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ABSTRACT

The structure of baroclinic modes is examined in terms of their potential vorticity. Baroclinic
instabilities may be viewed as mutually reinforcing interactions between the disturbance
potential vorticity at different levels in the atmosphere. A technique is introduced for
diagnosing quantitatively which levels of potential vorticity are important in the growth of the
instability. Both Charney and Green modes are found to depend on the interaction between
the surface thermal anomalies and a thin layer of potential vorticity anomalies centered on the
steering level. In the Green modes, the growth is retarded by the influence of the eddy
potential vorticity at higher levels. The inclusion of a tropopause in the basic state does not
modify the fundamental dynamics of the baroclinic modes in the presence of linear shear.

1. Introduction

Baroclinic instability, the growth of initially
weak disturbances on a vertically sheared basic
state, is fundamental to our modern under-
standing of the dynamics of the extra-tropical
atmosphere. Because it is basic to how meteorol-
ogists look at the atmosphere, it is desirable to
understand fully how baroclinic instability works.
One approach towards better understanding
baroclinic instability, taken by Lindzen and his
collaborators, has been to treat the instability as a
particular case of wave over-reflection (Lindzen
and Tung, 1978; Lindzen et al., 1980). Another
approach is to consider the structure of baroclinic
waves in terms of their potential vorticity. This
view of baroclinic instability was introduced by
Bretherton (1966a, b), and was reviewed by
Hoskins et al. (1985). While these two ap-
proaches are not mutually exclusive, they focus
on different ways in which regions of the
atmosphere communicate. The over-reflection
approach emphasizes communication by the
propagation of Rossby wave activity on a time
scale determined by the group velocity of the
waves and the distance over which they must
travel. The potential vorticity approach stresses
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communication on the time scale in which the
flow achieves geostrophic balance. In the quasi-
geostrophic system this is assumed to occur im-
mediately. The present work quantitatively
extends the potential vorticity approach to
baroclinic instability.

The utility of the potential vorticity perspective
depends on two properties of the potential
vorticity (Hoskins et al., 1985): its conservation
following fluid motion in frictionless adiabatic
flow and its invertibility. Invertibility is short-
hand for the fact that given the potential
vorticity, appropriate boundary conditions, and
a condition of balance for the flow, the flow
(winds, pressures, and temperatures) is uniquely
determined and can be obtained by the inversion
of an elliptic operator. The two properties
together lead to a conceptually simple depiction
of atmospheric dynamics wherein the flow
rearranges potential vorticity; the new dis-
tribution of potential vorticity determines a
new flow that further rearranges the potential
vorticity, and so on.

Because the operator that takes the stream-
function into the potential vorticity resembles the
Laplacian, qualitative inversion of potential
vorticity distributions is straightforward. Flow is
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cyclonic about positive potential vorticity anom-
alies, and anticyclonic about negative anomalies.
The flow induced by an anomaly decays away
from the anomaly, and larger scale features in the
potential vorticity are more effective in inducing
winds than are smaller scale features. In short,
the streamfunction is a smoothed version of the
potential vorticity, with a change of sign.

An important addition to the potential
vorticity approach, contributed by Bretherton
(1966a), was the realization that thermal structure
at a horizontal boundary behaves identically to a
thin sheet of intense structure in the potential
vorticity immediately above or below the bound-
ary, Warm regions at the ground induce cyclonic
flow aloft, while cool regions induce anticyclonic
flow.

The potential vorticity view of baroclinic insta-
bility was introduced by Bretherton (1966b) in
order to explain the short wave cut-off for
baroclinic instability in the two-layer and Eady
(1949) models. Consider two atmospheric layers,
both containing a zonal flow and a wavelike
perturbation. The zonal westerly flow, i is greater
in the upper than in the lower layer, and the
gradient of the potential vorticity of the mean
flow, g,, is positive in the upper layer and
negative in the lower layer. The potential
vorticity anomalies in each layer induce meridi-
onal flow in the other layer, southerly flow to the
west of negative anomalies and northerly flow to
the west of positive anomalies. If the pattern of
anomalies in the upper layer is shifted to the west
relative to that in the lower layer then the north-
erly flow induced by the positive anomalies in the
lower layer will advect mean flow potential
vorticity down its gradient into the positive
anomalies in the upper layer, reinforcing the
upper layer anomalies. Similarly the southerly
flow induced by the positive anomalies in the
upper layer will carry potential vorticity down its
gradient into the positive anomalies in the lower
layer reinforcing the lower layer anomalies.

