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ABSTRACT

The dynamics of a low-order spectral model of the barotropic potential vorticity equation,
forced by random perturbations, is studied as a function of the memory and intensity of the
noise. The unperturbed deterministic system has three equilibria, and for arbitrary initial
conditions trajectories in phase space always tend to one of the two stable equilibria
representing preferent circulation patterns of the atmosphere. The noise forces the system to
visit alternately the two attraction domains of the stable equilibria. During the transition, the
system will remain for some time in a neighbourhood of the unstable equilibrium. This
indicates that the latter is important for the atmospheric dynamics. Characteristic residence
times in the attraction domains and in the domain near the unstable equilibrium are
calculated by combined analytical and numerical methods. Furthermore the alternation of
preferent states is studied with a discrete state Markov process model. It consists of three
states, which are related to the equilibria of the low-order spectral model. Transition
probabilities are derived from the characteristic residence times of the stochastically forced
dynamical system. The eigenvalues of the Markov model yield information about the time

scale over which the effect of the initial state is present in the system.

1. Introduction

One of the main problems in forecasting the
weather is that predicted and actual flow states
always tend to diverge after some time. For
example, the characteristic error doubling time
for the large-scale phenomena (¢(10°m)) in a
numerical model is of the order of a few days.
The principal causes for this were previously
sought in the inaccurate specification of the
initial state and the limitations of the model to
incorporate correctly certain physical processes
and boundary conditions. However, recently it
has been pointed out (Lorenz, 1969, 1984) that
the atmospheric flow, which possesses many
scales of motion, has an intrinsically finite range
of predictability, which cannot be enlarged by
improving the observations.

Since it seems not to be possible to predict the
actual flow state of the atmosphere with a suf-
ficiently large probability, it becomes worthwhile

to distinguish between weather regimes, i.e.,
clusters of states representing nearly the same
flow pattern. This was for instance done by Baur
et al. (1944). He published a catalogue of large
scale atmospheric circulation patterns over
Central Europe which he called Grosswetter-
lagen. Later on Hess and Brezowsky (1969)
classified these weather types into three
categories. These are a zonal (high index) regime
with strong westerlies and small wave ampli-
tudes, a meridional (low index) regime with large
waves embedded in a weak zonal flow and a
transitional regime. Within the framework of
long term weather forecasts it is important to
obtain a better understanding of the dynamics
responsible for the wvacillation between the
various weather regimes.

More information about the nature of atmos-
pheric variability can be obtained from 500 mb
geopotential height analyses. Wallace and
Blackmon (1983) found that the geographical
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distribution of the variance in the geopotential is
mainly determined by the low-frequency part of
atmospheric waves having time scales of 10 days
and more. Mechanisms contributing to the low
frequency variability are partly external, such as
diabatic heating and the large scale topography
of the earth, but also internal, due to interactions
with the higher frequency transient eddies
(Opsteegh and Vernekar, 1982; Hoskins et al.,
1983). On the other hand, the position and
stability of the low-frequency waves determine
the stormtracks and the structure of the transient
perturbations, see Frederiksen (1983a, b). These
results suggest that for long-term weather predic-
tions a better understanding is required of the
interactions between ultralong quasi-stationary
waves and large scale transient eddies.

Often these interactions are studied with a
planetary scale model, in which the effect of the
transient eddies is parameterized. There are
several propositions to solve this closure problem.
One possibility is to use techniques, originating
from turbulence theory, to express the eddy
characteristics in terms of the resolved part of the
flow. For gridpoint models this has been done by
White and Green (1982) and Shutts (1983). An
alternative method is to represent the eddy
forcing by stochastic terms. Balgovind et al.
(1983) applied it to a gridpoint model.

In this paper we study a stochastically forced
spectral model of the large scale atmospheric
flow. Such a model can be formulated as a
dynamical system of the type

d
d—f=f"(.x)+p(t) in V. (1.1)
Here the components x(i=1, 2, ..., N) of x are

amplitudes of the N resolved large scale modes,
J.(x) is a vector field, depending on parameters
w=(u, Yy, ..., u,), which describes the internal
dynamics of the resolved modes, and the
components of F(t) are synoptic forcing terms
representing the effect of the short scale
unresolved modes on the resolved modes and
additional processes not incorporated in the
model. In the derivation of the spectral model, of
which an example can be found in Charney and
DeVore (1979), we have the freedom to choose
the flow characteristics (e.g., barotropic or
baroclinic), the geometry of the domain (e.g., a
beta plane or the sphere) and the truncation
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number N.

By application of coarse grain methods from
nonequilibrium statistical mechanics, Lindenberg
and West (1984) have shown that (1.1) is formally
a stochastic differential equaiton with its
stochastic character fully due to the uncertainty
in the initial values of the unresolved modes.
Their results indicate that the synoptic forcing
terms are complicated and do not fit the descrip-
tion given by Charney and DeVore (1979) and
Egger (1981): they are only stationary and
Markovian under rather restrictive conditions.
However, in practice these restrictions can be
weakened. Egger and Schilling (1983, 1984) have
determined the statistical characteristics of the
synoptic forcing terms from data and found that
they could be fitted with red noise processes,
which are stationary and Markovian. Further-
more these authors analyzed the response of a
linearized spectral model of the barotropic
vorticity equation to this forcing. Taking only
into account the ultralong waves they showed
that in this way it is possible to explain a
substantial part of the observed long-term
variability.

