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ABSTRACT

A method of solving the viscous three-dimensional hydrodynamic equations is developed
using an expansion of vertical structure functions (modes). Both slip and no-slip bottom
boundary conditions can be incorporated in the method. Vertical structure functions for
arbitrary vertical variations of viscosity are computed using either the Runge-Kutta-Merson
method or an expansion in terms of spline functions. The accuracy and relative merits of these
two methods is compared and contrasted. The influence of vertical eddy viscosity upon modal
structure, and profiles of wind drift currents is examined for both homogeneous and stratified
sea regions. The excitation and subsequent decay of the modes in response to a suddenly
applied wind stress is considered, as is the influence of depth and viscosity upon the rate of
convergence of expansions of vertical structure functions.

1. Introduction

Two dimensional storm surge models have
been used extensively to study changes in sea
surface elevation in response to various wind
fields (e.g., Gjevik and Reed, 1976). In a two-
dimensional model, bottom stress is related to the
depth mean current. However physically bottom
stress should be related to bottom current, and in
deep water (e.g., areas off the Norwegian Coast,
Gijevik and Reed, 1976; Reed, 1979) where the
wind’s momentum cannot penetrate to depth,
bottom stress may be overestimated in a two
dimensional model. Also vertically integrated
models cannot compute the profile of wind
induced currents; information which is important
for pollution studies, particularly oil spills which
depend upon a knowledge of surface currents
(Weber, 1981). Current profiles are also of
particular importance in determining the stresses
on off-shore rigs (Gordon, 1982a, b). For these
reasons, there is increasing interest in solving the
three-dimensional equations which describe wind
induced currents in a sea area. The solution of

these equations can be computationally expen-
sive, and consequently there is interest in
methods which are computationally economic,
and where possible can give some insight into the
mechanisms controlling wind induced current
profiles; the topic of this paper.

The solution of the three-dimensional
hydrodynamic equations describing flow in both
homogeneous (Koutitas, 1978; Davies and Owen,
1979 Cooper and Pearce, 1982) and stratified
(Davies, 1981) sea regions has recently been
developed using the Galerkin method in the
vertical. In this approach the horizontal
components of current are expanded in terms of
coefficients varying with horizontal position and
time, and functions (the basis functions) through
the vertical. The choice of basis function is
arbitrary, and a number of functions have been
used, for example, cosine functions (Koutitas,
1978), a mixture of logarithmic and cosine func-
tions (Cooper and Pearce, 1982), Chebyshev and
Legendre polynomials (Davies and Owen, 1979;
Gordon, 1982a). In general the application of the
Galerkin method with an arbitrary basis set
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yields a set of coupled equations, which can be
computationally expensive to integrate (Davies
and Stephens, 1983).

An alternative to using the Galerkin method
with an arbitrary set of basis functions is to
choose the basis functions to be eigenfunctions of
an eigenvalue problem describing the vertical
variation of viscosity. These eigenfunctions are
often termed vertical structure functions (Baker
and Jordan, 1980, 1981) or simply modes (Heaps,
1972; Nihoul, 1977). Both terms will be used in
this paper. In the case of a linear set of
hydrodynamic equations, the use of modes in the
vertical, yields a set of uncoupled equations
which are computationally economic to integrate
(Davies and Stephens, 1983).

In general, the determination of modes has
been restricted to vertical variations of viscosity
for which the eigenvalue problem can be solved
analytically. The problem of constant eddy vis-
cosity, and a slip bottom boundary condition was
solved by Heaps (1972). Subsequently Heaps
(1981), used a no-slip boundary condition and
solved the eigenvalue problem in a two-layered
approach in which within the bottom boundary
layer, eddy viscosity increased linearly; with vis-
cosity constant in the layer above it. An extension
to a multilayer system, with viscosity linearly
varying in each layer has recently beern given by
Furnes .(1983). In the case in which viscosity
varies in a parabolic manner, vertical structure
functions (modes) have been computed in terms
of expansions of Legendre and associated
Legendre polynomials (Nihoul, 1977; Baker and
Jordan, 1980, 1981). In this paper the linear
modal equations describing three dimensional
time dependent viscous flow are briefly de-
veloped using the Galerkin method, with an
expansion of modes. By using the Runge-Kutta-
Merson method or an expansion of spline func-
tions, modes (vertical structure functions) can be
accurately computed for arbitrary vertical
variations of viscosity. The Runge-Kutta-Merson
method of computing the modes is compared and
contrasted with the alternative semi-analytical
method of computing modes in terms of
expansions of spline functions. The flexibility
and accuracy of the methods are demonstrated by
computing modes for a number of eddy viscosity
profiles. The influence of vertical variations of
eddy viscosity upon modal structure and hence
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current profiles is briefly illustrated in the later
part of the paper.

2. Hydrodynamic equations

2.1. Development of the modal equations

In this section, the Galerkin method is used to
develop the linear three dimensional modal equa-
tions in Cartesian Coordinates. Only the essential
steps are given here and the interested reader is
referred to Davies (1983a) for a more detailed
development.

The linear hydrodynamic equations in sigma
coordinates are given by (Davies, 1983a),

= = 1 o 1
‘TC +7(7<h~( uda) +{v<h‘( vda) =0
&t éx 0 &y 0

2.1
cu ¢ 1 ¢ Cu
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with ¢ = z/h. The advantages of using a sigma
coordinate system and the development of the
non-linear equations have been given in Davies
(1980).

