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ABSTRACT

The three convective instability models that aim to account for the broad aspect ratio of meso-
scale cellular convection (MCC) are compared with a simple analytical version of the mesoscale
entrainment instability (MEI) model proposed by Fiedler (1984). The inadequacies of the
convective models are demonstrated. In the MEI model, the MCC is generated from above by a
mesoscale instability in the entrainment fluxes. MEI is able to account for the broad aspect
ratio of MCC. However the predicted growth rate for MEI is only of order 10 *s ', which may
be too small to account for the amplitude of MCC. Tactics are discussed for making aircraft
observations that could reveal whether MCC is generated by MEI or by convection within the

mixed layer.

1. Introduction

Photographs of Earth taken from space often
reveal an extensive cellular or honeycomb cloud
pattern in marine strato-cumulus cloud decks
(Agee and Dowell, 1974). The individual cells are
typically 20 to 100 kilometers across. Krueger and
Fritz (1961) published the first report of this
phenomenon and offered the explanation that the
cloud patterns result from organized thermal
convection. Since then the cloud patterns and the
associated convection have come to be known as
mesoscale cellular convection or MCC.

The best documented cases of MCC are those
that occurred during the 1975 Air Mass Trans-
formation Experiment (AMTEX). The observa-
tions presented by Agee and Lomax (1978) and
Rothermel and Agee (1980) show that the AMTEX
MCC was nonpenetrative: the convection was
confined to a mixed layer under a stable inversion.
Rothermel and Agee (1980) report an aircraft
measurement of mesoscale upwelling of about 0.5
m s~! beneath the cloudy region of an AMTEX
MCC cell. The structure of MCC has an obvious
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similarity to the hexagonal cellular convection that
is observed in laboratory studies of thermal
convection (Palm, 1975; Spiegel, 1971). These
observations certainly lead us to consider that the
mesoscale cloud cover in the observed MCC was
generated by advection of water vapor from below.

However, the notion that MCC is simply a
natural analog to laboratory convection does not
explain a fundamental feature of MCC—the broad
width of the convection cells. The classic Rayleigh
analysis of convective instability in a uniform fluid
layer bounded by rigid and perfect thermal con-
ductors predicts the fastest growing cells (or
modes) to have a width to depth ratio, or aspect
ratio, of less than 3:1 (Chandrasekhar, 1961, p.
18). The modes with large aspect ratios are strongly
damped due to the shear and inertia of the
horizontal motion field. From the continuity equa-
tion we know that the ratio of the horizontal
velocity to the vertical velocity is nearly pro-
portional to the aspect ratio. The horizontal motion
field does not release potential energy and so
always detracts from the instability. Steady-state
convection in laboratory conditions similar to those
for Rayleigh’s theory is observed to be composed
of cells with aspect ratios of about 3:1 (Busse,
1978); only a modest increase in aspect ratio from
2:1 to 4:1 is observed to occur in laminar
convective rolls as the Rayleigh number is
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increased from the critical value to about ten times
the critical value (Willis et al., 1972). This
broadening phenomenon does not seem to be
relevant to MCC. The convection cells of MCC are
extremely flat, the aspect ratio of MCC is typically
30:1 (Agee and Dowell, 1974). Cumulus con-
vection displays an aspect ratio of about 3:1
(Palm. 1975) and is a more appropriate phenom-
enon to compare with Rayleigh theory and labora-
tory results. The horizontal scale of MCC is
distinct from the cumulus scale; the mesoscale
cloud patterns of MCC appear to be composed of
many cumulus scale clouds.

In Section 2 we review three previously pub-
lished convective theories for the generation of
MCC. The convective theories for MCC employ
modifications of the Rayleigh theory that offset the
large inefficiency of convection at large aspect
ratio. None of the convective models has gained
wide acceptance; one obvious drawback is that
they seem to disallow any cumulus scale con-
vection in conditions where MCC occurs. In
contrast to the convective models, Fielder (1984)
proposes that MCC results from a mesoscale
instability in the entrainment fluxes. The usual long
wavelength inefficiency that would occur in a
convective instability is eliminated entirely rather
than circumvented. In Section 3, a greatly simpli-
fied version of the MEI model of MCC is presented.
The MEI model compares favorably with ob-
servations of MCC and observations of the
environment in which MCC occurs. A suggested
strategy to obtain useful observations of MCC by
aircraft is discussed in Section 4.

The linear models for MCC can say nothing
about the tendency for hexagonal organization.
Before we begin serious attempts to study the
hexagonal organization of MCC in nonlinear
models, we must first be sure we know what causes
MCC. No discussion of the possible reasons for the
hexagonal structure of MCC will be presented here.

