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ABSTRACT

The linear and finite-amplitude stability characteristics of a topographically forced wave are
examined in a quasigeostrophic, viscous, barotropic model on a beta-piane. The linear analysis
reveals that amplification of a superimposed disturbance is favored when the topographically
forced wave is approximately 90° out of phase with the topography. This phase relationship
corresponds to flow near topographic resonance. The amplitude evolution of a weakly
unstable disturbance is characterized by a monotonic approach to a steady value as it reaches
finite amplitude. The nonlinear equilibrating mechanism is the convergence of momentum
flux which results from the disturbance interacting with the correction to the topographically
forced wave, its higher harmonics, and the form drag induced correction to the mean flow. In
the absence of a secondary zonal wavenumber in the disturbance field, the stability threshold
for a given set of parameter values is minimized, and equilibration at finite amplitude results
solely from the interactions involving the higher harmonics. Finite amplitude instability is

shown to exist in certain restricted regions of parameter space.

1. Introduction

Planetary scale stationary waves are an
observed feature of the seasonally averaged circu-
lation of the mid-latitude troposphere. As demon-
strated by Charney and Eliassen (1949), the exis-
tence of such waves can be explained as a natural
response of the atmosphere to mechanical forcing
by the inhomogeneities in the earth’s topography.
More recent studies in barotropic and baroclinic
models (Egger, 1976; Charney and DeVore,
1979 Roads, 1982; Itoh, 1985) and annulus ex-
periments (Li et al., 1986) have also shown
topographic forcing and diabatic heating to be
an important component in the generation of
stationary waves.

Although baroclinic models provide, in
general, better descriptions of the dynamical
processes in mid-latitudes, barotropic models are
not without relevance, since large-scale stationary
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waves in winter are, to a large degree, equivalent
barotropic in structure (Blackmon et al., 1979;
Wallace, 1983). In addition, studies by Grose and
Hoskins (1979) and Held (1983) have shown that
the linearized barotropic vorticity equation on a
sphere yields realistic tropospheric stationary
wave patterns.

In an inviscid, barotropic model, Charney and
Flierl (1981) have established the linear insta-
bility of a topographically forced wave. A con-
nection between the Rayleigh instability of the
forced wave and the form drag instability mecha-
nism, encountered by Charney and DeVore
(1979) in a study of blocking, was shown to exist
at the appropriate limits. However, the absence
of nonlinearity in Charney and Flierl’s study
precludes examination of the dynamics
associated with the interaction between the
forced stationary wave and the superimposed dis-
turbance with respect to which it is unstable.
Observational studies (Holopainen, 1978; Lau,
1979) have shown the convergence of momentum
flux associated with such interactions to be
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important in the stationary wave’s long-time
average vorticity balance.

Deininger (1981) extended the Charney and
Flierl (1981) inviscid study by examining the
effects of weak nonlinearity on the temporal
evolution of a small, but finite amplitude disturb-
ance superimposed on a stationary, topographi-
cally forced basic state wave. Deininger found
that the nonlinear feedback between the topo-
graphic wave and disturbance produces an
explosive nonlinear instability for topographic
superresonant flow and a vacillation for topo-
graphic subresonant flow. In the case of vacil-
lation, the topographic wave remains stationary
and 180° out of phase with the topography. Such
a phase relationship cannot produce a coupling
between the wave fields and mean flow due to
topography. Therefore, mountain form drag plays
no role in the interaction dynamics between the
topographic wave and its superimposed weakly
unstable disturbance.

The absence of dissipation represents a funda-
mental deficiency in the studies of Charney and
Flierl (1981) and Deininger (1981). In these
studies, the topographically forced wave is either
in phase with the topography or 180° out of phase
with it. In addition, topographic resonant flow
represents a singular point in these studies and
was, therefore, excluded from analysis.

In order to provide a more realistic description
of the interaction that occurs between a topo-
graphically forced wave and its (linearly) un-
stable disturbance, we extend the study of
Deininger (1981) by including the effects of
Ekman dissipation. In so doing, the following
questions will be addressed: (i) what must the
phase of the topographically forced wave be with
respect to the topography in order to maximize
the energy transfer to the disturbance?; (ii) will
the interaction between the topographically
forced wave and disturbance be described by a
vacillation (as in Deininger) or will the system
equilibrate?; (iii) is the explosive nonlinear insta-
bility associated with superresonant flow in
Deininger’s study an artifact of the inviscid
dynamics or is it a fundamental result that
characterizes the weakly nonlinear interaction
between a topographically forced wave and its
perturbation?; (iv) what role, if any, will moun-
tain form drag play in the finite amplitude evolu-
tion of the perturbation field?

As will be shown in answering the above
questions, the relative simplicity of the barotropic
model, and the systematic use of perturbation
methods, will allow for explicit representation of
the dynamical balances, and an exact analytical
solution to the nonlinear equation governing the
temporal evolution of the perturbation field.

2. Governing equations

The nondimensional quasi-geostrophic vor-
ticity equation for a homogeneous, barotropic
fluid on an infinite f-plane, in the presence of
Ekman dissipation and bottom topography is (see
Pedlosky, 1979)

vy
ct

oy
+ﬂP—+J[‘P,V2‘P +7]l=-rV2¥, (2.1)
"X
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Vi=2¢22%ox? + 0%0y?,
J@,b)= Ca’ch’_ é:—a%
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The scales L, D, V and L/V have been used to
nondimensionalize the horizontal lengths, verti-
cal depth, horizontal velocities and time, respect-
ively. In (2.1), x and y are the nondimensional
distances in the eastward and northward direc-
tions. The geostrophic streamfunction is ¥ while
n =hfy, L/DV represents the topographic vari-
ation. The height of the topography is k and f,
is the Coriolis parameter. The parameter r
measures the strength of the Ekman pumping on
the upper and lower boundaries and is given by

_LQvfy)
Lo L@vs)

, 22
DV (2.22)

where v is the eddy viscosity. The parameter

_pL

==

(2.2b)
is the planetary vorticity factor in which g’
represents the dimensional, northward gradient
of f,i.e., B'=df/dy.