In the above equations, 7 denotes time, x, y, z,
Cartesian coordinates forming a left handed set,
and h depth of water, with { free surface eleva-
tion. Also u, v are components of current at depth
z in the x, y directions respectively. The acceler-
ation due to gravity g, and the geostrophic coeffi-
cient y, are taken as constant, whereas the coefh-
cient of vertical eddy viscosity u in general
depends upon x, y, z and t.

We now consider the development of the
modal equations from (2.1). (2.2) and (2.3) using
the Galerkin method in the vertical. Expanding
the two components of velocity u, v in terms of
m basis functions f,(¢) and coefficients A.(x, 1, 1)
and B,(x, y, 1) gives,

u=3 A0, 2.4)

r=1

o= ia,/;(a).
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Substituting (2.4) into (2.1) gives the modal
form of the continuity equation, thus

Sey(Sun+s—@n)| rao-o
X cy 0

ct C

r=1

(2.5)

In general the choice of basis functions f, and
eddy viscosity u4 which can be used with the
Galerkin method is arbitrary (see Davies and
Owen, 1980). Here we consider the case in which
the vertical variation of u is fixed, having a

functional form denoted by (g). Thus,
expressing u as,
u(x, y,0,1) = olx, y, 1) Y(0) (2.6)

with a(x, y, ) representing the magnitude of u
which can vary with horizontal position and
time.

For this variation of u the basis functions f.(¢)
can be determined as eigenfunctions of an
eigenvalue problem of the form,

SNy

do | do 27

where ¢ are the associated eigenvalues.

Applying the Galerkin method to (2.2) (see
Davies, 1983a, 1985 for details) and using the
orthogonality property of eigenfunctions, namely

]
J/Jﬁa=0 r#s, (2.8)

#0 r=s,

then from (2.2), we obtain,
CA,
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where k = 1, 2, . . ., m. In this equation and the
corresponding equation derived from (2.3), 3, 15,
and t}, b, are the x and y components
of surface stress denoted by superscript s, and

bottom stress denoted by subscript h. Bottom
stress can be computed from the bottom current
uy, vy, using either a quadratic law or a linear law
of the form,

™ = kpu,, ™ = kpr,, (2.10)

with k a linear coefficient of bottom friction, and

p density of sea water, here taken as constant.
An alternative to (2.10) is a no-slip condition,

namely

u, = v, = 0. (2.11)

Eqgs. (2.9) are essentially an uncoupled set of
modal equations, except for coupling through
bottom friction and the term

i d
meﬁﬁ

1
0
We now consider how this coupling can be
removed by an appropriate choice of surface and
sea bed boundary conditions for the modes f..

In order to determine a unique set of
eigenfunctions from (2.7) it is necessary to specify
sea surface and sea bed conditions for the
eigenfunctions f,. In the case of the no slip
bottom boundary condition, eq. (2.11), then
£.(1) = 0 for all r.

Considering the surface boundary condition;
the eigenfunctions and eigenvalues of (2.7) will be
real (Davies, 1983a), provided

df,
dalo

= C, f(0), (2.12a)

with C, an arbitrary constant.
Similarly when a slip condition is applied at
the sea bed, we have,

df

do

= G, (), (2.12b)

1

with C, an arbitrary constant.

Davies (1983b) showed that by choosing these
coefficients in an appropriate manner, the rate of
convergence of expansions (2.4) could be
enhanced.

An alternative to (2.12b) when a linear slip
bottom boundary condition is applied is to satisfy
this boundary condition exactly. Thus, applying a
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linear slip condition at the sea bed, using (2.10),
gives

—u Cu
= ——| =ku
T h dal h
(2.13a)
w_ —HCv
T el

When expansions (2.4) are substituted into
(2.13a), the bottom boundary condition becomes,

df|  —kn
dol u(l) ’

A boundary condition of the form (2.13b) has
been used previously (Heaps, 1972). However, in
a sea region in which the depth 4 varies, the term
kh/u(1) has to be constant, in order to ensure that
the same basis functions are employed at each
horizontal grid point. By treating the bottom
boundary condition as a natural boundary con-
dition (Davies, 1983a) and using (2.12b) this
problem can be overcome (see Davies, 1983a for
details).

Conditions (2.12a) and (2.12b) and (2.13b)
together with the normalization condition, taken
for convenience as

100) =1

are sufficient to determine a unique solution of
(2.7) in the case of a slip bottom boundary
condition. (In the case of a no-slip boundary
condition, eqs. (2.11), and (2.14) are applied, with
f(1) = 0 forallr.)

For the particular case in which C, = C, = 0,
then from (2.9) we have,

(2.13b)

for all r, (2.14)

CA, &L
= vB, _gTjaA(DL
ct Cx
() T «
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¢B, &l
== A - g a B
ct Cy
§AGY) T a
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with
1 1
P, = l/f fide, ak=f f, da. 2.17)
0 0
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2.2. Calculation of vertical modes

In the case in which ¢ is constant, or varies in
a parabolic manner, the eigenfunctions [modes or
vertical structure functions (Baker and Jordan
(1980)] of (2.7) can be determined analytically
(Heaps, 1972. Baker and Jordan, 1980, 1981).
However for many physically realistic variations
(Smith, 1982: Wolf, 1980), an analytic solution is
not possible.

In this section we consider two methods
whereby the eigenvalues and eigenfunctions of
(2.7) can be computed, and the necessary inte-
grals @, and a, (eq. 2.17) required in the spectral
model can be determined. By using two methods
it is possible to check the accuracy of each, and to
determine under what conditions numerical diffi-
culties may occur.

