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ABSTRACT

On the basis of observational data of the atmospheric boundary layer (ABL), a simple scaling
framework for the evolving ABL is proposed. The theoretical background is based on a simple
parameterization of the vertically-integrated dissipation term in the turbulent kinetic energy
equation. The scaling introduces the scaling length Ly = u,/N where u, is the friction velocity
and N the buoyancy frequency, and it applies to both stable and unstable cases. The scaling
fits well 3 different sets of data: the Wangara data, the JASIN data and those from an
expedition over the sea ice field of the Baltic Sea. The scaling length related to the rotation

appears only as a secondary factor.

1. Introduction

Although much progress has been made in
studies of atmospheric boundary layer (ABL)
evolution in both the convective (e.g., Tennekes,
1973; Zeman and Tennekes, 1977; Zeman and
Lumley, 1976) and mechanical (e.g., Niiler,
1975; Garnich and Kitaigorodskii, 1977, 1978)
asymptotic cases, there is still a need for a
theoretical and empirical description of the
dual case including both types of turbulence
production. The mechanically-mixed type of
ABL has aroused very little interest so far,
although it appears rather frequently with strati-
form cloudiness and a strong wind over the sea
or, in general, during the period of the year when
solar radiation is not strong enough to drive a
convective ABL (Nicholls and Readings, 1979).

The ABL exhibits a very different regime
under nocturnal stably-stratified conditions when
buoyancy is a sink of turbulent energy and only
wind shear can sustain the turbulence. This type
of ABL presents many more problems from both
the theoretical (Zeman, 1979) and the obser-
vational (Caughey et al., 1979) points of view.

The main result from recent models or observa-
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tions of an unstably- or stably-stratified ABL is
that steady state approaches are generally not
relevant, and the one central parameter that
describes or monitors the evolution of the ABL is
its height A. Knowledge of this height is aiso very
important for many applications, e.g., pollutant
diffusion, fog or minimum temperature predic-
tions, trajectory models and the use of similarity
laws in numerical weather models. However,
under certain conditions, the actual A4 tends
towards an equilibrium value A© imposed by the
particular structure of the flow. Then the depar-
ture of & from A'® can give a lot of information on
the processes driving the ABL dynamics (e.g.,
Nieuwstadt and Tennekes, 1981).

The classical way of describing the structure of
the ABL is by the Kazanski-Monin (1960) type of
similarity theory, where the only influencing
agents are rotation and buoyancy. It is obvious,
however, that other factors should be taken into
account. One driving process behind the growth
of ABLs is entrainment, the intensity of which is
connected with background stratification. Thus,
the dynamics of the ABL should be more
completely described using this additional physi-
cal concept, and should be incorporated into an
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extended similarity framework. The additional
theoretical background for this approach is given
in the companion paper by Kitaigorodskii (1988).

Justification for this new framework will be
based on the vertically-integrated turbulent
kinetic energy balance. The theory will be tested
with data from a high-latitude field experiment
carried out over the frozen Baltic Sea (Joffre,
1981) where forced convection was the main
driving factor. Because the growth of the ABL
against background stratification is a very
general phenomenon, it is expected that this
approach should apply to a wide range of
conditions except for pure convective cases and
for very stable cases when turbulence is intermit-
tent and breaking of internal waves occur. In our
search for universality, we include low-latitude
data from the Wangara experiment and also
overwater mid-latitude data from the JASIN
experiment.

2. The data

2.1. The ICE-77 experiment

An extensive field experiment (ICE-77) carried
out over the sea ice fields of the Bothnian Bay
between Finland and Sweden (64°30'N, 23°E)
during a period of about three weeks in March
and April, 1977, provided a large amount of
observation data on the ABL. During the
experiment, R/V Aranda of the Institute of
Marine Research was moored to an ice-floe and
then allowed to drift along with the floe. The field
experiment was conducted in 2 phases: one
between 26 and 31 March and one between 5 and
13 April. Both ice floes had about the same oval
shape and size with a mean diameter of about
2 km. They were separated from adjacent floes
by pressure ridges with a mean sail height of
30-50 cm. The snow cover was smooth with some
undulations here and there.

2.2. Computation of fluxes

The surface layer data were obtained from a
10.2 m high mast with five transverse booms
carrying cup anemometers on one side and plati-
num temperature sensors on the other. The out-
put of these sensors was registered on magnetic
tape. The wind data consisted of 10-min averaged
runs, whereas temperature data were instan-
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taneous values. Fitting the profiles with the
universal functions of the Monin-Obukhov
similarity theory ¢, (dimensionless wind shear)
and ¢, (dimensionless temperature gradient)
allowed us to compute the friction velocity u, and
the surface temperature flux Q,. The best fit was
obtained with ¢, =1+6.7¢ and ¢,=1+5.5¢
under stable conditions, and with
Om =1 —9E"1 and ¢, = (1 — 56)~/2 under un-
stable conditions, where & = z/L, is the stability
parameter and L, = —u,’/gfkQ, is the Monin-
Obukhov length scale (x =04 is the Karman
constant and gf the buoyancy parameter). The
details of the computation can be found in Joffre
(1982). The mean value of the roughness par-
ameter z, was 0.04 cm. However, if the form drag
due to pressure ridges and hummocks in the ice
field is taken into account, the overall roughness
length increases to 0.15-0.4 cm with a marked
dependence on thermal stability but a large un-
certainty in this value (Joffre, 1983).

