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ABSTRACT 
The ability of low-order, two-layer models to reproduce basic features of the mid-latitude 
general circulation is investigated. Changes in model behavior with increased spectral 
resolution are examined in detail. Qualitatively correct time-mean heat and momentum 
balances are achieved in a &plane channel model which includes the first and third 
meridional modes. This minimal resolution also reproduces qualitatively realistic surface and 
upper-level winds and mean meridional circulations. Higher meridional resolution does not 
result in substantial changes in the latitudinal structure of the circulation. A qualitatively 
correct kinetic energy spectrum is produced when the resolution is high enough to include 
several linearly stable modes. A model with three zonal waves and the first three meridional 
modes has a reasonable energy spectrum and energy conversion cycle, while also satisfying 
heat and momentum budget requirements. This truncation reproduces the basic mechanisms 
and zonal circulation features that are obtained at higher resolution. The model performance 
improves gradually with higher resolution and is smoothly dependent on changes in external 
parameters. 

1. Introduction 

Low-order models are useful for studying fun- 
damental dynamical and physical processes in the 
atmosphere because they distill these processes 
down to their simplest possible manifestation. 
An obvious question which arises about low- 
order models is whether they remain valid when 
more degrees of freedom are permitted. The 
topographically-induced, multiple equilibria of 
Charney and Straus (1980) were destabilized and, 
thus, were not realizable when an extra zonal 
wave was included (Reinhold and Pierrehumbert, 
1982, henceforth referred to as RP). Instead, for a 
limited parameter range, R P  found “weather 
regimes”, i.e., quasi-stationary behavior of the 
long wave in opposite phases. The weather 
regimes, in turn, vanished as more waves were 
added by Cehelsky and Tung (1987, henceforth 
referred to as CT). They found that the model 
converged to a single long-wave regime as the 
resolution was increased. 

In  this paper we investigate the ability of low- 
order, two-layer models to reproduce the essential 
elements of the mid-latitude general circulation. 
We show that many fundamental processes and 
structures of the mid-latitude circulation are suc- 
cessfully reproduced if the model resolution 
exceeds a critical truncation level. Above this 
truncation level, model behavior does not 
qualitatively change with increasing resolution. 
The model is more responsive to changes in 
external parameters than to changes in resolution 
above this truncation level. If the resolution is 
below this level, the model is structurally 
incapable of reproducing several basic features of 
the circulation. 

Tung and Rosenthal (1987) and CT have 
suggested that external momentum forcing is 
necessary to obtain realistic zonal winds in the 
lower layer of two-layer models. This forcing is 
intended to represent subtropical eddy momen- 
tum flux into mid-latitudes. Such forcing is not 
included in our model. Instead, qualitatively 
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realistic surface winds are generated by internal 
momentum transports. A reasonable surface 
wind distribution was similarly obtained by 
Phillips (1956) in his original two-layer model. 
For a realistic surface wind distribution, a low- 
order model must have sufficient meridional 
resolution to allow eddy momentum flux conver- 
gence in the gravest meridional mode. 

Many features of mid-latitude dynamics can be 
simulated in a two-layer, /3-plane channel model 
with just three waves in both the zonal and 
meridional directions. A model with this trunc- 
ation can be useful for investigations of extra- 
tropical dynamics and climate. It is very simple 
and inexpensive to integrate, and does not retain 
several undesirable features which are present in 
more severe truncations. 

The criteria used for measuring the quality of 
the model are discussed in the following section. 
The model formulation is outlined in Section 3. 
Section 4 contains results of a linear stability 
analysis. Physical and geometrical constraints in 
the model are discussed in Section 5. Model 
behavior at different truncations is presented in 
Section 6, followed by a concluding discussion in 
Section 7. 

2. Criteria used for model evaluation 

The mean meridional circulation (MMC), 
time-mean temperature and zonal wind fields, 
and time-mean heat and momentum budgets all 
have large-scale meridional structures as shown 
by Newell et al. (1972) and Oort (1983). The 
dominance of large scales suggests that models 
with low meridional resolution may be successful 
in modeling the basic structures of the zonally 
averaged, mid-latitude circulation. Furthermore, 
relatively few zonal waves may be needed to 
model the large-scale balances, as in the two-level 
primitive-equation model of Held and Suarez 
(1978). The qualitative characteristics of the 
zonal-mean circulation were reproduced by that 
model using only zonal wavenumbers 3 and 6. 

The following features are used as criteria for 
success in our model. 
0 Time-mean surface westerlies at appropriate 

latitudes and realistic strength and structure of 
upper-level winds; 

0 Realistic temperature gradients; 

0 A vertically averaged momentum balance 
between eddy momentum flux convergence 
and surface friction; 

0 A mean heat balance between diabatic 
heating, eddy heat flux convergence, and trans- 
port by mean meridional circulations; 

0 A realistically large amount of flow variability; 
0 A reasonable kinetic energy spectrum and 

energy conversion cycle. 
In addition, a reliable low-order model should 

be smoothly sensitive to the model discretization, 
spectral truncation, and details of physical 
parameterizations. Certain singularities due to 
approximation cannot be avoided in two-layer 
models. For example, the critical shear for 
baroclinic instability is an artifact of the vertical 
discretization. Likewise, the weather regimes de- 
scribed by RP are an artifact of the truncation 
and parameter setting, as demonstrated by CT 
and O'Brien and Branscome (1988). 

Because our emphasis is on the low-order 
statistics of the zonally-averaged circulation, ex- 
ternal zonal asymmetries, such as topography, are 
excluded from our model. We also neglect the 
effects of moisture and latent heat release. A 
hydrological cycle is vital to any comprehensive 
general circulation model, as are many other 
physical processes which we omit. We will con- 
centrate on some fundamental issues in low-order 
modeling and identify a dynamically accurate 
model which should produce credible results 
when moisture and bottom topography are 
included. 