Benzi et al. (1984) and Moritz (1984) have
studied the effect of white noise forcing on three
component spectral models of the barotropic
potential vorticity equation as a function of the
zonal forcing. In this paper we will compute the
responses as a function of the intensity and
memory of the noise. We assume the F(7) to be
stationary stochastic terms.

In Section 2, a three-component spectral model
of the barotropic potential vorticity equation is
derived. It appears that for realistic parameter
values three equiliberia exist. The system always
tends to one of the two stable equilibria, which
both seem to resemble large scale preference
states of the atmosphere (Charney and DeVore,
1979). We will study the response of this model to
white noise and coloured noise processes, which
are assumed to represent the effect of the synop-
tic forcing terms. Mathematical aspects of
stochastic processes are considered in more detail
in Section 3. Due to the noise forcing, transitions
between the attraction domains will now occur.
The result is an index cycle, as described for the
real atmosphere by Namias (1950). The charac-
teristic time of the system in an attraction domain
may be a measure for the persistence of a large
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scale atmospheric preference state. A method to
calculate residence times is discussed in Section 4
and results are presented in Section 5. Following
the ideas of Ghil (pers. comm.) to model geo-
physical systems by discrete models, we consider
in Section 6 a Markov model of the atmosphere.
A similar study has been performed by Spekat et
al. (1983) using atmospheric data. Our model
consists of three states, viz. a high index-, a low
index- and a transitional state. Transition
probabilities per unit of time are specified using
the results of Section 5 We then calculate the
time evolution of the probability distribution
from the master equations. The eigenvalues of
these equations determine the time scale over
which the effect of the initial state is present in
this distribution.

2. Derivation and analysis of a low-order
spectral model

Consider a large scale barotropic flow over a
slowly varying topography in the midlatitude
beta plane. Let it have a characteristic height H,
a horizontal length scale £~! and time scale ¢7!,
and let the topography have a characteristic
amplitude h,. If the meridional scale of the flow
is assumed to be much smaller than the radius of
the earth r,, the dynamics is fully governed by a
potential vorticity equation. It reads in non-
dimensional form

¢

ct

VA I, V) + 0 +
TV -yt =0,

where 1 is time, Y (x, y) the streamfunction, & the
position of the lower boundary and y* is a
forcing streamfunction. Furthermore

ve(£5) Japy=2b_Lalb
éx ¢y
(2.2)

2.1

dx =ry cos ¢ dA, dy =r,dg,

where A is the longitude, ¢ the latitude and ¢, a
central latitude. All quantities have been scaled
according to the scheme given above. The non-
dimensional parameters read

=f0h0 & 6=.f06E
VT GH ok’ 20H

. B= ) (2.3)

where f, = 2Q sin ¢, B = (2€/ry) cos P, with Q
the angular speed of rotation of the earth. Finally
Og is the depth of the Ekman layer near the
boundary. A derivation of this equation can be
found in Pedlosky (1979).

We investigate the existence of travelling wave
solutions in a rectangular channel with length L
and width B. By letting k=2n/L, the non-
dimensional length and width are 2z and =b
respectively, where

2B
b=—. 2.4
I (2.4)
At the boundaries y=0 and y=rnb, the

meridional velocity vanishes and no circulation
will develop. Thus the boundary conditions to eq.
(2.1) read

Y(x,p,t)=(x+2m,y,1),

(2.5)
) 2r
i =0 and %dx =0
°x 0 ay
aty=0, y=mnb.

A spectral model is developed by expanding ¥,
i* and h in orthonormal eigenfunctions {¢;};2 of
the 2-dimensional Laplace operator. These eigen-
functions are defined in the channel and satisfy
(2.5). We only retain the first three modes

i 6, = V20, cos%,

Y, ¢ =2y, cos nx sin%, (2.6)

V3 ¢; =25 sin nx sin%,

with ,, ¥, and Y the amplitudes and » an
integer. The model is further simplified by taking
. 1
=i k=6 @7
Next the spectral model equations are developed
for the velocity amplitudes (x,x;,x3)=
(Y, ¥2,¥3)/b of the modes. Putting ¢ = fy hy/H,
n=1 and introducing a new time t = (4ﬁ/3n)t,
we obtain

X, = bx; — Clx, — x}),

X, =— ab<x| - %ﬁ) X3 — Cx,, (2.8)

. 1 1
X3 = ab()c1 - Eﬁ>x2 e Cx;.
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Here

2b In -
a_"l+b2a ﬁ—4—\/‘2‘ﬁa

3n Uk 29
c="¢C a=

4,27 o
with U a velocity scale of the zonal forcing and x|
the driving Rossby number of the flow. Since
these equations have been analyzed in detail by
Charney and DeVore (1979) and Egger (1981),
we only summarize the results which are essential
for this paper.

First we note that the divergence of the three-
dimensional vectorfield is negative, which means
that trajectories are bounded and that for 1 —» o
the flow tends to a set of limit points of lower
dimension. A stationary point X satisfies
£,(%) =0. For this model £ = (%, %, X;) is found
from a cubic equation:

H+axttax+a,=0, (2.10)
Xy = 3(%), Xy = 15(%).

