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ABSTRACT

A theoretical investigation of the successive correction method for objective analysis of
meteorological data is presented, and an explicit formula for the interation limit is offered. By
means of this result, it is possible to formulate the method so that this limit conforms with
statistical optimal interpolation. Simple experiments indicate that desirable properties of
statistical interpolations are easily transferred to the successive correction approach. This
includes the use of observation error statistics and multivariate analysis.

1. Introduction

In numerical weather prediction, it is necessary
to transform atmospheric observations into a form
suitable for numerical calculations. This is usually
done by interpolation to some kind of regular grid,
and is referred to as “objective analysis”. During
the years a number of methods have been sug-
gested for this problem; see for instance the review
by Gustafsson (1981). For a long period this field
was dominated by so-called successive correction
methods which are of a rather empirical nature
(Bergthorsson and Do6s, 1955 and Cressman,
1959). In recent years the interest has shifted to-
wards statistical (or optimal) interpolation schemes
based on ideas first introduced by Eliassen (1954)
and Gandin (1963). Statistical interpolation has the
advantage that information from different sources
(different observation systems, previous forecasts,
climatology etc.) may be combined in a way which
pays attention to the assumed reliability of each
source. Within this framework it is also possible to
make use of cross-correlations between different
meteorological variables, for instance pressure and
wind. Statistical interpolation, however, is
computationally expensive, and for this reason
successive correction methods are still of con-
siderable interest.

In this paper, we shall investigate the relation-
ship between successive corrections and statistical
interpolation. An explicit expression for the limit
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of the successive correction iteration procedure will
be presented, and it will be shown that the method
may be modified so that this limit coincides with
statistical interpolations. Thus it seems possible to
carry over the desirable properties of statistical
interpolations to the simple and computationally
inexpensive framework of successive corrections.
This is illustrated by means of some examples. A
proof of the convergence of the method is outlined
in the appendix. Ideas presented in this paper are at
present used in an operational numerical weather
prediction routine at the Norwegian Weather
Service.

2. Statistical interpolation

We shall use the following notation:
FO refers to observations;
FP® refers to a first guess (prognoses);
FA refers to an interpolated value (analysis);
FT refers to the true value.
Furthermore deviations from the first guess will be
denoted by f= F — F*.
In statistical interpolation, a linear relation is
assumed for the deviation from the first guess.

f;‘:i; pif?. (N

Here the subscript x refers to the analysis point and
i refers to n observation points. The weights p, are
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chosen so as to minimize the expected square
error:

El=(*— fp= (-2 ,”Z 7T7%,
=1

+S SR,

=1 j=1

@

The bar represents an average over a large number
of cases. The minimizing weights satisfy the n
equations:

E fio_f;)pizf';f?, j=1,..,n (3)

3. The successive correction method

The method of successive corrections is based on
an iteration formula:

n
FAo+ 1) =F:@)+ 3 a,(FO— F*(v)). “4)
i=1
Here v counts the number of iterations made, and
a,; represents weights which are usually based on
experience. The iterations are initiated by choosing
FA(0) = F”.
Now we shall study the result of this procedure.
It is convenient to introduce vector notation:

F, Ay

F= a, =

F, n n

Eq. (4) can then be written as:

FA(+ 1)=F*@) + a.- (F° — FA(v)), (5)

where a' is the transpose of a. In order to update
grid point values by means of (5) we also need to
compute estimates for the observed values. This is
usually done by interpolation from current grid
point values. In this work, however, we shall use (5)
to update observation estimates. For the total

observation vector we then get:
FA(u + 1)=F*(v) + A-(F° — FA (1)), (6)

where

A'-p=a, or
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Eq. (6) has the general solution
FA(W)—F°=(I—A)’- (FA(0)— F°), @)

Having solved the problem at the observation
points, we can now find the solution at a general
interpolation point by using (5) repeatedly and
inserting from (7):

F2(v+1)=F2(0) + a'- i (F° — FA(m))

m=0
PO +ai- ¥ (AP (FP—FAQ) (8)
m=0
=F}O) +a,-(I-(I—A4)+)-47"
(F° — FA(0)).
Now we shall assume that:

(I—Ay+ -0

If this is not the case, the iteration procedure will
not converge. Remembering that FA(0) = FF, we
then get:

FA=F? +a%-A~'.(FO — F").

as v — oo.

