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ABSTRACT

Autoregressive models are fitted to 57 polar low trajectories sampled by satellite and weather
maps from The Norwegian Sea neighbourhood at approximately At = 3 h intervals. The data
tentatively suggest that no velocity model is significantly better than a Brownian. When a low
has been observed, the predicted probability of a low encounter is estimated to be significant
over an area with 800 km characteristic length and width.

1. Introduction

A polar low is a weather event with character-
istic horizontal diameter of the order of 100 km
with risk of simultaneous hurricane wind velocity
and heavy icing. It may cause damage to ocean
systems such as boats and oil rigs and/or their
operation. Optimal design and control of these
systems do therefore require risk estimates for
polar low encounters.

There seems to be a common conviction
among meteorologists that a trajectory can be
accurately predicted by conventional dynamical
models. These models predict expected fields
given the initial conditions. Comparisons be-
tween predicted and actual trajectories often indi-
cate insignificant differences even over lead
times of the order of 24 h. Small prediction errors
imply that such a prediction would be most
informative for estimating the hazard area of a
polar low. However, these models are too rich
and complicated relative to the scattered data to
be properly validated (cf. Goodwin and Payne,
1977 and references therein). Also the initial
error for an intense small scale polar low flow
field with as scarce observation as in the
Norwegian Sea must be large. A normal atmos-
pheric velocity field error is estimated as about
4 m s~! (Hollingworth and Lonnberg, 1986). The
prediction accuracy of tropical cyclones has been
investigated by Neumann and Pelissier (1980).

They estimated small differences between differ-
ent prediction methods. Since meteorological
prediction errors are likely to have large integral
scales, and they increase with the lead time
(Lorenz, 1985), it appears that the prediction
error for polar low position over a lead time of 12
h, can hardly be less than about 200 km. This
suggests that the prediction error should be objec-
tively estimated and also taken into account for
hazard area prediction.

The probabilistic properties of a polar low
trajectory is here studied by means of auto-
regressive models. They may extrapolate opti-
mally a trajectory based upon easily available
information on the trajectory history. The lead
time for a prediction is imagined to be in the
range of 12 h. This objective of optimal
extrapolation is the same as identification of the
best timeseries model (compare for instance Box
and Jenkins, 1970). A significant estimate of
characteristic simple features is considered to be
more useful than uncertain estimates of more
sophisticated features. When the simple results
obtained appear to disagree with common
subjective conviction, this is particularly import-
ant. Since the total number of trajectories is only
57 with about 12 observations each, the data are
so few that maximum averaging is sought. A
classification with respect to for instance the
larger scale flow, is therefore judged to be
inappropriate in the present analysis. Even then
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the data are so few that the results should only be
considered as tentative.

2. Estimation

2.1. Data

The data, consisting of polar low centre longi-
tude A and latitude ¢ at different times, are
obtained from satellite photographs and weather
maps from the Norwegian Sea and its neighbour-
hood. Since the time of observation almost
always is assigned to synoptic hours (0, 3, 6,
9, ...), linear interpolation and extrapolation are
done so that the data consist of length coordi-
nates, east and north, at synoptic times x,(t) =
(Rcos ¢(1)) A1), x,(t) = R(¢(t) — ¢,). Here R is
earth radius and 7 is the time index. The timestep
is At =3 h. The origin of the coordinate system is
chosen at (A =0°E, ¢, = 65°N). A few lows with
lifetimes less than 15 h are not included. An
example of a trajectory is shown in Fig. 1. The
starting date and position of each trajectory
analysed is given in Table 1 and important mean
characteristics in Table 2.