Here a,, a, and a, are known functions of the
model parameters, and for each %, we obtain a
unique %, and %;. There may be one- or three real
stationary points, which correspond to equilib-
rium flow patterns of the basic potential vorticity
equation. The set of parameter values for which a
transition from one- to three equilibrium states
occurs, is called the bifurcation set. In this case it
is given by

@+ri=0,

2.11)

r= %(a\ a, — 3a,) — %ag.
In the region where (¢° +r?) is negative, called
the catastrophe set, three real steady states occur.

We have taken b and x, as free parameters.
Furthermore L =3-10° m, A, =500 m, C=0.2
(corresponding to a damping time scale of about
fifteen days), H=10* m and at the central lati-
tude ¢,=45°, f,=1-10~* s7' and B =2.55.
These values are close to those of Egger (1981). In
Fig. 1 the bifurcation set of the model in the b, x,
parameter space, enclosing the catastrophe set, is
shown. In Fig. 2 the equilibrium solution %, is
presented as a function of x; for b=1.

For fixed b and large x;, there exists one
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Fig. 1. Position of the bifurcation set of the atmos-
pheric spectral model in the b, x;-parameter space.
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Fig. 2. Equilibrium solution component %, as a func-

tion of x; for b=1.

equilibrium E,, and a linear stability analysis
shows that it is always stable. For decreasing x,,
two more equilibria appear. The intermediate
one (E,) appears to be unstable, while the lower
one (E,) is stable. For small x|, only one equilib-
rium (F;) remains. Trajectories in phase space
always tend to one of the stable equilibria of the
model, except those which (in the case of three
equilibria) lie on the separatrix between the
attraction domains of E, and E;. Therefore E, is
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of little dynamical significance in this
deterministic model. The model behaviour is
unrealistic in the sense that the system always
ends in an equilibrium state. For a system
remembling more closely the atmospheric behav-
iour we expect frequent transitions between the
steady states. This is provided by adding
stochastic forcing terms to the equations which
will be considered in more detail in the following
sections.

3. Dynamical systems perturbed by noise

In this section we will study a randomly forced
dynamical system of the type (1.1) It may be
written as a system of stochastic differential
equations, i.e.,

dx = f,(x)dt + ea(x)dO(s),
3.1)
(1) = f;, n(s)ds.

For a derivation of these equations see Gardiner
(1983). In (3.1) ¢ is a measure of the noise
intensity, a(x) is the (N x N) diffusion matrix
and the N components of n{t) represent the
random forcing. The latter are assumed to be
stationary continuous processes, i.e., they are
specified by a probability distribution over their
range of possible values.

In this way, a multivariate stochastic process
X(n,t) is generated, which takes on the
realisations x. In general the evolution at any
time will depend on the history of the process,
which appears to be a fundamental difficulty in
the analysis of the dynamics. This problem can
be met by choosing the n(¢) to be white noise
processes £(¢) with the properties

LWy =0, Cr)=&Net+1)=161).(3.2)

Here ¢ > denotes an ensemble average over a
large number of realisations, and C is the corre-
lation matrix. Furthermore / is the (N x N) unity
matrix and &(t) the Dirac delta function with
argument 7. Eq. (3.2) shows that white noise

processes have zero mean and are fully
uncorrelated.

With this choice, ®(z) becomes a multivariate
Wiener process W(t), and the stochastic

dynamical system reads

dx = f,(x)dt + ea(x) - dW(2). (3.3)

Now X (& t) is a Markov process, i.e., its
realisation at any time in the future only depends
on its present state. Such a process is fully
described by the conditional probability density
p(x,t|x’,t’), which denotes the probability
density for the X,(&, 1) to have the realisation x at
time ¢, given it had realisation x’ at time ¢’ < ¢. It
can be shown that p(x,t|x’,t’) is the solution of
the Fokker-Planck equation

;.f-tp(x, fx', 1) = = VL £,00) plx, t1x', 1)

+ —21—83 VV:la(x) a'(x) p(x, t]x', )], (3.4)
where o7 is the adjungated of o (Gardiner, 1983).
The solution of (3.4) gives a complete description
of the stochastic dynamical system (3.3). Another
method of obtaining information about the
system is the statistical analysis of a large number
of simulations of (3.3) by means of a related
system of stochastic difference equations, see
Appendix.

Representing certain physical processes by
white noise can be misleading, because white
noise is uncorrelated and its energy is equally
distributed over all frequencies in the spectral
time domain. Consequently, the noise energy is
infinite, and hence the process has no physical
relevance. Alternatively we may assume n(t) in
(3.1) to be coloured noise processes {(z), which
are described by the stochastic differential
equations

df=—aldt+ao dW(1), (3.5)

with o and o’ nonnegative constants. In order for
white noise and coloured noise to result in equal
variances of the increments dx(r), we take o’ = a.
We then obtain
W)y=0.  Cw=yaeL (3.6
It follows that a~! is a measure for the correlation
time, and the case a— oo corresponds to the
white noise limit. Some spectral energy distri-
butions of coloured noise for different values of o
are shown in Fig. 3.

Applying the coloured noise forcing to (3.1)
and transforming &{(¢) = y(z), we obtain the
system
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Fig. 3. Distribution of energy in the spectral time
domain of a coloured noise process for different values
of a. The dashed line represents the white noise limit
o - 0.

x f(x)+a(x)y ® 0\
%)= (FO I oo
in {2V, 3N

where @ denotes an (N x N) matrix with vanish-
ing elements. This is of the same type as (3.3).
Thus (X, ¢),¢(&, 1)) is again a Markov process,
and a Fokker-Planck equation for the conditional
probability density can be derived from (3.7) in
an analogous manner as (3.4) follows from (3.3).