2.2.1. Application of the Galerkin method. In the
first method, eq. (2.7) is solved using the
Galerkin method (Davies, 19834, b). In this
method the eigenfunction f, is expanded in terms
of a set of m coefficients d,. and B-spline M,,
giving

(2.18)

t=1

The piecewise nature of the B-splines enables
essential boundary conditions to be incorporated
by linearly combining the splines. Their
piecewise nature also means that resolution can
be improved in high shear layers (see Davies,
1983a), where the eigenfunctions change most
rapidly through the vertical. by increasing the
number of knots, and reducing their spacing (see
Davies, 1983a for details).

Applying the Galerkin method to (2.7). the rth
eigenequation is multiplied by f, and integrated
over the region 0 to 1. When the term involving ¥
is integrated by parts, we obtain,

df,
Vo,
df, J‘ df, df; ‘
P L2
Vil =] ¥y gedo = e | Side
(2.19)
where k =1, 2, ..., m. The first two terms in

(2.19) involve vertical derivatives of the basis
functions at sea surface and sea bed. By elimin-
ating these terms using for example (2.12), a
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unique solution of (2.7) can be determined, with
computed eigenfunctions  satisfying  those
conditions.

When (2.18) is substituted into (2.19) a stan-
dard eigenvalue problem is obtained which can
be readily solved to determine the coefficients 4,
and eigenvalues ¢,. Details can be found in
Davies (1983a) and will not be repeated here.

2.2.2. Solution using the Runge-Kutta-Merson
method. An alternative to using the Galerkin
method with an expansion of B-splines, is to solve
the eigenvalue problem (2.7) using an iterative
method to determine the eigenvalue ¢. In the
iterative method, the Runge-Kutta-Merson tech-
nique is employed to integrate the eigen-equation
from sea surface to sea bed, and to compute the

1 1
integrals a, = Jf,da and ®, = I/J f?do used in
0 0

r

egs. (2.5), (2.15) and (2.16).

The Runge-Kutta-Merson technique is a
method of integrating a system of coupled differ-
ential equations of the form,

dy,
¥=F,-(O', Y. Y, ..

. Y,) wherei=1,2,... n

(2.20a)

In this coupled set of differential equations, Y,
is the variable to be integrated (in our case)
over the region 0 < ¢ < 1. In general Y, is an
arbitrary function F, of ¢ and the variables Y,
Y, ... Y,

Considering for illustrative purposes the single
differential equation

dYy
— = F(o, Y).
do (0. 1)

Starting from Y(o,), then the fourth order Runge-
Kutta-Merson method generates a solution
Y(o, + Ao) at a step size Ao from g, using

Y(o, + Ac) = Y(0,) + (A, + 2A, + 2A, + A,
(2.20¢)

(2.20b)

where

Al = Ao F[O’”, Y(G())]

Ay = Ao Fla, + 3Aa, Y(a,) + 3A|]

A, = A Flo, + $Ac, Y(0,) + 3A,]

A, = Ac Flo, + Ao, Y(a,) + A,

The method therefore requires four function

evaluations per integration step, which makes it
very time consuming, particularly with a small
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integration step Ag. The particular problem
considered here of solving (2.7) and determining
the integrals a; and ®,, can be expressed as four
differential equations, of the form,

ﬂ = Y, /¥, 92: —¢& Iy,
do do "
(2.21)
ﬂ =Y ﬂ = Y2
do " do v
where
Y, =71, Y, = ydf/da,

Y3=ff,da, Y4=ff?da;
0 0

consequently, a,= Y5, and ' = Y,.

In this paper, a fourth order Runge-Kutta-
Merson method is used to integrate (2.21)
through the vertical. This method estimates the
error in the solution at each step Ag in the
vertical (Hall and Watt, 1976; Hamming, 1962).
If this error is greater than a prescribed criterion,
the vertical step size Ao is reduced. By this means
an accurate solution can be obtained even in
regions where the mode changes very rapidly.
The advantage of this is discussed in the next
section.

Considering now the method of determining
the eigenvalues ¢, and eigenfunctions f,, together
with integrals @, and ®,.

For large r, the positive eigenvalues of (2.7) can
be estimated from (see Appendix),

N
L]

= [m/J 1.0 ¥) da}

where ¢, denotes an estimated eigenvalue.

Hence the first r positive eigenvalues of (2.7)
lie in the interval between zero and &, + E, where
Eis a small fraction of &, which is added to ensure
that ¢, lies within this interval.

The calculation then proceeds in the following
steps:

(1) By making an initial estimate (denoted by
superscript) of the first eigenvalue £ which
is usually taken as zero.

(2) The Runge-Kutta-Merson method as de-
scribed above is used to integrate (2.7) in
order to compute the value of d f{""/dg and f"
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at the sea bed, for specified surface values of
dfV/de and f, determined by eqs. (2.12a) and
(2.14).

(3) For the case of a slip bottom boundary con-
dition given by (2.12b), the difference
between the value of df]/de at the sea bed
and that specified in (2.12b) is determined.
For the boundary condition given by (2.13a),
the difference between df!/de and
—[(kA/u()1 /" at the sea bed is determined.
With a no slip condition (eq. 2.11), the
difference between f{" and zero is computed.
A revised estimate of the first eigenvalue &?
is determined by increasing £{" by a small step
size 8 i.e. &P =¢" + 4. Steps two and three
are then repeated until two eigenvalues ¢~
and &™ have been determined such that in the
case of the slip boundary, the values of
dff"~"/de and d f{™/de bracket the exact sea
bed condition. In the case of the no slip
condition, values of f{"~" and f{™ bracketing
zero are determined.