)
This formula corresponds to (1) with the weights:
(10

Just like the error minimizing weights of the
previous section these weights also satisfy a system
of linear equations:

pi=al-A7.

(1

a;p;=ay.

I =

This means that if the system (11) can be made
equivalent to the system (3), then the successive
correction analysis (if it converges) will be equiva-
lent to the statistical interpolation.

4. Improved successive corrections

Eq. (11) is readily transformed into:

S T ay T/ ay T/ py =175, (12)

When the expression in square brackets is equal to
unity, this equation becomes equal to (3). It is
interesting to consider the case when:

aw=TT711 S TITT. (3)
k=1
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which corresponds roughly to the simplest appli-
cations of the successive correction method.
Assuming perfect observations (f© = fT), the
expression in square brackets becomes:

D=3 (14)

n
k=1

n ——
Y kZl S e
This expression may be looked upon as a measure
of the observation density in the vicinity of the
interpolation point x, relative to that of the
observation point i. If the interpolation point is
sufficiently far removed from the closest obser-
vation point, D, will become much smaller than
one. Then the weights p, determined by (12) will
become bigger than the corresponding optimal
weights, and the successive correction method pays
too much attention to the observations relative to
the first guess field. In a similar way we realize that
observations occurring in areas of high obser-
vation density will be given too much weight
relative to observations in areas of low density.
These defects of the successive correction
method have been known for a long time, and have
often been compensated for by means of ad hoc
modifications to the weights a, based on experi-
ments. Eq. (12), however, provides a theoretical
basis for such modifications. In particular we
observe that the choice:

a;=S212/M,; (15a)
a,;=f1f7/M, (15b)

will make (12) identical to (3). Assuming that M,
can be chosen in such a way as to guarantee fast
convergence, these formulae open the possibility of
making optimal interpolations by means of suc-
cessive corrections. This also includes the prospect
of a rational treatment of different observation
types with different characteristics and of a
multivariate analysis where ¢ represents a mix-
ture of intercorrelated variables, for instance
pressure and velocity in the case of numerical
weather prediction.

It is interesting to note that the denominator M,
depends on the observation point (index j) only,
and can be computed once and for all for each
observation, while the corresponding denominator
in (13) depends on the interpolation point (index i).
It is also important to appreciate the remarkable
fact that M; does not influence the iteration limit (if
it exists). Finally it should be noted that (15)
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suggests different weights depending on whether we
are estimating observed values or true values. Thus
(15a) should be used to update observation
estimates, while (15b) should be used to update grid
point values. This distinction is important when the
observations are assumed to contain errors. Eq. (7)
shows that the observation estimates will converge
towards the observed values. Estimates for the
corresponding true values, however, may not fit the
observations when observation errors are accoun-
ted for. An example of this will be discussed in
Section 6.

During the final stages of this work, we became
aware of a work by Franke and Gordon (1983) in
which a variant of the successive correction method
is shown to converge towards the optimum
solution. Their method corresponds to the special
case when M, is a universal constant independent
of j.

5. A suggestion for M,

We now turn to the problem of choosing the
denominator M, in (15) in such a way as to provide
fast convergence of the iteration procedure. As a
guideline it seems reasonable that we should try to
make as good interpolations as possible in one
single iteration. If we have a single observation f,
then M, = f9f9 leads to the optimal weight as
given by (3). In the case of two observations this
result is still valid provided that the observations
are not correlated. On the other hand, if the
observations are correlated to the extent that they
contain the same information, then the correct
result is M, = 2f9 f9. Inspired by this example we
shall suggest the following formula for the general
case:

My =717 WS-
k

(16)

Here W(f?, f?) is intended to be a measure of the
degree to which observation j may be inferred from
observation k. We shall require W (f9?,/2) =1 if
the two observations contain the same infor-
mation, and W(/f?,f?) = 0 if they do not share
any information at all. A possible way of defining
W, fyis

W(/9./9) = (1 — ER/I2 /o), (17

where E7 is the mean square error which is to be
expected when f? is estimated by means of /9 in
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the optimal way. E—}k is readily computed from (2).
In the case when both observations are scalars,
(17) gives:

WS =PRSS SR (18)

which may be interpreted as the absolute value of a
correlation coefficient. The definition (17) may also
be applied when one or both of the observations are
vectors. The error Ej, is defined to be the norm of
the error vector whenever /9 is a vector.

