideal
shape. The small width of the lake furthermore
tends to preclude the occurrence of rotational
effects, and the frictional damping is too weak to
explain the observed discrepancies. It has thus
been concluded that the perturbation scheme for
determining seiche periods derived in this study
is a useful tool, and that the shortcomings of the
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present theoretical investigation could most likely
be remedied, were better topographical data
available.

An important question, namely whether the
“Chrystal methodology” still can be regarded as
an adequate framework for the description of
barotropic seiches in elongated lakes, can most
likely be answered in the affirmative. Recent
results (Hutter and Raggio, 1982; Lemmin and
Mortimer, 1986) strongly underline that it is a
highly useful technique, provided that the basin
under study is sufficiently straight and narrow,
conditions which Lake Vittern evidently fulfill.
Note, however, that possible shortcomings of the
model in these respects can only be investigated
using numerical techniques (Platzman, 1972), a
task well beyond the scope of this study.

Finally it may be remarked that one interesting
aspect of the standing-wave problem, which has
been neglected in the present investigation, con-
cerns the forcing mechanism giving rise to the
seiche motion. The initial set-up of the water
mass is meteorological in origin, but the question
remains to be answered whether wind stress or
differential barometric pressures along the lake is
most efficient in this respect. Routine weather
observations are available from the air-fields in
Karlsborg and Jonkoping, and ongoing work
should presumably be able to resolve this ques-
tion within the near future.
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