3. Model formulation 

We use the same basic formulation as Yoden 
(1983), CT, and O'Brien and Branscome (1988). 
Let the subscripts u and 1 refer to the upper 
and lower layers, respectively. Let $ = ($" + $,)/2 
be the barotropic streamfunction, T = ($" - $,)/2 
the baroclinic streamfunction, 0 = (0, + 0,)/2 the 
mean potential temperature, and Q = (0, - 0,) the 
static stability, which is assumed constant. The 
governing equations are the barotropic and 
baroclinic vorticity equations and the thermo- 
dynamic equation : 

i?v' $/s t  = - J ( $ ,  v2 $) - J ( T ,  v2 T )  - Pa$/a.X 
- 0.5k v2($ - 22) - V vZp $, (1) 
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dV2 7 / 2 t  = - J ( $ ,  V 2  7 )  - J(7, V2 $) - f ld~/ i?x  
- fw/H + 0.5kV2($  - 27) - vV’”7, 

(2)  
(3) 

Here f and /3 are the Coriolis parameter and its 
derivative at the center of the channel, respect- 
ively, k the Ekman damping coefficient at the 
surface, H the thickness of each layer, w the 
vertical velocity at the interface, q the Newtonian 
cooling coefficient, 8* a prescribed potential tem- 
perature field in radiative equilibrium, v a dif- 
fusion coefficient, p some positive integer and J 
the horizontal Jacobian. The system of equations 
is closed by the thermal wind relation 

(4 )  

where A is a constant factor as in RP and CT. 
Our model differs from CT’s formulation in 

the parameterizations of frictional dissipation. 
Ekman friction in our model acts on surface 
wind, as determined by linear extrapolation 
(Phillips, 1956), rather than on lower layer wind. 
No interfacial friction is present, but horizontal 
diffusion of variable order acts on vorticity in 
each layer. Note that the sign of the diffusion 
terms in (1) and (2 )  would change if p is even. 

We assume the channel is periodic in x over 
the scale 2nLln with no flow through, or net drag 
on, the walls at y = 0 and y = nL = 5000 km. The 
parameter n is the fundamental zonal wave- 
number and is related to planetary zonal wave- 
number, m, by m = nuo COS~, /L ,  where a. is the 
earth’s radius and 4o is the central latitude of the 
channel. All dependent variables and the speci- 
fied 8’ field are non-dimensionalized and 
expanded in the orthonormal eigenfunctions, 
F,(x,  y ) ,  of the Laplace operator. The three sets of 
basis functions, F,, which represent the horizon- 
tal structure are given by: 

FS,,,,, = 2 sin(jy) sin(inx), 

FC(,,,, = 2 sin(jy) cos(inx), 

a / d t  = - J ( $ ,  e) - uw/H + rl(e* - el. 

V2 8 = A V 2  7 ,  

FM,,,  = \/5 cos(jy). 

The fundamental zonal wavenumber, n, may be 
chosen freely. A (M, N)-resolution model retains 
the basic functions, F,, with (x, y )  wavenumbers 
(i,j) up to and including (M, N). 

The set of spectrally decomposed equations is 
similar to the sets in CT and O’Brien and 

Branscome (1988) and is not repeated here. After 
eliminating w between (2 )  and (3) and using (4) ,  
the spectral model consists of 2 N ( 2 M +  1) 
ordinary differential equations for the amplitude 
coefficients of the N ( 2 M +  1) eigenfunctions of 
the streamfunction, $, and potential temperature, 
8. The only O* component taken different from 
zero corresponds to FM,, , ,  so that the radiative 
forcing is given by the dimensionless parameter 
8&,. The external parameters are assigned the 
values : 

q = (14.0 days)-’, k = (5.6 days)-’, 8&,, = 0.06, 

8 = 1 . 4 4 ~  10- l lm- ls - ’ ,  0=34”C,  n=1.3. 
(6 )  

These values correspond to a radiative equilib- 
rium temperature difference of 50°C across a 
channel centered on 51” latitude, a Brunt-Vaisala 
frequency of s2, and a fundamental zonal 
wavenumber of m = 3 or a wavelength of about 
8000 km. These values will be referred to as the 
“standard” set of parameters and are used in all 
model runs except where specifically stated. 

We included horizontal diffusion to compen- 
sate for short, unresolved scales which, if they 
were included, would damp larger, resolved 
scales and reduce total eddy kinetic energy 
(EKE). Without any diffusion, EKE remains 
unrealistically large. After some experimentation, 
we chose a scale-uniform V2 damping (i.e., p = 1) 
rather than a higher power, scale-selective dif- 
fusion because the problem was with totaf EKE 
and not with the spectral distribution of energy. 
This diffusion does not operate on the zonal 
mean flow, since it would weaken the lower-layer 
westerlies to the extent that surface winds would 
be easterly everywhere. The inclusion of internal 
vorticity damping did not affect the primary 
balances and mean circulations. Our standard 
parameter set uses a v which corresponds to an 
e-folding period of 56 days, or ten times longer 
than surface friction. 

The thermal forcing, Q&,, was varied between 
zero and 0.2 by Charney and Straus (1980) and 
Yoden (1983), while RP and CT both used the 
fixed value of O&, = 0.1. We found that the value 
of 0.1 led to unrealistically large energy con- 
versions and EKE. Reducing the radiative equi- 
librium temperature gradient had a salubrious 
effect on EKE and energy conversions, which 
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were much more sensitive than zonal available 
potential energy (zonal APE) to the strength of 
the radiative forcing. Furthermore, Stone (1972) 
gives an estimate of -0.95”C per 100 km for the 
earth’s meridional temperature gradient in radi- 
ative-convective equilibrium. This gradient trans- 
lates to a temperature difference of about 48°C 
across our 5000 km channel, which compares well 
with our value of O&,,. 