As an example we shall study the multivariate
case when f represents both a scalar field v and a
vector field with two components v = (u,v). For
simplicity we shall assume that 4? = v? and that
uv; = 0. Application of (17) together with (2) and
(3) then gives:

W (wju) =|v,wid W w D
Wy, v = {1y

+ (wo P (Wi ud)
W v = {Law)?

+ (WP Qud y)

W (,,5) = {1 @2 + (o )? + (0,

+ (00 /Q ulud) 2. (19)
Note that these quantities are invariants with
respect to the choice of the coordinate system. It
turns out that this definition of M, guarantees the

convergence of the procedure. A proof is presented
in the appendix.

6. Experiments

At this stage, some simple experiments are
appropriate. We shall focus on the example of the
last section which will be specialized to the case
when y is a streamfunction of the velocity vector
v = (—0y/dy,dy/dx). Furthermore we shall
assume that:

vy =exp {—[(x,— x;2 + (y,— y, 21/2}. (20

All other statistical properties which we need, can
then be computed by means of relations like:

0 0
"4 o -_3x'%wf

4 4

€2Y)

etc.
Within this framework we have made a number
of experiments with different distributions of
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simulated observations in two dimensions. The
general experience obtained from these tests is best
illustrated by means of some simple one-dimen-
sional examples.

Fig. 1 shows the univariate case with two
observations w, = 1 and y, = 0, represented by
dots inside circles. The observations are assumed to
be perfect, they are separated by a distance x,
— X, = \/5, and the first guess is zero. Note that
the statistical assumptions employed are revealed
by the first iteration which gives W, w,/M,. The
figure indicates a fast convergence towards the
optimal result (full line). Note also the very
inadequate limiting result which is obtained by
using the standard successive correction weights
(13) (dotted line).

The convergence becomes slower when the
observations are closer together. Fig. 2 shows the
case when the distance is reduced by one half
(x, —x, =% \/i). In this simple case a theoretical
explanation based on (8) is worth-while. It is
convenient to expand the vector F° — FA(0) in
eigenfunctions of I —A4. Eq. (8) then takes the form

FA( + 1)=FA(0) + a.-A~!. (F° — FA(0))

—at-A. 3T Mz,

=1

22)

.
.
e
.
bk L T

Fig. 1. Analysis of two perfect observations (y, = 1,
v, = 0) separated by \}’i Full line: optimal analysis.
Dashed line: proposed scheme. Dotted line: standard
successive corrections.
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iter.

5 iter.

b1 iter.

Fig. 2. Analysis of two perfect observations (y, = 1,
v, = 0) separated by Q\/i. Full line: optimal analysis.
Dashed line: proposed scheme.

where Z, and A, represent eigenvectors and cor-
responding eigenvalues. In our case, the eigen-
vectors are:

} }
z,= , Zy= , (23)
4 —
while the eigenvalues are:
2y v
Ay =0, b= AR (24)
L+,

The mode Z,, takes care of the mean value of the
observations, while the mode Z, takes care of the
deviations from the mean. Due to the vanishing
eigenvalue the mean mode converges after one
iteration. The convergence of the deviation mode
depends on y, y, which may be interpreted as the
correlation between the two observations. The
eigenvalue 4, increases monotonically from zero to
unity as the correlation increases between the same
limits. The procedure therefore never diverges, but
the convergence is very slow when the correlation is
high. This explains the slow convergence in Fig. 2
where y,y, = 0.8.