The observation error of the polar low centre,
when not knowing the future trajectory develop-
ment, cannot be much smaller than the typical
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Fig. 1. A polar low trajectory in x, =(Rcos¢)4,
x5 = R(¢ — ¢,) coordinates. R: earth radius. A: longi-
tude. ¢: latitude. ¢, =65°N. Data at synoptic time
intervals. Units: km.
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size of a polar low, say Ax =20 km. Assuming
that the position errors at different times are
stochastically independent, the mean velocity
estimate based upon neighbouring observations
has an error of about 2 ms~!. The present data
have been obtained with information on the
whole trajectory. This means that smoothing has
probably occurred and small scale randomness is
underestimated in the present study.

2.2. Model identification

Table 1 indicates that once a polar low has
been observed, there is a large probability that it
will persist for at least 24 h. The lifetime is
therefore supposed to be sufficiently long to be
noninteresting for the present purpose.

Since the polar low two-dimensional position
vector x(1) = (x,(r), x,(t))T is highly nonstation-
ary, difference models are sought (Lagrangian
velocity). The autoregressive models tested are
then of the form (cf. Box and Jenkins, 1970;
Priestly, 1981):

4 P
S AG:put—i)=) AG:p) p(t— i)+ a(t; p),
i=0 i=0

M

with A(0;p)=1. The velocity vector is
u(t) = (A1) '[x(1) — x(r — 1)] = (A1)~ Vx(z), with
expected value u(t) = Eu(t). A(i; p) are the auto-
regressive matrices. The one step ahead (inno-
vation) error vector a(z; p) is assumed to be nearly
Gaussian stationary and white with variance
matrix V(1;p). All models considered belong to
the class (1).

The real unknown model order p could be very
large or infinite. The first goal is to identify to
each timeseries the simplest possible model that
is sufficiently rich as compared to the available
data. Objective identification techniques as
summarized by Andel (1982) require a larger
sample size than available in this study, nx 12.
Both theory and meteorological data (Katz, 1981;
Eidsvik, 1985) suggest that Akaike’s (1974) infor-
mation criterium tends to propose large-order
models. Therefore, if this measure identifies
small and simple models, these are probably
sufficiently rich as compared to the data also
for small samples sizes. Akaike’s Information
criterium is: AIC(p)=nIn(Det P(1, p)) + 2k p.
Here n is the number of data, V(1 ; p) the esti-
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Table 1. Polar low trajectories analyzed; initial
time and position relative to (0°E, 65°N) in km
lifetime in h

Date h x,(0) x,(0) nAt
Nov03, 1982 3 167 1472 27
Dec 05, 1982 0 —193 778 36
Dec 11, 1982 12 370 626 27
Dec 12, 1982 3 321 1235 60
Dec 14, 1982 3 808 1122 27
Dec 15, 1982 3 707 854 45
Dec 16, 1982 15 250 635 48
Dec 21, 1982 12 231 423 42
Jan 07, 1983 3 ~ 158 790 27
Jan 13, 1983 6 504 868 36
Jan 17, 1983 18 —623 -78 30
Jan 30, 1983 9 802 892 69
Jan 30, 1983 9 266 719 96
Feb 10, 1983 3 155 1076 27
Mar 09, 1983 6 —-753 —178 30
Mar09, 1983 12 —-957 —211 39
Sep 25, 1983 18 -50 1535 69
Oct 19, 1983 15 90 454 24
Nov0l, 1983 9 807 1225 39
Nov10, 1983 3 1427 1178 27
Nov13, 1983 12 —455 745 27
Nov17, 1983 9 355 1205 36
Nov21, 1983 0 438 1068 75
Nov24, 1983 9 699 1202 57
Nov24, 1983 18 709 648 48
Dec 05, 1983 9 —445 —141 18
Dec 09, 1983 3 607 1227 42
Dec 20, 1983 12 —-162 1224 87
Jan 07, 1984 6 -230 —624 27

mate of V(l,p), and k=2 the dimension of u.
For each p, the best model is estimated by means
of Yule Walker’s equation to give A(i;p) and
P(1; p). These are then compared with Akaike’s
AIC-measure. The model giving the best com-
promise between data fit and uncertainty, i.e.,
the minimum AIC is chosen. Assuming that g is
constant for each experiment, it turns out that the
best model is identified as p=1 for all experi-
ments of sufficient length. Trajectories with
lifetimes below ~24 h are identified as p=0
processes. Schwarz’s (1978) BIC-measure ident-
ifies most trajectories as p=0 processes. It is
therefore appropriate to conclude that p=1 is
sufficiently rich for a polar low velocity model as
compared to the data. The order is chosen so, and
comparable parameter matrices A(1,1)= A,
V(1,1) =V, are estimated for all experiments.
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Table |—continued