The Lorenz N-cycle scheme with N = 4  
(Lorenz, 1971) was used for the time integration. 
Unless indicated otherwise, the model was 
integrated for 600 days with the last 500 days 
used for statistical purposes. The model was 
initialized with a symmetric equilibrium flow in 
the FM,, ,  mode, along with small perturbations in 
all other modes. The symmetric equilibrium state 
simply corresponds to zonal flow in thermal wind 
balance with the O* field. 

0 1 2 3 4 
F U N O R H E N T A L  Z O N R L  NRVENUMBER 

0.04 

0 1 2 3 
FL INDRMENTRL Z O N R L  N R V E N U M B E R  

4. Linear stability analysis 

Prior to running the time-dependent model, we 
investigated the linear stability properties of the 
symmetric or radiative equilibrium flow. This 
stability analysis is helpful in understanding the 
behavior of the time-dependent flow and pro- 
vides an approximate upper bound on linear 
instability in the full model. We considered the 
stability of the radiative equilibrium state with 
respect to perturbations in each ( i , j )  mode 
separately. Charney and Straus (1980) used the 
same procedure for instability calculations in a 
low-order model. This procedure differs from the 
approach of Pedlosky (1964), who solved for the 
meridional structure of a perturbation as a func- 
tion of zonal wavenumber and obtained neutral 
curves which were functions of zonal wave- 
number alone. In our analysis, different meridi- 
onal modes are selected one at a time and neutral 
stability curves are obtained as functions of 
meridional mode as well as zonal wavenumber. 

Fig. 1 shows the neutral curves for the nine 
largest-scale modes as functions of fundamental 
zonal wavenumber n and external forcing 8&,, 
with all other parameters as in the standard set. 
The plus sign in Fig. 1 marks the setting at  which 
the full model is run. Five modes, (Ix, ly), 
( Ix ,  2.~1, ( Ix ,  3y) ,  (2x, ly), and (2x, 2y), are 
linearly unstable for this parameter set. All un- 

C) 
z 
u 

(3 
L L  
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x 
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I 

a 
a 
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Fig. I. Neutral curves for linear baroclinic instability 
of the radiative equilibrium state. The ordinate is 
thermal forcing O&, ,  and the abscissa is the fundamen- 
tal zonal wavenumber n. The + represents the (n,O&,,) 
setting at which the models were run. (a) Neutral curves 
for the ( I  .r, Iy), (1 x, 2y) ,  and (1 x, 33’) modes. Meridi- 
onal mode number is shown on each curve. Neutral 
curves for meridional mode of four or higher do not 
reach down into area of plot. (b) As in (a) but for the 
( 2 , ~ .  ly), (2x, 2y) ,  and (2.r. 3 y )  modes. (c) As in (a) but 
for the ( 3 . ~ .  ly), (3.q 2y) ,  and (3x, 3 y )  modes. 

stable waves, plus some stable ones, must be in- 
cluded in the time-dependent model to provide a 
proper pathway for energy and enstrophy transfer 
and prevent the build-up of energy in the shortest 
resolved scale in a “spurious chaos” (Curry et al., 
1984). Based on this criterion, the model should 
have at least a (2,3) resolution, i.e., M =  2 and 
N = 3 .  
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These same five modes remain the only un- 
stable waves for a wide range of the parameters. 
Only the ( lx ,  3y) wave is linearly stabilized for 
the parameter set in RP and C T  (which differs 
from our standard set by changing surface fric- 
tion, interface friction, and radiative time scales 
to approximately 1 day, 10 days, and 2.5 days, 
respectively). The neutral curve for the most 
unstable wave (i.e., the (2x, ly )  mode) is not very 
sensitive to an order of magnitude increase or 
decrease in the surface friction parameter. 

In fact, the only parameter which has a large 
impact on the stability of the waves is the static 
stability, u. Ideally, a model of the general circu- 
lation should determine the value of u internally, 
as a function of space and time. Unfortunately, 
u is ail externally prescribed constant in our 
model and is set to a typical atmospheric value. 

The radiative equilibrium state in our experi- 
ments is unstable only to the five modes men- 
tioned above. However, some of these modes may 
be excluded by the truncation. The model 
behaves quite differently in truncations which 
include only unstable modes from truncations 
which also include several stable modes. The 
model is dominated by linear instability mechan- 
isms in the former case and by nonlinear wave- 
wave interactions in the latter. 

5. Physical and geometrical constraints of 
different model resolutions 

5 .  I .  Properties of the interaction coefficients 
Nonlinear processes in the model are effected 

through interaction coefficients which are de- 
scribed in detail in the appendix. It is evident 
from (A3) that interactions between two different 
zonal wavenumbers cannot occur in a model 
which retains only odd meridional modes. For 
some experiments it was instructive to eliminate 
wave-wave interactions by retaining only odd 
meridional modes. On the other hand, (A4) and 
(AS) show that only one zonal wave at  a time is 
involved in wave-mean flow interactions, which 
can occur when only odd meridional modes are 
retained, but not when only even modes are 
retained. 

It is also evident from (Al)  and (A3) that the 
shortest wave in a (2,2) model cannot participate 
in wave-wave interactions. Consequently, an un- 

realistic amount of energy is present a t  this scale 
in a (2,2) model using our standard parameter set 
(O’Brien and Branscome, 1988). The unstable 
(2x,2y) wave becomes the dominant mode in a 
(2,2) model since it gains energy from the mean 
flow, but cannot lose energy to other waves. The 
shortest scale in a model with higher resolution is 
never likely to dominate because it would be 
linearly stable for our parameter setting. How- 
ever, the shortest scale in truncations higher than 
a (2,2) model can be excited by wave-wave 
interactions. 