The flows induced in the other layer by each
layer of anomalies must be strong enough to keep
the disturbance from being pulled apart by the
shear of the zonal flow. The strength of the
induced flow decreases as the wavenumber of the
disturbance increases, and as the separation
between the layers increases.

In the Charney (1947) model, the lower layer is
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at the ground but the position of the upper layer
is unconstrained. As the wavenumber of the
disturbance is increased, the depth of the flow
induced by the surface thermal anomalies de-
creases and the structure of the instability is
squeezed closer to the lower boundary. In the
Eady model, the upper layer is the upper bound-
ary of the domain, so the separation between the
layers is fixed. As the wavenumber of the disturb-
ance increases the strength of the flow induced by
each layer in the other decreases. Eventually they
are unable to keep each other “in step” against
the shear of the zonal flow, and the instability is
lost. This is the essence of Bretherton’s (1966b)
explanation of the short wave cut-off, and it
applies equally well to the two-layer model and to
Read’s (1988) finding that the wavelength of
greatest instability increases in a compressible
Eady model with the depth of the domain.

The purpose of the present study is to locate
the dynamically important potential vorticity in
baroclinic modes, and thereby make quantitative
the conceptual model of baroclinic instability
described above. The method employed is to
calculate how potential vorticity at some level
contributes to the zonally averaged meridional
flux of potential vorticity at other levels. Section
2 describes the theoretical basis for the calcu-
lations. Results for the Charney (1947) and Green
(1960) modes are presented in Section 3. Section
4 describes calculations for basic states that
include a tropopause and discusses the relevance
of Eady dynamics to the atmosphere. A summary
of the results is in the final section.

2. Theory

Consider  disturbances whose evolution
obeys the quasi-geostrophic potential vorticity
equation, linearized about a zonally symmetric
basic state:

q,+ g, +v4,=0, )

where the overbars indicate zonal averages and
their absence denotes eddy quantities; u is the
zonal wind, v is the meridional wind, and ¢ is
the quasi-geostrophic eddy potential vorticity,
given by,

q=Vy+p' 0/0z(pey.), @
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where ¢ is the eddy geostrophic streamfunc-
tion; p is a basic state density given by p=
po exp(—z/H); ¢ is a stability parameter given by
£ = f/N* where f, is the coriolis parameter in the
center of the domain and N is the buoyancy
frequency; z is a log-pressure vertical coordinate
z=HIn(py/p). The meridional derivative of the
mean flow potential vorticity, g,, is given by

4,=B—p' 0/0z(peir.), (3)

where B is the meridional derivative of the
coriolis parameter, i.e., f(y)=fy,+ By. The ap-
propriate boundary conditions on (1) are that the
density of disturbance energy be bounded for
large z, and that at z=0,

Y.+, —vil,=0. )

The meridional wind is assumed to vanish on the
vertical boundaries, at y = + L/2.

An equation for the perturbation energy per
unit area is obtained from multiplying (1) by the
perturbation streamfunction, ¥, and integrating
over the mass of the domain,

w© pLR2
E=—(/L) j j dydz@F, )
0 -Lj2

where the energy, E, is given by,

o L2
E=(Q/L) 'f f dydzp/2[u® + 2 + ef?).  (6)
0 —-Lj2

F is the mass weighted zonally averaged north-
ward flux of potential vorticity,

F=pig+(z)poy,, ()

where & is the delta function. Similarly, the
evolution of the perturbation potential enstrophy,
Q, per unit area at any level is obtained by
multiplying (1) by the eddy potential vorticity
and integrating,

0=-am |

—Lf2

L2

dyq,Fip, ®)

where Q is given by,

L2
o=/L)| dygn. ©)
~Lp2
In an unstable baroclinic mode the energy and
the potential enstrophy show the same exponen-
tial increase with time. As indicated by (5) and
(9), the growth of both quantities depends on the
structure of the northward flux of potential
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vorticity, F. Bretherton (1966a) showed that the
domain integral of F vanishes. Thus from (5) and
(9) it is seen that for a growing wave F must be
negatively correlated with g, and with #. Lindzen
et al. (1980) discuss the vertical distributions of F
for solutions to the Charney problem.