(5) Having bracketed the value of &, by this
means, the accuracy of the eigenvalue can
then be improved by using Newtons method
to ensure that the sea bed boundary condition
is satisfied to within a given degree of pre-
cision. The interested reader is referred to

4

~—

text books on numerical analysis (e.g.
Hamming, 1962) for details of Newtons
method.

(6) The Runge-Kutta-Merson method is then used
to determine the integrals a, and ®,, required

in the spectral model, together with mode f,.
Once the first eigenvalue and eigenfunction
have been determined, then an estimate of the
second eigenvalue is computed by incrementing ¢,

by & and the above procedure is repeated until the
first r eigenvalues have been found. To ensure that
no eigenvalues and associated eigenfunctions are
omitted in this stepping method it is necessary to
choose J to be a small fraction of the interval from
zeroto s, + E. A simple check that ensures that an
eigenfunction is not omitted is to compute the
number of times it goes to zero in the vertical,
which must increase by one, as the mode number
increases (see Fig. 2).

Vertical modes, eigenvalues ¢,, and integrals a,
and ¢, computed using either the Runge-Kutta-
Merson method, or the expansion in terms of
splines may then be used in egs. (2.5), (2.15), and
(2.16).

3. Computation of vertical modes |vertical
structure functions) and steady state
profiles

3.1. A homogeneous sea region

In a preliminary series of calculations both the
Runge-Kutta-Merson method and the expansion
in terms of splines, were used to compute vertical
modes in order to compare the methods and test
their accuracy.

Initially the distribution of eddy viscosity
shown in Fig. 1, profile (a) was employed with u
constant at 1000 cm? s=! from sea surface to sea
bed, and a no-slip condition at the sea bed. In
this case an analytical solution can be found
(Davies, 1983a) with which numerical solutions
can be compared.

Values of ae,, ©, and a, computed with the
Runge-Kutta-Merson method were in excellent
agreement (to better than 6 figures in the first 6

surface .. Ho Ho
h|
H i
sea =TT
h
bed 25h 2
H M2

(a) (b) (c)

{d) (e)

Fig. 1. Vertical variation of eddy viscosity used in the wind driven model. Profiles (a) to (d) are for a homogeneous
sea. with profile {e) incorporating a reduction in turbulence at the level of the thermocline, reflecting enhanced

vertical stability in the region.
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modes) with the analytical solution. Excellent
agreement was also obtained with the spline
method, using the order of 25 equally spaced
splines in the vertical.

Although a constant value of eddy viscosity is
appropriate for an initial examination of the
accuracy of the methods, since an analytical
solution is available, it is not physically appro-
priate. Eddy viscosity values found from current
measurements (Bowden et al., 1959; Bowden,
1978; Wolf, 1980) and from turbulence theory
(Smith, 1982) have suggested that a constant value
of eddy viscosity is not physically realistic for wind
driven currents in a tidal sea.

Neumann and Pierson (1964) give an empirical
formula for surface eddy viscosity u, of the form,

Py (cm ™' grs™)
= 0.1825 x 10~* W2 (W in cm/s). 3.1

By using Reynolds stress relationships due to
Ichiye (1967) to relate surface eddy viscosity to
the wave field, and equations (Carter, 1982) to
determine the wave field in terms of wind veloc-
ity, W. Davies (1984a, b) derived the following
equation for surface eddy viscosity, in a fully
developed wave field.

4, (m?s )= 0.3043 x 107 W (Winm/s). (3.2)

Values of eddy viscosity for a range of wind
speed computed with (3.1) and (3.2) are shown in
Table 1.

At depth, eddy viscosity can be related to the
current velocity using (Davies and Furnes, 1980).

(3.3)

where ¢ = 107*s™', k=20 x 107° In the
central Northern North Sea (depth h taken as
100 m) tidal and strong wind driven currents are
typically of the order of 75 cm/s, giving from (3.3)

= k@ + 0o,

Table 1. Values of surface eddy viscosity u, for a
range of wind speeds, computed using (A) an equation
taking into account the wave field and (B) an
empirical equation of Neumann and Pierson (1964)

W (m/s) 5 10 15 20 25
U, (cm3js) A 40 316 1069 2535 4951
u, (cm?/s) B 100 563 1551 3184 5563

a p, value of order 1000 cm?/s during major wind
events.

At the sea bed, eddy viscosity depends upon
the roughness length z, and current velocity
(Bowden et al., 1959; Bowden, 1978). From ob-
servations, Channon and Hamilton (1971) found
a range of z, values, typically from 7.0 cm to 0.44
cm. Using this range of z, values, with strong
tidal and wind driven currents in the North Sea,
Davies (1983a), suggested that eddy viscosity at
the sea bed could vary from 100 cm?/s to below
1 ¢cm?/s depending upon current velocity and z,
value. In the calculations described later, u, = 50
cm?/s; a value lying midway in this range.

We shall now consider the influence upon the
accuracy of the spline and Runge-Kutta-Merson
methods of using a vertically varying eddy viscos-
ity profile covering the range of viscosity de-
scribed above.