5.2. Heat and momentum budgets 
We now consider the constraints placed on the 

heat and momentum balances by the choice of 
spectral truncation. The time-mean, zonally 
averaged thermodynamic equations leads to a 
balance among the following terms : 

-[me.], - a o [ w ] + ? p - G ] = o .  (7) 

Here (.), represents the partial derivative with 
respect toy,  [ . ]  the zonal average, (.)’ a deviation 
from the zonal average and the overbar a time 
mean. The terms in (7) represent eddy heat flux 
convergence, transport by mean meridional circu- 
lations, and diabatic forcing, respectively. We 
have assumed in (7) that the averaging period is 
sufficiently long to ensure to a negligible time 
derivative. A minimal model of (1 , l )  truncation 
is sufficient to resolve a heat balance between 
diabatic heating and eddy flux convergence of a 
single baroclinic mode. The mean meridional 
circulation term, uo[iV], is negligible unless the 
meridional resolution retains at least the first and 
third meridional modes, as we shall see presently. 

The time-mean, zonally and vertically aver- 
aged momentum balance can be found by inte- 
grating the barotropic vorticity equation (1) with 
respect toy ,  which gives 

[a], + [-I, + 0 . 5 k [ q -  281, = 0. 

The first two terms in (8) together represent the 
divergence of vertically averaged eddy momen- 
tum flux. This momentum transport maintains 
the zonal winds against surface friction, which is 
represented by the third term in (8). 

The surface friction in (8) has the meridional 
dependence sin(jy), for each mode j .  Integrating 
(8) across the channel demonstrates that the 
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meridional integral of mean surface wind must be 
zero. This requirement is automatically satisfied 
for even meridional modes, but not for odd 
modes, since If sin( jy)dy = 0 only if j is even. 
The structure of modes in a (M, 1) model pro- 
hibits eddy momentum flux so that the mean 
surface wind must be zero. Eddy momentum flux 
divergence can occur in a (M, 2) model, but has a 
projection onto the sin2y structure only. Thus, 
the mean surface wind has no siny component 
and is antisymmetric about the center of the 
channel. The constraint on mean surface winds is 
trivially satisfied in (M, 1) and (M, 2) models. 

Once another odd mode is included, eddy 
momentum flux convergence into the siny mode 
can occur and maintain the surface wind in this 
mode against dissipation. Net westerlies in one 
odd mode can be balanced by net easterlies in the 
other and the constraint on the total surface wind 
can be satisfied. Thus, a positive first mode 
(siny) component can combine with a negative 
third mode (sin 3 y )  component to give a band of 
surface westerlies in the center of the channel, 
with narrower bands of easterlies to the north 
and south. Components of any number of odd 
modes can balance similarly. 

These geometric considerations show that at 
least two odd meridional modes are needed to 
obtain mean surface winds which are symmetric 
about the center of the channel. When these 
modes are included, the symmetric components 
of momentum flux divergence and mean zonal 
wind consistently determine the structure of the 
flow, as shown in Section 6. Furthermore, trunc- 
ations with more than one odd meridional mode 
allow upper-layer westerly winds to be concen- 
trated into jets. 

The momentum balances for the lower and 
upper layers, respectively, are 

C Y  

P Y  

(9) 

Note that the MMC terms in (9) and (10) are 
indefinite y-integrals (not integrals across the 
entire channel) and have opposite effects in the 
upper and lower layers. No eddy momentum flux 
is allowed in (M, 1) models and, consequently, no 
forcing of the MMC occurs in (10). Eddy momen- 
tum flux can occur in (M, 2) models and force a 

MMC with a sin2y meridional structure. How- 
ever, the flux divergence is antisymmetric about 
the center of the channel and should be small 
when averaged over a long period of time. 
Momentum flux convergence in (M, 3) models 
is permitted in all three meridional modes and a 
three-cell MMC is possible. If eddy momentum 
flux in the lower layer is negligible, the MMC 
will induce surface winds by vortex stretching in 
the lower layer, as shown in (9). 

It is geometrically possible for the MMC and 
mean surface winds in a ( M , 3 )  model to be 
reversed from the observed sense of circulation. 
However, this configuration is unlikely to occur, 
for reasons given by Held (1975). He showed that 
growing waves in two-layer models will cause a 
net flux of westerly momentum into regions with 
strong vertical shear, or more precisely, where the 
zonal-mean vorticity gradient in the lower layer 
is negative. The vertical shear in our model is 
always strongest in the middle of the channel, 
coincident with the strongest gradient in radiat- 
ive equilibrium temperature. Therefore, momen- 
tum flux convergence will maintain surface 
westerlies in the middle of the channel rather 
than near the walls. 

6. Model results for various truncations 

6.  I .  Time-mean temperature and wind fields 
Higher meridional and zonal resolution may 

allow more complicated structures to appear in 
the zonal circulation. To investigate this possi- 
bility, the full time-dependent model was run at  
various truncations. Unless otherwise stated, our 
standard set of external parameters was used, 
along with the 56-day Vz damping discussed in 
Section 3. 

Fig. 2 shows time-mean zonal wind distri- 
butions at  different levels for (2,2), (3 ,3) ,  (5, 5), 
and (3,9) models. The surface wind distribution, 
[$-2O],, is the leftmost curve for each of the 
truncations shown in Fig. 2. The middle curves in 
Fig. 2 are the mid-level or barotropic wind, [F ly ,  
and the rightmost curves are the upper level 
wind, [$ + el,. 

The most dramatic differences between various 
truncations are apparent in the surface winds. 
Surface winds in the (2,2) model (Fig. 2a) are 
negligibly weak everywhere. On the other hand, 

- 
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Fig. 2. Time-mean zonal wind distributions for: (a) the (2,2) model; (b) (3,3) model; (c) ( 5 , 5 )  model; and (d) (3,9) 
model. In all cases, the leftmost curve is surface wind, the middle curve is mid-level wind, and the rightmost curve 
is upper-level wind. Meridional distance is scaled and appears in degrees (with 180 corresponding to the northern 
wall). 

the (3,3) model (Fig. 2b) has surface westerlies in 
the middle of the channel with narrower bands of 
easterlies near the walls. The same structure is 
apparent in the ( 5 , 5 )  and (3,9) models (Figs. 2c, 
d). The circulations in (4,4) and (6,6) models (not 
shown) closely resemble the (3,3) and ( 5 5 )  cases, 
respectively, while (3,5) and (3 ,7)  (not shown) 
models are very similar to the (3,9) case. The 
major qualitative change in the surface wind 
occurs when the meridional resolution is in- 
creased from two modes to three. Surface zonal 

wind strengths a t  the center of the channel are 
given in Table 1 for different truncations. 