Figs. 1 and 2 represent the time variation of u,
and Q, for the periods analysed in this paper. We
note that u, is on average 0.15 m/s while Q, does
not show a marked diurnal cycle at this time of
year. Under unstable conditions the ratio h/|L,] is
less than 5 for 75%; of the cases, but under stable
conditions only 30% of the profiles have such
weak buoyancy conditions.

2.3. The height of the ABL

The structure of the whole ABL was studied
using low-level radiosondes (type Vaisala RS 17)
and numerous pibals up to a minimum of 500 m.
All these profiles were constructed from obser-
vations every 10 s, thus giving a vertical
resolution of about 25 m. The radiosonde ascents
were performed at intervals varying from 1.5 to 3
h, giving a total of 28 temperature-humidity-wind
profiles. The pibal profilings were performed at
regular intervals throughout the day (every 90
min), giving 80 additional wind profiles.

The inaccuracies inherent in the pibal
measurements, e.g., their see-saw aspect, due to
individual eddies and to the sensitivity of the
computed wind to small errors in the observed
angles, were smoothed by computing the velocity
V at 10 s intervals over layers corresponding to
20 s in thickness.

The ABL height h is a central parameter in
both theoretical and application studies. In the
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Fig. 1. Diurnal variation of the friction velocity for the most important days of the experiment ICE-77 over the
frozen Baltic Sea. Open circles indicate the times of radio/pilot soundings under unstable conditions, while crosses

are for soundings under stable conditions.
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Fig. 2. Same as in Fig. 1 but for the heat flux.

absence of turbulence profiles or SODAR-
profiling, this height was determined from
inspection of the mean profiles as did, for in-
stance, Melgarejo and Deardorff (1974) for the
Wangara data. The height of the inversion base
marked the top of the unstable ABL; in fact, the
temperature jump was generally small, and to

Tellus 40A (1988}, 5

TIME (h)

infer A, turning points in the velocity profiles were
also considered. For the stable ABL, the layer of
significant velocity or directional shear (positive
or negative) corresponded to the top of the ABL.
In the stable cases, the estimated # was generally
lower than the top of the surface inversion, which
is determined by both radiative and turbulent
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Fig. 3. Dimensionless height dependence of (a) the normalized vertically-averaged potential temperature profiles
(b) the normalized vertically-averaged wind velocity for unstable conditions (open circles) and stable conditions

(crosses) during ICE-77.

cooling (Garratt and Brost, 1981). Only cases
with ¢h/ét > 0 will be considered here, but a few
cases for which dh/dr was unknown were also
included.

2.4. Mean structure of the ABL over sea ice

We look at the normalized profiles of wind
velocity V' and virtual potential temperature O,
defined as

5= T =r
<rh> —Ts
where r=V or O, the subscript s refers to
surface values (V, =0 and O, =0.(z,)) and the
bracketed terms are vertically-averaged quan-
tities from the surface up to level z or A (see
Appendix B). These smoothed profiles are shown
here because actual profiles were more erratic
and depended on the choice of the lowest level.
Nevertheless, both type of profiles were quali-
tatively similar. We see in Fig. 3a that the
dimensionless profile Se¢(z/h) is equal to unity

)

through nearly the whole of the depth of the ABL
under unstable conditions, whereas S, increases
with height under stable conditions. For the wind
profiles, on the other hand, no distinction
between stability cases was possible and Sy in-
creases from 0 to | through the ABL (Fig. 3b).
Thus, we find an approximate self-similar behav-
iour of the wind profiles, independent of time.
The profiles are generally not mixed but it is clear
that there are situations when mixing is intensive
so that, for the sake of generality, we shall
include additional data from other sources.

2.5. Additional dara

Since our data were used for a similarity classi-
fication of ABL heights based on a subjective
determination, we have incorporated in this
paper data from the Wangara experiment
(Clarke et al., 1971) which present an indepen-
dent determination of h values. We have used
here the value of h given by Melgarejo and
Deardorff’ (1974) using their estimate A, from
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wind profiles for stable cases. Momentum and
heat fluxes at the surface were taken from the
revised values by Hicks (1981) which better takes
into account overall roughness conditions. The
background stratification y=7@/dz was de-
termined from potential temperature profiles
between A and h 4+ 300 m. Uncertain cases with y
changing sign were deleted, leaving 32 stable
profiles and 17 unstable ones. No other criterion
was used for selecting the data because we think
that the validity of the theoretical approach must
be checked against all available data and also
because in practice it is nearly impossible to
distinguish between the case of the ABL growth
in presence of stable stratification and the pure
convectively driven ABL.