In general, this problem is considerably reduced
by the fact that the amplitude of the deviation mode
is expected to be relatively small in such cases.
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High correlation means that the observations
should be projected mainly on the mean mode. It
can therefore be argued that the situation in Fig. 2
has a low probability of occurring. In real life,
however, we will often come across such incon-
sistencies between meteorological observations and
their assumed statistical properties. Instrument
errors or transmission errors may for instance
produce data which are in strong conflict with
neighbouring observations. In such cases the
successive correction method may not reach the
convergence limit within a reasonable number of
iterations. The result will then be a smoothed
version of the limiting analysis. For many pur-
poses this is quite acceptable. If it is not, we shall
have to reduce the conflict either by modifying the
observations or by revising our picture of their
statistical properties.

A simple way to modify observations is to reject
observations which are too incompatible with their
neighbours and therefore likely to be wrong. Such
observations are conveniently identified by their
inability to be assimilated after a small number of
iterations of the analysis scheme.

The *“statistics” may be modified by assuming
larger observational errors or by reducing the
influence radius of the covariance function. In the
traditional successive correction analysis it is
common practice systematically to reduce the
influence radius of the weighting functions from one
iteration to the next in order to force smaller and
smaller scales to converge. Much can be said in
favour of this practice even if it does not fit into the
statistical interpolation framework. Ideally a stat-
istical interpolation should be based on statistics
computed for a large ensemble of states which fit
the observations of the actual situation. In real life
this cannot be done, and we have to use a much
more general ensemble as our guideline. However,
many of the weather systems in which we are
interested, are far from average systems with
regard to size and structure. If the observations
indicate a feature of smaller than average size, it
therefore seems quite reasonable to try to adapt the
“statistics™ to the actual situation by reducing the
influence radius in that particular area. The practice
of reducing the influence radius from one iteration
to the next can take care of this in a nice way. This
is so even if the influence radius is uniform in space
because an area in which the analysis has already
converged, will not be influenced by later iterations
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with smaller radii. Using this approach it also
seems possible to deal with the breakdown of
geostrophic balance for smaller scales by relaxing
the cross-correlation between pressure and wind
fields as the influence radius is reduced.

In the examples shown so far, we have assumed
the observations to be perfect. However, the
method outlined above allows us to include
information about observation error charac-
teristics. We then have to distinguish between
observed and true values, and as shown in (15) the
weights applied when the true grid point values are
estimated, will be different from the weights used to
estimate observations. This will be the case even
when the observation point coincides with a grid
point. If the observation errors and the first guess
errors are uncorrelated, we have:

PR =TT+ (=D -1D,
=117 (25)

In our simple example we shall now assume that

} fori=j
yi) = - ,
0 foris#j

We then have all the information we need in order
to use (15). Fig. 3 shows the same case as Fig 2,
but with observation error statistics included. As
we see the convergence towards the optimum result
is now much faster. Note that although the grid
point analysis does not fit the observations, the
observation estimates (marked by dots) converge
towards the observed values and the procedure
becomes stationary.

Simple examples of multivariate analysis are
shown in Figs 4 and 5. The two observation points,
separated by x, — x, = \/i, now contain both
streamfunction and velocity information. The
velocity component normal to the coordinate axis
(x-axis) is represented by the slope of the graph of
w. The slopes corresponding to the velocity
observations are indicated by arrows in the figures.
In Fig. 4 we have focused on the influence of a
streamfunction observation by assuming y, = 1,
¥, =0, v, =0 and v, = 0. Fig S. on the other hand
demonstrates the influence of a velocity obser-
vation (y, =0, v, =0, v, =1 and v, = 0. In both
cases the procedure converges towards the desired
result. These examples contain more conflicting
information than the corresponding univariate case

WP —vDy? - (26)
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>
Fig. 3. Analysis of two imperfect observations (y, = 1

v, = 0) separated by iﬁ Full line: optimal analysis.
Dashed line: proposed scheme.

Fig. 4. Analysis of ¥ from the perfect observations
v,=1, ¥,=0, v, =0, v, =0. Separation = ,/2. Full
line: optimal analysis. Dashed line: proposed scheme.