Date h x;(0) x5(0) nAt
Jan 17, 1984 6 -~737 —758 18
Jan 17, 1984 12 —557 —556 51
Jan 20, 1984 6 —183 659 24
Jan 20, 1984 6 361 1012 24
Feb 14, 1984 15 -303 756 24
Feb 26, 1984 18 —569 567 36
Mar01, 1984 12 227 1063 21
Mar05, 1984 18 308 901 30
Mar 06, 1984 3 522 1083 36
Marl5, 1984 6 266 —~534 63
Mar29, 1984 6 257 1288 51
Nov20, 1984 9 646 857 18
Nov28, 1984 12 - 449 —-367 30
Dec 02, 1984 18 192 1012 27
Jan 23, 1985 3 1237 802 27
Jan 27, 1985 0 87 535 30
Jan 29, 1985 15 578 887 24
Feb 05, 1985 0 1093 866 27
Mar12, 1985 18 334 897 69
Mar 14, 1985 3 285 -110 36
Mar 14, 1985 21 —452 —389 45
Mar15, 1985 9 —204 —4 36
Mar26, 1985 3 —123 755 39
Mar 26, 1985 0 368 1079 66
Mar 28, 1985 12 -315 —667 18
Apr 07, 1985 12 858 856 18
Apr 25, 1985 0 303 —-222 42
Apr 26, 1985 15 302 673 24

Table 2. One-step prediction error for different
models, V= Elu(t + 1) — a(){u(c + 1) — (1)),
weighted averages over all experiments; average
lifetime is 36 h; average autoregressive matrix for
the best p=1 model is: A4, =—0.44, 4,, =0.08,
Ay =-0.10, 4,, =—0.47

Matrix elements Norm
(m?s72) (ms™)
afl) V 11 12 22 fI-]|2
u v, 2270 -0.12 1913 584
u(t) ¥V, 15.32 0.17 1223 4.60
() —u(t—1) V, 3437 0.05 25.60 7.00
u—Aw@)—p) ¥V, 1222 091 10.67 4.24

Since x can be expressed as a sum of a(?),
a(t—1), ..., it is supposed to be nearly Gaussian.
The optimal time prediction of the statistical
structure for a polar low trajectory is then
given by the conditional expectation £(/)=
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E{x(t+1)/x(t),x(z—1)...} and its prediction
error variance matrix G(/). For the purpose of
illustration, this prediction is shown in egs. (2)
and (3):

&m=[Z(—WAlun
+ [A Z (- 1)’A']x(l -1

i=0
-1
+Y U=D(=1YA+ A aN, Q)

i=0

G()= E{(x(t + 1) = £ (x(t + D — 2N}

=I§ [Z (—I)JAJ:I

i=0bLj=0

i T
XG(I)[Z (—l)"A”]. 3)

q=0

The one step ahead position error covariance
matrix is,

G(1) = (AR{V, +[1 + A]

x Elp—pllp—pl"[1 + AT"}.

It is a sum of V and the estimation error for
mean velocity. The best p = | model is identified
under the assumption that the estimation error
for the mean velocity is zero. If (2,3) were to be
actually applied, both u and its error would have
to be predicted.