Additionally, we incorporated the North Sea
and Atlantic Ocean data of Nicholls and
Readings (1979) and the JASIN data over the
North Atlantic from Nicholls (1985), which de-
scribed the marine type of ABL having a slightly
unstable structure (—h/L,~5) but often a
capping cloud deck also. Thus, these three sets of
data should represent rather different conditions.
All required parameters were taken from the
corresponding reports, while Dr. Nicholls kindly
provided additional information on his measure-
ments. We note also that no attempt has been
made here to account for the effect of the large-
scale vertical velocity which can be non-
negligible under anticyclonic situations.

3. The overall turbulent Kinetic
balance in stratified ABLs

energy

A common approach for studies on ABL
dynamics is to reason with bulk quantities
integrated over the height of the ABL. The
procedure can be found in works like Mahrt and
Lenschow (1976), Kitaigorodskii (1979) and
Tennekes and Driedonks (1981). Closure via the
equation of turbulent kinetic energy (TKE)
should be prefered to those based on the eddy-
diffusivity concept, since the TKE equation con-
tains all the physics driving the turbulence field.
After integration across the ABL and the
interfacial layer one can get for the TKE e¢,:

oh oh
ew = Pt P+ 14 80— g0 5
ct it
+ M, — M+ —h<e)—eAh (2)
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where
h - h+Ah
<-h>=h_'J (Jdz, ()=Ar"! .f (.)dz.
0 h

Ah is the thickness of the interfacial layer (inver-
sion layer), M, is the diffusion of TKE through
the surface and M* the loss of TKE through
radiation of internal waves, ¢ is the viscous
dissipation. The terms P, P, represent the
production of turbulence by shearing stress and
interfacial shear respectively, and are defined as

P.=ul Vs 3)
oh

Ph=‘5(Auz+Av2)£;’, 4)
C

where V; is the mean wind velocity at z=29
(6 =~ height of constant flux layer) and Au, Az, and
A® are the jumps in velocity and temperature at
the top of the ABL, which can be expressed with
the help of the momentum and temperature
conservation equations. As a general estimate for
turbulence mechanical production we can use the
following:

P+ M,=mu}, (5)
with as a lowest estimate for the constant m
Mepin = Vi, = const, = Cy 72,

where C; is a drag coeflicient. Since, as was
shown in section 2.4, the wind profile was not
totally mixed through the ABL, m,,, can be
better estimated as m,,, = Cg,'/? where C, is a
geostrophic drag coefficient (Cy, < Cy).

As a further simplification, we can take
M* =0 and assume also that the interfacial shear
production P, (the PRT mechanism following
Pollard et al., 1973) is almost completely bal-
anced locally by viscous dissipation (P, = tAh).
The small term on the left-hand side of (2) is
basically needed only to describe entrainment in
the asymptotic case of a nonstratified fluid (see
Zilitinkevich, 1975; Tennekes, 1975) and can be
omitted. Eventually, the simplified form of (2)
that we will use is

—th(gB Qn +gBO.] = muj — (e h, (6)

where Oy, = —A® 0h/dt is the entrainment flux.
In the following we shall seek for a simple
parameterization of (, and express the overall
dissipation as a factor times u3, the factor being
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smaller than m. This is a crude approximation
but our main interest here is to find a method
describing the variability of 4 rather than to
parameterize the TKE equation.

In order to parameterize the entrainment heat
flux @, = —A® ¢hjét, we shall neglect the strong
assumption of discontinuity in temperature and
using the fact that éh/ér=4k w, and A®@=
Ahé®|éz, we can simply write that

Oh=—AO = -k, = —Kyy. 7

Ky, = kw,Ah is an effective turbulent diffusivity
responsible for the overall entrainment process,
where w,, is an appropriate velocity scale for
vertical turbulent mixing processes leading to
ABL growth, and k& a numerical constant (not
necessarily equal to 0.4), but not too different
from unity. Following the idea of overall
parameterization (Kitaigorodskii, 1988) accord-
ing to which entrainment does not have its own
characteristic scales, we shall use A instead of Ak
as the relevant scale, appealing also to the fact
that these two depths are not independent
(Deardorff et al., 1980). Then, we will have

K, =kwn h ®)

In unstable stratification, an additional velocity
scale w, =(gfQ.h)'"* can be constructed and
therefore we can write for w, a general
expression of the form

Wen = Uy Y(Wy[tty). ®

The simplest interpolation formula for ¥(w,/u,)
could be

Y(we/u,) =ag +a, w,ju, (10)

where a, and a, are constants, such that

(In

The parameterization of entrainment fluxes
according to egs. (7-10) needs some further ex-
planation. Usually, mixed layer models (e.g.,
Tennekes, 1973) couple eq. (6) together with an
expression for the jump A®(s) derived from the
heat balance:

Wi =dg Uy +a; Wy

hA® — hy A®, = d(h? — h3) — j o) dr.
0

This enables one to predict the time evolution of
both A(f) and A®(r) once their initial values A,
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and A®, are known. This obviously requires
knowledge of the entrainment rate u, = ¢h/it (see
eq. 6). Laboratory studies (see review in
Kitaigorodskii, 1979) basically confirm the fact
that the variability of the entrainment rate can be
described using overall characteristics of the tur-
bulent boundary layer such as, for instance, the
overall Richardson number Ri, =gfh AQ/w}
(Kitaigorodskii, 1979). This justifies the choice of
h as an overall length scale for X, in (8). Such
parameterization for u, reduces the problem to
the solution of only one time-dependent equation
(8) together with (6), where A® is a function of all
governing parameters (h, u,, Q). As was men-
tioned before, the assumption of discontinuity in
temperature is too strong, and without losing any
generality in the derivation of (6) and (8), we can
assume the existence of a so-called turbulent
entrainment layer or interfacial layer, having a
finite thickness Ah. The existence of the finite
layer Ah was explicit in the TKE budget equation
(2) with the appearance of the term #Ah, which
was assumed to be balanced by local shear
production inside Ah. Even laboratory studies
demonstrate that As can be a non-negligible
fraction of and proportional to A (Deardorff et al.,
1980).

In the atmosphere as well as in the seasonal
thermocline (Kitaigorodskii, 1973), it is very dif-
ficult to distinguish between the background
stratification in the free atmosphere (or below the
active seasonal layer in the ocean) and the tem-
perature stratification in the supposedly tran-
sitional layer between the well-mixed region of
the ABL and the free atmosphere. Therefore, we
have decided to use the background stratification
y = 00/cz, determined from temperature profiles
between A and h+ 300 m, as a representative
value of temperature stratification in the tran-
sitional layer. Although the temperature jump in
the interfacial layer might be far larger than y in
the overlying free atmosphere we address here
the question of the overall treatment of the ABL
behaviour (see Kitaigorodskii, 1988).

Naturally, y, as all other parameters, can de-
pend parametrically on time, but since we are
interested in finding a method describing the
variability of h, we can assume that in
quasi-stationary and quasi-horizontally homo-
geneous situations, A has adjusted to the local
values of Q,, u, and y (more generally to f also),

Tellus 40A (1988), 5
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although they all may be variable in time and
space, i.e. depend parametrically on time and
space. This approach allows us to consider the
problem of the ABL height scaling in the frame-
work of the overall TKE balance (6) only.

It appears now that the overall viscous dissi-
pation (g, h is the only unknown for a prediction
of h, provided surface fluxes 43 and Q, and an
equation for A® are given. The most detailed
parameterization of (e h was proposed by
Garnich and Kitaigorodskii (1977, 1978), (see the
review by Kitaigorodskii, 1979). However, it
relied completely on the results of laboratory
experiments on entrainment in stratified fluids,
which still have many deficiencies. An elegant
method for parameterization of the dissipation
was proposed by Resnyansky (1975), but his
approach was limited by the assumption that the
growth of the mixed layer occurs in an initially
homogeneous fluid. Therefore, without the sur-
face buoyancy flux, mixed layers in his model will
inevitably reach the Ekman height u,/f, whereas
in stable or unstable conditions (in terms of
surface buoyancy flux) they can depend also on
the Monin-Obukhov length L,. When we empha-
size here the role of the stable background stratifi-
cation (N) for the growth of turbulent boundary
layers according to our schemes for the entrain-
ment flux, the parameterization of the dissipation
present enormous difficulties.

It is clear that under the same internal
conditions (u,, fand Q,) the dissipation in mixed
layers under consideration must be larger than in
stratified Ekman boundary layers, since mixed
layers cannot grow up to the Ekman height.
Therefore, in search for the maximum height of
the ABL in presence of an imposed stable stratifi-
cation, it is logical to consider its growth under
the conditions of minimum dissipation. This is a
useful principle anyway, and the stratified
Ekman boundary layer (of Monin-Kazanski type)
is an example of such a system.

Since we are looking for an equilibrium height
solution, we can assume that at any time the ABL
turbulence regime is in a quasi-equilibrium state
(time enters only parametrically) and then, it is
natural to assume that in the asymptotic case
when N/f> 1 the magnitude of the minimum
dissipation can be expressed as

Cendh = Fluy, gBQs, f) = u3 ®(Le/L,), (12)
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where Ly =u,/f is the Ekman length (f is the
Coriolis parameter), L, is the Monin-Obukhov
length and the ratio oy = Lg/L, is the stability
parameter of the Monin-Kazanski similarity
theory. Other parameters (h and N) could have
been introduced in (12} but since we are looking
for the maximum ABL height minimizing the
dissipation @, this will correspond to maximum
magnitude of A, itself implying large values of
the ratio N/f, what is fuifilled in practice.