Mid- and upper-level winds are comparable in 
all truncations. However, the (3 ,9)  and ( 5 , 5 )  
models (Figs. 2c, d) and other truncations with 
high meridional resolution permit some tighten- 
ing of the zonal flow into a jet. The time-mean 
zonal flow is essentially symmetric about the 
midpoint of the channel, although some small 
contributions from asymmetric meridional modes 
can be seen. The departure from symmetry about 
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the center of the channel appears to be random, 
since integrations with the ( 5 , 5 )  model using 
slightly different initial conditions led to varying, 
but generally small, contributions from asym- 
metric modes. 

The major qualitative changes in zonal-mean 
circulation evident in Fig. 2 are primarily depen- 
dent on meridional resolution and are unaffected 
by the presence or absence of wave-wave inter- 
actions. Similar changes with increasing meridi- 
onal resolution occur in the absence of wave- 
wave interactions, i.e., when only odd meridional 
modes or only one zonal wavenumber are re- 
tained. The addition of more zonal scales or 
meridional modes higher than three contribute 
minor corrections to the basic structure estab- 
lished by the first and third meridional modes. 

The main factor determining upper-level wind 
strength is the mean meridional temperature 
gradient. Because the heat balance is dominated 
by unstable modes, which are present even in the 
(2,2) model, the mean temperature gradient is 
very similar in all truncations. It suffices to show, 
in Fig. 3,  the time-mean temperature for the ( 3 , 3 )  
case only. The corresponding radiative equilib- 
rium temperature is also shown. The mean tem- 
perature gradient is nearly independent of y over 
a large part of the channel and, a t  the center, is 
about 60% larger than the minimum gradient 
required for instability of the most unstable mode 
(i.e., the (2x, ly) mode). The radiative equilib- 
rium gradient a t  the midpoint is about 3.5 times 
larger than the minimum gradient for instability. 

The standard radiative forcing is sufficiently 
strong to cause baroclinic instability and the 
equilibrated temperature gradient in the model is 
supercritical by the measure of linear instability. 
We did not examine the effectiveness of 
baroclinic adjustment by the waves over a 
wide parameter range. Using a similar model, 
Ebisuzaki (1988) has shown that the degree of 
supercriticality is a function of several para- 
meters, including radiative forcing, dissipation, 
and channel width. We found that eddy energy in 
our model was much more sensitive than zonal 
available potential energy to changes in the 
radiative equilibrium gradient. This behavior 
suggests that baroclinic waves and their heat 
transports amplify in response to increases in 
supercriticality and provide a strong negative 
feedback on the mean temperature gradient. A 

Temperature ("C) 

Fig. 3. Time- and zonal-mean temperature (curve with 
circles) and radiative equilibrium temperature (no 
symbols) for the (3,3) model. 

Table 1. Time-mean values of surface wind at the 
center of the channel, OM(,,, and cross-channel tem- 
perature difference for different truncations 

Mean surface 
Resolution U (m s-I) Mean OM,I ,  Mean AT ("C) 

(232) 0.0 0.0359 26.7 
(3,3) 2.7 0.0333 25.6 
(4.4) 3.1 0.0341 25.9 
( 5 . 5 )  2.4 0.0365 26.8 
( 6 6 )  3.4 0.0373 27.2 

(395) 2.7 0.0361 26.6 
(3.7) 3.0 0.0372 27.5 
(399) 2.4 0.0375 27.5 

similar response was found by Held (1978) in the 
low-order model of Held and Suarez (1 978). 

The supercritical shear becomes slightly en- 
hanced as more waves are included in the model 
(Table I ) .  The increase in supercriticality is due 
to enhanced wave-wave interactions, which ef- 
fectively damp very unstable waves by allowing 
energy transfer to stable (or less unstable) modes. 
The impact of nonlinear transfer on the mean 
shear equilibration is also reflected in a higher 
standard deviation (4-5°C) of the cross-channel 
temperature difference in the ( 3 , 3 ) ,  ($9, and 
(3,9) models than the 1°C standard deviation 
found in the (2,2) model, which has relatively few 
wave-wave interactions. 
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Nonlinear damping of unstable modes allows 
the flow to equilibrate at supercritical levels 
(Vallis, 1988) or, more precisely, inhibits the 
effectiveness of the baroclinic adjustment process 
proposed by Stone (1978). Alternatively, Rein- 
hold (1988) has suggested that constraints on the 
structure of long baroclinic waves lead to large 
amplitudes for the long waves and supercritical 
equilibration of the mean flow with respect to 
shorter, more unstable wavelengths. Vallis (1988) 
has shown that nonlinear interactions among just 
three modes are sufficient to cause supercritical 
equilibration. When we ran our model with either 
the ( lx , ly)  or (2x,ly) mode only, the mean 
temperature gradient equilibrated at the critical 
shear for that particular mode. However, the 
mean shear in the (2,2) model was close to the 
critical shear of the (Ix, ly) mode, but substan- 
tially supercritical with respect to the critical 
shear of the (2x, ly) mode. A similar behavior of 
mean flow equilibration was found by CT. 

6.2. Time-mean heat balances 
The time-mean, zonally averaged heat balance 

(7) is shown in Figs. 4-6 for various truncations. 
Diabatic heating is balanced by only eddy flux 
divergence in a (2,2) model. The MMC does not 
contribute to the heat balance of a (2,2) model 
for the reasons stated in Subsection 5.2. How- 
ever, the MMC is present in the (3,3) model (Fig. 
5 )  and has an obvious cos 3y structure. 