4. Analysis of the stochastically perturbed
system

We consider the stochastically perturbed
dynamical system (3.3) and assume that the
unperturbed system (¢ = 0) has a stable stationary
point E. Define in state space a domain Q <€,
containing E, where Q, is the attraction domain
of E. At the boundary 0Q the deterministic
vectorfield satisfies f,(x)-v(x) <0, where v(x) is
the outward normal to the boundary. Starting in
xeQ at time t=0, the perturbed system will
remain in Q for a finite time, as shown by
Matkowsky and Schuss (1977). In this section we
will derive an expression for the expected resi-
dence time T(x) in Q.

We first analyze the function ¥(x), satisfying
the stationary form of the Fokker-Planck
equation (3.4):

L% = VY a0 ¥0ol - V00 ¥(0] =0,
4.1)

where
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a(x)=a(x)-g"(x). 4.2)

Furthermore the normalization condition
W(E)=1 is proposed. As will become clear in the
course of our derivation, the expected residence
time is directly related to this function.

For low intensity noise (0 <¢ < 1), an approxi-
mate solution is assumed to be of the Gaussian
form

WY(x) ~ wlx)e &, (4.3)

with w(E) =1 and Q(F) = 0. We require ¥(x) to
be positive in Q with a maximum value in x = E.
This WKBJ approximation originates from geo-
metrical optics, see Goldstein (1980). It is only
valid within the attraction domain of E. If Q
concides with Q_, additional boundary layer
corrections for w(x) are needed (Matkowsky et
al., 1983).

Substituting (4.3) in (4.1) and collecting terms
with equal power in ¢, we obtain in lowest order
the so-called eikonal equation

[—;—g(x)-VQm +f,.(x)]'VQ(X) -0,
0(E) =0,

and in next order the transport equation

(4.4)

[a(x)-V Q(x) + £,(0)]- V() + [V-g(x)-VQ(x)

1
+ Eg(x) VVQ(x)+ V-fu(x)J w(x)=0, (4.5)
w(E)=1.

In our analysis it is sufficient to restrict ourselves
to the solution of (4.4). A simple solution is
obtained in case a potential function V,(x) exists,
such that

Ju(x) = £iP(x) + £i7(x),

LiP(x) = —a(x)-VV,(x), (4.6)
VW, (x)- fi(x) =0,

then

0(x) =2{V,(x) — V,(E)}, 4.7

as may be verified by a direct substitution of (4.7)
in (4.4). At this point we note that Benzi et al.
(1984) reduced their spectral model to a potential
system. When the deterministic system is not of
gradient type, such as the spectral model (2.8),
eq. (4.4) can be analyzed by rewriting it as
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1
Hix.p) = [Eg(x)-p + f;(x)]w ~0,

(4.8)
p=VQ.
By taking the differential of the Hamilton func-
tion H along a bicharacteristic in the (x, p) space,
we obtain the Hamilton equations
dx .
e V,H=a(x)p+ f,(x),
4.9)

dp 1
i VH=- {EVg(x)-p + Vf,‘(x)}-p.
Here s is a parameter varying along a bicharac-
teristic and V, denotes the nabla operator with
respect to the p variables. Additionally we have

49 _ dx

1
=p = 2g(x).pp,

ds 7 ds (4.10)

where (4.8) and (4.9) have been applied. Since
a(x) is a positive definite matrix we see that Q
increases with increasing s.

We wish to obtain values for Q at each point
xe€Q, given Q(E)=0. However, from (4.8) it
follows that p =0 for x = E, which makes it a
stationary point of the Hamilton system (4.9). We
therefore proceed as follows: near x=E the
functions Q(x) and p(x) are approximated by
Taylor series:

0(x) = i(x = E)(x = E) + 0(1x — EP),

p(x)=P-(x— E)+ O(|x — E|?), @10
with P a constant matrix. Expanding the vector-
field /,(x) and a(x) near E in Taylor series,
substituting the expansions in (4.8) and collecting
terms of equal power in (x — E), we obtain in
lowest order a matrix Ricatti equation for P,
which can be solved by standard methods
(Ludwig, 1975). Thus we have initial values
(X0, Do, Qo) for (4.9) and (4.10) on a small sphere
around E. Integration of the Hamilton equations
yields a path in x-space, called a ray. In this way
the solution Q(x) in Q is constructed.

We now turn the expected residence time T(x),
defined in the beginning of this section. As
shown by Gardiner (1983) it satisfies Dynkin’s
equation

L. T(x)=—-1inQ, T(x)=0atcQ, (4.12)

where

L= %sz a(x):VV + f(x)-V 4.13)

is the backward Kolmogorov operator, being the
formal adjungated of L; in (4.1). An approximate
solution of (4.12) is found in the low noise
intensity limit (0 <¢< 1) by means of singular
perturbation techniques. Using a maximum prin-
ciple we obtain an asymptotic solution of the
form

(T ~ Coe** outside a neighbourhood of ¢Q,
T~ CyeX®{1 — e **} near ¢Q
with f,(x)-v(x) <0,

) ) 2 s —lg
T~ Cye —j e ° dsnear ¢Q
T Jy

_  with f,(x)-v(x) =0,

4.14)

and

Furthermore, p is the distance to the nearest
point at the boundary and (¢/6v) is the derivative
along the normal v. Details can be found in
Matkowsky et al. (1983). Note that T(x) has a
singular behaviour for £-0, because of the
inhomogeneous term in (4.12). This is consistent
with the fact that the residence times tend to
infinity if the noise intensity tends to zero.
Furthermore, it appears that in this limit the
expected residence time is independent of the
initial value x, as long as the latter is chosen
outside the boundary layer near ¢Q.