2. Mesoscale convective instabilities in

mixed layers

In this section a linear model is developed that is
suitable for analyzing the three proposed con-
vective theories for MCC. We denote mesoscale
fluctuations of a quantity by a prime (') and
horizontal averages by an overbar ( ). The

convection is assumed to be completely confined
within a mixed layer; penetrative effects are
excluded. Turbulent transport will be modeled by
an eddy diffusivity that is constant with height; the
transport properties of the surface layer will be
modeled only implicitly by the lower boundary
conditions. The derivation of the model equations
then follows that of Chandrasekhar (1961, p. 87)
with the following exceptions. A split form of the
eddy diffusivity is used (Ray, 1965): the vertical
diffusivity for all quantities is K, the horizontal
diffusivity is mK. The rotation vector  of the
system is not required to be vertical. Also, solely
for the purpose of discussing the work of Ros-
mond (1973), an additional buoyancy production
term w'Q is added to the heat equation to
approximate latent heat release processes. The
production term in the heat equation is written
! 60_ ’

w P +w' Q
where fis the virtual potential temperature.

The momentum and heat equations are non-
dimensionalized with the height of the mixed layer
H used as the length scale and the vertical thermal
diffusion time H?*/K used as the time scale. We seek
separable, two-dimensional solutions for vertical

velocity, potential temperature and vertical
vorticity
K W( ) fax aat (2 1)
W =— z) el e” .
H
KZ
f = —— O(z2) eiereot 2.2
e 2.2)
K .
(' =—Z(z)eive. 2.3)

HZ
a is the volumetric coefficient of thermal expansion
and g is the acceleration due to gravity. For the

sake of discussion we allow Q to have a slight
wavenumber dependence so that

Q=0+ % - (2.4)
Q, represents buoyancy generation that is more
effective at small wavenumbers (assuming Q, is
positive). The model equations are similar to those
of Chandrasekhar (1961, p. 89),

(D? — ma*)(D* — a> — o) W=a?0 + tDZ + ia¢1Z
(2.5)
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g® = RW + SW/a* + (D* — ma*)©® (2.6)
0Z = (D*— ma*)Z + tDW + iagtW Q.7
D is the nondimensional vertical derivative,

D = 0/6z. The other symbols in (2.5)-(2.7) are

QX
. (2.8)
Q.

¢

il

the Rayleigh number

gaH* o6 2.9)
= —— + . .
K? oz %
a latent heat forcing parameter
goH*?
== O (2.10)

and the Taylor number

(2Q.K)2
= - R
HZ

In order to solve (2.5)(2.7) we need upper and
lower boundary conditions on ©, W, DZ and DW.
The critical wavenumber of the instability is
sensitive to the boundary conditions on ©, so of
primary importance to us is formulating a realistic
boundary condition for ©. The relation between the
fluctuating heat flux at the boundaries and the
temperature fluctuation at the boundaries can be
expressed as

(2.1

DO=y,0 (2.12)
at z =0 and
DO=-—y,0 (2.13)

at z = 1. Note that the height z = 0 is taken to be
just above the surface layer and not the ocean
surface. If the boundaries are perfect thermal
conductors then y, = y, = o and the thermal
boundary conditions become ones of constant
temperature or @ = 0. If the boundaries are perfect
thermal insulators then y, = y, = 0 and the thermal
boundary conditions become ones of constant heat
flux or DO = 0,

The ocean surface temperature does not sig-
nificantly respond to mesoscale mixed layer fluc-
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tuations and so can be assumed to be a constant. A
bulk transfer model for the surface layer then gives

HC, U,

Vo= K— ~ 0.03. (2.14)

The above numerical value for y, is for AMTEX
conditions: U,y =~ 10 m s~! (Sheu and Agee, 1977),
H ~ 2 km (Agee and Lomax, 1978) and K = w*H
~ 1000 m? s~! (Sheu and Agee, 1977) where w* is
the convective velocity scale. Also, over the ocean
surface the transfer coefficient C, = 1.5 x 107}
(Liu et al, 1979). The lower thermal boundary
condition to mesoscale convection is closer to the
perfectly insulating limit (y, = 0) than to the
perfectly conducting limit (y, = c0). The value of
y, is left as an unknown for now, but we assume
y <L

2.1. Perturbation solution of the model equations

Since the magnitude of both y, and y, are much
less than unity, the solution of (2.5)—(2.7) can be
easily obtained by regular perturbation methods in
which a? serves as the perturbation parameter. The
analysis turns out to be restricted to nearly verti-
cally uniform solutions for ©. Busse and Riahi
(1980) solved (2.5)—(2.7) for no rotation (r2 = 0),
marginal stability (o = 0), and nearly insulating
boundaries (y, = y, < 1) as a basis for further
nonlinear solutions. Their linear work is easily
expanded to allow for 12 < 1, lgl < 1 and y, not
equal to y,. Using essentially their method, (2.5}~
(2.7) are solved in the Appendix with application of
stress-free boundaries or DZ = D*W = 0. The
growth rate o is determined to be

[R—R.
a:oo+m( } ()a2~fa‘ (2.15)
where
5

003*)’0“}’|+FO. (2.16)
Ry=120m, 2.17)
R.=R(1+#1) (2.18)
and

S=mld (m+ 1) — 2hm). (2.19)