Modifications to this structure are apparent in 
the ( 5 , 5 )  model (Fig. 6), as a cos 5y correction is 
added to the basic cos3y pattern. However, this 
correction does not change the fundamental 3-cell 
MMC and surface wind structure. Heat balances 
in a (6 ,6)  model and models with high meridional 
resolution are very similar to the balance in the 
( $ 5 )  model. Corrections due to even y-modes are 
negligible, while corrections due to odd modes 
are successively smaller and all have the same 
(positive) sign as wy(, ) .  

6.3. Time-mean momentum balances 
The vertically-averaged momentum balance (8) 

is shown in Figs. 7-9 for various truncations. The 
most obvious changes occur as resolution is in- 
creased from (2,2) (Fig. 7) to (3,3) (Fig. 8). Note 
that the terms in the (2,2) model are about two 
orders of magnitude smaller than in the higher 
order models. All terms in the (2,2) case must 

HERT ERLRNCE FOR 2 x 2  

160 

120 
A 
u) 
Q) 

L 

9 80 > 
F 

40 

0.0 
- 0  38 

HEATING RATE (x100) 
Fig. 4. Meridional structure of the time-mean, zonally 
averaged heat balance for the (2,2) model. Diabatic 
heating is labelled with diamonds, eddy heat flux 
convergence with plus signs and MMC heating with X. 
The abscissa is nondimensional, but the maximum 
value of diabatic heating is about 03°C per day. 

have a sin2y structure and so the balance is 
asymmetric about the center of the channel. The 
odd meridional modes in the (3,3) and ( 5 , 5 )  (Fig. 
9) models permit surface wind components and 
momentum flux convergences in each mode, as 
discussed in Subsection 5.2. Eddy momentum 
flux convergence maintains the surface westerlies 
against dissipation in the middle of the channel, 
and flux divergence maintains easterlies near the 
channel walls. Once this symmetric configuration 
is permitted, it dominates the asymmetry of even 
meridional modes. The balance does not change 
qualitatively as more zonal waves or meridional 
modes are added; the three-lobe structure 
remains, even in a (3,11) model (not shown). 

The dominant balance in the lower-layer 
momentum budget (9) is between MMC trans- 
ports and surface friction, which is also the prin- 
cipal balance in the lower troposphere in mid- 
latitudes (Newell et al., 1972). The MMC term 
determines the direction of the surface wind in 

Tellus 41A (1989), 4 



MINIMAL MODELING OF THE EXTRATROPICAL GENERAL CIRCULATION 30 1 

HERT BRLFINCE F O R  3x3 

)8 
HEATING RATE- (xioo) 

Fig. 5. As in Fig. 4 but for the (3,3) model. 

HERT BQLRNCE FOR 5 x 5  

HEATING RATE (x100) 
Fig. 6. As in Fig. 4 but for the ( 5 , 5 )  model. 

MOMENTUM RRLRNCE FOR 2 x 2  

08 

Fig. 7. Meridional structure of time-mean, vertically 
and zonally averaged momentum balance for the (2.2) 
model. Surface friction is labelled with diamonds and 
eddy momentum flux convergence with plus signs. 
Magnitudes are non-dimensional, but corresponds 
to an acceleration of about 0.15 m s-I day-'. 

every truncation, as described in Subsection 5.2.  
The eddy momentum flux divergence in the lower 
layer has the opposite sign and is smaller than the 
divergence in the upper layer, which determines 
the sign of the vertically averaged flux divergence 
and direction of the MMC. 

We have shown that the meridional structure 
of the mean circulation and heat and momentum 
budgets depend on meridional resolution. If three 
or more meridional modes are retained, this 
structure is independent of the number of zonal 
waves and the presence of wave-wave inter- 
actions. This conclusion has been verified by 
running the model with different numbers of 
zonal waves and by including odd meridional 
modes only. 

6.4. Spectral energetics 
The spectral energy distribution is highly 

dependent on whether or not wave-wave inter- 
actions are permitted. These interactions provide 
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Fig. 8. As in Fig. 7 but for the ( 3 , 3 )  model. 
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ZONAL ACCELERATION (x10( 
Fig. 9. As in Fig. 7 but for the ( 5 5 )  model 

an energy transfer mechanism (described by 
Rhines, 1977; Salmon, 1980; and others) which 
smooths and reddens the energy spectrum. 
Nonlinear interactions distort the linear stability 
properties of long, unstable waves and are en- 
hanced when short, linearly stable waves are 
present. Wave-wave interactions provide the only 
energy source for short zonal waves. When these 
interactions are excluded, only zonal wave- 
numbers one and two become excited, even if 
higher wavenumbers are permitted by the 
truncation. All modes with zonal wavenumber 
three or higher are linearly stable in a model 
using our standard parameter set and cannot 
grow in the absence of wave-wave interactions. A 
(3,3) or higher order model with no wave-wave 
interactions has a sharp decrease in energy 
between zonal wavenumbers two and three at  all 
meridional scales. 

On the other hand, long zonal waves with very 
short meridional scales are excited in the absence 
of wave-wave interactions, even though these 
modes are linearly stable. In this case, wave- 
mean flow interactions transfer some energy to 
small meridional scales and maintain a meridi- 
onal energy spectrum which facilitates a consoli- 
dation of the three-cell MMC. A smooth energy 
spectrum, with energy at all scales, is established 
in (1,9) and (2,9) models with and without wave- 
wave interactions. In fact, more energy is present 
at short scales in a (2,9) model if wave-wave 
interactions are excluded. 