As in Charney and Flierl (1981), we choose the
topography in (2.1) to be of the form

n(x)=be* + x, (2.3)
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where the asterisk denotes the complex conju-
gate. Without a loss of generality b is assumed
real. Topography represented by (2.3) permits an
exact solution of (2.1) of the form

Y olx,y) == Uy + ¢4(x) (2.9

where

Ps(x)=|Blbe ™"V + x, (2.5)

|B| = : K (2.6a)
(k* 62 + r2k2):

x = tan~'(r/ké), (2.6b)

o=U~—- B/k2. (2.6¢)

In view of the fact that ¢, n # 0, where the
bar denotes a zonal average, the constant zonal
flow U must satisfy the form drag equation

"(U— d)= ¢Bx',/

where d is a zonal momentum source. If d is
fixed, multiple equilibria are obtained (e.g., Hart,
1979). If d is allowed to vary, the stability of any
basic state can be examined (Buzzi et al., 1984).

A given westerly current, U, flowing over
topography (2.3) produces the forced wave ¢,
given by (2.5) whose amplitude is 4| B| and whose
phase relative to the mountain is y. For é in the
range — o0 < d < o, y lies in the range 1> y > 0.
The point é =0 corresponds to x =4r, i.e., the
forced wave ridge being 90° west of the topo-
graphic ridge. In contrast, in the absence of
dissipation, superresonant flow (3 > 0) yields an
in phase (x =0) relationship between the basic
wave and mountain, while subresonant flow
(6 <0) yields a 180° out of phase relationship
between the basic wave and the mountain
(x = m). The inviscid resonant point, 4 = 0, where
the phase is undefined, represents a singularity
and 1s, therefore, ignored by both Charney and
Fliert (1981) and Deininger (1981). As will be
shown in Section 3, in the presence of dissipation,
the point & =0 yields the strongest instability of
the basic wave (2.5).

In the present study, where an infinite S-plane
formulation is used, y-variations in the mountain
structure and basic state wave could easily be
incorporated without any alteration in the form
of the equations governing the zonal momentum
and wave fields. It is for this reason that we have
chosen to examine the linear and finite-amplitude

27
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stability of the algebraically simpler y-indepen-
dent basic state wave. However, for flow con-
fined to a mid-latitude channel, the presence of
dissipation and topography do not permit an
exact basic state wave solution. Instead, the basic
state itself must be represented as a multi-mode
wave spectrum in x and y. In order to obtain
an exact basic state solution in the channel
configuration, y-variations must be slowly chang-
ing, as already shown by Hart (1979).
The stability of (2.4) is examined by taking

Y(x,y, 1) =—Uy + ¢4(x) + d(x, p,1) (2.8)
where
P(x,y, 1) =(x,y, 1) —ult)y. (2.9

Substitution of (2.8) into (2.1), together with
(2.5), yields the following equation for the wave
part of the perturbation field:

Vi @ .
V0 o LUV + BBV + Iy V2 § + k6]
ct cx
¢ . on . v2 I Y
—ukz-?“ +J[¢,q’]+u:1+rvl¢+uc - ¢
éx éx
+Jg, V:dl=0. (2.10)
The perturbation form drag equation is
L =gy’ @.11)

3. The linear stability analysis

For infinitesimal disturbances, the nonlinear
terms, J(§,V2 @), and uV2 @, in (2.10) can be
neglected. The solution for ¢ is chosen to be of
the form

o
¢(-\',,V- ’) = e;(ly - of) Z Pm ei(k<.+ mk) x + .

m=—

3.1)

which, provided /#0, results in w=0. The
special case /- 0 will be discussed later. In (3.1)
k, is defined as the secondary zonal wavenumber,
{ is the meridional wavenumber and ¢ = ¢, + ig; is
the complex frequency; for amplifying distur-
bances o,>0. Substitution of (3.1) into the
linearized form of (2.10) results in the following
recursion relation

Pm+l+aum+¢um—|=0$ (32)
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where
—[ioaf,,+ikm(—Ua2,,,-+-li)—rafn]
Ay = > ST , (3.3a)
[b~bIBI(—ak,, + ke ]k
_ —[b-bIBI(=a_, + ket -
e [b-bBl(—=a,, +k)e "]’ (3.30)
k, =ko+ mk, (3.3¢)
a, =k +1% (3.3d)

Based on (3.2), the eigenvalue equation can be
written in a continued fraction form (Tung,
1976),

=& oy — & fla = &5/ +))

= (o — §o/lay = & lay = £ /(M)
3.4)

Following Tung, the convergence properties of
the spectral series (3.1) can be obtained directly
from (3.2).

For large m, the two asymptotic solutions of
(3.2), which are designated by the superscripts 1
and 2, are:

Py, ~[<Usinx>2+<Ucosx>2]£ (3.5
Po | T\ By PR

(2)
Pm+l l

~
~ —_—

PO [ Usinx>2+ Ucos y\* 1t m’

<1b3|B|2 ( Ib| B| ) ]
provided k, < mk. Therefore, as Tung has shown,
since the asymptotic solution (3.5b) is rapidly
convergent, the series (3.1) will also converge
rapidly provided (3.4) is satisfied. The relative
rate of convergence will be determined by the
size of the bracket in (3.5b). For example, in the
vicinity é ~ 0 (the inviscid resonant point) con-
vergence is enhanced by increasing dissipation
and/or increasing the meridional scale of the
disturbance field. Weaker zonal flows, or equiv-
alently smaller B/k*, will also accelerate the con-
vergence. Note also that for § ~ 0 the bracket is
proportional to b° so that, in general, increasing
the topographic height will require more terms in
the spectral series in order to adequately rep-
resent the disturbance field.