Fig. 5. Analysis of y from the perfect observations
v, =0, y,=0,v, =1, v, = 0. Separation = \/i Full
line: optimal analysis. Dashed line: proposed scheme.
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(Fig. 1), and the convergence is therefore slower.
As in the univariate case the convergence can be
improved by reducing the radius of influence or by
assuming observation errors (not shown).

Within this framework, we have also made a
number of experiments with different distributions
of a larger number of observations (for instance
one hundred observations in two dimensions).
These experiments have not revealed any problems
beyond what has been discussed in the simple
examples above. Clearly, it is difficult to cover all
possibilities in experiments like these. A much
better test would be to use a larger number of real
meteorological data sets. In fact different versions
of the method have been used in a numerical
weather prediction routine at the Norwegian
Weather Service since June 1984. The scheme is
multivariate and makes use of observation error
statistics. No unexpected problems have been
identified, and the general impression is that the
method is quite promising (S. Grgnaas and H.
Midtbe, personal communication). In the present
implementation five regular iterations are used,
followed by two iterations with a reduced influence
radius.

7. Some computational considerations

The computational cost of solving the system of
eq. (3) is proportional to the cube of the number of
observations allowed to influence a grid point. Most
operational statistical interpolation schemes there-
fore employ severe limitations on this number, with
the result that the analysis is not strictly optimal.
The cost of the successive correction method is less
sensitive to the number of observations involved. In
order to keep the number of iterations reasonably
low, however, it may be necessary to reduce the
radius of influence, or to make other compromises.
Thus both approaches have difficulties in producing
the optimal solution in data-rich areas. In either
case it may be argued that in such areas the
analysis is not very sensitive to the method used.
Successive correction methods are usually con-
sidered to be computationally cheaper than stat-
istical interpolation based on (3), and we believe
this to apply to the present method as well. A
thorough evaluation of the relative performance of
the methods depends on the consequences of the
compromises discussed above, and will not be
attempted here.
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A few comments on the practical implemen-
tation of the successive correction method are
appropriate. Selection of the observations which
are allowed to influence an analysis point requires
special algorithms which are often relatively
time-consuming. Such algorithms may to a large
extent be avoided with successive corrections. Each
observation may be allowed to influence all grid
points within a certain distance. For each entry of
the observation list these grid points are readily
identified, and no search or selection is needed at
this stage. The method also requires estimates to be
made for each of the observations. Usually this is
done by interpolation from surrounding grid points.
If observation errors are to be accounted for,
however, observation estimates should be com-
puted with a separate weight function in accor-
dance with (15a). Fortunately, if errors of different
observations are uncorrelated, the only modifi-
cation of the weights occurs when i = j in (15a).
Observation estimates, Fj(v + ), interpolated from
neighbouring grid points, are then easily corrected
for this effect by means of:

FAo+1D)=Flv+1)
+ (SOL0 —[TfOIM(FO - FA()).

Here we have assumed that the grid is dense
enough so that the interpolation can be made
without significant errors. In the general case, when
observation errors are correlated, it will be
necessary to make a separate successive correction
interpolation for observations, and some kind of
data selection may then be beneficial. This also
applies to the computation of the “normalization
factor” M,.

@27

8. Concluding remarks

We have presented a successive correction
approach which converges towards a limit which is
optimal in a statistical sense. Experiments per-
formed seem to justify the belief that statistical
interpolations can be produced quite conveniently
by this approach provided that the observations are
not too incompatible with the basic statistical
assumptions. If they are, the convergence may
become too slow to be of practical interest. The
result after a reasonable number of iterations will
then be a smoothed version of the limiting result.
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Often this will be acceptable and even preferable to
the exact limit. We also have the option to
reconsider the validity of the observations or the
statistical assumptions. In particular slow con-
vergence provides a convenient criterion for identi-
fication of dubious observations.