In (2.15), g, results from the influence of thermal
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boundary conditions and the wavenumber-depen-
dent part of the latent heat release forcing term. In
this analysis W ~ a*’@® as a - 0 due to viscous
dissipation of the horizontal motion. Therefore the
second term on the right hand side of (2.15)
contains the effect of advection of sensible heat and
the analogous latent heat advection as well as
lateral heat diffusion. The a* term in (2.15) contains
higher order corrections to the lower order estimate
of © and the vertical velocity that it generates. The
lowest order solution overestimates ® because
horizontal diffusion does not affect the lowest
order. Fig. 1 is a plot of ¢ — g, versus log (a) for (R
— R)/R, equal to 1, 0, and —1; the anisotropy
coefficient m has been set equal to unity. ¢ always
becomes negative at large wavenumbers due to the
a* term, which reflects lateral diffusion. ¢ can
become positive at intermediate wavenumbers if R
> R, due to the familiar convective instability. ¢
will be positive as @ —» 0 only if g, is positive. The
physical meaning of positive o, will be discussed
later.

If both y, and y, are independent of wave-
number and R > R, then from (2.15) the mode

L N

-4 —

-6

Loy

Fig. 1. Dimensionless growth rate of mesoscale mixed-
layer convection. The growth rate o of the convective
instability minus the small wavenumber limit of the
growth rate g, as a function of wavenumber a. Curves
are plotted for (R — R.)/R, equal to 1, 0 and —1. For
(R — R)/Ry, < O the largest growth rate occurs as
a-0.

with the largest growth rate has a wavenumber
given by

[m (R—Rl.)]”z
a,=l—\— -
A\ Ry

However, the growth rate ¢ of the corresponding
mode would be positive only if R were sufficiently
larger than R, of if ¢, were positive. It turns out
that, for positive o, a,, is always greater than the
critical wavenumber a., which is the wavenumber
of the unstable mode requiring the smallest Ray-
leigh number (Fig. 2). Physically the inertial
inefficiency caused by the inertia of the horizontal
motion (motion which does not generate buoyancy)
is decreased at larger wavenumbers so a,, increases
as R or o increases. Therefore a, is the smallest

(2.20)

1600
-

R 800

Fig. 2. Stability boundaries and most unstable modes for
mesoscale mixed layer convection. The Rayleigh number
R as a function of wavenumber (solid lines) for marginal
stability (¢ = 0). The wavenumber of the mode with
largest growth rate (a,,) as a function of R (dotted lines).
(1) poorly insulating boundaries (g, = —1) and isotropic
diffusion (m = 1): (2) better insulating boundaries or S
taken to be positive (g, = —0.2) and isotropic eddy
diffusion (m = 1); (3) poorly insulating boundaries
(g, = —1) and enhanced lateral diffusion (m = 2). The
growth rate ¢ is positive above the stability boundary
(solid lines). The curve for the largest growth rate
(dashed lines) intersects the stability boundary at the
critical wavenumber a..
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wavenumber that could ever be associated with the
fastest positive growth rate. The critical wave-
number in (2.15) is given by

a, = (—o,/)" 2.21)

If o, > 0 and R < R_ then both a, and a,, would be
zero.

From (2.20) and (2.21) and Fig. 1 and Fig. 2, it
is apparent that the mode with the fastest positive
growth can have a wavenumber much less than
unity if R is slightly greater than R and g,/fis not
too negative, or better yet, if R is less than R, and
0, is positive.

2.2. Broad convection due to insulating boundaries

If m is taken to be unity and § is taken to be
zero then (2.21) predicts the critical wavenumber
for mesoscale convection to be

a.=[5.1(y, + yDIV4 (2.22)

Using the estimate for y,in (2.14) and taking y, =0
as an extreme case of insulation, (2.22) predicts
that a. would be about 0.63, which corresponds to
an aspect ratio of 10:1. y, would have to be about
100 times smaller than the estimate in (2.14) in
order for a, to be 0.2 and correspond to the typical
30:1 aspect ratio of MCC. The estimate in (2.14)
could not possibly be a factor of 100 too large.

The physical reason eq. (2.22) predicts a
substantial decrease of a, as y, + y, approaches
zero is as follows: As the boundaries to the
convection become insulating the lateral diffusion
of heat becomes increasingly important in regulat-
ing the magnitude of ©. In such circumstances the
diffusive loss of buoyancy can be greatly
diminished in modes of small wavenumber and the
enhanced retention of buoyancy exactly offsets the
dissipation due to shear at small wavenumbers. In
the limit of perfectly insulating boundaries the
Rayleigh number required for convective in-
stability approaches a minimum constant R. as a -
0. This result was shown by Sparrow et al. (1964)
and further elaborated on by Hurle et al. (1967).
Sasaki (1971) made an attempt to apply these
concepts to MCC. We will return to a discussion
of the effect of thermal boundary conditions on
mixed layer convection later in Section 2.5.