For the case 6 = O(1), relatively rapid conver-
gence can still be attained even in the absence of
dissipation. As in the case § x~ 0, long meridional
waves enhance convergence. However, in con-

(3.5p)

trast to the case § ~ 0, the bracket is now propor-
tional to b so that changes in the topographic
height will be less effective in influencing the
convergence rate.

The last case to be considered is where
ko = mk. For this choice of k, the asymptotic
approximations (3.5) are no longer valid requir-
ing instead an examination of the general solu-
tion of the recursion relation (3.2). The procedure
is straightforward and the reader is referred to
Tung (1976) for details. Briefly, we find that, in
general, for k, ~ mk the convergence is slow so
that such choices of secondary zonal wavenumber
are inappropriate for the Lorenz (1972) truncated
spectral method to be employed here. The choice
ko =0 is physically the most relevant because it
yields maximum growth rates (by Squires
theorem) and produces a zonal flow in (3.1) for
m=20.

To investigate the linear stability characteris-
tics of the disturbance field (3.1), the infinite
series must be truncated to a suitable number of
components so that the essential physical
mechanisms can be adequately represented. As
defined by Lorenz (1972), the Mth approximation
consists of a system of (2M + 1) equations which
retain at least two terms when P, is set equal to
zero for m > M. Following Lorenz, we choose for
analysis the M =1 approximation. The validity
of this approximation is checked by comparing
the values of b and ¢, corresponding to 6, =0 with

those determined from the M = 2 approximation.
For the first approximation, (3.2) reduces to,

{ioa> | +ik_(—Ud* +By—rd } P_,

—kl{b— |Blb(—2+k})e 1} P, =0,  (3.6a)
ki{b—b|B|(—a, + k?)ex} P_,

+ {iga} + iko(— Uaj + B) — ra}} P,

—kl{b— |Blb(—&+k})e 1} P, =0,  (3.6b)
ki{b— |BIb(—a + k) e} P,

+ {ica? + ik (—Ual + B) ~ra’} P, =0. (3.6¢c)

A nontrivial solution to (3.6) exists provided,
(6 —d\)(c—d)o—d;)

=d,d;(c —d;)+dsd(6 —d)), 3.7
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where the d; are complex constants given in
Appendix A.

The marginal stability curves, which corre-
spond to ¢,=0 in (3.7), have been determined
numerically in the (/,b) plane for the following
wavenumbers and model parameters charac-
teristic of planetary scale flow: 2<k <6,
0.1 <f<l10, 0<r<05, 001<U=<15 The
marginal curve characteristics were found to be
qualitatively similar for the above range of k and
B and, as expected, for a given k, §, r and U, the
lowest instability threshold always corresponds to
k, = 0. Therefore, in the following discussion of
the marginal curves we choose, as physically
representative, k, =0, k=4, =35 and vary U
and r. For L ~ 5000 km and latitude 45°N, this
choice of k and B yields a disturbance zonal
wavelength of ~8000 km and a characteristic
scaling velocity ¥ ~ 50 m/s.

Fig. 1 compares the neutral stability curves for
the M =1 and M =2 approximations for r =0.1
and U=0.25. For this choice of U and r,
x = 158.2° which corresponds to the basic wave
ridge 158.2° upstream of the mountain. The first
approximation agrees well with the first stability
boundary of the second approximation over most
of the considered range 2.1 </<4.5, within
which the marginal disturbance (g,=0) is
stationary. A minimum in the neutral curve is
evident at / = 2.3. The M = 1 approximation fails
with respect to the M =2 approximation for /
outside this range, where the disturbances may be
propagating, or for large topographic heights.
These results are consistent with the discussion of
the convergence properties presented earlier.

Fig. 2 shows, for the M =1 approximation,
that, as expected, an increase in r raises the
stability threshold for any /.

We compare next the curves of Fig. | with
those in Fig. 3 in which r=0.1 but U=0.375.
For this choice of r and U, y=21.8° and corre-
sponds to the basic wave ridge 21.8° upstream of
the mountain. The instability now occurs over a
wider range, 0 </<4.45; the longwave cut-off is
absent and the lowest instability threshold now
occurs for /=0. The M =1 and M =2 approxi-
mations are in agreement in the range 0 </< 3.7
within which the disturbances are again
stationary along the neutral curve.

The existence of non-zero growth rates when
/-0 in the superresonant example discussed

Tellus 39A (1987), 2
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Fig. 1. The neutral stability curves in the (/,b) plane
based on the M =1 (solid curves) and M =2 (dashed
curves) approximations for k,=0, k=4, f=35,
U=025and r=0.1.
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Fig. 2. The neutral stability curves in the (/,b) plane
based on the M =1 approximation for r—0 (solid
curves), r=0.1 (dashed curves) and r=0.3 (dashed-
dotted curves). ko, k, B and U are as in Fig. 1.

above raises the following question: Is the small /
limit, with &, =0, a Rayleigh instability associ-
ated with the zonally sheared forced wave, or a
form drag instability arising from changes in the
zonal flow induced by the interaction of ¢ with
the topography? As demonstrated by Charney
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Fig. 3. Asin Fig. 1, except U =0.3750.

and Flierl (1981), where an approximation of d?
equivalent to examining the m=—1, 0 and 1
modes in (3.1) was used, and more recently by
Vallis (1985) using an asymptotic expansion in
powers of /, the topography, through the form
drag, catalyzes the instability of the mean flow.
This is a form drag or orographic instability
which, consistent with- prior studies (e.g.,
Charney and DeVore, 1979; Charney and Flierl,
1981; Vallis, 1985), can only occur for super-
resonant flow (compare Figs. 1, 3 at /=0).
Whether the perturbation field is written as
¢=(P,e*+P_ e *)+*—uy, or represented
by the M = | approximation to (3.1), subsequently
taking /- 0 in (3.7), identical expressions for the
critical mountain amplitude, b_, are obtained.