The approach in the present study is to diag-
nose the interactions between potential vorticity
at different levels that contribute to F. Consider a
disturbance with the horizontal structure,

¥(x,y, z) = Real[¥(z) e*] sin(ly). (10)

The meridional flux of potential vorticity at a
given level, z, can be constructed from the
contributions to that flux from the meridional
velocities at z induced by potential vorticity at
other levels. Let G,(z,2’) be the Green function
for the potential vorticity operator for the wave,

0102] p(2)£0G (2,2')[/0z] — p(2) K2 G\ (2, 2)
=p(2)d(z - Z'), 1

where K2 = k? + [2. Then the contribution to the

flux at z induced by potential vorticity at z’ is

given by,

AF(z,2') = p(2) G (2,2') q(2) g.(2"),

where

(12)

F(z)= .ro dz’ AF(z,2').
0

The differential operator in (11) is self-adjoint,
so that,

p2)G (2,2) = p(Z') G\ (2, 2). (13)

Using the identity, a b= —ab_, then yields the
principal result,

AF(z,Z) = —AF(Z,z). (14)

The northward flux of potential vorticity induced
at some level by potential vorticity at some other
level is equal and opposite to the flux at the latter
level induced by the potential vorticity at the
former level. More generally, this result holds for
the interaction between different latitudes as well
as different altitudes, and there is no requirement
that the disturbance be wavelike or that its
amplitude be small.

Baroclinic instability can be understood as
comprising the interactions between many pairs
of levels, z and z’. Such interactions contribute to
F with opposite signs at the two levels, and so can
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reinforce the disturbance at both levels only if the
sign of g, changes between them. In classic
baroclinic instability problems, such as the
Charney problem, the mutually reinforcing inter-
actions are those between the surface and the
interior of the atmosphere.

The remainder of this paper presents calcu-
lations of AF for various linear baroclinic modes.
From the potential vorticity perspective, such
calculations reveal which regions are dynamically
important in the growth of baroclinic insta-
bilities. The baroclinic modes are computed by a
simple numerical integration in time of (1) on a
vertical grid with a resolution of 20 points per
scale height. The integration is continued until a
constant growth rate and phase speed are
achieved. The model has a lid at five scale
heights where the perturbation streamfunction is
forced to vanish; the structure of the modes in the
lower atmosphere proved insensitive to the height
of the lid when it is at least this high. Calcu-
lations are performed for an infinitely wide
channel; ie., /=0.

Eq. (1) is non-dimensionalized with the follow-
ing scaling: height is scaled by H; horizontal
lengths are scaled by the Rossby radius of defor-
mation, Ly=H//e; and time is scaled by
t=(LpB)"'. Thus, for typical middle-latitude
conditions, L, = 10° km; f=1.5 x 10-'! (m s)~!,
a single unit of non-dimensional time corresponds
to approximately 0.75 days, and unit non-dimen-
stonal horizontal velocity corresponds to
15 m s~!. The non-dimensional forms of (2) and
(3) are,

q=V2‘//+'/’::_‘/’z’
g,=1-u.+7.

(15)
(16)

3. Results for constant static stability

We consider first a Charney mode with non-
dimensional wavenumber, k =2, in a basic state
with unit shear, ¥ =z (dimensionally, this is a
shear of approximately 2 m (s km)~!). This mode
has a growth rate of 0.29 and a phase speed of
0.30. Figs. 1 and 2 show the structure of the
streamfunction and potential vorticity, amplitude
and phase, in the lowest two scale heights of the
atmosphere. The curves in Fig. 1 are familiar:
strong trapping of the disturbance near the lower
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boundary and the rapid westward slope through
the steering level giving way to nearly equivalent
barotropic structure aloft. Fig. 2 is perhaps less
familiar, particularly in that it shows the poten-
tial vorticity sloping to the east with height.
Hoskins and Heckley (1981) showed that a
similar eastward slope is present in the thermal
structure of baroclinic waves.
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[
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FUNIS S S S B S

o 5 1.0

Amplitude

Fig. 1. Amplitude, curve “A”, and phase (in degrees),
curve “P”, of the streamfunction for the £ = 2 Charney
mode in a mean flow with &#=2z. The dashed line
indicates the steering level.
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Fig. 2. Asin Fig. 1, but for the potential vorticity.
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The mass weighted northward flux of potential
vorticity in this baroclinic wave is shown in Fig.
3, the curve labeled “T™. The flux is everywhere
southward, with strongest values at, and decaying
rapidly with height above, the steering level,
structure noted for a similar Charney mode by
Lindzen et al. (1980).