2.3. Broad convection due to latent heat release

If S is assumed to be positive, then o, can be
made positive and the small-wavenumber modes
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can be rendered the most unstable despite strongly
dissipative thermal boundary conditions (i.e., y, +
y, of order unity). Rosmond (1973) was able to
predict convective modes of wavenumber as small
as 0.1 to be the fastest growing in a linear
convection model that included latent heat release.
Apparently the success in predicting MCC-like
scales to be the fastest growing was due to a subtle
wavenumber dependency in the rather complicated
latent heat release model. However the actual
wavenumber dependency of the model seems to
have been no more complicated than that offered in
(2.4). Rosmond found it necessary to invoke a
statically stable mean state that delicately balanced
the latent heat release forcing so that the system
was only marginally convectively unstable. The
slight increase of efficiency of the latent heat release
forcing at small wavenumbers could then have a
critical effect on the balance and swing the balance
in favor of instability at small wavenumbers. Using
the terminology of the analysis presented here,
Rosmond’s MCC model seems to have employed
large Q, and 86/0z = @, so that R = R.. Q, was
much less than @, so the wavenumber depen-
dence of Q was only slight. However, Q, was still
large enough to make o, > 0 because large values
of Q, had been used. Therefore both a,, and a,
approached zero. Rosmond’s model could offer a
viable explanation for the aspect ratio of MCC if
the increased efficiency of the latent heat forcing at
small wavenumbers could be justified. However,
neither adequate theoretical or experimental justi-
fication has been put forth. The appropriate value
of @, (and S) to use in modeling mixed layer
convection is probably zero.

2.4. Broad convection due to anisotropic eddy
diffusion

Another way to render small-wavenumber modes
the most unstable in (2.15) is to assume the value
of the m to be much greater than unity (Fig. 2).
Priestley (1962) first proposed that if anisotropic
eddy diffusion coefficients are included in a linear
analysis of convective instability then the critical
wavenumber a. would be proportional to m~ Y2
Ray (1965) formally solved the stability problem
proposed by Priestley, though the presentation of
the results obscured any simple relation of the
results to m. It was Williams (1972) who pointed
out the validity of the Priestley hypothesis if m is
much greater than 1. The critical wavenumber
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predicted in (2.21) is proportional to m™ "2 as m -0
and so obeys the Priestley hypothesis. Physically,
with enhanced lateral diffusion of heat and momen-
tum the moderate wavenumber modes are damped
so the small wavenumber modes become relatively
more unstable. Anisotropic eddy diffusion has
enjoyed some popularity in the literature as an
explanation for the flat dimensions of MCC (Agee,
1976; Rosmond, 1973; Atkinson, 1981). How-
ever, there has been little justification for assuming
the required inordinate amount of anisotropy in the
eddy diffusion coefficients, particularly in a con-
vectively unstable mixed layer. If eddy anisotropy
alone were to explain the disparity between the
scale of MCC and the preferred scale in the
Rayleigh problem (a, =~ 2-3) then m would have to
be about 100. However, if a convectively unstable
mixed layer the vertical diffusion is enhanced by
narrow plumes and thermals so the appropriate
value for m might in fact be less than unity.

2.5. Broad convection by boundary generation of
buoyancy fluctuations

Section 2.2 shows that insulating boundaries are
not a likely cause of the large aspect ratio of MCC.
Although a surface layer over an ocean can lead to
Yo < 1, y,is still not small enough. Even with y, =0
the predicted critical wavenumber is considerably
greater than the wavenumber of MCC. We are led
to consider the possibility that y, is negative for
MCC, therefore allowing o, > 0 and a, = 0. A
negative value for y, would imply that the heat
fluxes at the upper boundary are generating the
mesoscale buoyancy fluctuations rather than dissi-
pating or insulating them. The vertical velocity
field would not be needed to generate temperature
fluctuations. If y, + p, is negative then the
generation of mesoscale buoyancy fluctuations can
be virtually uncoupled from the generation of
momentum if the Rayleigh number is small. In that
limit the growth rate of the temperature fluctua-
tions is determined by the boundary conditions and
the most unstable modes naturally occur at small
wavenumbers because lateral diffusion is decreased
at small wavenumbers. In Section 3 it is shown that
¥, can be negative when the mixed layer is capped
by cloud due to the effect cloud cover has on
entrainment.

B. H. FIEDLER

3. Mesoscale entrainment instability

Fiedler (1984) showed that the Lilly-type models
for strato-cumulus capped mixed layers allow for a
mesoscale instability in which mesoscale fluctua-
tions of buoyancy and humidity are amplified in
phase by entrainment. The instability is called
mesoscale entrainment instability (MEI). Although
the modes have the appearance of having been
convectively generated, any mesoscale advection of
heat or moisture within the mixed layer is a
secondary process and does not contribute to the
instability.