The examples of the neutral curves given
above are for superresonant and subresonant flow
regimes well removed from the point 6 =0. We
now examine the characteristics of the neutral
stability curves for resonant flow, where 6 =0
(x =90°). Recall, this parameter setting was ex-
cluded from analysis in the studies of Charney
and Flierl (1981) and Deininger (1981) due to the
singularity arising from the absence of dissi-
pation in their models.

As in Figs. 1 and 3, consider r = 0.1, which to
satisfy 6 =0, yields U=0.3125. As Fig. 4 illus-
trates, the instability now has the /Jowest
threshold and occurs over the range
0.25<!/<4.7. The M=1 and M =2 approxima-

1.25 T T T Ll

1.00F

15k

T

50

251

Fig. 4. Asin Fig. 1, except U = 0.3125.

tions are in agreement for 0.25 </< 4.1 where
the disturbance is again stationary along the
neutral curve.

In summary, the forced basic wave is most
unstable at the resonant point 6 =0 (x=90°).
The region of instability shifts towards smaller
scales as y increases. On the M =1 marginal
curve the disturbances are stationary. The M =2
approximation is in agreement with the lowest
stability threshold of the M =1 approximation
over most of the unstable range. Disagreement
occurs only near the short wave cut-off. For the
special case k,=0 and /-0, the Rayleigh or
wave instability of the forced basic wave reduces
to that of a form drag instability, and can only
occur for superresonant (4 > 0) flow. Since highly
restricted spatial scales (ko =0 and /-0) and
superresonant mean flows (U> B/k?) are
required for the form drag instability, and since
the lowest stability threshold occurs for resonant
(6=0) flow, the most physically relevant in-
stability mechanism in the present model is the
Rayleigh instability associated with the zonally
sheared, topographically forced basic wave.

4. The finite-amplitude analysis

The time evolution of the disturbance is exam-
ined, for the M =1 approximation, by choosing

Tellus 39A (1987), 2
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the topographic height to be near neutral stabil-
ity, i.e.,

b=b+A, A<l, .1

where b, is the topographic height required for
marginal stability of (3.1). The weak super-
criticality, A, can be shown to yield a linear
growth rate, g,, of O(|A}). Thus, we introduce a
long-time scale T defined by

= |A|t 4.2)
and transform the time derivative as
¢ ¢
P Al (4.3)

Using (4.1) and (4.3) allows (2.10) and (2.11) to
be rewritten as

[ ﬂﬂAl ]V2¢+- [UV2d + ]

ilkx + x) + ‘]

Vi + kgl

4

-

— ik(b, + A)(e* — *)
, é ,
—uk(b + A) [IBlets+n 4 #]
CX

+ u(b, + A)(%(e"” +9)+rV2 g+ J, V2 §)

3 4.4)
X

[§t+ |A|—>]u+ru-—(b +A)p (e* + *) (4.5)

To balance the weak instability with non-
linearity in (4.4) we choose asymptotic expansion
for ¢ and u of the form,

(x,y,1,T,|A])

= A 00y, 0, T) + 1A (e, 3 1, T) + - - -
(4.6a)
u(t, T,1AD = (A u(e, T) + |Alu®(@, T) + - - -
(4.6b)
Substituting (4.6a) and (4.6b) into (4.4) and (4.9)

results in a sequence of linear problems in
increasing powers of |A|.

To lowest order we have
v A é

]

Tellus 39A (1987), 2

~

+ b —[[Ble*=* 0 4+ #] S (V2 0 + k2 G0)
cx &y

¢(I)

— ikb (e — *)—

— Uk bc;[lBte"“‘* D 4 ]

+u‘”b (e:kr+ *)+rV ¢(l)— (4.7)
SuV — ey
c =5+, 48)

which specifies the disturbance field on the mar-
ginal curve, b.. With k,# 0 andfor /#0, the
three _mode truncation yields V=0 since
47“’—n' "'=0, thus allowing the amplitudes P_,
and P, to be rewritten in terms of P, using (3.6).
Therefore, the neutral solution can be written in
the form,

~ ! ey

§U= ¥ ILIP(T)E T 4, (4.9)
where

O=(ko+nk)x+1y—oa,t, 4.10)

and |L,|] and 7y, are given in Appendix B.
Although, as shown in Section 3, maximum
growth rates correspond to the secondary zonal
wavenumber k, =0, we retain k;, in (4.9) in
order to compare the nonlinear equilibrating
mechanisms that result when kq # 0 with those
for ko = 0.

We now focus on the O(JA|) problem where the
nonlinearity arising from the self-interaction of
the perturbation field (4.9) first becomes evident.
Collecting the O(JA]) terms in (4.4) and (4.5), and
evaluating them in terms of previously deter-
mined fields yields,

A2 A A
f_v_:?,, + _C_[Uvz d;m + Bd;m]
ct ix

+ b, ——[IBle‘““”’+ *] [V’ ¢ + k2 §?]

¢(2)

— ikb (%" — #)
2 3 (‘1 i
—uPk2b,—[|Ble™+ 0 + ]
cX

¢ e
+ u(?'bcT(elkY + *) + rvV? ¢(~)
cXx
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=IP}{|L_,[(a*, — a})(k_, — ko) e e
+ L {(a] = a3)tk, — kg)eme® ) + »
=P F{IL_ (a2, — ag)k_y — ko)e ™
+ 1L, (@i — a3) (ky — ko)e™ Je* + »

+ iku®[| Ble"k? — 1]1b,e* + «, 4.11)
r® = b g (e* + x). (4.12)

Only those terms consistent with the original
truncation have been retained. The three forcing
terms on the right-hand side of (4.11) are non-
resonant and produce the particular solutions,

FP(x, T) = | Fol[Po(T) 2™+ Db w, (4.13)

B

FYx, TY = u(T) | Myle™ 10 4 o (4.14)
M B

1 p

Fx,y, 1, T)= Y fPPAT)e™ + », (4.15)
Y m=—1 ”

where

8, =mkx + 2kyx + 1y — 0,1). (4.16)

The real constants |Fg|, {, |M,| and {,, and the
complex constants f?, are given in Appendix C.