Fig. 1, profile (b) shows a typical vertical
variation of eddy viscosity which is probably
appropriate in a strong tidal current regime
(velocity of order 75 cm/s), at low wind speed
(W = 5 m/s). From Table 1, it is evident that at
W =35 m/s, u, is of order 50 cm?/s, and for
currents at depth of order 75 cm/s, u, = 1000
cm?/s (eq. 3.3), with u» = 50 cm?/s. Bowden et
al. (1959) suggests that the distance A, over which
u increases linearly from its sea bed value should
be of order 0.1 h. Here we take for illustrative
purposes h, =h,=0.1 h=10 m. [The value of
h, should be related to the frictional velocity u, at
the sea surface and hence to the surface stress
(Davies, 1985). A value of order 10 m however is
appropriate (Davies, 1985).]

Values of ag,, ®, and a,, computed using the
viscosity profile given in Fig. 1(b) with g, = 50
cm?/s, gy = 1000 cm?/s, u» = 50 cm?/s, are given
in Table 2 (column ). With this profile of
viscosity, significant errors occurred with an
equally spaced distribution of splines. However
an accurate solution was obtained with the
Runge-Kutta-Merson method or when an expan-
sion of the order of forty splines, distributed so
that there was an increased number of splines in
the near surface and near bed regions was
employed.

To understand why there is a significant error
in the eigenvalues and eigenfunctions computed
with a small number of splines, when
o = p> = 50 cm?/s, g, = 1000 cm?/s but not
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when g is constant at 1000 cm?/s, it is necessary
to examine the vertical variation of the first few
eigenfunctions (Fig. 2). It is apparent from Fig. 2,
profiles (a) and (b) that when u is reduced in the
sea surface and sea bed regions, compared with
its mean value, then there is a significantly larger
shear in these regions, than when g is constant at
its mid-depth value. In order to accurately resolve
the high shear which occurs when yu;, and u, are
low (of order 50 cm?/s), it is necessary to increase
the number of splines in the high shear regions.
However when u is constant these high shear
regions are absent (see Fig. 2, profile (a)) and
modal structure can be accurately computed with
a lower number of splines.

The Runge-Kutta-Merson method however
remained accurate in both cases. This is because
this technique uses a multiple stepping method
with a variable step size in performing the inte-
gration. At each step an estimate of the error is
made and if this is found to be above a certain
prescribed limit the step size is reduced. (Details
of the method can be found in numerical analysis
text books, e.g. Hall and Watt, 1976.) Conse-
quently the step size is reduced in regions where
the eigenfunction changes most rapidly and accu-
racy is preserved. Calculations showed that the
Runge-Kutta-Merson method required more
computer time than the Spline approach.
However in practice when a modal method is
used to solve the hydrodynamic equations, the
calculation of the modes is a very small fraction
of the computer time, the majority of which is
spent in integrating the modal equations through
time.

At high wind speeds (W = 25 m/s), u, is of
order 5000 cm?/s, and the profiles (c) or (d)
shown in Fig. | may then be applicable. Values
of ag,, ®, and a,, computed using eddy viscosity
profiles (b), (c) and (d), with both slip and no-slip
bottom boundary conditions are given in Table 2.
Both the Spline method and the Runge-Kutta-
Merson method gave identical values of ¢, O,
and q,.

Referring to Table 2, it is evident that the
eigenvalue increases with mode number, and that
for a given mode the eigenvalues are comparable
in magnitude. It is interesting to note that in the
case of the slip bottom boundary condition,
& = 0, and consequently the first mode is only
damped by bottom friction.

Considering the weighting functions ®,. It is
apparent from Table 2 that for viscosity profiles
(¢) and (d), ®, values for all the modes are
comparable in magnitude. However in the case of
distribution (b), the @, values of the higher modes
exceed those of the lower modes. The importance
of this is discussed below.

It is evident from egs. (2.15) and (2.16), that
the initial response of a sea region to a suddenly
applied wind stress is the excitation of all vertical
modes. The contribution of these modes to the
initial current profile is determined by the
weighting term ®,. Consequently in the case of
viscosity profile (b) for which the ®, values of
some of the higher modes, exceed those of the
lower modes, these higher modes will contribute
most to the current’s profile following the sudden
imposition of a wind stress. However as time
progresses the coefficients of the modes are
damped by the term ag,/h*. Since ¢, increases with
mode number, the higher modes are damped most
rapidly and hence as time progresses these modes
contribute less to the current profile. In the case
of a wind impulse, in shallow water (h < 100 m),
then the contribution of the higher modes de-
creases very rapidly and an accurate profile can
be computed using the order of ten modes. In
deep water (h ~ 1000 m), because of the A2
dependence of the damping then the higher
modes persists much longer and a significantly
larger number of modes are required (of order
30), to compute an accurate profile. As u, is
reduced, the ®, terms for the higher modes
increase, and hence their contribution to the
current profile is increased. Consequently a larger
number of modes are required to compute an
accurate current profile when u, is low (of order
50 cm?/s), than when g, is high (of order 5000
cm?/s) relative to its mean value. The depth mean
value of viscosity is also important in determin-
ing the rate of damping of the modes, and it is
evident from egs. (2.15) and (2.16) that damping
increases with increasing a. It is important to
note that « takes into account the time variation
of viscosity, and hence (2.15) and (2.16) can be
readily solved with a spatial and temporally
varying viscosity.

