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ABSTRACT

Simple but rather general arguments permit the construction of a new version of similarity
theory for turbulent boundary layers in stratified rotating fluid. The failure of the Ekman
boundary layer model in the presence of imposed background stable stratification is explained
by introducing the scaling length L, =u,/N, where u, is the friction velocity and N the
buoyancy frequency, which is chosen to characterize the background stratification (can also be
considered as initial stratification). The expressions for the maximum height of turbulent
boundary layer under different external conditions are derived and compared with observa-
tions. Also some remarks are made on resistance laws for stratified boundary layers.

1. The scaling of ABL height

The purpose of this note is to show that rather
a simple generalization of the concept of equilib-
rium boundary layer in the presence of imposed
stable stratification can give an explanation for
the observed variability of the heights of the
atmospheric boundary layer (ABL). Let us start
with a classical example of an equilibrium bound-
ary layer above the flat homogeneous plate,
whose characteristics change in the downstream
direction (see Fig. la). The free stream velocity
U, is constant, which corresponds to the situ-
ation when motion is stationary and quasi-plane
parallel. However, the characteristics of the
boundary layer depend not only on z but also on
the downstream coordinate x and is rather
accurately described by the relationship

h~x o m

e}

Replacing x by U_t shows that this corresponds
to the effective entrainment rate u,
oh

u,——67~u*, (2)

where u, can be a slowly varying function of time
(as well as of x in (1)). The latter result is also
applicable for surface stress-induced entrainment
in homogeneous fluid (Phillips, 1977). Now a
simple generalization of such a picture is when
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Fig. 1. The downstream development of boundary layer
in the presence of imposed stable stratification.
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the growth of the turbulent boundary layer occurs

in the presence of imposed stable stratification’

N(z,x) (Fig. 1b). For simplicity, let us consider
that N(z) =const. = N, where N is the Brunt-
Viisila frequency, which in a general case can be
a slowly varying function of the downstream
coordinate x. We will assume that the growth of
the boundary layer cannot be unlimited in this
case, since the flux Richardson number R, in
the vicinity of the entrainment zone (see Fig. 1b)
must be less than its limiting value Rf; to
maintain the entrainment. The basis for my
estimate of flux Richardson number R f, will be
the following simple formula for the entrainment
buoyancy flux Q,

0, =—K,N?, 3)

where K, is an effective turbulent diffusivity
responsible for the overall entrainment process,
which can be written as

Ky~u,h 4)
Here we avoid a numerical constant of pro-

portionality being of order unity. The above-
mentioned condition for R f, can be written as

o Ry, )

ul dufdz

which with du/dz ~ u, /h leads to the estimate of
the maximum height of the boundary layer

R/, =

h

_— . u*

max bLN’ LN N ’ (6)
where the scaling length Ly corresponds to the
scale of a well-mixed region developed by upward
diffusion of turbulent energy in the presence of a
background stable stratification, and b is a nu-
merical coefficient. It was shown (Kitaigorodskii
and Joffre, 1988) that the reasonable range for
values of the coefficient b in (6) is 4-14 (they
depend on ratio u_ /u, ), which was found to be in
good agreement with observations, at least for
situations with small values of surface heat flux
(compare to the entrainment flux). Thus L, is a
good measure of the height of the turbulent
boundary layer in initially stably stratified fluid.
Of course, it is obvious that the entrainment zone
has its own structure (thickness, shear, tempera-
ture gradient, typical dissipation rate . . .). How-
ever, the purpose of my note was to convince the
reader that if the quasi-equilibrium height of the
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ABL can exist, it must still depend on the overall
external and internal parameters (the entrain-
ment zone itself does not have it, because we
consider the growth of ABL in the presence of a
given imposed stratification). What is physically
meant is that the rate of growth of the boundary
layer up to its equilibrium scale is much larger (it
has its own time-scale) than the evolution of the
entrainment zone due to small-scale processes
(like local shear instability, breaking of internal
waves and so on) after the quasi-equilibrium
height is reached. Recent numerical calculations
demonstrate this fact rather convincingly, and
also direct observations of turbulence in the
benthic boundary layer agree with the conclusion
that L, is a proper scale for the depth of
the benthic BL in the presence of imposed
stratification.

The application of the scale L, to the estimates
of the heights of planetary boundary layers needs
first of all its comparison with the internal
Ekman scale L, = u,/Q (Q-Coriolis parameter),
which is a good measure of the height of the
neutrally stratified Ekman layer. Since as a rule
L. N
L-o > 1, M
we can conclude that in the presence of imposed
stable stratification, the height of the boundary
layer never reaches the Ekman value L, and thus
rotation in such a situation is not important.