The constants C, and K can be determined
from W(x), following a method developed by
Matkowsky and Schuss (1977). By means of
partial integration and application of the
divergence theorem, it can be shown that

J (WL, T—TL¥}dV

Q

TP 1

=f {lsz[‘P(——T{ ]——e“l’T(V-aw
o L2 én cn 2

+ ‘PT/"‘-V} ds. 4.15)

Here, ¢/cn=a(x):vV is the conormal derivative.
Using (4.1), (4.3) and (4.12), we obtain

Tellus 39A (1987), 1
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—J we’Q/‘:dV=—L£3J we‘Q/"a—TdS. (4.16)
o 2 Ja én
Both integrals are of Laplace type. Substituting
(4.14) in (4.16) we see that the surface integral
contains exp{—[Q(x)— K]/¢*}. Its main contri-
bution comes from the point x,_,€cQ where
[Q(x) — K] attains a minimum. Since the volume
integral is of algebraic order in ¢, the exponen-
tially large contribution from the surface integral
only cancels if

K=Q(x,,)= rr!(i]n Q(x). 4.17)
The function Q(x) can be constructed by solving
egs. (4.9) and (4.10). Hence we can compute the
coefficient K, which is an estimate of the expo-
nential increase of the expected residence time
for a vanishing noise intensity. An integral
expression for C; can also be found from (4.16).
Its analysis requires knowledge of the function
w(x), which will not be considered here. In a
similar way asymptotic approximations for the
distribution of exit points on the boundary 6Q
can be derived. As found by Matkowsky et al.
(1983) an ¢-neighbourhood of x, is the most
probable exit region.

From now on we will assume that Q coincides
with the attraction domain of E and ¢Q contains
a stationary point E of f.(x). This also applies to
the three-component model studied in Section 2.
From the eikonal equation it then follows
X, = E. It implies that unstable equilibria of
£,(x) may be of fundamental importance foI the
dynamics of the stochastic model. As x - E the
deterministic change tends to zero. Consequently,
the stochastic system slows down and remains a
characteristic time 7 near that point. Locally, the
dynamics is governed by the linearized system

d
£ D,

ar (4.18)

where D has at least one eigenvalue with positive
real part. Starting from an initial point z, = 0U(e),
the eigenvalue with largest positive real part 4,
determines the characteristic time:

1 . (4.19)

P

~ d 1

T=—ln<——>+0(l), £ 0,

where d is an O(1) constant.
We now discuss in more detail the computation

of K=Q(E). We introduce in x-space spheres

Tellus 39A (1987), 1

with radius R at the points E and £ Next mesh
points x, are chosen on the sphere at E. The
corresponding values of p, and Q, follow from
(4.11). Then eqs. (4.9)—(4.10) are integrated at
each of the mesh points x, for the initial values
(x0,P0, Qo). If a ray enters the sphere at E, the
value Q(E) is obtained from a Taylor expansion
at E similar to (4.11). Next an iteration is carried
out: the radius of the spheres is decreased and at
each stop a shooting method is applied with the
result at the previous step as starting
approximation for the angular variables on the
sphere at E. The fundamental difficulty in this
method is the strong divergence of the rays
approaching E.

5. Results for the low-order spectral model

The theory of Sections 3 and 4 will be applied
to the three-component spectral model (2.8) with
fixed parameter values b =1 and x; = 4.19 (corre-
sponding to a channel width of 1.5-10° m and a
zonal forcing of 10 m s~'). Then 3 equilibria
exist:

E, ~(3.91,0.74, —0.06),
E, ~(1.88, 1.40, —0.46),
E; ~ (094, —1.06, —0.695).

5.n

The corresponding streamfunction patterns are
shown in Fig. 4. According to Charney and
DeVore (1979), E, and E, resemble a zonal- and
blocked preference state of the atmosphere
respectively. Adding stochastic terms to the equa-
tions we obtain a stochastic dynamical system of
the type (3.3) or (3.7); we have taken a unity
diffusion matrix.

We first consider the characteristic residence
times near the unstable equilibrium E,. From a
linear stability analysis it was found that
A,=0.715 is the only eigenvalue with positive
real part. To verify expression (4.19) a large
number (200) of simulations of the system start-
ing in E,, forced by red noise processes with
different values of «, have been carried out.
Results are shown in Fig. 5, where T is plotted
against In(1/e) for white noise and a red noise
process with o = 3.5. The latter value corresponds
to a dimensional correlation time of about 1 day,
which is representative for the atmospheric flow
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Fig. 4. Dimensional streamfunction patterns (10 m?
s~!, solid lines) for the equilibrium states E,(a), E,(b)
and E,(c) of the atmospheric spectral model described
in Section 2. The dashed lines represent contours of the
orography (102 m). The characteristic forcing velocity is
10 ms™'.