For the neutral case (|Q,|-0) this leads from
eq. (6) to

® = const. = my < m. (13)

For stable stratification (Q, <0 or py>0) we
would assume that

(14)

For unstable stratification (Q, > 0 or y, <0), the
situation is not as simple. Because most of the
data which we analysed are by and large
controlled by both type of turbulence production,
we do not need to consider the free convection
regime for dissipation, but rather can limit our-
selves to the case of convection with a surface
shear layer, so that we can again assume {g,>h to
be independent of rotation, leading to

D) = const. =m,; <m for yo— +oc.

O(u,) = const. = m, (15)

Our assumption of constant m,, m, and m, is
based on the asymptotic behaviour of the
function ®(u,).

Since the ratio of the entrainment flux @, to
the surface heat flux @, in the pure convective
regime cannot exceed one (see e.g., the estimates
of 0./Q, in Zilitinkevich, 1975) this means that
for conditions described in Section 3, we cannot
assume that m, <m for a mechanically-driven
ABL, when Q. > 0.

Our parameterization of dissipation becomes
finally like the traditional expression with overall
dissipation = factor x u3, but with one excep-
tion: we distinguish between the values of the
factor of proportionality in different conditions in
terms of surface buoyancy fluxes Q,. Thus, it is a
little bit more general approach that the pure
empirical parameterization of dissipation with
only one mixing efficiency m (see review of
Kitaigorodskii, 1979). This formulation com-
pletes the closure for eq. (6).

for |up| > 1.
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Fig. 4. Dependence of the ABL height & on the scale Ly =u,/N for stable cases (right-hand side) and unstable
cases (left-hand side). The data are classified according to the magnitude of L,: (O) L, <20; (A) 20 < L, <50;
(V)50< L, <100;(0) 100 < L, <200; (¢) L, > 200 m. Open symbols correspond to the ICE-77 data, full symbols
to the Wangara data and the half-open symbols to the JASIN data. Note that the scale changes on the abscissa

when Ly > 70 and on the ordinate when & > 700.

4. ABL height scaling

It is convenient in what follows to consider
separately the cases of neutral, stable and un-
stable stratification, following the traditional
classification of stationary Ekman layers.

4.1. Neutral case

We shall define the neutral case here as a
limiting case when the underlying earth’s surface
is neither a source of atmospheric heat nor a sink.
It corresponds to the case |Q,|-0. This of course
does not mean that the real stratification
conditions are neutral within the ABL, because of
the existence of the entrainment flux Q,. This
latter basically produces a stable stratification
throughout the whole ABL. Further, if Q, <0,
i.e., the earth acts as a sink of atmospheric heat,
the stratification in the ABL will be more stable
(with the same @,,) than in the limiting case when
Q- 0. Conversely, in the case @, > 0, i.e., when
the earth’s surface heats the atmosphere, the
stratification in the ABL will be less stable than
in the asymptotic case when Q,—0 (again with
the same Q).

In the framework of the system of egs. (6)—(15),
the limiting case Q,—0 leads to

kag uy h* N2 =2(m — mg) u3, (16)
or
h=>bLy, (17

where Ly=u,/N, N=(gfy)'? is the Brunt-
Viisdld frequency and b ={2(m — my)/ka,]'?
=const. Thus, the scale Ly characterizes the
scale of the ABL.

The physical meaning of Ly in (17) is clear: it
corresponds to the scale of a well-mixed region
developed by upwards diffusion of turbulent
energy in the presence of a background stratifi-
cation N. The limiting scale Ly for the most
stable conditions appears as a direct consequence
of the existence of a limiting value for the flux
Richardson number R;, based in this case on the
entrainment flux @,

kag u, N? h?
L XLy ) (18)
u} dv/dz mu
This yields
h=(mRy,kay)'* Ly =& Ly. (19)

Tellus 40A (1988), 5
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Taking typical values for m, k and a, (see
Appendix A) and Ry, in the range 0.25-1, gives
b~ 4 — 13. This is in reasonable agreement with
observations (see Fig. 4). Comparing eq. (17)
to eq. (19) shows that m,=m(l - Ry,) and
consequently the overall dissipation is a smaller
fraction of the overall shear production in very
stable stratification. Note that if we use the factor
(2m)~! to express N in s~', b" is of order unity.

4.2. Stable stratification (Q, < 0)

If Q. <0, w, =0 and, eq. (6) can be rewritten
as

kay uy B> N? — gfQ.h =2(m —m,) ui. (20)

Here also, following the idea of overall para-
meterization, mixing at the top of the ABL was
assumed to be represented by the surface scale
apu,. In nondimensional form (20) turns to

a hl N+ hy=m', 21

where h,=h/L,, py=Ln/L,>0. The coef-
ficients a’ = kxka, and m’ = 2(m — m,)x are posi-
tive constants. The important length scales here
areonly L, and Ly, and the nondimensional ABL
height h, depends only on ux.