Here, I do not claim that rotation is neglected
on the physical grounds. More than that, in the
presence of a possible rotation of the wind vector,
what my arguments demonstrate is the important
fact: in the presence of a non-negligible imposed
stable stratification N, the turbulent boundary
layer in a stratified rotating fluid never reaches
equilibrium on the typical Ekman scale, but
rather achieves a quasi-equilibrium thickness
characterized by the scale h,=~bu,/N. Even
though experimentally determined values of b are
around 5-10, it does not change the basic
conclusion that there can exist situations where
Ly/L, <1, since /N can be as small as
5x 1072-10-3.

The additional proof of this, based on a rather
arbitrary parameterization of turbulent energy
balance in mixed layers, in particular in the
parameterization of the viscous dissipation, can
be found in Kitaigorodskii and Joffre (1988). The
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most important generalization of the arguments
presented above for estimates of the heights of
atmospheric boundary layers must be done by
taking into account the influence of the surface
buoyancy flux Q.. Because the diurnal cycle has a
period of the same order as Q~!, we can with the
same justification as in (7) neglect the effect of
non-stationarity due to variation in Q, and con-
sider the typical times for growth of ABL in the
presence of imposed stable stratification to be
much less than Q-!. Thus, for simplicity, we can
consider Q, either constant or a very slowly
varying function of time (or downstream coordi-
nate). The application of the scale L, to the
estimates of the heights of stratified boundary
layers needs its comparison with the Monin-
Obukhov scale L, = —u2 /xQ,, where k = 0.4. We
will define a new stratification parameter uyas

_ﬂz_ 0,
W=7 Nut’

®)
*
so that in terms of classical classification of
stratification conditions (without imposed strati-
fication N), p, =0 corresponds to the reutral
case, and g, 2 0 will define stable and unstable
conditions. The equilibrium height of the bound-
ary layer in such conditions must be described by
the relationship

h= Ly Y(uy), &)

8. A. KITAIGORODSKII

where the behavior of the function Y(u,) for the
cases of unstable and stable stratification can be
different. Thus it is convenient to introduce two
functions Y, (u,) for p, >0 and Y_(u,) for
Uy < 0. Let us consider first the case of stable
stratification when the underlying surface acts as
a storage for heat, so that Q, < 0. We will have
two asymptotic forms for Y,(u,) for small and
large absolute values of u,, namely

as py—0, Y, (¢x) =const=b, (10)

an

The latter result corresponds to the well-known
formula for mixed layers

h=cL,,

as uy— too, Y (uy)=cuz'

(12)

where typical values of ¢ are 2.0-4.0 (Kitai-
gorodskii, 1973). However, Fig. 2 indicates rather
a value around 30 in the region where Y, = cp,.
My explanation for this disagreement with
oceanic data can only be based on the fact that
the range of values of u, observed in the atmos-
pheric and oceanic boundary layers can be very
different, so that when the predictions of the
theory have an asymptotic character, the exper-
imental data cover the different range of values
of the nondimensional parameter u,, and thus
neither oceanic data, nor ABL data presented in
Kitaigorodskii and Joffre (1988) provide a final
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Fig. 2. Empirical representation of the dimensionless function ¥(u,). The lines correspond to the solutions of the
turbulent energy balance equation (Kitaigorodskii and Joffre, 1988). The experimental points represent the results
of 3 expeditions: ICE-77, WANGARA and JASIN (for details, see Kitaigorodskii and Joffre, 1988).
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answer yet. Actually, the values 2-4 was found in
Kitaigorodskin (1960) and later confirmed by
Kraus and Turner (1967), but there were no
further experimental investigations, and the accu-
racy of determining surface fluxes across the
ocean surface is not comparable with the direct
or profile estimates of the heat flux in the ABL.
For unstable stratification, the surface buoy-
ancy flux is an additional source of turbulent
energy and therefore we can consider the regime
of free convection, when friction velocity u, must
be excluded from the set of governing par-
ameters. This leads to the following result

as py— —oo, Y_(uy)=dlp,]" (13)

Eq. (13) gives the following estimate for A:
1Q.N"

h= ch, Lc = {F . (14)

The physical meaning of the convective scale L,
is clear: it corresponds to the scale of the mixed
layer developed under convective mixing in an
initially linearly stratified fluid. The numerical
constant d must be of the order unity (Kitai-
gorodskii and Joffre, 1988). The results (13) and
(14) must be considered with certain caution.
Because @, is a new source of generation
turbulence, we must also require that rotation is
not important in this case, as it was in (7). Thus
{13} and (14) must be valid when

Le N3
—= {—*} > 1.
L 1Ol

The simplest way to be convinced that the

inequality (15) can be fulfilled is to rewrite it in
the form

N 32
|#0|_l/2<‘§‘> > 1,

where gy = L/L_ is a stratification parameter for
the stationary Ekman layer (the so-called Monin-
Kazanski parameter). For (N/Q)~ 100 and re-
alistic values of p, (even as large as 200-400),
(16) is a good approximation.