The particular solution (4.13), which arises
from the self-interaction of the disturbance field
(4.9), represents an O(|A|) correction to the topo-
graphically forced wave and is, at any instant,
proportional to the modulus of the disturbance
amplitude squared, | P,|?. This result differs from
the inviscid analysis of Deininger (1981) where
the correction to the basic state wave is propor-
tional to the departure of the amplitude, P,, from
its initial value. This difference between the
inviscid and viscous cases has also been found in
the context of the baroclinic stability problem
(Pedlosky, 1970).

The particular solution (4.14) represents
another O(]A|) basic wave correction which, in
contrast to (4.13), results from the interaction of
the O(JA|) zonal flow with both the basic wave
and topography. Upon collecting the O(|A|) terms
in the zonal flow equation (4.5), it can be shown
that the form drag term arising from the inter-
action of the basic wave correction (4.13), with
the topography, is responsible for the zonal flow
correction u® which is diagnostically related to

| Po |2, viz.,
U(T) = Q|Py(T)? 4.17)
where,

a —k2b | Fgl|sin{y +{)
4 2b. k| Mylsin(x + )

(4.18)

This result differs markedly from Deininger’s
(1981) inviscid analysis where, due to the absence
of dissipation, the basic state wave correction
remains in phase with the topography so that
form drag induced zonal flow changes are not
possible. Therefore, the only nonlinear mechan-
ism by which the basic state wave can be cor-
rected in Deininger’s study is through the self-
advection of the disturbance field.

The remaining particular solution, (4.15), con-
tains in its spatial structure higher harmonics in
ko and / produced at O(|A|) through the self-
interaction of the disturbance field, (4.9). This
solution is proportional to the disturbance ampli-
tude squared, and will be shown later to play a
vital role in the nonlinear equilibration of the
disturbance.

Before proceeding to the O(]A]*?) problem
where the evolution equation for P, is deter-
mined, the total streamfunction field is recon-
structed to O(iA|) using (4.1), (4.6a), (4.9), and
(4.13)-(4.15):

Y(x, 3,4, T,1A])
== Uy +{(b.+A)|B| + |A|(|F||Po|* *
+ u(2)|MB|eils) gitkr+ 1 *}

=-1

|
AR 3 1L Poe 4o

1 .
FIAl T S ], (4.19)
|

Since | B| > 0, it can be shown that the basic wave
correction (4.13) which arises from the self-inter-
action of the disturbance (4.9), is stabilizing
provided [Fgl#0 and [cos{—tan(kx+
x)sin{] <0, ie., when the amplifying disturb-
ance acts to reduce the basic wave amplitude.
When [cos¢ — tan(kx + y)sing] >0 the basic
wave correction, (4.13), produces a further
destabilization of the basic wave. The interaction
of the corrected zonal flow, «®, with both the
basic wave and topography results in stabil-
ization of the basic flow when u#?[cos{, — tan(kx
+ %) —sin{,] < 0. The case | F,;| =0 occurs when
ko =0 which, recall, is the most physically rel-
evant choice for k, since growth rates are maxi-
mized. Therefore, when k, =0 the basic wave
corrections, (4.13) and (4.14), vanish so that
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equilibration of the perturbation can only come
about via nonlinear interactions involving the
higher harmonics, given by (4.15). This will
become evident at O(|A|*?).

The basic state structure of the streamfunction
field, (4.19), differs in several respects from that
obtained by Deininger (1981). First, in
Deininger’s inviscid analysis, the basic wave
correction is always in phase with the top-
ography: the basic wave is in phase with the top-
ography for superresonant flow or 180° out of
phase for subresonant flow. Thus, mountain form
drag plays no role in the interaction between the
basic wave state and disturbance. Furthermore, it
is for superresonant flow where Deininger finds
that the basic wave correction leads to an explo-
sive nonlinear instability. In this study, due to the
presence of Ekman dissipation, the phase of both
the basic wave and its correction are always out
of phase with each other and with the
topography. Therefore, provided k, # 0, non-
linear stabilization due to the basic state wave
corrections, which is manifested through |Fgl,
| M|, § and (g, is no longer a simple matter of the
mean flow being subresonant or superresonant,
but instead, is now determined by a complicated
relationship among a// the model parameters. A
further discussion of the finite amplitude stability
characteristics is presented at the next order
where the evolution equation for the disturbance
amplitude is determined.

Collecting the O(JA|*?) terms in (4.4) and (4.5),
evaluating them in terms of previously deter-
mined fields, and then removing the secular
terms using standard techniques (see, for
example, Deininger (1981)), we find that u¥ =10
and obtain the evolution equation for the pertur-
bation amplitude:

dP

d—TO +(n,+ i) Po+ (N, + iN)) Py| Py12 = 0. (4.20)
The constants 7 and N are given in Appendix D.
From (4.20) the equilibration equation for |Py|
can be derived, i.e.,

d|Po|* _

A 2
L A AL

4.
A “2h

This equation is identical in form to that
obtained by Landau (1944). Equations having the
form of (4.20) have also been found in quasi-
geostrophic models dealing with the finite-ampli-
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tude stability of baroclinic zonal flow without
beta (Pedlosky, 1970 and Drazin, 1972) and with
beta (Romea, 1977). More recently, Burns and
Maslowe (1983) have shown that in the presence
of dissipation, the weakly nonlinear evolution of
a disturbance superimposed on an unstable zonal
shear flow is also governed by an equation having
the form of (4.20).