The curve labeled ““S” shows AF(z,0), the flux
of potential vorticity in the free atmosphere
induced by the surface thermal anomalies. With a
change of sign this curve also indicates how
potential vorticity at each level in the atmosphere
contributes to the northward flux of heat at the
surface. Thus curve “S” shows the strength of the
mutually reinforcing interaction of each level of
potential vorticity with the temperature at the
surface. The instability is maintained by the
interaction of the temperature at the surface with
a thin layer of potential vorticity centered im-
mediately above the steering level. A layer of po-
tential vorticity distributed through the atmos-
phere according to curve S can be identified with
the upper layer in Hoskin et al.’s (1985) qualita-
tive schematic of baroclinic instability. The im-
portance of the region surrounding the steering
level is also consistent with the theory of over-
reflection (Lindzen et al., 1980).

From Fig. 3 it is seen that the interaction
between the surface and the atmosphere below

2.0

A L

-4 -2 0
Flug of potential vorticity
Fig. 3. The mass weighted meridional flux of potential
vorticity, F, for the £k =2 Charney mode. Curve “T"
shows the total flux and curve ““S” shows that induced
by the surface. The dashed line indicates the steering
level.
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the steering level is weak (curve ““S”) and cannot
explain the strong southward flux of potential
vorticity in this region. Potential vorticity at
these levels is driven southward by the flow
induced by potential vorticity in overlying layers.
This is seen from Fig. 4, which shows AF(z, 3.5),
the contribution to the flux of potential vorticity
elsewhere from the potential vorticity at z = 3.5,
the maximum of curve “‘S” in Fig. 3. Consistent
with the eastward slope with height of the poten-
tial vorticity, potential vorticity near z=3.5
induces a southward flux of potential vorticity at
lower levels. The disturbance at and above the
steering level grows by its interaction with the
surface. From these levels the disturbance is
communicated downward to fill the region
between the steering level and the ground.

The structure of a Green (1960) mode is very
different. Figs. 5, 6 show the amplitude and
phase of the disturbance streamfunction and po-
tential vorticity for a mode with £ = 0.6 on the
same basic state as before. This wave has a phase
speed of 0.35 and a growth rate of 0.05. Both the
streamfunction and the potential vorticity have
local minima at z=0.55. The streamfunction
slopes to the west with height throughout the
lower atmosphere, while the phase of the poten-
tial vorticity slopes to the east below z = 0.45 and
to the west above.

2.0
L
=
21.0f
-3
=
0LAI&ILJ_!IIJJJ;‘LIIIJAALIAAA‘
-8 -6 -4 -2 0 2
Contribution to flux of potential
vorticity

Fig. 4. AF(z,3.5), the contribution of potential vorticity
at z=3.5to F(2), for the k = 2 Charney mode.
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Fig. 5. Asin Fig. 1, but for the k = 0.6 Green mode.
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Fig. 6. As in Fig. 2, but for the k = 0.6 Green mode.

The flux of potential vorticity, the total and
that induced by the surface, are shown in Fig. 7.
Several features of these curves are noteworthy.
First, unlike the Charney mode, the total flux is
much smaller in magnitude than that induced by
the interaction with the surface. This implies the
existence of interactions among atmospheric
levels that nearly cancel the interactions with the
surface. For example, potential vorticity at the
steering level induces a southward flux of poten-

180
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2.0

-10 -5
Flux of potential vorticity

Fig. 7. As in Fig. 3, but for the k = 0.6 Green mode.

tial vorticity at levels around z = 1.0 that opposes
the northward flux induced from the surface (Fig.
8). The net flux must be everywhere southward if
the disturbance is to grow (Eq. 8).