Thus we come to a very interesting conclusion,
that both for negative and positive surface heat
flux values, when the underlying surface is either
a source of atmospheric heat or a sink, the growth
of the boundary layer in the presence of an
imposed stable stratification is not influenced very
significantly by rotation. The calculations and

(15)

(16)

Tellus 40A (1988), 5

437

data analysis in Kitaigorodskii and Joffre (1988)
can be considered as some confirmation of the
above conclusion.

Here, we present in Fig. 2a their calculations of
the functions Y,(uy) and Y_(uy) together with
the data of three field experiments: (1) ICE-77,
carried out over the sea ice fields of the Bothnian
Bay between Finland and Sweden (64°30'N,
23°E) during a period of about 3 weeks; (2)
Wangara experiment; (3) North sea and Atlantic
ocean data together with the JASIN-data over
the North Atlantic (for details see Kitaigorodskii
and Joffre, 1988). Since the unstable case has an
additional source of energy, there must be an
asymmetrical behavior of Y, (uy) and Y_(u,) at
least at moderate and large values of |u,|. The
calculations (Kitaigorodskii and Joffre, 1988)
confirm this fact, though the scatter in the obser-
vations is too big to make any definite
conclusions.

2. On the resistance laws for ABL in the
presence of imposed stable stratification

We will consider now the effect of imposed
stable stratification on the structure of a
horizontal boundary layer over a flat plate in a
non-rotating case (since rotation is not important
here (see Section 1)). In the simplest case (N = 0),
the relevant external parameters for description
of the equilibrium boundary layer are U, h and
roughness parameter z,. Now we must add to this
the buoyancy difference AB = B(h) — B(z,) across
the boundary layer, so that the ratio h/z, and the
bulk Richardson number Ri,=hAB/u? must
define variations of the drag coefficient C; and
Stanton number C;,. We arrive at

CA\'"? oy h
(7) ='U_,‘Ff( R‘~)

/Cm> -0, B, h . .
(2 T ABU, A’EFAF”‘(O’RI”) (18)

X

(1"

The velocity and buoyancy distributions in the
ABL can be written in terms of internal set of
parameters h/z,, z/h, {, = h/L,, so that

Gt

dz h (19
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dB B, h z
—=—2G—,(.— ).
dz A B( zO’C"’ h) (20)

Traditional assumptions about the asymptotic
behavior of G, Gy for A/zog > 1, z/zo> 1 and z/h
finite, and for h/zo> 1, z/h< 1 and {,z/h<1
together with the existence of overlapping region,
leads to the well-known results

L[
Criit= Kﬁ {ln e bO(C,,)}, (21)
BW-Bz)_ | { h
B, B o, (0)k {ln 2o CO(C")}’ (22)

where o,(0) = const. ~ 1, and by({,) and C,((,) are
universal functions. To detail the expressions (21)
and (22), we can use now (9)-(15). Then when we
take

Ch =Hy Y(”N); (23)

the expressions (21) and (22) are reduced to the
form

Cir= (24)

L L M
" {ln o bo(m},

B~ B(zo) _ 1 {m
B, a,(0) x

U, ,
= —C . (25
- Citu}. 09)
There were no attempts to construct the functions
by(uy) and Co(py) on the basis of observations.
However, it is worthwhile to mention that if we
replace uy by the expression
Q

By = Ho >

N (26)

the formulae (21) and (23) can be presented in the
well-known traditional form of Ekman boundary
layer theory

i 1 u Q
Crit=—p {ln Ro 7]*_ - Bo(ﬂo» F)}’

K2

Q Q
Bozln—+M<u0 —), @7

N N

Bh) — B(zy) | uy Q
B, (0 {I" Re C°<"°’ N)}

x

Q
Co=lnN+N<u0 %) (28)
where R, = u, /Qz,. The dimensionless functions
By(o), Co(ug) were constructed by many authors
(see, for example, Clarke (1970), Melgarejo and
Deardorff (1974). The scatter in experimental
data are usually so big that one of the expla-
nations of it can be variations in Q/N (there are
some systematic differences between morning
and evening periods in the observed data, which
can be attributed to the difference in N).
However, the most important remark on the
expressions (27)-(29) is that the variations of drag
coefficient and Stanton number with Ekman
scale L, and Rossby number Ro are fictitious in
presence of imposed stable stratification, since as
it was shown in Section 1 that rotation is prob-
ably not important here at all. To check these
conclusions will require more data and their
careful analysis. The other applications of the
above-mentioned similarity model can be found
in the response of a Benthic Boundary Layer in
initially continuously stratified fluid, subject to a
suddenly imposed barotropic pressure gradient.
The formation of a well-mixed Benthic Boundary
Layer (BBL) is what is observed in such a case,
and recent numerical calculations show that BBL
rapidly reaches a quasi-steady state after only one
pendulum day.
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