In (4.21), n, <0 corresponds to linear growth.
The finite amplitude behavior of the disturbance
is determined by N,, which is comprised of a
contribution from the feedback with the basic
wave correction (N,), a part arising from the
interaction of the disturbance with the form drag
induced O(]A|) correction to the mean flow (N,),
and a term due to interactions involving the
higher harmonics (N), i.e.,

N, =Ny+N,+N,. (4.22)

When k, =0, both N, and N, vanish so that
N, = N,. Finite-amplitude stability requires
N, > 0. Although the three mode truncation yields
excellent estimates of b, g, and o, for a variety of
parameter settings, the corresponding estimates
of the nonlinear coupling coefficient, N, may not
be as good. In principle the estimate of N based
on three modes should be compared against
values determined from less severe truncations;
this would be an extremely arduous task. There-
fore, the calculations of N that follow are based
on three modes, realizing that an estimate of N
based on such an approximation may be not
representative for all parameter settings. How-
ever, regardless of the number of modes retained in
the disturbance field (4.9), the form of the evolution
equation (4.20) remains the same.

Clearly, from (4.21), a nonlinear equilibration
of the disturbance is possible only when N, > 0.
Negative values of N, may result from (i) the
inadequacy of the three-mode truncation in
estimating N,, or (ii) parameter settings where
the weakly nonlinear theory is no longer valid,
i.e., where the time scale of the nonlinearity is
shorter than that of the linear instability requir-
ing, instead, a full spectral-numerical treatment
of the dynamics.

The solution to (4.21) is

|Po(0)2e T
1= (N,/n)|Po0)2(e™ " = 1)

[Po(T)? = (4.23)

and describes, for n, <0 and N, > 0, a monotonic
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approach of the disturbance amplitude modulus
to the steady value

|Po(e0)|? = —n,/N,. (4.24)

An equation for the evolution of the phase can
also be derived from (4.20). Writing P, as

Po(T) = W(T)e*", (4.25)

it can be shown (see, for example, Romea (1977))
that

&T)=~n,T— N, [T WAT)dT. (4.26)

The first term on the right-hand side of (4.26) is
the linear phase correction arising from the
O(|Al) departure of the basic wave amplitude
from its marginal value. The second term
represents the nonlinear phase correction, which
approaches a constant value as the wave equilib-
rates. Depending on the choice of wavenumbers
and model parameter values, N, can act to either
slow down or speed up the linear propagation of
the disturbance as it evolves in time. The phase
correction, 8, adds an eastward (westward) com-
ponent to the total phase when n,> 0 (<0) and
N,>0(<0).

Fig. 5 depicts, for r=0.1 (x=158.2°) and
r=0.3 (y=128.81°), the variation of |P,(c0)|?
with / for the same values of U, 8, k, and k as in
Fig. 1. Recall, k, = 0 yields Ny, = N, =0 so that
equilibration of the disturbance amplitude results
solely from the nonlinear interactions involving
the higher harmonics (provided N,= N,>0).
The above parameter setting corresponds to
subresonant flow away from the vicinity of the
resonant point 6 =0. Comparing values of
| Po(0)|? corresponding to the integer values /= 3
and /=4 reveals that neither wavenumber is
significantly dominant at finite amplitude when
r=0.1. However, when r=0.3, the smaller
meridional scale corresponding to /=4 yields
slightly larger equilibrated values of |Py(o0)[?
than that for / = 3. Generally, there is an overall
increase in | Py(o0)|? with larger r.

The increase in |Py(c0)] with larger r shown
in Fig. 5 can be qualitatively understood using
physical arguments recently discussed by
Reinhold (1986). Generally, a disturbance is less
efficient in extracting energy from the basic state
with increased dissipation, as manifested by a
reduction in both the growth rate and horizontal
phase tilt of the disturbance. Thus, in order to
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Fig. 6. As in Fig. 5, except U = 0.3750.

achieve the momentum transport necessary to
balance energy extraction from the basic state
and energy dissipation due to friction, a larger
disturbance amplitude may be required.
Although there are exceptions which rust be
determined by detailed calculations, larger
equilibrated amplitudes in regions of parameter
space where growth rates are reduced should not
be surprising.

In Fig. 6, the variations of |Py(c0)? as a
function of / are shown for superresonant flow
removed from resonance. The parameters U, §,
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ko and k are the same as in Fig. 5. |Py(o0){2
results only from interactions between the
disturbance and its higher harmonics, as in Fig.
5. However, comparing Fig. 6 with Fig. 5 reveals
two important differences: first, for r=0.1
(x = 21.8°) finite-amplitude stability and, there-
fore, existence of |Py(o0)|? is evident over only
~509%, of the linearly unstable / range, corre-
sponding to the smaller meridional scales.
Second, increasing the dissipation strength to
r=10.3 (= 50.19°) increases | P,(o0)|? and expands
its range towards smaller /. The limit /-0
is characterized by finite-amplitude instability
when r=0.1 and the smallest value of |Py(00)|?
when r=0.3. Therefore, the largest equilibrated
values of the disturbance amplitude occur for
those meridional wavenumbers where the linear
instability of the forced basic wave is of the
Rayleigh type.

Finally, the behavior of |Py(0)|? as a function
of /is depicted for resonant flow (6 = 0) in Fig. 7.
Note that irrespective of the dissipation strength,
¥ =90° when 6 =0. The values of U, 8, k, and k
used in calculating |Py(o0)|? are the same as in
Fig. 4. Since k, =0, the nonlinear equilibration
of | Py|? is again due to the higher harmonics. As
shown in Fig. 7, for r = 0.1, | Py(o0)? exists over a
relatively broad range of / corresponding to the
larger meridional wavenumbers. In addition, as
in Figs. 5 and 6, there is a general increase in
| Po(o0)1? for larger r.