Often supplementary information is available
which does not fit into the statistical interpolation
framework. Examples are complicated constraints
like the non-linear balance equation or the require-
ment of hydrostatic stability. Such constraints may
be imposed through iterative procedures. William-
son and Daley (1983) suggest an iteration cycle of
alternating statistical interpolation and non-linear
normal mode initialization. It seems likely that
procedures like this can be made much more
efficient by the use of the approach outlined in this
paper. In fact the present work was initially
motivated by a similar idea based on a dynamical
initialization method described in Bratseth(1982).
Thus the successive correction approach not only
has the ability to imitate statistical interpolations,
but also has an interesting potential beyond the
statistical interpolation framework.
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10. Appendix. Convergence proof.

Eq. (15) implies that the matrix A4 is of the form
A=C-D, (A1)

where C is the symmetric matrix {f9/?} and D is
the diagonal matrix {M7!6;;}. Now assume that x
is an eigenvector of A corresponding to the
eigenvalue u so that:

A-x=C-D-x=ux (A2)
Multiplying by D2 from the left we get:
(DI/Z_C'DI/Z)_(Dl/Z_x)zlu(DI/Z.x)' (A3)

The matrix DY?. C- DV? is symmetric and it then
follows that the eigenvalues 4, are real and that the
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eigenvectors DV2. x, form an orthogonal basis. If
these vectors are normalized, the observation
vector may be expanded as:

f=F°—F* =% (xt-D-f)x,. (Ad)
k
When this is introduced in (7) and (8), we realize
that the iteration procedure will converge if the
eigenvalues of the matrix I — A are smaller than
one in modulus, and since the eigenvalues of 4 are
shown to be real, they must satisfy:

O<u<2 (AS)

If (A3) is multiplied from the left by (DV?. x)t we
get:

u=x-D.C-D-x=x'-D-ff*-D-x

=(x"D-f1>0, (A6)

showing that g is never negative. Furthermore this
result shows that eigenvectors with vanishing eigen-
values do not contribute to the expansion in (A4).
The lower limit in (A35) is therefore always satisfied.
From (A6) we also conclude that vanishing
eigenvalues imply the existence of vanishing linear
combinations of observations. Thus convergence
problems due to the lower limit in (AS) are always
connected with redundant information in the
observation vector.

Now we shall turn to the right-hand inequality in
(A5). In order to simplify the discussion we shall
assume that f has been normalized so that
S2/? =1, and we shall also drop the superscript O.
If we define y = {y,;} = D-x then the i’th
component of (A2) may be written as:

) fTT})’j =uM;y;. (A7)
j

Here i may be chosen so thatly,| <l y,| for all j. It
is then easy to show that:

M~ 1< 3 1S fily,l /iy,
Jj#i
< X A
i®)
A similar result is known in the mathematical
literature as Gerschgorin’s theorem. If all the f’s
are scalars, (16) and (18) give:

(A8)

M =317 (A9)
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and (A8) is reduced to:

|uM,— 11 <M, — 1 (A10)
which implies that 4 < | so that (AS) is satisfied.
This conclusion is also valid when the variables are
not normalized. To see this it is sufficient to repeat
the arguments above with | f? |12y, playing the role
of y,.

If (A9) is used for vector components, M, will
depend on the orientation of the coordinate system.
This arbitrariness is avoided by using the invariant
formulas suggested in (19). In fact the argument
given above is easily extended to cover these cases.
Using the notation of Section 5, we realize that
some of the components of (A7) may be written as:

447

while the rest of the components may be organized
as vector equations of the form:

ZW}’/*' 2V =uM,z, (A12)
J X
with
M =13 vy + 3 (1uml? + low ] 212712,
J K

Here some of the components of y have been
organized as two-dimensional vectors z. At least
one of the quantities |yl and |zl has the property
that it is not smaller than any of the others. If |y,
satisfies this condition,, (A11) immediately gives:

J#i k (A 1 3)
which implies that 4 < 1. On the other hand, if |z, |
is the dominating modulus then (A 12) gives:

VWY + Z UV =My, (A1) _ —
] P luM,— 11 < 3 vyl + 3 (uw,l?
with ’ k2
+ low |2 =2V M, — 1) (A14)
M, =3 1%yl + 31w, which implies that u < 22 + (1 = 2Y) M1 < 22,
J k In either case, (A5) is satisfied with a wide margin.
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