Using relation (14) it is seen from Figs. 7 and 8
that the upper lobe of the disturbance potential
vorticity induces fluxes at the surface and at the
steering level that oppose the growth of the
instability, i.e., the upper lobe induces a south-
ward flux of heat at the surface and a northward

2.0 T

- !
= \
21.00 :
(4] N
= \
0 PR SR U N T S S S S U P Y ;
-20 -10 0

Contribution to flux of potential

vorticity
Fig. 8. AF(z,3.5) for the k = 0.6 Green mode.
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flux of potential vorticity at the steering level.
From the potential vorticity perspective the
upper lobe of the Green mode is parasitic on the
mutually reinforcing interaction between the
surface and the steering level that drives the
instability. This is in contrast with the traditional
view that would focus on the energy releasing
northward flux of heat in the upper lobe.

The strong direct interaction between the
upper troposphere and the surface is possible in
this wave, because its low wavenumber permits
the flow induced by the potential vorticity to
extend over more than a scale height. The
importance of this upper lobe in opposing the
growth of the instability may be seen quantitat-
ively in Fig. 9 (the curve labeled *“.6"), which
shows the vertically integrated fractional contri-
bution of the potential vorticity in the atmos-
phere to the flux of heat at the surface, ie.,
{2dz’ AF(0,2')/F(0). Bearing in mind that this
curve has a value of unity at the top of the
domain (z=15.0), it is seen that the growth-
opposing interaction with the upper lobe cancels
almost § of the northward flux of heat induced by
the interaction with potential vorticity below
z=0.6.

2.0 i \

.6T \

Height
(=]
T

Integrated contribution to the flux
of heat at the surface

Fig. 9. Vertically integrated fractional contribution of
the potential vorticity at z to the northward flux of heat
at the surface, AF(0,z), for the k=0.6 Green mode,
curve “.6”, and the 0.6 Green mode in the presence of a
tropopause at z = 1.5, curve “.6T".
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4. The effect of the tropopause

For present purposes the tropopause is defined
as a jump in the static stability going from the
troposphere to the stratosphere. This jump adds a
contribution to g, given by,

—AeU,8(z — zp), an

where Ag is the difference between the strato-
spheric and tropospheric values of &, § is the delta
function, and z; is the height of the tropopause.
Because the static stability is greater in the
stratosphere, A¢ is negative. For westerly shear
expression (17) leads to a sheet of potential
vorticity at the tropopause increasing northward.
In the Eady model the rigid lid implies an infinite
static stability in the stratosphere, or Ac¢ = —e&. In
fact, in the Eady model the only positive gradient
of the potential vorticity of the mean flow is at-
the lid, and the disturbance grows by the mutu-
ally reinforcing interaction between the thermal
anomalies at the lid, and those at the surface,
there being no potential vorticity in the interior.

In examining the structure of baroclinic modes
in the presence of a tropopause, Eady dynamics
can be said to operate if the interaction of the
surface with the tropopause dominates the inter-
action of the surface with the rest of the tropo-
sphere. In the cases described below the
tropopause is placed at z = 1.5, corresponding to
223 mb. The buoyancy frequency in the strato-
sphere is taken to be twice that in the tropo-
sphere, so that g(stratosphere) = 0.25¢(tropo-
sphere).

Clearly, potential vorticity at the tropopause
can be important only if the wave has a signifi-
cant amplitude at that level. The £ =2 Charney
mode described in the previous section is essen-
tially unchanged in the presence of a tropopause.
While the amplitude and phase of the k =0.6
Green mode is only altered slightly, the tropo-
pause brings about a significant change in the
structure of its potential vorticity. Fig. 10 shows
that the surface induces a strong northward flux
of potential vorticity at the tropopause for this
Green mode. The flux at the tropopause opposes
the instability, the opposite role to that played by
the upper lid in the Eady model. The integral
contribution of the tropopause to the surface flux
of heat is modest, as may be seen from curve
“0.6T” in Fig. 9. The tropopause accounts for
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Height
[—2
—

1

Flux of potential vorticity

Fig. 10. As in Fig. 3, but for the k = 0.6 Green mode
with a tropopause.

approximately 409, of the negative contribution
to the flux of heat at the surface from the upper
lobe of potential vorticity.