(Egger and Schilling, 1983). In agreement with
(4.19) we find for small ¢ a slope of 1.42=1/4,,
independent of the value of a.

Next we study the residence times in the
attraction domains Q; and Q,. We distinguish
between the white- and coloured noise case. For
the first type of stochastic forcing we obtain, by
the method of integration along rays, for K in

(4.17) the values
{K(l) = K(Q,)=0.23,
(5.2)
K(3)=K(€Q;)=0.52.

Again the results have been verified by means of
numerical simulations. Fig. 6 shows InT as a

0 1 1 J
00 05 1.0 15 20 25
In(1/¢)

Fig. 5. Residence time T near E, as a function of
In(1/¢). The solid- and dashed line show the behaviour
of T for ¢ - 0 for white noise and red noise respectively.
The data points for white noise forcing are denoted ®,
and for the red noise +.

In(T)

0 1 J
2 4 6
1/g2
Fig. 6. In T (T residence time) in Q, (data points x)
and €, (data points @) as a function of 1/¢2. The solid
line and dashed line represent the asymptotic behaviour
in the limit ¢ - 0 for Q, and Q, respectively.

function of 1/¢? for the domains Q, and Q,. The
data are fitted with

~1 =
InT= Ke—2 + Gy, (5.3)
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The results for K and C, are
{1?(1)=o.24, Cy(1)=8.5,
R3)=053, &3 =10,

within an accuracy in K and C, of 109/ and 25%,
respectively. The K-values agree well with the
values in (5.2). Furthermore it appears that the
numerical constant C, in (4.14) has a significant
influence on the expected residence time.

In the case of coloured noise forcing, the
Hamilton system (4.9) is 12-dimensional. A
shooting method failed, because the bicharac-
teristics had a strongly diverging character at
some distance of E,. The results for the constants
K and C, as a function of the noise memory,
presented in Table 1, are based on numerical
simulations only. We remark at this point that in
Section 3 we have chosen the noise parameter-
izations in such a way that they result in equal
variances of the increments Ax(t), where x are
the state variables.

5.4

Table 1. The coefficients Co and K of (5.3) for
different values of «

Co(l) RQ) .3 R3)
o (£25%)  (210%)  (£25%)  (+10%)
1.0 11.0 0.30 11.3 0.68
1.75 10.6 0.26 9.8 0.66
2.5 10.8 0.25 9.3 0.55
35 10.2 0.24 8.4 0.53
[e'e) 8.5 0.23 7.2 0.52

It appears that for 0 < ¢ < | the residence times
of the system in the 2 attraction domains increase
with increasing noise memory. This can be
explained as follows: the time evolution of a
system, perturbed by coloured noise, will have
some memory of its own. Consequently, larger
correlation times cause the system to be persis-
tently driven further away from the equilibrium
in an arbitrary direction. In the limit £ 0, it is
known that exit through the boundary of an
attraction domain will only occur near the
unstable equilibrium E,. Since there is no
preference for the perturbation to drive the
system right away to this point, it will take a
longer time on the average to reach the boundary.

The results shown are based on the assumption
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that the noise has a low intensity (0 <& < 1). We
obtained a reasonable agreement between the
asymptotic values for the expected residence
times and the outcome from simulations for ¢2
smaller than 0.3. Estimates of ¢ for atmospheric
models are given by Egger (1981) and Egger and
Schilling (1983). They found & ~0.2 for the
three-component model considered here. In case
of white noise forcing it then follows character-
istic residence times of about 90 days for the high
index state, 10 days for the intermediate state and
about 310 days for the low index state. These
values seem to be rather large compared with
observational data. They even increase by some
109 if coloured noise forcing is applied with a
correlation time of one day (a = 3.5). Neverthe-
less, it is remarked that they are of the same order
as the average duration of the two preferent
weather regimes occurring in the low order
baroclinic model of Reinhold and Pierrehumbert
(1982), see Table la in their paper.

6. A discrete state Markov model of the
atmospheric circulation

As soon as a stochastically forced dynamical
system of the type (3.1) is in statistical equilib-
rium, the expected residence times of the
preference states yield information about the
expected durances of such states. However, in
this way no information is obtained about the
time scale over which the transient effect of
initial conditions are important. To find this time
scale in general requires the solution of the full
Fokker-Planck equation, but for small noise
intensities it appears that most of the time the
system is close to a stationary point of the
deterministic equations. This suggests the
introduciton of a discrete state Markov model,
with which we can study the evolution of the
probability distribution in time for any initial
conditions. For the randomly forced spectral
model, studied in the previous section, we can
develop such a model with three states, viz. a
zonal state (1), a transitional state (2) and a
blocking state (3). A similar study has been
performed by Spekat et al. (1983), using atmos-
pheric data.

Let Q, denote the transition probability per
unit time to go from state / to state j (i, j=1,2, 3),
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let p,(t) denote the probability to be in state i at
time ¢, and let T, be the characteristic residence
time of this state. The latter is a measure of
predictability when i is the initial state. The set of
discrete time master equations are

(Pl(t'* AN =p (1) Qy1 At +pa(1) @5y At
+p3(1) 03, At,

) Pt + Aty =p,(1) Q12 At + p,y(t) @z, At
+p3(1) @32 A,

p3(t+ A1) =p,(1) Q13 At + py () Q53 At
L +p3(0) Q3341

with At a small but finite time step. Since the sum
of the probabilities is equal to one, the model can
be reduced to two dynamical equations for, e.g.,
p1(2) and p;(¢) and one passive equation for p,(r).
To arrive at the time-continuous model we use
the identities

3

Y QAr=1
1

j=

6.1

fori=1,2,3, 6.2)

and take the limit Az - 0. The result is

(dp,

—(—it_= —(Q12+ Qi3+ Q21)py

+(Q31 — Q@213 + Q21

d
Py 13— 0u3)p:

A

dt -
—(Q31+ Q@32+ Q23)p3 + Qa3
Lp2=1—p —p;.