Since modal damping is determined by the
term ae,/h, then current profiles will reach a
steady state more rapidly when the depth mean
eddy viscosity is high, and water depth shallow,
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Fig. 2. Vertical variation of the first five modes in a water depth # = 100 m, with A, = h, = 10 m, computed with:
(a) Profile in Fig. 1(a), using a no slip condition with u constant at 1000 cm?/s; (b) profile in Fig. 1(b), using a no slip
condition with u, = 50, u, = 1000, 4, = 50 cm?/s; (c) profile in Fig. 1(c), using a no slip condition with g, = 5000,
#; = 1000, u, = 50 cm?/s; (d) profile in Fig. 1(d), using a no slip condition with g, = 5000, u, = 50 cm?/s: (e) profile

in Fig. 1(b), using a slip condition with g, = 50, g, = 1000, g, = 50 cm?/s; (f) profile in Fig. 1(c), using a slip
condition with g, = 5000, u, = 1000, u, = 50 cm?/s.
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than in a low viscosity deep water region. A
conclusion born out by calculations (Davies,
1985, 1986).

In the case of a slip bottom boundary condi-
tion, the rate of damping of the modes is compli-
cated by the presence of bottom stress, the mag-
nitude of which depends upon bottom current,
which contains a contribution from all modes (see
€q. 2.10). The influence of bottom friction on the
modal structure of current profiles is considered
in Davies (1984b). It should be noted that in the
case of a slip bottom, with modes computed using
boundary conditions (2.12b), with C, = 0, then
the eigenvalue of the first mode is zero (Table 2),
and damping of this mode is produced only by
bottom friction.

Considering the magnitude of the terms a,,
which determine the distribution between the
modes of the forcing due to gradients of sea
surface elevation (eqs. (2.15) and (2.16)). In the
case of the slip bottom boundary condition, only
a, is non zero and hence gradients of sea surface
elevation can only directly contribute to changes
in coefficients A4,, B,. In the case of the no-slip
bottom boundary condition, for the cases
considered in Table 2; a, is dominant, and the a,
alternate in sign. Changes with time in gradients
of sea surface elevation therefore affect the time
variation of all the modes, with a weighting
determined by the terms a, ®,, b, ©,.

Comparing vertical structure functions (modes)
in Fig. 2, computed with the no-slip bottom
boundary condition for a range of viscosity pro-
files (see caption). It is evident that for a given
viscosity profile, as the mode number increases,
the oscillatory nature of the functions increases; a
requirement of orthogonal functions. Also near
surface and near bed shear increases with mode
number. It is evident that as y, is reduced from
5000 cm?/s to 50 cm?/s then near surface shear
particularly in the higher modes is increased.

Modes computed using a slip bottom boundary
condition [see Fig. 2, profiles (e) and (f)] show a
similar vertical variation to those computed using
a no-slip condition. However in this case the first
mode is constant, and is independent of viscosity
profile. Also it is the only mode which con-
tributes to the net transport of fluid. Since only

]
a, = J f,de i1s non zero, then from the con-
0

tinuity equation (2.5) only this mode can
contribute to changes in sea surface elevation.

Steady state wind drift currents, computed with
both slip and no-slip bottom boundary conditions
for various eddy viscosity distributions are shown
in Fig. 3 (profiles (a), (b)). (See caption to figure for
eddy viscosity values.) For illustrative purposes, a
wind stress of 1, = 0.0, t,= —10 d P, correspond-
ing to a northerly wind (the dominant wind over
the North Sea) was used in these calculations.
Since the model is linear, the profiles shown in
Fig. 3, can be scaled to any wind stress. In the
case of the slip bottom boundary condition, a
value of k =0.002 m/s was used, an appropriate
value for the North Sea (Heaps, 1972).

It is evident from Fig. 3, that as y, is reduced
from 5000 cm?/s to 50 cm?/s then near surface
shear is increased, in the »-component of current
(the component in the wind direction). This is to
be expected, and reflects the change in near
surface shear found in the vertical structure
functions (modes), (see Fig. 2). No significant near

Ulm/s) Ulm/s)
-05 [} o5 -05 [+] 05
H

+ T Ko M palomi/e)
H —— 1000 1000 1000
------ 50 1000 50
----- 5000 1000 50

— — 5000 linear 50
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(a) (b)

Fig. 3. Steady state u and v components of drift cusrent
computed with a wind stress 7, = 0.0, 7, = —10 dP,
for a range of eddy viscosities (cm?/s) as shown in key.
Computed: (a) with a slip condition k = 0.002 m/s; (b)
with a no-slip condition.
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surface shear occurs in the ¥ component of current
(the component at right angles to the wind field),
which shows a near linear variation with depth.

It is apparent from Fig. 3(a), (b) that near the
sea surface current profiles computed with the slip
and no-slip bottom boundary conditions are not
significantly different. This is to be expected, since
in a depth of 100 m, little of the wind’s energy can
penetrate to the sea bed and hence the bottom
boundary condition has little effect. Although the
vertical modes, computed with slip and no-slip are
significantly different in the sea bed region (see
Fig. 2), the coefficients computed with the spectral
model, are such that expansions (2.4) give current
profiles which are not significantly different near
the sea bed, reflecting the physical nature of the
solution.

3.2. A stratified sea region

In a stratified sea, a reduction in eddy viscosity
within the thermocline (or pycnocline) due to
enhanced vertical stability (Mortimer, 1952;
Mork, 1972) will occur and this has to be taken
into account in the assumed vertical variation of
viscosity.

A vertical profile of viscosity reflecting a wind-
induced turbulent surface layer of thickness #,,
with viscosity reducing linearly from g, to u, is
shown in Fig. 1(e). Below this surface layer eddy
viscosity decreases over a region A to a low value
My applying within the thermocline. At depth, in
the region below the thermocline viscosity in-
creases over a region A3, to its value u, . A region of
decreasing turbulence over a distance /1, near the
sea bed, to a value u, is shown in Fig. 1(e).