MEI occurs by the following process (Fig. 3): In
general, thicker cloud cover at the top of a mixed
layer tends to increase the rate of entrainment.
Therefore entrainment is usually a process which
tends to dissipate or stabilize fluctuations in cloud
cover when the air above the mixed layer is drier
than the mixed layer. However, if the temperature
gradient in the stable layer is sufficiently great this
tendency can be reversed. Regions with relatively
more buoyant mixed-layer air will rise farther into

Stable Layer

Subcloud
Layer

z2=0

Fig. 3. Mesoscale entrainment instability. A positive
buoyancy fluctuation rises into the stable layer and be-
comes adjacent to warmer air. A decreased mass entrain-
ment flux occurs over the buoyancy fluctuation,
resulting in the generation of a positive fluctuation in
cloud thickness. The positive cloud thickness fluctua-
tions in turn couple to the generation of the positive
buoyancy fluctuations by latent heat release and by
promoting the entrainment of buoyancy. Note that
although less mass is entrained where the cloud is
thicker, the air entrained is relatively warmer than that
where the cloud is thinner. Therefore entrainment can
reinforce mesoscale buoyancy fluctuations as well as
mesoscale humidity fluctuations. The level temperature
stratification in the stable layer is shown. The rotational
flow of convection confined to the mixed layer is indicated
by the solid line. The additional component of the flow
pumped by the mesoscale fluctuation in the mass en-
trainment rate when MEI is occuring is indicated by the
dashed line.
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the overlying stable air as compared with the less
buoyant mixed-layer air and the density decrease
across the inversion can intensify above the more
buoyant regions. As a result the mass entrainment
rate can be decreased above positive mesoscale
buoyancy fluctuations and fluctuations in the
mixing ratio can thereby be generated in phase with
the mesoscale buoyancy fluctuations. Mesoscale
buoyancy fluctuations are generated by two
mechanisms. First, the latent heat release associ-
ated with increased cloud thickness provides
buoyancy. Secondly, although the mass entrain-
ment rate decreases above the more buoyant
regions, the production of buoyancy by entrain-
ment can increase in those regions because the air
entrained there is warmer than the air entrained
into the less buoyant regions.

In this section we present a simplified, analytical
version of the MEI model presented by Fiedler
(1984). Although the growth rate of MEI was
shown to increase as the mean cloud thickness
increases, the mechanism of MEI can be most
easily presented in the limit of infinitesimally thin
cloud cover. We take that limit here so that no
account needs to be made of latent heat release on
the mesoscale buoyancy fluctuations. Also, the
dynamics of the stable layer that cause the
small-wavenumber cut-off will have to be excluded
from the analysis.

As discussed in Section 2 in regards to con-
vective instabilities, the boundary conditions in this
problem are essentially ones of ly,l < 1 and Iy,
<1. Therefore we assume 6’ and the total water
mixing ratio fluctuations ' are perfectly well-mixed
vertically throughout the mixed layer (except in the
surface layer and @’ in the thin cloud layer). As in
Fiedler (1984), all mesoscale advective transport of
@ and r' is ignored; the modeling effort is
concentrated on the generation of MCC by the
entrainment fluxes rather than by convection.
Unlike the last section, the analysis in this section is
conducted with dimensional quantities. Normal
modes proportional to e®’e”** are assumed. The
conservation equation for a scalar s’ (either 8' or
ris

. o5 .
Hos' =—H' o HKk*s' — C, U, 8" + (w,As)

3.1
as in [2.6] and [2.7] of Fiedler (1984). The lower
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boundary fluxes are modeled by bulk transfer. The
upper boundary fluxes are modeled as the en-
trainment velocity w, times the jump in the quantity
across the entrainment interface. Note Af must
refer to the difference in # above the entrainment
interface and # below the thin cloud layer. The fact
that the downwards flux of buoyancy into the
subcloud layer is still proportional to w, A8 despite
the intervening cloud layer follows if the moist
static energy and mixing ratio are conserved and
well-mixed throughout the mixed layer.

The entrainment velocity w, will be constrained
using the entrainment closure assumption intro-
duced by Kraus and Schaller (1978),

J o Fdz=—E*[ Fdz (3.2)

n

where F is the vertical flux of virtual potential
temperature. E is thought to be about 0.2 (Stull,
1976; Deardorff, 1976). When (3.2) is applied to
the convective boundary layers of AMTEX, the
negative buoyancy flux occurs only in a layer
below the cloud base (Fiedler, 1984). The presence
of a cloud layer of thickness y will increase the
entrainment velocity w, by an amount that will
cause the layer of negative buoyancy flux to expand
downward by a distance comparable to y and so
leave the left-hand side of (3.2) nearly unchanged.
Using (3.2) to lowest order in E and in cloud
thickness y

F
w, = —{E+ X
A6 H
where F, is the surface buoyancy flux. The bulk
transfer model for Fjis

(3.3)

Fo=C, U680 (3.4)

where 66 is the drop in @ going up through the
surface layer. In the limit of infinitesimally thin
mean cloud cover y

_E F, 3.5
w,—F —— )

¢ Af )
and

_ —w, AG B EC,U,¢ + FUX’ . (3.6)

¢ Af Ad AGH
Now y' is the difference between the cloud height
fluctuation and cloud base fluctuation

X' =H'-B. 3.7
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H' is generated in response to buoyant lifting from
below. For sufficiently large k and small ¢