Table 2 shows estimated weighted mean values
over the experiments of the one step ahead error
for different prediction methods,

V=Eu(t+1)—a(D)u@+ 1) —aD)]

The first method is velocity prediction with
known constant mean and variance matrix ¥,
= E(u—p)(u— u)". The second is a Brownian
velocity model Vu(r) = a(z) with variance matrix
V,= E[u(t) — u(t — D][u(t) — u(t — 1)]". The third
is a Brownian acceleration model V2u(r) = a(r)
with variance matrix V,, = E[u(t) — 2u(t — 1) +
u(t — 2)[u(t) — 2u(t — 1)+ u(t — 2)]". The fourth
is the best p=1 model estimated for each
experiment. Its velocity variance matrix is V,
= Fa(t)a"(t). Euclidian norms (largest eigen-
values) are also shown. Since Fig. 2 indicates
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linear relations between [g|, |V, II"2, (V" Vull'?,
and ||V,|'?, most information is contained in
mean values over the experiments, given in Table
2. The minimal average velocity prediction error
over 3 h lead time is observed to be ~4 ms™!,
significantly larger than the measurement error,
of ~2 m s7!'. The subjectively attractive
Brownian acceleration model is objectively
identified as very poor. Since the ratio of |V,,||
and ||V,|| is approximately equal to 2, the mean
acceleration for two successive intervals [u(t) —
u(t — 1)) and [u(z — 1) — u(t — 2)] is estimated to
be stochastically independent. The acceleration
cannot be predicted based upon the trajectory
history. The “best™ p=1 model is not much
better than predicting the velocity to be a known
constant mean for each trajectory. Fig. 2 shows
that the difference between ||V,||'? and [[V,)'? is
also small for each individual experiment. It is
recalled that except for the Brownian models, u
must be estimated with an additional prediction
error (eq. (3)). If, m, in eq. (2) is predicted as
(A~ '[x(r) — x(t — 1)], the equation turns out to
be a simple Brownian velocity prediction. This u-
prediction is subjectively expected to be accurate
as compared to estimates based upon steering
winds from weather maps. In conclusion the
Brownian velocity model is therefore estimated
almost as accurately as possible in the auto-
regressive class, and a nearly optimal prediction
is very simple:

£()=x(@)+ (x(0) —x(r = 1))/ @

1l
GU)= AV, ) j. (5)

i=1

From eq. 5 and Table 2, a characteristic
prediction error over 12 h lead time is then about
[|G(4)]'? = 270 km, similar to the rough estimate
given in the introduction. This implies that there
is about a 509, probability of predicting the
trajectory within + 150 km, which is comparable
to the size of the low. However, there is also
about 5%, probability of predicting the low
trajectory more than + 500 km offcourse. With a
mean transport velocity of {u|=8 ms~! this
implies that there is an approximately 5%, prob-
ability of predicting the trajectory direction more
than +25° in error.

If it turns out that significantly more accurate
prediction models exist, the present estimates
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Fig. 2. Experimental values for Euclidean norms of one step ahead prediction variance matrixes and mean velocity

vector. Unit: ms~!.

give a simple reference for measuring improve-

ments. However, until the opposite is quantita-

tively verified, it seems that the prediction error
estimated by the present objective data analysis
should also be considered as representative for
the most sophisticated methods. Even if the
predicted trajectory £,(/) may then be subjectively
more attractive than for the Brownian velocity
model, it should be associated with a prediction

error of the order of |G()}i'>.

3. Predicted hazard probability

The user is supposed to be most interested in
the predicted hazard probability at fixed Eulerian
locations. This depends upon the conditional
distribution of x(z+ 1) given x(1), x(z —1) and
upon how a system or operation can be affected
by a polar low encounter. Assumptions about the
conditional distribution cannot be tested with any

reasonable sample size. For the present purpose
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of tentative estimation it is supposed to be
Gaussian, N(£(/), G(/)). For the same purpose
the conditional probability of damage or effect
given a low encounter is characterized by a
“damage diameter” d(/). It is supposed to mean
that the system or operation is almost certainly
affected if the polar low centre comes closer than
dj2.