It follows from the conditions N- « (i.e.,
iy — 0) that

ha=(m'ja@)' 2 py or h=(m'la’)'* Ly. (22)

Of course it is debatable whether entrainment in
such a situation will definitively cease at this
height. The recent laboratory experiments by
Fernando and Long (1985) do not show this
tendency. However, in geophysical situations,
a rather strong stable stratification in the
atmosphere will certainly prevent the effective
growth of the mixed layer. Thus, we can accept
the dependence of &, the height of the ABL, on
L, and Ly, as was discussed in subsection 4.1.

If there is a nonzero surface heat flux Q, then,
for large enough values of uy (N - 0), entrain-
ment can in practice cease at a level independent
of the initial stratification, and

hy=const.=m" or h=m' L, (for uy— x).

(23)

Kitaigorodskii (1960) found a similar relationship
on the basis of oceanic measurements with
m’ = 2. Resnyansky (1975) for his part arrived at
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Fig. 5. Dependence of the dimensionless height
h, = h/L, on the stability parameter ux = Ly/L, under
stable conditions illustrating the function f,. The
dashed lines correspond to solutions of eq. (27) with
different values of ¢ and m'. (+) Njf<60, (A)
60 < N/f <115 and (@) N/f> 115. The data are those of
ICE-77 and Wangara.

a maximum depth expression hx= 12 L,. Thus,
the proper scaling for the stably stratified ABL is
simply

he = fi(ux), (24)

where the function f, has the doubly asymptotic
behaviour

Silun) =opn for  py -0, (25)
with a = (m’/a’)!'2 = const., and
foluy)=const. =m’ for py—+oc. (26)

In the general case, the solution of (21) gives a
scale hy' for the stable ABL defined as

—1+ JT+4d m u?
2d'ux? '

hyt = 27
Now the important question is: how does this
similarity framework describe real data, in spite
of the many simplifying assumptions made in the
derivation?
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We present in Fig. S the function (24) with the
results of Joffre (1981) and those of the Wangara
field experiment (Clarke et al, 1971). It shows
that there is a definite relationship between h,
and pus according to (24). Moreover, taking
reasonable estimates for the constants ¢’ and m’
in eq. (22), i.e.,

4 =kkay=0.1—-03 and m x40, (28)

(see Appendix A for the derivation of these
constants), we obtain a rather good fit of the data
for uy <5, but increasingly bad with increasing
un. Note that we have included only cases with
Chjét > 0 since the case of the collapse of the
stable ABL would imply different physical
processes and scales. It seems that (27) is a good
approximation except for large values of puy,
where the data can be fitted only with unrealisti-
cally large values of m’ (= 500). The question of
spurious correlation effects in a graph like Fig. 5
will be addressed at the end of Subsect. 4.3,

For larger values of uy (un > 5), we probably
need much larger values for production of TKE.
Naturally, due to the crudeness of our para-
meterization of the overall turbulent energy
balance (6), and especially the parameterization
of dissipation {(7-10), we have avoided a descrip-
tion of the variability of A, with u,= Lg/L,,
which can be implicitly present by assuming that
both a’ and m" depend parametrically on y,. It
must be noticed, however, that under strong
stability conditions, all turbulent fluxes (v, and
Q,), as well as the ABL height h, are poorly
defined.

It remains to be seen whether such a procedure
can sufficiently improve the description of the
existing empirical data presented here in Fig. S,
but it is more or less clear that by including the
PRT mechanism for larger values of uy we can
improve the parameterization of the overall TKE
balance. In Fig. 5, we have differentiated the
data according to Lg/Ly= N/f, in order to
include the length Lg in the description of the
data. The figure shows that N/f helps to describe
the scatter for small and moderate uy, with A/L,
increasing with increasing N/f values at a given
px value.

4.3. Unstable stratification (Q, > 0)

In the unstable case, eq. (6) can be written in
nondimensional form as
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(@ +a"|he]'3) B2 uR? — |hy) = m”, (29

where a”"=ka\x?? and m" =2 {m—m,) x>or
<0. Since the majority of the experimental data
included corresponds to a mechanically-driven
ABL, we limit our analysis here by considering
only the case m” > 0. We can also simplify things
by assuming that the entrainment process is
dominated by the dynamical (but not convective)
velocity scale, which requires that at least

a >a" hi>. (30)

For h, =100, this leads approximately to
a’ > 5a”, which is not unreasonable. Thus, the
scale Ay for the unstable ABL defined as
1+ /1 +4a" m" ug?

2" pi?

s = &)
will not really differ from the scale 43 (Eq. 27) of
the stable ABL for |un| <1.