’ ’

= S Ad (3.8)

(Fiedler, 1984). B’ results from evaporation caused
by &' and condensation associated with r’ (Fiedler,
1984). In these modes we find the second process is
the most important,

B =— 3.9
T (3.9)

where u is the derivative of the saturation mixing
ratio with respect to temperature
_ O g

= 3.10
u oT (3.10

at cloud base temperature. I' is the dry adiabatic
lapserate, C= 1072 K m~"

If k is not too small then the stable layer
isotherms will remain nearly level despite any
deflection of the entrainment interface (Fiedler,
1984). A positive fluctuation H’ will bring the
mixed layer adjacent to warmer air in the stable
layer so

o9
oz

AG H -0

H+

(3.11)

A nondimensional virtual potential temperature
gradient is defined

a6

ez

H

EYYA 3.12)
H+

We assume that the gradient of mixing ratio in the
stable layer is negligible so

Ar' = —r'. (3.13)
We can now write w,in terms of §’ and »'
-w, EC U0
wo=——(G— )@ —————
Ad Af
Fo 0! rl
+— | —— + = . (314)
AG\2A68 HuU

The stability model will be applied to an AMTEX
mixed layer characterized by the following para-
meters:

C,=15x10"% (Liuetal, 1979),

B. H. FIEDLER

U,w=10ms' (Sheuand Agee, 1977)

00=8 K (Sheuand Agee, 1977)
Fy=0.12Kms™!

H=2x10""m (Ageeand Lomax, 1978)

a_(i =20x 102K m'' (Agee and Lomax,
9z |y, 1978)
AG=2K (Jensen and Lenschow, 1978)
w,=0.012ms™!

G=10

AF= -4 x 107? (Jensen and Lenschow, 1978)
u=3x10*K"!

The actual value of Af is difficult to measure. The
assumed value is slightly less than the value
apparent in the sounding presented in Jensen and
Lenschow where A@ ~ 4 K. Without such a low
value for A@ the growth rate of MEI would be
negative (Fiedler, 1984). Anticipating the results
that ¥/6' ~ 3.2 x 1073 K~' we retain only the most
important term in (3.14)

;wl‘
w,=——G#'.

, 3.15
Y (3.15)

In solving for (w.A8)" we must return to (3.6)

_ 9’ ’
W, A0) = —EC, U, 0" + F) | — + _r .
2A6  Hull
(3.16)

The mean buoyancy increases due to the con-
vergence of the surface buoyancy flux and the
entrainment buoyancy flux

o0 (1 +E) G17)
o  H " :
From (3.5), (3.16) and (3.17)
a0 w8  Fyr'
w, A0 —H'—= —EC,U,,0" - + —
ot 2 Hull
(3.18)

From (3.1) we can now construct an eigenvalue
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problem with ¢ the eigenvalue and (~,8') the
eigenvector

(oH + C, U,y + W, + HKK) r

w
+ —GAF@' =0 (3.19)
AO
F, _
_ r—jcH+ (0 +EC, U,
Hull
w,
+ 5 + HKk*{ 8" =0. (3.20)

In (3.19), the H' 0r/6t term would be of order
H’' ué6/6t and so is negligible. The nontrivial
solution of (3.19) and (3.20) occurs with an
eigenvalue that makes the determinant of the
eigenvector coefficients vanish. One additional
approximation will make it particularly easy to
write a solution for ¢

(1 + E)YC, Uy + 4, = C, Uy + W, (3.21)
From (3.19) and (3.20) we now have

. . Fy, (—EGAF\"?
oH + HKK* + C, U+ w,= — |——
Af Hul

(3.22)

in AMTEX conditions. Had we not assumed (3.21),
there would be two real eigenvalues with magnitudes
close to that in (3.22). For k > 1.8 x 107* m~},
o is negative. For a 30:1 aspect ratio mode, or
k =1 x 107* m~', the boundary driving is just
barely able to overcome the lateral diffusion and
the diffusion into the boundaries: ¢ = 9.1 x 10~¢
s'and r'/8' = 3.2 x 103K~

The growth rate predicted by (3.22) is slightly
higher than that found in Fiedler (1984) for the
same specified conditions. In that more complete
model we would not find growth rates as large as
1 x 10~* s~ ' unless y = 500 m or A = 1.2 K. One
reason for the difference is that at k = 1 x 107*
m~* the dynamics causing the small-wavenumber
cut-off are already significant. In the model of
Fiedler (1984) the growth rate of MEI peaked at
aspect ratios of about 30:1. In that model the iso-
therms in the stable layer do not remain level as k
becomes small so (3.8) and (3.11) are over-
estimates for small k. The linear response of the
velocity and temperature fluctuations in the stable
layer are modes proportional to e7**. Retaining the

=63x102ms"!
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most important terms in equation [2.49] of Fiedler
(1984) we have

N
Yr—k

w,

(3.23)

where N is the Brunt frequency of the stable layer.
From [2.52] of Fiedler (1984) we find that the
small-wavenumber cut-off dynamics will dominate
the solutions if

1 28

— . (3.24)
Af oz,

Yy <
So in AMTEX conditions the small-wavenumber
cut-off will severely damp the solutions if ¥ < 5 x
107* m ! or if the aspect ratio is greater than 60:1.
With diffusion causing a large-wavenumber cut-off,
peak growth rates were found to occur at aspect
ratios of about 30:1.