In the calculations described here, y, was set at
5000 cm?/s, with g, at 1000 cm?®/s and u, at 50
cm?/s. The thickness of the bottom layer was set at
h, = 10 m; within the thermocline, 43 = 2 m and
hy = 6 m, giving a total thermocline thickness of
10 m, typical of the central North Sea (Davies,
1981). In order to examine the effect of changes in
mixed layer thickness 4,, and viscosity g; within
the thermocline upon modal structure, calcula-
tions were performed with A, = 10 m (a shallow
thermocline) and A, =40 m (a deeper
thermocline), with uj = 50 cm?/s (a strong
thermocline) and u; = 500 cm?/s (a weak
thermocline).

Values of a¢,, @, and @, computed with h, =
10 m; g, =500 cm?s and 50 cm2/s using

Tellus 38A (1986), 5

viscosity profile l(e), characterizing stratified
conditions, are given in Table 2. In order to be able
to accurately compute modal structure when
1 = 50cm?/s an enhanced distribution of splines,
was required in the region of the thermocline. The
reason for this can be appreciated from Fig. 4. [t is
apparent from Fig. 4 (profile (a)) that with
i = 500 cm?/s, the modes show no significant
vertical shear at the level of the thermocline.
However when yu} is reduced to 50 cm?/s, a high
shear region is evident at the level of the
thermocline, and the higher modes exhibit larger
oscillations below the thermocline (compare Fig.
4, profiles (a) and (b)). This difference in vertical
structure, particularly in the higher modes, ex-
plains why spline resolution in the region of the
thermocline must increase as y; is reduced.

Also shown in Fig. 4 (profile (¢)) are vertical
structure functions computed with identical values
of u to those used in profile (b), but with A, = 40
m. Comparing Fig. 4 ((b) and (c)) it is evident that
in both cases a region of rapid shear occurs within
the thermocline, although when A, = 40 m, this
occurs at approximately mid-depth, rather than
near the surface (h, = 10 m). In the case of
hy = 40 m, in the higher modes (r = 3, 4 or 5), the
magnitude of the mode decreases significantly
from its surface value, and changes sign above the
thermocline. In the case of #;, = 10 m, the mode
remains  essentially constant above the
thermocline. This point will be discussed further in
connection with the steady state profiles described
later.

Modes computed using the slip bottom bound-
ary condition are also shown in Fig. 4 (profile (d)).
The nature of these modes is such that the first
mode is constant. The higher modes show a
similar vertical structure to those computed with
profile (c), except in the region near the sea bed,
where modes computed with the slip condition
are not constrained to be zero at the bed. It is
evident from a comparison of modes r = 4 and
r =5, computed with profiles (¢) and (d), that
their vertical variation in the near surface and
thermocline region are not significantly different.

Steady state profiles of wind drift currents
computed with 2, = 10 mand y; = 500cm?/s and
50 cm?/s are given in Fig. 5, profiles (a) and (b).
For consistency with the previous calculations, a
wind stress 7, = 0.0, 7, = —10 dP, was used in
these computations. Comparing these profiles it is
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Fig. 4. Vertical variation of the first five modes in a water depth # = 100 m, computed using the viscosity profile
shown in Fig. 1(e), with Ay = 2m, hy = 6 m, h, = 10 m, p, = 5000 cm?/s, u; = 1000 cm?/s, y, = 50 cm?/s, and a
range of A, and y, values, namely: (a) h; = 10 m, g} = 500 cm?/s, with a no slip condition; (b) #, = 10 m, u; = 50
cm?/s, with a no slip condition; (c) &, = 40 m, g} = 50 cm?/s, with a no slip condition; (d) A, = 40 m, u; = 50

cm?/s, with a slip condition.
P

evident that in the case in which
47 = 50 cm?/s, a high shear region occurs at the
level of the thermocline. When u; = 500 cm?/s
this high shear region is significantly reduced, as is
to be expected from a comparison of the vertical
structure functions shown in Fig. 4. When A, is
increased to 40 m, it is evident from Fig. 5, profile
(c), that the high shear region now occurs at
approximately mid-depth, reflecting the vertical
structure of the modes shown in Fig. 4(c).

It is interesting to note that the ¥ component of
current, the current at right angles to the wind
direction, exhibits a simple vertical variation, the
major features of which can be represented by a
linear combination of the first two modes. The v
component of current in the case of /' = 10 m
shows a near constant value above the
thermocline, with a return flow beneath it. A
similar vertical structure namely a constant value
above the thermocline is shown in the modes.
However when 4" = 40 m, the v component does
reverse above the thermocline, reflecting the
reversal in sign above the thermocline of the
modes computed with A = 40 m (see Fig. 4).

Profiles computed with a slip condition were not
significantly different from those shown in Fig.
5(a), (b), (c). This is to be expected since it is
friction at the level of the thermocline (i.e. the
magnitude of 4} ) that is important, and not bottom

friction. In essence the thermocline prevents the
wind’s energy from reaching the sea bed.

It is interesting to note the significant difference
in the magnitude of the surface current computed
with & = 10 m, compared with that computed
with #/ = 40 m. This is because in a strongly
stratified sea, the wind’s energy only acts upon the
mixed layer of depth #’. The wind’s momentum is
spread over this layer, and consequently the
thicker this layer, the lower the surface current. In
weaker stratified conditions, the problem is more
complex. This case is currently being investigated
and a discussion is beyond the scope of this paper.