(6.3)

To specify the transition probabilities we use the
results of Section 5. There it was found that for
small noise intensities the transition from the
zonal state to the blocking state, and vice versa,
occurs by way of the transitional state. Further-
more, given the system is in the transitional state,
it has equal probability to go to the zonal state or
the blocking state. Hence

013=03, =0, 0:3=01 (6.4)

must hold. The remaining unknown coefficients
Q12, 05 and Qs in egs. (6.3) can be related to
the characteristic residence times in the following
way. Define yx(t) as the conditional probability
for the system to be in state i at time ¢, given it
was in i at t=0. Since y(t) — x,(t + At) is the
probability for exit of state i in the time interval

[t,1+ At], it follows —dy(r)/dt a probability
density distribution over the time domain. Conse-
quently the characteristic residence time is

e dx' el
e [ [
o dfJy

where in the last step partial integration has been
applied. In this case we have

N —n+An= x (@At
x2(1) — 12t + A1) = 2x,(1) @11 At
B — e+ AN = x3(1) Qs At,

Developing for At—0 and using (6.5) we finally
obtain

1 1
QZI =L

Ty 2T,
Our model now consists of (6.3), (6.4) and (6.7).
The general solution of this inhomogeneous linear
system can be written

(Pl) _ (Pl:) +a <u1 1 )Cl' o, (u“)e" ' (6.8)
P Pis U Uz

where

(pu>_ 1 (T»
Dis T, +2T,+ T3 \T,
is the equilibrium point of the model, which
corresponds to the stationary probability distri-
bution. Furthermore A, and A, are eigenvalues of
the homogeneous system with (u;;,%,3) and
(uy;,u,3) the eigenvectors; o, and a, are inte-
gration constants determined by the initial
conditions. It can be shown that A, and 4, are
real negative constants, so the stationary point is
always stable.

As a specific example we have analyzed the
model for T, =9, T, =1 and T; = 31, which are
scaled values of the explicitly calculated residence
times of Section S. The eigenvalues in this case
are

A, =—10.070, (6.10)

As can be seen from (6.8) they represent a slow-
and fast exponential decay towards the stationary
probability distribution. In Fig. 7a trajectories of
the system in the p,, p;-phase plane are shown
with initial values (1, 0), (0,0) and (0, 1), denoting
that at r =0 the system is in state 1, 2 or 3 with
probability 1. From the numerical experiments it

(6.5)

(6.6)

1
O = ? 6.7)

3

Q12

6.9)

A, =—1.073.
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Fig. 7. Evolution in time of the probability distribution of the Markov chain model for T, =9, T, = | and T, = 31,
starting in the states 1, 2 and 3. In (a) the trajectories in the p,, p;-plane are shown. In (b), (c) and (d) the explicit
time dependence is shown; the dotted lines represent the stationary probability distribution.

follows that if the system starts in state 1 or 3, the
transient evolution of the probability distribution
is mainly determined by 4, . If state 2 is the initial
state the decay in p, is in a first instance
controlled by 4, = ((1/T,) and hereafter by 4,.
Thus the predictability is then lower, as the
model will almost certainly have undergone a
transition either to state 1 or state 3. Whenever
this happens the dynamics is from then on
controlled by 4,, as we have seen. This is illus-
trated in Figs. 7b—d, which show the time evol-
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ution of the probability distribution, starting in
the initial states 1, 2 and 3, respectively. The
dotted lines show the stationary probability
» distribution. *

7. Concluding remarks
In this paper we have studied the effect of

stochastic perturbations on a three component
spectral model of the barotropic potential
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vorticity equation on a beta plane. The
unperturbed system is considered in Section 2. It
appeared that for parameter values, representa-
tive for the atmosphere, three equilibria E,, E,
and E, exist. The former and latter are stable,
while the intermediate one is unstable.

In Section 3 we have parameterized the effect
of unresolved modes on the resolved modes,
including additional processes not incorporated
in the model, by stationary stochastic terms,
being of the white noise or coloured noise type.
We have taken the diffusion matrix to be the
unity matrix. One may include the state depen-
dent sensitivity of the large scale circulation
model for transient perturbations by letting the
components of the diffusion matrix be functions
of the state variables x, but it is not clear how
these functions should be specified.

The perturbed system shows frequent transi-
tions between the attraction domains of the stable
equilibria E, and E;. As noticed in Section 4, for
small noise intensities (0 < ¢ <€ 1), the system will
also remain for some time in a neighbourhood of
the unstable equilibrium E,, hence the latter is
significant for the dynamics of the perturbed
system. Consequently, unstable equilibria are
important for the dynamics of the large scale
atmospheric circulation. Similar results have
been found by Reinhold and Pierrehumbert
(1982) and Legras and Ghil (1985). They used
higher order deterministic spectral models of the
potential varticity equation. In their case the
presence of saddle-points is responsible for
chaotic dynamics and regime behaviour.