4, Summary

The previously proposed linear convective
models for MCC are unrealistic. One requires
more eddy anisotropy than the atmosphere could
ever provide. Another requires more boundary
insulation than could ever occur across a surface
layer in the atmosphere. A third theory has been
presented that is similar to the model of Rosmond
(1973). The third theory includes subtle wave-
number-dependent forcing that requires rather
special conditions for it to dominate the dynamics.
Even then, such a wavenumber-dependent forcing
may not be justified.

Advocates of Rosmond’s parameterized model
could test it with a simple two-dimensional
numerical simulation of moist, nonprecipitating
convection. We note that van Delden and Oerle-
mans (1982) observed 15:1 aspect ratio clustering
of cumulus elements in a two-dimensional
numerical model of moist convection. However,
they used extreme anisotropy in the diffusion of
water vapor, i.e., the vertical diffusion of water
vapor was zero., Since water vapor contributes to
buoyancy via latent heat release, such an assump-
tion for diffusion probably caused the convection to
broaden for reasons discussed in Section 2.4.

In this paper I have shown that MCC does not
have to be generated by a classical convective
instability. A mesoscale entrainment instability is
another possible source for MCC. MEI requires
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rather special circumstances to achieve substantial
growth rates, namely a lack of radiative damping
and small A@ despite the large 96/6z in the stable
layer (Fiedler, 1984). The growth rate of MEI in
(3.22) goes as the square root of the coefficient of
x/H in (3.3), so we may wish to consider an
entrainment closure relation more sensitive to cloud
cover than (3.2). However, more elaborate model-
ing of MEI or entrainment does not seem to be
called for. MEI has been shown to be a theoretical
possibility. Actual observations are required to
convincingly demonstrate that MEI, rather than
convection, is generating MCC.

The observation that MCC occurs only over
water is clearly supported by (3.22). All else being
the same, using a value of C, of order 1072 typical
for a land surface (Garratt and Hicks, 1973) in
(3.22) would cause o to be negative due to diffusion
of the buoyancy fluctuations into the lower
boundary.

Sheu and Agee (1977) show that MCC was
observed during AMTEX only when the surface
windspeed and air-sea temperature difference was
sufficiently large. This finding seems to indicate that
the occurrence of MCC requires a threshold
surface buoyancy flux F,. The MEI model for
MCC supports this observation both directly and
indirectly. The direct reason is as follows. In (3.22)
the growth rate has a positive contribution pro-
portional to the surface buoyancy flux. The
negative contribution due to horizontal diffusion is
proportional to K, which in a convective boundary
layer is proportional to the cube root of F,. So not
only is large F, required to bring into being an
observable amplitude of MEI, but also a sufficiently
large F, is required to make the growth rate
positive. Indirectly, large values of F, simply
indicate a significant or recent cold-air outbreak.
Perhaps small values of Ad and large values of
00/z in the stable layer are found only within
about 1000 km of the cold front.

MCC occurs in the tropical trade-wind bound-
ary layer as well as in cold-air outbreaks. In the
tropics, F, and the stable layer temperature
gradient are an order of magnitude smaller than
those in the AMTEX environment. Clearly the
modes of MEI discussed here would be stable in the
tropics. However, in light of recent research by
Randall (1984), it seems that another class of MEI
modes are possible in the tropics. Randall (1984)
has shown that entrainment can cause cloud
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thickness to increase when the large-scale sub-
sidence is weak and the temperature and humidity
difference is small across the entrainment inter-
face. Randall presents data which shows these
conditions existing in the south west region of the
trade-wind boundary layer off California, precisely
where MCC often occurs. Recall that in the
AMTEX MEI modes discussed in this paper there
was decreased mass entrainment above cloudy
regions as a result of the large temperature gradient
in the stable layer. In the conditions Randall
describes, MEI would be possible with increased
mass entrainment above cloudy regions. MEI could
occur without the presence of a large temperature
gradient in the stable layer. The quantitative details
of the tropical MEI modes will be the subject of
future work.

Further observations are needed to help reveal
the source of MCC. Like ordinary convection,
MEI also has a rotational convective circulation
associated with it. Unlike ordinary convection, MEI
has a strong horizontal flow above the entrainment
interface that is pumped by the mesoscale variation
in the entrainment rate (Fig. 3). Although an up-
wards velocity fluctuation is depicted going from
the mixed layer to the stable layer above the cloudy
region, the mean subsidence velocity plus the
fluctuating velocity is always down through the en-
trainment interface—mixed layer air never be-
comes stable layer air. Otherwise the MEI circula-
tion is somewhat similar to the penetrative
circulation envisaged by Rothermel and Agee
(1980). Mesoscale fluctuations in the entrainment
velocity of order 1 ¢cm s~! would cause a hori-
zontal streaming velocity of order 1 m s~! in the
lower 100 meters of the stable layer. Such
magnitude velocities are easily detected by aircraft
and should stand out above any background noise.
Simple detection of the lateral streaming velocities
in the stable layer will add credence to the MEI
model.