It is convenient to define an orthogonal (poss-
ibly slightly curvilinear) coordinate system with
origin at x(¢r) and y, axis parallel and y, axis
normal to £(/). / is extended from being a time
index to a continuous, nondimensional trajectory
parameter. When a realization x(¢t+/); />0 is
given, there is a one to one correspondence
between / and y, =Xx,(/)~ |x(t) — x(t — 1)}/, so
that the trajectory may be expressed in Eulerian
coordinates as X,(y,); y, > 0. Components of x in
the y system are denoted X, and X,. Damage
occurs inside the Eulerian boundaries %,(y,) +
d(y,)/2. At a given y, and y, damage then occurs
when x,(y,)e(y, — d(y,)/2, y» + d(y;)/2). Princi-
pally the distribution of Xx,(y;) is given by
N(z(!), G()) and the transformation /= /(y,). In
the chosen coordinate system X,(y,) has expected
value zero and variance G,,(y,). The hazard
probability at y is then

yr+diy)2
)~ | 2G5y, )"
yr—d(p )2

x exp(—4%} Gya(y1)")dx,

N(O, 1) dn. (6)

f(y; + d(1)DfGas( )2
(

y2 = d(y ) DIG(p)'?

In a given situation, with information on x(),
x(t—1), ..., the error G,5(y,) and the damage
diameter d(y,) must be predicted. Analogous to
the prediction of turbulent diffusion it seems
reasonable to estimate Eulerian and Lagrangian
variances as similar. For the present purpose of
tentative estimation G,,(y,) is set equal to
[GU(y,))|- For the same purpose d(y,)/2 is set
equal to the size of the low, assumed equal to the
one step ahead prediction error |G(1)|'?. |G()||'?
is estimated from eq. (5) and Fig. 2 setting || P,|'*
~ 0.5/a] ~ 0.5(Ar)'|x(2) — x(t — 1)|. The inte-
gration limits in (6) are then given by [2y,|x(1) —
x(t— D7+ 1) j2) Integration for
I=1, 2, ... and interpolations to noninteger
I=y,|x(t) — x(t — 1)|~! give isocurves for hazard
probability as shown in Fig. 3.
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Fig. 3. Schematic isocurves for predicted hazard prob-
ability. y, axis along £(/) = (x(1) — x(t = 1)) /.

If a hazard probability of about 209 can be
accepted, the area is not much wider than the size
of the low. However, when the consequences of a
polar low encounter are supposed to be disas-
trous, a 5% hazard probability must be con-
sidered as high. In this case the maximum
alongwind and transverse dimensions of the pre-
dicted hazard area are approximately given by
yi(p=5%)=8|x(t)—x(t—1)]=~800 km and
yAp=5%)~4|x(1)—x(t— 1))~ 400 km. At a
lead time of 12 h, the width of the predicted
hazard area is about 8 times the polar low
“damage diameter”. Although the present hazard
estimates must necessarily be highly tentative,
they suggest that a large and wide area may be
exposed to significant risk once a polar low is
under way and a lead time of the order of a day is
needed.

4. Concluding remarks

The data on polar low position sampled at
synoptic hours allow the following tentative sug-
gestions: All trajectories of sufficient lifetimes
are identified as a simple Markov velocity
process. No systematic variation of the auto-
regressive matrix is detected. The innovation
variance for the best model is not significantly
smaller than for a simple Brownian process. The
estimated Euclidian norms of the two covariance
matrices are approximately equal and are highly
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correlated. They both increase about quad-
ratically with the mean speed of the low, |V,|'? =~
0.5|p|.

Until the opposite is quantitatively verified, it
seems that more sophisticated models should be
considered to be as inaccurate as the Brownian
velocity model, and prediction errors should be
accounted for when estimating the hazard area
for a polar low. Estimates of predicted hazard
probability at fixed locations indicate that an
area with longitudinal and transverse distance

comparable to 800 km should be predicted as
hazardous once a polar low is under way and high
risk cannot be afforded.
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