Thus the proper scaling for the unstably
stratified ABL is simply

lhal = 1~ (lan)-

In order to define the asymptotic properties of
this function, one needs to consider in more detail
the overall balance (29). Within the framework of
eq. (29) we are allowed to consider the free
convection regime, defined as a limit for u, »0.
It leads to a scale for the convectively-driven
mixed layer

h=dL.=(a")7"* (gBrQ,/N3)'

(32

(33

The physical meaning of L. = (gfxQ,/N3)'72 is
clear from eq. (29): it corresponds to the scale of
the mixed layer developed under convective
mixing in an initially linearly stratified fluid
(Q,=0; Ly-0, |un| = ). In terms of the uni-
versal function f (Jun|) (see Eq. 32), it can be
written as

So= @) unl3? for (34)

|n] = 0.

We present in Fig. 6 a comparison of eq. (31)
with different values of a’ against the same
observational data as in the stable case, and
additionally against data gathered over the North
Sea and the Atlantic Ocean (Nicholls and
Readings, 1979; Nicholls, 1985). In fact, it shows
that the asymptotic situation (34) is not yet
achieved in the range of uy values of our exper-
imental data. For smaller values of |ux| we can
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Ly /L,

Fig. 6. Dependence of the dimensionless height
h, = h{L, on the stability parameter uy = Ln/L, under
unstable conditions illustrating the function /_. The two
dashed lines correspond to solutions of eq. (31) with
different values of a’. The different symbols depict
different values of N/f (see Fig. 5). The data shown are
those of ICE-77, Wangara and JASIN.

consider a regime that we may call “convection
with shear”, when two conditions are fulfilled:
a <a’|h,|'® and also m”> |h,|. Then, the
turbulence energy balance can be reduced to
another simple form:

a’|h|"? Rt =m" >0, (35)
so that
LQunl)=(m"[a"y7 |ux|®7 for Jux|<1.  (36)

The slope 6/7 is not very different, either, from
the observations in Fig. 6. Here again the differ-
entiation according to the scale ratio Lg/Ly helps
to describe the internal scatter.

On the basis of Fig. 4, we have discussed the
asymmetrical behaviour of 4 in unstable and
stable conditions, pointing out that A"™' > A% due
to the additional production source. However,
putting Figs. 5 and 6 side by side (which, by the
way, resembles the famous Monin-Obukhov’s
(1954) “*bird” picture), we notice that the increase
of |h,| versus [uy| is rather symmetric. This could
mean that for the analyzed data, the regime in
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Table 1. Average values of the ratio Q,/\Q,| for
different values of |ux)|.

[un| 102 10! 100 10 5 x 10!

stable case 20 2 0.3

0.08
unstable case 200 40 2 2 -—

which Q. is an important additional source of
TKE has not yet been reached, and that only
shear production and entrainment fluxes con-
tribute to the energy budget. This can be checked
by inspecting the ratio of the entrainment flux
O, to the surface heat flux Q.. Using para-
meterization (11) yields

On/1Q. = a'lh,|us3.

This ratio can be estimated using average values
in the graphs of Figs. S and 6. The results are
shown in Table 1. It appears that @, > |Q,| for
|x] <1 in both stable and unstable conditions.
For conditions corresponding to |ux| > 1, the heat
flux ratio of (37) keeps its large value only under
unstable conditions. This means that these
empirical data are still in the range where
the surface heating-induced convection can be
neglected (i.e., the term in w, is deleted). For the
stable case, in contrast, the ratio Q,/|Q,| becomes
smaller than unity when uy > 1, and top-entrain-
ment effects are of minor importance.

It must be remarked that the results shown in
Figs. 5 and 6 can be affected by the notorious
spurious relationship effect, since both abscissa
and ordinate are normalized by L,. Furthermore,
L, varies relatively more widely than h or Ly (2
to 3 times more). These lengths include as inde-
pendent parameters: u,, h. N and T, = —Q,/u,.
In order to eliminate the dependence in u,, we
plot the quantity hl,/L¢ as a function of Ly/L,.
These provide a well-defined relationship in both
stability cases, with AL,/LE ~0.002 (L,/Ly),
which can in its turn be converted into
h/L, =0.002 (Ly/L,) (N/f)?, ie., the observed
dependence in Figs. 5, 6. Now eliminating the
spurious correlation due to T, by plotting h/Ly
against u, = Lg/L, yields (with some scatter):
h/L, ~12.5+0.01 y, under stable conditions,
and h/L, =~ 12.5+ 0.045 4, under unstable con-
ditions. These results also lead to h/L, =~ 12.5
(Ln/L,), where the proportionality coefficient

(37
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becomes dependent on u, when g, >100. In
conclusion, although spurious correlation effects
contribute somewhat to the quality of the plot in
Figs. 5, 6, the displayed results have a sound
physical basis which is supported by observations.

5. Conclusion

We can conclude that existing data on the
evolution of ABLs in both stable (Q, <0) and
unstable (Q, > 0) conditions are not inconsistent
with the assumption that the balance between
entrainment and surface heat flux can be
parameterized in the simple form (6-15). More-
over, it appears that classical ground-based
measurements of turbulent fluxes do not always
provide a realistic description of the important
contributions influencing the dynamics of the
whole ABL. Rather, background stratification
through the parameter N plays a very important
role. This leads to the inclusion of the length scale
Ly=u,/N into the similarity description of the
ABL height.