5. Summary and conclusions

The preceding analysis examines the finite
amplitude stability of a topographically forced
wave in the presence of Ekman dissipation. A
superimposed disturbance, represented as a spec-
tral series, is truncated first to three modes and
then to five modes and the neutral stability
curves compared. For a weakly unstable basic
wave flow, the finite amplitude time evolution
equation is also derived for the three mode
disturbance.

Flows both away from and at the (topographic)
resonant point é = 0 have been considered. In all
cases the marginal stability curves of the three
mode approximation are in close agreement with
the lowest stability curves of the five mode
approximation over most of the unstable wave-
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number range. Increasing dissipation raises the
stability threshold for all meridional wave-
numbers. As the resonant point is approached,
linear instability can occur for smaller topo-
graphic heights and over a wider range of
meridional wavenumbers. Resonant basic flow is,
therefore, the most favored for disturbance
amplification. Irrespective of the dissipation
strength, resonant flow corresponds to the
linearly determined phase of the topographically
forced wave ridge being 90° upstream from the
topographic ridge.

In the special case where the disturbance con-
tains a zonal flow component which depends only
on time (i.e., /- 0), and the flow is superresonant
(i.e., 6> 0), the instability that results is due to
the form drag. In contrast, when the disturbance
is characterized by a meridional wavenumber
I # 0, the more general Rayleigh or wave insta-
bility of the forced basic wave can occur for
subresonant (6 <0), superresonant (6>0), or
resonant flow (6 = 0). In each case the instability
is maximized in the absence of the secondary
zonal wavenumber, k,, in the disturbance field.
For a given / and k,, the lowest stability
threshold always occurs for the resonant flow, a
parameter setting which precludes the possibility
of form drag instability. It is for these reasons
that the Rayleigh instability of the forced basic
wave is the most relevant to the amplification
and finite amplitude evolution of the mid-latitude
disturbances examined in this study.

The finite amplitude analysis yields a first
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order in time equation for the complex amplitude
of the disturbance field. Provided the real part of
the nonlinear couling coefficient, N, is greater
than zero, the amplitude modulus of the distur-
bance field is governed by a Landau (1944) S-
curve equilibration. If the imaginary part of N is
positive (negative), the nonlinear phase correc-
tion is such as to decelerate (accelerate) the
disturbance field as it evolves in time.

The explosive nonlinear instability which
occurs whenever 6>0 in Deininger’s (1981)
inviscid, weakly nonlinear analysis is not repro-
duced here. Instead, such an instability, charac-
terized by the real part of N less than zero, occurs
in this study only in certain restricted regions of
parameter space. In addition, due to the self-
interaction of the disturbance field, there is a
time-independent correction to the phase of the
forced basic wave, which is not produced in
Deininger’s study. The differences are apparently
due to dissipation which produces a phase shift in
the forced basic wave state relative to the
topography.

The nonlinear equilibrating mechanism in this
study is the convergence of momentum flux
which results from the disturbance field inter-
acting with its higher harmonics, the O(|A])
correction to the basic state wave, and the form
drag induced O(|Al]) correction to the mean flow.
However, in the absence of k in the disturbance
field, equilibration at finite amplitude results
only from the interactions involving the higher
harmonics.

The barotropic instability of a stationary, topo-
graphically forced basic state wave, in the
presence of Ekman dissipation, has been shown
to occur for any zonal flow U, provided the basic
wave amplitude is sufficiently large. Based upon
the broad range of U over which the zonally
varying basic state may be unstable, and since
observational studies of the Northern Hemi-
sphere (e.g., Blackmon et al., 1979; Wallace,
1983) have shown that the large scale stationary
waves in winter are, to a large extent, equivalent
barotropic in structure, it is possible that the
barotropic instability examined here may play an
important réle in limiting the amplitude of the
stationary waves in the troposphere to the ob-
served range of values. In addition, it has been
shown that for a stationary, topographically
forced basic state wave, whose amplitude is

supercritical with respect to the lowest stability
threshold by a small but finite amount A, the
superimposed disturbance field, to which the
zonally varying basic flow is weakly unstable, is
characterized by a low [O(|A])] frequency. Such
low frequency variability of the normal modes
arising from the barotropic instability of a
stationary zonally varying flow has also been
found by Simmons et al. (1983) in a global
barotropic model. Thus, as suggested by
Simmons et al., much of the low frequency
variability of the geopotential height field during
the winter season may arise from the barotropic
instability of zonally varying time-mean states.

The foregoing analysis also describes one of the
basic nonlinear mechanisms by which forced
stationary waves and travelling disturbances
interact in the atmosphere, i.e., through the con-
vergence of momentum flux. This mechanism has
been shown by Lau (1979) and Youngblut and
Sasamori (1980) to play an important part in the
long-time average vorticity balance of the
stationary waves in the troposphere. Consistent
with these studies, the convergence of momentum
flux arising from the self-advection of the
(travelling) disturbance field has been shown to
have a dissipative effect on the stationary basic
wave, provided the nonlinear coupling coefficient
arising from the feedback with the basic wave
correction is positive (N, > 0). The basic wave
correction decreases the imposed basic wave
amplitude at a rate proportional to the distur-
bance amplitude modulus squared. As T - o0, the
disturbance amplitude modulus monotonically
approaches a steady value, with the forced
stationary wave in a more stable state than
originally imposed.