The kinetic energy spectra of (2,2), (3,3) and 
( 5 , 5 )  models are shown in Fig. 10. As mentioned 

1 - 
r 
F 
z o  C 

ol 
-I 

-1 

1 - 
r 
F 
z o  C 

ol 
-I 

-1 

-2 
0.0 0 . 2  0 . 4  0 . 6  0 . 8  

L o g W  

Fig. 10. Kinetic energy spectrum as a function of total 
wavenumber, K ,  for (2,2), ( 3 . 3 )  and ( 5 , 5 )  models. A 
K - 3  profile is also shown. 
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in Subsection 5. I ,  a spurious energy build-up 
occurs at the shortest scale of the (2x, 2y) model, 
which has no linearly stable modes. Kinetic 
energy in a (2,3) model (not shown) is distributed 
fairly evenly among the resolved scales. Thus, a 
(2,3) truncation, which retains only one unstable 
mode, allows only marginal operation of non- 
linear energy transfer. The maximum energy at  
higher truncation resides in the largest scale, the 
(lx, ly) mode, which corresponds to planetary 
wavenumber 3. The spectra in the (3,3) and ( 5 , 5 )  
models have approximate k3 distributions at the 
small scales. As the resolution is increased, total 
eddy kinetic energy gradually decreases because 
of the dissipative effects of additional short 
waves. 

This spectrum would probably continue to 
“converge” as the resolution is increased beyond 
the (6,6) case, which is our highest resolution. 
Since convergence is slow, it would be impracti- 
cal to seek the converged state, using the inter- 
action coefficient method. The most important 
result presented here is the critical change in the 
nature of the spectrum once linearly stable waves 
are included. When this condition is met, the 
energy spectra in the model shows a decay of 
energy with scale that is consistent with much 
higher resolution models (e.g., Salmon, 1980; 
Vallis, 1983). 

We also integrated a ( 5 , s )  model with the 
fundamental wavenumber n reduced from 1.3 
to 0.9, i.e., the planetary wavenumber m was 
reduced from about 3 to 2. The linear stability 
curves in Fig. 1 indicate that the ( 1  x, ly) wave is 
stable for this value of n. However, the (3x, ly) 
and (3x,2y) waves become unstable, while 
shorter modes remain stable. Therefore, a 
minimum resolution of (4,3) is necessary to 
include all unstable modes in this case. The 
kinetic energy spectrum in a ( 5 , s )  model with 
n = 0.9 decays smoothly at short scales, but peaks 
at  the (2x, ly) mode instead of the (Ix, l y )  mode. 
Nonlinear processes still put a significant amount 
of energy into the stable ( lx ,  ly) wave so that 
this scale has only slightly less energy than the 
(3x, ly) wave, which is the most unstable mode. 

These results are consistent with integrations 
using n = 1.3, which resolves planetary wave- 
numbers m = 3, 6, 9, . . .. The maximum energy 
in the n = 1.3 case resides in m = 3, which is the 
longest zonal wave in the model. Planetary 

wavenumbers 2, 4, 6, etc. are resolved when 
n = 0.9, and the peak in energy occurs a t  rn = 4. If 
the fundamental planetary wavenumber were 
reduced to m = 1 (equivalently, n=0.4) ,  it is 
likely that either planetary wavenumber 3 or 4 
would be the most energetic as found by Salmon 
(1980). The disadvantage of reducing n is that 
more waves must be included by the truncation in 
order to include all unstable modes. 

6.5.  Channel energetics 
The energy budget does not vary significantly 

with truncation, as seen from Lorenz energy 
diagrams for the (2,2), (3,3), and ( 5 , s )  models 
(Fig. 1 1 ) .  Zonal K E  and APE, as well as the 
principal conversions, differ relatively little 
between various truncations. Comparisons with 
similar diagrams for the atmosphere (Oort, 1964) 
or for a composite of quasi-geostrophic models 
(Wiin-Nielsen, 1968) suggest that the conversions 
and energies in Fig. 11 are qualitatively correct. 
One exception is that no generation of eddy APE 
(EAPE) is permitted in the model. The gener- 
ation of EAPE in the atmosphere can occur 
through latent heat release and continent-ocean 
contrasts, which are not included in the present 
model. 

The standard parameter values were chosen as 
representative of atmospheric values, and they 
gave reasonable results for energetics and mean 
circulations. We have run the model with various 
parameter settings, varying the coefficient v 
of the Vz damping, surface friction time k - ’ ,  
Newtonian cooling time q- l ,  and thermal forcing 
O:(I,. We found a smooth dependence on these 
parameters as they were varied by a factor of two 
or more from their standard values. The structure 
of the zonal circulation and shape of the energy 
spectrum were not affected by these parameter 
changes. Only the strengths of energy densities 
and conversions were affected, primarily when 
O;,,, was changed. 

Increasing v in the V2 damping had the specific 
effect of reducing EKE and did not significantly 
alter any other quantity. Even though it has a 
long time scale (56 days in the standard set), the 
ability of the V2 damping to remove EKE is 
comparable to that of surface friction since it 
operates on the much stronger upper (and lower) 
layer winds. Fig. 12 shows Lorenz diagrams for 
(3,3) runs with: (a) v set to zero (all other 
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Fig. I I .  Mean energy densities and conversions for: (a) the (2,2) model; (b) (3,3) model; and (c) (5 ,5 )  model. 
Standard deviations of each quantity are in brackets. Zonal available potential energy is represented by A, ;  eddy 
APE by A,;  zonal kinetic energy by K,; and eddy kinetic energy by K,. Generation, dissipation, and conversion 
terms are in the sense of the arrows. Energy densities are in lo5 J m-2, and conversions are in W m-2. 

parameters as in the standard set); and (b) v = 0 
and 8&,, set to 0.1 (all others as in the standard 
set). The main differences between the results in 
Fig. 12 and Fig. I l b  are found in EKE and, to a 
lesser extent, in EAPE. 