The approach was tested against very different
sets of data but should be checked further in
order to assess more accurately the extent of
application of the method. As was previously
mentioned, more data will be also necessary to
investigate the possible variability of the growing
ABL with the Monin-Kazanski parameter y,.
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7. Appendix A

7.1. Determination of the constant m

The factor m (eq. 5) is inversely proportional to
the square root of a drag coefficient. In order to
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account implicitly for the shear throughout the
ABL it is more convenient to take it as a geo-
strophic drag coefficient m,. During the ICE-77
experiment m, varied between 30 (unstable
conditions), 45 (neutral conditions) and 100
(stable conditions).

7.2. Determination of k and a’

Wyngaard and Brost (1984) fitted the eddy
diffusivity K, resulting from top-down mixing by
the expression

K =wy hzt (1 —z+)32, (A1)

where z* is the dimensionless height z/A. Since
we are dealing with an overall model, we inte-
grate expression (A1) between A and 44, the layer
in which entrainment effects are likely to be
observed. This yields

h
K= % J. K(z)dz=0.09 w, h, (A2)
1

3k
so that k ~0.1. On the other hand, Mahrt and
André (1983) implied that in a near-neutral ABL,
K ~0.07 u, hat z* = 0.5, thus implying &k = 0.25.
The parameterization (8) states that K, = khw,,.
Since w,, = uy [25 + (w,/u,)*]'* (Driedonks and
Tennekes, 1984), then,

a =ay kx=0.1-03.

7.3. Determination of m; and m’

Under stable conditions Brost and Wyngaard
(1978) found that their model’s dissipation is well
fitted by

exh _ (14+3.7h, 2%)(1 —0.852*)2

uy z*

(A3)

Integrating (A3) between the surface and h leads
to

hen) =ud [3.7 po H/Lg —2.8 —2.5In(z3)]  (A4)

where zf = zo/h and z, is the roughness length.
The bracketed term is equivalent to m, for large
h, values. According to the ICE-77 and Wangara
data h/Ly~0.1 and z{ =2 x 107°, choosing a
maximum g, = 50 leads to m, = 50. Consequent-
ly, for the constant m" = 2 (m — m,) x we found

m’ x40,
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7.4. Determination of m, and m” h (&) = 0.925 wi.

According to the results of Caughey and  gjqce he) = m, ud, using (w./u,)’ =h/xL,
Palmer (1979) leads to m, ~ 23 with u, = 100 and h/Lg = 0-1.
hefwd = 1.5~ 115 z+. (As) Consequently
Integrating (A5) through the ABL yields "=2(m—m,y) k=6

8. Appendix B

List of Symbols

a, Proportionality coefficient for u, in the velocity scale w,, expression
a = kka,

a, proportionality coefficient for w, in the velocity scale w,, expression
a’ = ka,x?3

b, b  proportionality coefficient between A and Ly (neutral case)

f Coriolis parameter

Jf+ /- functions describing the normalized ABL height h/L, and depending on the parameter
un = Ly/L,, for stable and unstable conditions, respectively
gp buoyancy parameter (= g/T)

h ABL height

h, dimensionless ABL height (= h/L,)

k Proportionality coefficient for the effective eddy diffusivity K, driving entrainment
K, effective eddy diffusivity connected to summital entrainment
L, Monin-Obukhov length (= —ul/gpxQ,)

Ly background stratification scale (= u,/N)

Lg Ekman scale (= u,/f)

m mechanical production of turbulence normalized by u3

m; normalized overall viscous dissipation ® = A{e,>/u} in neutral conditions
m, =& (y, » +0), very stable conditions

m, = @ (u, —» — o), very unstable conditions

m =2(m—mk

m” =2 (m—myxk

N Brunt-Viisili frequency (= \/gBy)

0, surface temperature flux (=7 w’

0. summital entrainment flux (= (77 w),)

T temperature

T, temperature scale (= — Q. /u,)

Uy friction velocity

Vv wind velocity (= (u2 + v2)'/2

Wi, velocity scale for the ABL (= a, u, + a, w,)

Wa convective velocity scale (= (gfhQ,)"/?)

Z0 roughness length

v background stratification (= d@/¢z above the ABL)

A® temperature difference across the entrainment layer

Ah thickness of the entrainment layer

€ viscous dissipation

P dimensionless viscous dissipation (= h<{g,>/ul)

K Karman constant (= 0.4)

o stability parameter (= Lg/L,)
N stability parameter (= Ly/L,)
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0, O, potential temperature and virtual potential temperature

& stability parameter in the surface layer (= z/L,)

{wny  vertically-integrated quantity throughout the ABL (= 4~ |/ (.) d2)
<. vertically-integrated quantity (=z"' {7 (.} dz")

()
() surface values
(o initial values

vertically-integrated quantity in the interfacial layer
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