Charney modes can also extend higher into the
atmosphere, if the vertical shear of the basic state
is increased (Held, 1978). In the present scaling
the relevant parameter, r (Pedlosky, 1979) is
given by,

r=(1/A+1)(4k* + 1) (18)

where the mean flow is given by U= 1z. The
fastest growing modes have values of r close to &
(Pedlosky, 1979). If we set r =1, then k is given
by,

k=13[4(1 + 1/ = 1]~ (19)

The wavenumber of the fastest growing mode
decreases from oo to 0.866 as the vertical shear, 4,
is increased from 0 to co. From the potential
vorticity perspective the depth of the fastest
growing mode increases with decreasing wave-
number, and thus with increasing shear, because
the depth of the flows induced by the pertur-
bation potential vorticity and perturbation sur-
face temperature increase with the increasing
horizontal scale of the disturbance.

The largest value of 1 that compares reason-
ably with the earth’s atmosphere is 4 =5.0. For
this value the fastest growing wave has a horizon-
tal wavenumber close to 1. Fig. 11 (the curve

QoS5

labeled “1”) shows the amplitude of the k=1
mode when # = 5z and Fig. 12 shows the ampli-
tude and phase of its potential vorticity. The
phase speed is 3.07 and the growth rate is 1.53.
Figs. 11 and 12 show that the mode extends much
further into the atmosphere than the severely
trapped k=2 mode discussed above. This is
confirmed by Fig. 13 (curves “1” and *“2”) which

2.0
[ 1
1T

=
© 1.0}
Q
=

05 ' ' ' ' 1.0

Amplitude

Fig. 11. The amplitude of the streamfunction of the
k =1 Charney mode with & = 5z, in the absence, curve
“1”, and presence, curve “IT", of a tropopause at
z=1.5.
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180

0 1 2 3
Amplitude of potential vorticity

Fig. 12. As in Fig. 2 but for the k =1 Charney mode
with no tropopause.
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shows that while for k =2, most of the interac-
tion with the surface comes from potential
vorticity below z=0.5, for k=1 there is a sub-
stantial contribution from potential vorticity
above z =1.

When a tropopause is added to the mean flow,
the vertical structure of this mode changes

2.0

1.0

Height

0.141;. | S S S R S S S B e

0 2 -4 6 8 1.0
Integrated fractional contribution to
the flux of heat at the surface

Fig. 13. As in Fig. 9, but for the kK =2 Charney mode
with &=z, curve “2", the k=1 Charney mode with
=5z, curve “1”, and the k =1 Charney mode in the
presence of a tropopause, curve “1T".

2.0
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0 . PR | P 1 PR [ S T T

—a 0
Flux of potential vorticity

Fig. 14. As in Fig. 3, but for the k =1 Charney mode
with a tropopause.
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substantially. Its amplitude (Fig. 11, curve “1T")
has a strong local maximum at the tropopause. In
fact, within the troposphere the structure is remi-
niscent of the unstable Eady wave. From Fig. 14
it is seen that there is a strong interaction
between the surface and the tropopause; in this
case this interaction contributes to the growth of
the instability. Returning to Fig. 13, however, we
see that once again the integrated contribution of
the tropopause to the heat flux at the surface is
modest, less than 309/ of the total. Even in this
case of a very deep Charney mode, Eady
dynamics are relatively unimportant in the
growth of the wave.

5. Summary and conclusions

A quantitative approach to diagnosing the
interactions between potential vorticity at differ-
ent levels has been introduced. The results for
Charney mode baroclinic waves confirms the
schematic of Hoskins et al., and provides an
identification of the lower level of potential
vorticity with the thermal structure at the surface,
and the upper level with a thin region of potential
vorticity at and above the steering level. In the
case of a Green mode, the disturbance is
maintained by the same mutually reinforcing
interaction between surface temperature and po-
tential vorticity at the steering level, but in this
case the growth rate is severely reduced by the
parasitic nature of the upper lobe of the
disturbance.

The tropopause is shown to introduce a thin
sheet of northward increasing potential vorticity
in mean flows with positive vertical shear. In the
Eady model, waves are sustained entirely by the
interaction between the surface temperature and
the potential vorticity at the tropopause (the
temperature at the lid). The applicability of the
Eady model to an unbounded compressible
atmosphere depends on the interactions between
the tropopause and the surface being more im-
portant than interactions between the surface and
potential vorticity in the troposphere. In linear
baroclinic modes growing in the presence of
constant vertical shear and a tropopause Eady
dynamics, in this sense, are found to be relatively
unimportant.
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