7. Discussion 

We have examined the impact of spectral 
truncation on the eddy dynamics and mean circu- 
lation of low-order, two-layer models. A single 
wavenumber in the zonal and meridional 

directions is sufficient to permit a zonally- 
averaged heat balance between diabatic forcing 
and eddy heat flux convergence. Due to momen- 
tum budget constraints, the MMC cells and time- 
mean surface winds may only exist when at least 
the first and third meridional modes are included. 
Model geometry and the structure of the radiative 
forcing dictate that terms in the heat budget are 
preferentially asymmetric about the center of the 
channel, while terms in the momentum budget 
are preferentially symmetric. Therefore, when 
three or more meridional modes are included, the 
momentum budget is dominated by the odd sine 
modes, especially modes one and three. Then 
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Fig. 12. Energy diagram for the (3,3) model as in Fig. 11, but for (a) no Vz damping, and (b) for no Vz damping 
and O&,) increased to 0.1. 

momentum flux convergence maintains a band of 
surface westerlies at the center of the channel, 
and flux divergence maintains corresponding 
bands of surface easterlies near the walls. 

Experiments with different truncations con- 
firm that at least the first two odd meridional 
modes are needed for realistic circulations and 
balances. They also show that the inclusion of 
more modes does not qualitatively change model 
behavior. The three-cell MMC and three meridi- 
onal bands of surface winds are ‘persistent fea- 
tures, even when more complicated structure is 
permitted by the truncation. Higher modes 
provide corrections to “sharpen” the fundamen- 
tal three-cell structure. 

Only one zonal wavenumber is required for 
realistic heat and momentum balances. At least 
two waves are required for wave-wave inter- 
actions to occur, but at least three are required to 
include several linearly stable waves which can 
only be excited by these interactions. When 
several stable modes are included in the model, 
nonlinear interactions operate to produce a 

smooth energy spectrum with maximum energy 
in the longest scale and a decay of energy with 
total wavenumber. Energy transfers via these 
interactions can account for the supercritical 
equilibration of the mean shear with respect to 
the linearly most unstable wave, as demonstrated 
by Vallis (1988). 

Increasing the resolution from the (3,3) case 
has the effect of slowly modifying these results, 
reddening the spectrum further and reducing 
EKE. However, the energetics are more respon- 
sive to changes in certain external parameters. 
Some parameters are rather empirical, e.g., k, q, 
and the strength and order of horizontal dif- 
fusion. Suitable values for these parameters are 
not known precisely, so they may be “tuned” 
within reasonable ranges to give the most 
realistic behavior. We found that the model 
behavior always changed smoothly and in an 
intuitively predictable sense as external para- 
meters were varied individually within moderate 
ranges. Most parameters in our model were set, a 
priori, to realistic values, although the thermal 
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forcing and diffusion were moderately adjusted to 
improve model energetics. 

The models did not reproduce perfectly all the 
mid-latitude circulation features listed in Section 
2. However, our results suggest that a horizontal 
resolution of three modes in the zonal and 
meridional direction is sufficient to capture 
several essential features of the extratropical cir- 
culation and remove certain distortions caused by 
more severe horizontal truncation. Although 
these low-order models are limited by the channel 
geometry, constant static ability, lack of vertical 
resolution and many other approximations, their 
simplicity permits new insights into the dynami- 
cal processes of the atmosphere. 
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9. Appendix 

Given the different basis functions FS, FC, 
and FM, the nonlinear interaction coefficients 
may be defined as 

where X ,  Y,  and Z each represent either an S,  C, 
or M basis function, 

and ( F ,  C) is the horizontal average of F G  over 
the channel. 

These coefficients represent the projection of 
the interaction between the ( p ,  q) and ( r ,  s) waves 
onto the ( i , j )  wave. If i, p ,  or r is zero, the mode 
corresponds to a zonal flow. For given wave- 
numbers i ,  j ,  p ,  q, r,  and s, there are 33 or 21 

possible ckYz's as X ,  Y ,  and Z represent different 
permutations of S,  C, and M .  However, only 
eight of these coefficients may be non-zero; four 
represent wave-wave interactions and four rep- 
resent wave-mean flow interactions. The wave- 
wave coefficients are : 

~ k l , , / ~ Y ( p , 4 ~ z ( r , ~ ~  =0.5nPS@,=,+,+ 6,=,+, 
- 6, =, + J A k  P, r ) ,  (A31 

where 6, = 1, if statement g is true, and is zero 
otherwise. The function A(i, p ,  r )  is given by 

A k p ,  r )  = 6,=,+, - 6,=,+, + 6,= ,+ ,  

when ( X ,  Y ,  Z )  = ( S ,  S ,  S ) ;  by 

N i ,  p , r )  = -6,=,+, - a,,= r + ,  + a,=, + p  

when ( X ,  Y , Z )  = ( S ,  C, C); by 

A ( i , p , r )  = 6,= ,+ ,+  6,,=,+, + 6,=,+,, 

when ( X ,  Y ,  Z )  = (C, S,  C); and by 

A ~ P ,  r )  = 6,=,+, - 6,=,+, - 6,=,+, 

when ( X ,  Y ,  Z )  = (C,  C, S ) .  

The wave-mean flow interaction coefficients 
are (with s as the meridional mode of the zonal 
flow) : 

CS(L / )  C (  p. y l  M( 7 )  - - cur., 1 S( p. q) MI s 1 
- 

- J b . 7  ( , 1 

l )  

- - f y ( j + q - s + z  

+? 1 -- ___ 
7t J + q - S  J - q + S  

('44) 

1 
j + q + s  j - q - s  

4 = p 6 / + y + c = d d ,  

-- 
~dl.T~sc,./,ccP.,l - ~ d l . r K l ~ . / ~ s l P ~ 4 )  

1 1 
~~ 

1 +v) 1 +- 
j + q + S  J - q - S  

x 6, = p6, + y + 7 =odd. (A51 

The 6, terms in these equations are simply 
resonance conditions to determine whether three 
different scales can interact with each other 
and are useful in analyzing the influence of 
model truncation on nonlinear interactions (see 
Subsection 5.1). 
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