The “slab like” behaviour of surface current
above the thermocline has been observed in near
surface current measurements taken during storm
wind conditions. A recent excellent review of
observational evidence is given in Gordon
(1982b).

4. Concluding remarks

By using the Galerkin method in the vertical,
the solution of the three dimensional
hydrodynamic equations describing motion in a
finite depth sea region has been developed in
terms of an expansion of vertical structure
functions (modes). Both slip and no-slip bottom
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Fig. 5. Steady state u and v components of drift current
computed with a wind stress 7, = 0.0, t, = —10 dP,
using the viscosity profile given in Fig. 1(e), with
hy=2m, hy =6 m, h, = 10 m, gy = 5000 cm?/s,
i, = 1000 cm?/s, u, = 50 cm?/s, and a range of A, and
iy values, namely: (a) A, = 10 m, u; = 500 cm?/s: (b)
hy =10 m, ui = 50 cm?/s; (¢c) h, =40 m, ) = 50
cm?/s. A no slip bottom boundary condition was used.

boundary conditions can be incorporated in the
method.

Vertical structure functions for arbitrary verti-
cal variations of eddy viscosity can be accurately
computed using either B-splines or the Runge-
Kutta-Merson method. When B-splines are used it
is necessary to ensure that there is a high resolution
of knots and hence splines in regions where there
is significant vertical variation in the vertical
modes. In the case of wind driven motion in a
homogeneous sea, enhanced resolution is required
in the near surface and near bed regions. In a
stratified sea, enhanced resolution is required at
the level of the thermocline.

An alternative to using spline functions to
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compute the modes is to apply the Runge-Kutta-
Merson method. Although this is computationally
more time consuming, the fact that the accuracy of
the method can be checked, and the grid step
automatically refined to maintain accuracy in
regions where the methods change very rapidly,
makes this a convenient method of computing the
modes and their associated integrals. The calcula-
tions presented here showed that, both methods
were accurate and consequently the application of
either the spline method or Runge-Kutta-Merson
method of computing the modes is not important.
However since the majority of computer math-
ematical libraries contain the Runge Kautta
method, with error checking, this approach may in
practice be simpler to implement.

The solution of the linear hydrodynamic equa-
tions using an expansion of modes in essence yields
a system of uncouple equations which is computa-
tionally very economical to integrate (Davies and
Stephens, 1983). In practice an expansion of the
order of ten modes yields an accurate solution,
although this number of terms may have to be
increased in deep water (Davies, 1984a).

The method is sufficiently general to deal with
sea regions of arbitrary extent (see Davies and
Furnes, 1980) and by using the Galerkin method,
buoyancy effects can be included in stratified sea
regions (Davies, 1981). The approach is flexible
enough to accommodate time and horizontally
varying viscosity, which may in practice be related
directly to the current (see Davies, 1981 ; Davies
and Furnes, 1980).

Calculations are presently in progress using the
methods developed in this paper, to examine the
time variation of current profiles following the
sudden imposition of a wind field upon a sea area
initially at rest. The influence of setup against
coastlines, bottom friction (Davies, 1985), and
mixed layer depth upon current profiles is also
being examined, and the results will be reported in
due course.
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6. Appendix
For larger r, the eigenvalues can be estimated
from

e, =l(r —#) 8P (A1)

where & denotes the estimated eigenvalues,

1
5=n/j Y~ '2de, and H# is some quantity
o

between 0 and 1 depending on the form of the
boundary conditions of the eigenvalue equation
(2.12). The formula can be derived by using the
WKB method as in Murray (1974), ch 6.2 where
formula (6.55) is directly applicable to our
equation after a change of variables.

Thus, let do = ¢ dx then (2.7) becomes

af
dx?

+eyf=0. (A2)

Then the asymptotic solution for large </ ¢ is

f(0) =y " exp

x {iiy/_s—j Y2 de’ + o< /1_)}. (A3)

a VAR -4

If, for example, f, = 0atg = 0and ¢ = | we have
the condition that,

\/—;fln//"zda’+0< ! = rm,

with r giving the number of half-periods of
oscillation of the eigenfunction between ¢ = 0 and
o = 1. If the boundary conditions are different,
forexample f, = Ofore = 0andf, = Oforo = 1
then r must be replaced by r — 4.

From (A4) we obtain that

(A4)
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and hence
m

= 1
J ™12 de’
0

This asymptotic formula is quite accurate for large
r.

Eq. (A6) can also be derived in a much simpler
manner. If ¢ is large, then f becomes a rapidly
oscillating function of o. If Y(c) is approximated
by a constant value, then in a small region between
¢ and da, then eq. (2.7) becomes
d’f e
2 + ” f=0

The solution of (A7) will be proportional to
sin (\/Wa+ phase), and the number of oscilla-
tion within this region will be approximately

¢ " o). (A6)

r

(AT)

£ do

v 2n

The number of oscillations over the range
0 < 0 < 1 will be approximately,

If the boundary conditions are f= 0 for ¢ = 0
and ¢ = 1 then the number of oscillations must be
[P the first, second, etc.

i, 1. ete. for
eigenfunctions. Thus for large r the eigenvalues
can be estimated by

f‘ & do_ v
Ny 2 2

Rearranging (A8), gives

_ n -
r Ty
J‘ lljfls'Z do.
0

(A8)

g (A9)

rn 1
VoE =T +O<‘> (AS) o
J v " dg’ r a significantly simpler derivation of (A6) than
0 that first described.
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