A method is described to calculate the
asymptotic behaviour of the residence times in
the neighbourhood of the equilibria for £¢- 0.
Benzi et al. (1984) have carried out such an
asymptotic analysis. The method we presented
extends to unstable equilibria of the unperturbed
system and to systems that are not necessarily of
gradient type.

In Section S results were presented for the
three component spectral model of atmospheric
flow perturbed by noise with different correlation
times. It appeared that the shooting method for
solving the Hamilton equations was only applic-
able in the white noise case. For coloured noise
forcing results could only be obtained from
numerical simulations. The computation of Q(x)
by means of integration along rays brings about

the difficulty of constructing the ray that con-
nects E with E (see Section 4). Presently, we are
investigating the possibility of solving a two-
point boundary value problem for the Hamilton
egs. (4.9) with (x,p)—(E,0) for s» —oo and
(x,p) = (E,0) for s'-»co. The results so far
suggest that the method is also applicable to
higher dimensional systems, hence it may be a
useful tool in the analysis of more complicated
spectral models.

Since the solution of the stochastically per-
turbed model remains most of the time near the
three equilibria of the unperturbed system, we
formulated a stochastic dynamical system which
may take only three discrete states. In Section 6 a
time-continuous Markov model is derived to
study the transient effects of initial conditions on
the evolution of the probability distribution over
the three states of the model studied in Section 5.
From the results it can be concluded that the
predictability of the states is closely connected
with the eigenvalues of the Markov model. In a
first instance the residence times 7 yield infor-
mation on the expected durance of the preference
state i. In addition to this the value 1/4; in (6.10)
gives an indication of the time scale over which
the effect of the initial state is present in the
system. In this time span the initial state can be
utilized in the process of computing the prob-
ability distribution over the three preference
states.

We will now discuss the validity of the
stochastically forced spectral equations as a
model of the atmospheric circulation. In order to
do so we have cast the results in the form of a
three state Markov model, see also Spekat et al.
(1983). The latter authors developed a similar
model, but used meteorological data as input to
calculate transition probabilities, expected resi-
dence times, etc. It then follows that the persis-
tence of the zonal state E, and the blocked state
E, of our model are too large (by a factor of 10)
compared to the characteristic lifes of large scale
circulation types over central Europe. This
imperfection may be due to the fact that a three
component spectral model of the barotropic
potential vorticity equation is not a correct repre-
sentation of the atmospheric circulation. It
includes neither barotropic- nor baroclinic insta-
bility mechanisms (Charney and DeVore, 1979),
which have a significant impact on the dynamics.
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The unstable equilibrium E, is due to topograph-
ic instability, but it seems that in more complicat-
ed models this mechanism is of less importance
(Revell and Hoskins, 1984). The two stable
equilibria E, and E,, representing a zonal- and
blocked flow respectively, suggest bimodality in
the atmosphere. Although there are some recent
indications of this phenomenon, it is not yet
confirmed in a systematic data analysis.

Barotropic instability mechanisms can be
included in the model by increasing the number
of resolved modes. Consequently, the dynamics
of the unperturbed system will show a much
richer behaviour. From the structure of the spec-
tral model equations it follows that the equilibria
of a low order model are also equilibria of higher
order models, but their stability properties can be
affected by the unresolved modes. For example, a
six component spectral model of the barotropic
potential vorticity equation shows in certain
domains of the parameter space an unstable
equilibrium E;, with additional equilibria and
periodic and aperiodic solutions (Charney and
DeVore, 1979). In a subsequent paper the rela-
tion with the stochastically perturbed three com-
ponent model will be investigated. A more realis-
tic description of the atmospheric flow is
obtained by including vertical resolution in the
model. In that case the flow may be baroclinically
unstable and show chaotic behaviour (Reinhold
and Pierrechumbert, 1982).

8. Appendix

Consider the finite difference scheme of (2.3),
which reads

x(t+ Ar) = x(1) + £ (x(1)) At

+ ea(x(0))-AW(1). (A.1)
For numerical simulations we make the
substitution
AW(t)= Wt + At)— W) = B(A1)G. (A.2)

Here the components of G are mutually indepen-
dent Gaussian random generators with zero mean

and unit standard deviation, a choice based on
the properties of the Wiener process. Further-
more B(Ar) is a function of the time step At which
has to be chosen in such a way that the
parameterization (A.2) does not affect the
variances of the increments {Ax(t)Ax(t)) in
(A1), ie.,

(AW AW()) = BA(A1){GG) (A.3)
must hold. Using the property
W)W+ 1)) =min(t,t + 1)1, (A.4)

we find that the left hand side of expression (A.3)
equals A¢l. For the chosen random generators
(GG» = I, and thus from (A.3)

B(AD = JAL (A5)

Hence the numerical scheme for eq. (2.3) reads

x(t+ At) = x(t) + f,(x(1) At
+ ea(x(1))- G /At

Finally we remark that there are two conditions
on the time step. First,

(A.6)

At <1, (A7)

in order to avoid instabilities due to the
deterministic integration. Secondly, in the limit
£- 0, we expect the variance of the difference
between the stochastic- and deterministic trajec-
tories to be zero. Therefore we must also require

At = ofg), e-0. (A.8)
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