Although this study focuses on the linear and
finite amplitude stability characteristics of forced
zonally varying flow in a barotropic atmosphere,
it should also be noted that the instability of
such flow is equally important to the fluctuation
activity in the oceans, as already discussed by
Vallis (1985). However, whether the focus is on
the dynamics of the atmosphere or ocean, several
additional model features must be incorporated
in future studies. One of the more important is to
examine the linear and nonlinear stability charac-
teristics of a baroclinic wave state which is forced
by multi-mode topography. The dynamics of dis-
turbances superimposed on stationary, zonally
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localized background flow in the presence of a
vertically sheared zonal flow can then be
examined. Moreover, disturbances could draw on
both the potential and kinetic energy of the basic
state. Such a problem is currently being studied.
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7. Appendix A

Explicit representation of the complex coefficients d,
ineq. (3.7)

d, =- Ua’, + B) —ir, (A1)
-1
ds =1k1~b[1—13|( @+ k?)e ), (A2)
=
dy=- ;"”’[1—|B|( i+ ke, (A3)
0
_kO 2 .
d4=7(—Uao+ﬂ)—tr, (Ad)
ds =f?[1—131( &+ ke 1], (AS)
0
d,=- ’klb[1—|3|( @ + ke, (A6)
l
—kl 2 . N
d; =——(=Uai + p)—1r, (A7)
ai
a=k+ 12 (A8)

8. Appendix B

Expressions for |L,| and v, in eq. (4.9)

The [L,| and y, (n=1, —1) are,
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L, =[O + (LV7] e, (B1)
LY
y,= tan™! [W]’ (B2)
where,
— nklb,
|ILP) = ———(e{" el — e el), (B3)
nklb
|L“)| _ ;(e(n)e(n) + e‘"’e(’") (B4)
aﬂ
e\ = —|B|(—a}+ k?)sin(ny), (BS)
e =1—|B|(—a;+ k?*)cos(ny), (B6)
k(-Ua*+
en=g,+ —-—Z—ﬂ)-, (B7)
a"
e =r, (B8)
el = () + r2, (B9)
[Lol =1, (B10)
70 =0. (B11)
9. Appendix C
Explicit representation of |Fy|, {, | M|, {5 and £
|Fpl and ( are,
|Fyl =[(FRY + (F9)]', (o))
F{
{=tan™! [FBR—)], (C2)
where
B! .
Fp =201, 1@ = )k, — ko) siny,
—|L_ (@, —ad)tk_, —ko)siny_,},
(C3)
/
Fp =211, 1@ = @)k, — ko) cos
+|L_,I{a%, —ad)(k_, — ko) cosy_,}.
(C4)
[Mg| and (g are,
| |
\M,| = + B2k — 2(Blk? cos 7}, (C9)
| Blk? sin ]
= tan-
{a=tan [(1 — | Blk? cos x) (€6)
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The £,? are,
fP=—[AgA; Aq
— (A A3 — A A) Aol A6 A, As
+(A4; 45— A4 A))),
[0 =[4s— 4, 2]/ 4,
S8 =[45 - 4, ;) ,,
where,
A, =—ra® +ila?, 20, + k_,(Ua2, + B)),
Ay =2kl|Blb(—a? + k?)e~* — 2b_kI,
Ay = —2kl|B|b(—a?, + k?)e* + 2b_ ki,
A, = —raj + ia}2e,,
As = 2kl|Blb(—a2 + k?)e~" — 2b kI,
Ae = —2kl|B|b(—a? + k?) et + 2b, ki,
A, = —ral + i[a} 26, + k,(Ua? + B)),
Ag =l —ad)(k_, — ko)e™|L_,|,
Ag=1(a?— ad)(k, — ky)e™|L,],
al? = (nk + 2ko)? + 412,

10. Appendix D
Explicit representation of n and N
The complex constants n and N are,
n=1[S:(gs S, ~£.53)
=855, 83)/(S1(84 51 — 81 S3)
—S855,84),
N=[S:(gs S, —£353)
— 855, 81/1S:(g4 S, — £, S3)
— 855, g7,
where,

g =a"|L_ |e™,

A .
8=~ lA—|k1|B|bc(—a§+k2)|L0|e“V°‘1’

Blackmon, M. L., Madden, R. A., Wallace, J. M. and
Gutzler, D. S. 1979. Geographical variations in the

A,
+—kibe™|Ly|,

Al (b4
g3 = —kl|Lol(k? — a})[| Fyle'romx0
© + Q|M3|Ci(7°_ z—c,]
(C8) =1 Lol@2, —af)(k_, — ko) /&
(C9) =1L\ |(ag — &) ko — k1)e™™ £?,  (DS)
84 = a<2)|Lo|’ (D6)
(C10) gs= —%kilBlbc(—af+k2)|LlIe"“"l’
(Ct1) A
€12 +mk1|B|bc(—a{,+k2)|L_,|e"‘7'-*”
(€13) + S kgL 1em — B kgL e, (OT)
(C14) |A| |A|
C1s) 8 =HKILIk? =@ )| Fyl et 240
(C16) + QIM,|e 1T (D8)
(C17) —kl|L,|(k* = a)[|Fplelr 20
(C18) +QIM, " T ) (D9)
(C19) & =alLle™, (D10)
0= T MIBIB(~ a3+ k)| Lol
A .
- KlklbclLole%, (D11)
8o = kl|Lo|(k? — a))[| Fy e/ 2+0
+ QIMBIe'““ 1+C,)]
— [|L-1|(5(2) —_ az_,)(ko - k—l)f;)(Z)e_iY_‘
D1) — Lo (a} — ad) (ky —ko) £, (D12)
S, =—rd*,+ilo,a®  +k_(—=Ud, +p)], (D13)
S, =—kib[1 — |B|(k? — a?)e "], (D14)
D2y 5= kib[1 — | B|(k* — a® ) e*], (D15)
S, =—ra}+ilo,a} + ko(— Uai + B)), (D16)
D3) Ss=—kib[1 — |B|(k* — a?)e 7], (D17)
Se = kib[1 — |B|(k? — a?)e?], (D18)
S, =—rad’ +ilo,a? + k,(~- Ua® + B)). (D19)
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