To demonstrate conclusively that MEI is the
primary cause of MCC would require knowledge of
the relative strengths of the mesoscale entrainment
fluxes and the convective fluxes effecting MCC.
Making direct measurements of the entrainment
fluxes and weak vertical velocities is difficult.
Detecting mesoscale fluctuations in these quanti-
ties would be even more difficult.

An indirect strategy to obtain these fluxes would
probably be best. Measurements from two simul-
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taneous flights, one at 100 meters and one directly
above at height H, might be sufficient. By measur-
ing the mesoscale fluctuations in the horizontal
velocity the much weaker vertical velocities in the
MCC circulation could be inferred. The upper level
flight could penetrate the entrainment interface
between the mesoscale crests and troughs and
presumably could measure the streaming velocity
and the depth of the shallow layer containing the
streaming. Scale analysis of the continuity equa-
tion could then give w’' at H. Evidence of steady
state (small 8H'/dt) would imply w!, = —w' at H.
The jumps A# and Ar could also be obtained from
the penetrations through the entrainment interface.
The MEI model is very sensitive to the fluctuations
of the temperature field in the stable layer and in
particular to Af'. Measurements of the temper-
ature along the flight path while in the stable layer
and knowledge of the vertical temperature gradient
will give the shape of the isotherm contours in the
stable layer and will allow A’ to be calculated.
Subsequently the mesoscale entrainment fluxes
(w,A6) and (w,Ar)’ could be calculated.

The convective fluxes within the mixed layer
could be calculated if the mesoscale fluctuations in
water vapor and buoyancy were known. Since
these quantities are vertically well-mixed, the
convective velocities and mesoscale scalar fluc-
tuations could be obtained by the parallel low level
flight. The mesoscale convective and entrainment
fluxes could then be compared. Hopefully the
source of the mesoscale buoyancy and moisture
fluctuations in MCC would then at last be revealed.
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6. Appendix. Perturbation solution for
small-wavenumber convective
instability in a fluid layer

To solve (2.5)-(2.7) we will use a perturbation
parameter ¢ and write all the variables in (2.5)—
(2.7) as a product of an O(1) variable (Nayfeh,
1973, p. 8) and ¢ to a power

a’= ey (A.1)
W =gV, (A2)
r=¢T, (A.3)
S=¢&0C, (A4)
Z=egnkX, (A.5)
o=¢'s, (A.6)
Vo= €4 bg (A.7)
n=¢b, (A.8)

Further, we redefine the nondimensional vertical
coordinate as

y=2(z—1%) (A.9)
so the upper boundary is at y = 1 and the lower
boundaryisaty = —1.

Making the above substitutions, (2.5)-(2.7)
become

4D —me* )@ =50 — 2P RV ~ &4 CV,

(A.10)
(4D — &2 n*)(AD: — me* )V
=s5e'AD X —me? )V + © + 2 TDX
+ 3ingTX, (A.1D)

and

(4D2— me*n) X = e*sX — TDV — eingTV (A.12)
where

17
&

D =

v =4D. (A.13)
The boundaries are taken to be rigid and stress-free,
sO

V=0 aty=-landy=1, (A.14)
DlV=0 aty=-—landy=1, (A.15)
and

D,X=0 aty=—landy=1. (A.16)
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The thermal boundary conditions (2.12) and (2.13)
become

2D, O =¢"b, aty=—I (A.17)
and

2D, O =—¢*h, aty=1. (A.18)
The solution of (A.10)—(A.12)is sought in the form
R=2¢"R, (A.19)
O=42¢0, (A.20)
V=A2X2eV, (A.21)
X=A2eX, (A.22)
The order €° equations from (A.10)—(A.12) are
D9,=0, (A.23)
16DV, = ©,, (A.24)
2D} X,=—TD,V,, (A.25)

which yield solutions satisfying (A.14)-(A.18)

0,=1, (A.26)
Vo= 41— 6y? +5), A.27
T Texar VT (A-27)
X,=— T (" — 10p? + 25y) (A.28)
= el + . .
°T 32 x5! it
The relevant order ¢? equations are
4D2@, = m@,— 1’ R, V, (A.29)
and
16Dy V,=(4m + ) D2V, + ©, + 2TD, X,
(A.30)

We define the vertical averaging operator { ) as
¢ S=4Tdp. (A31)

D, 0, = 0 at the boundaries, so upon operating on
(A.29) by ( >,
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Subsequently from (A.29)

2

0,=—- o (O — 15p*+ 27y%)
184 ’

and from (A.30)

(A.33)

_mm+ D (% — 15p* + 7592 — 61)
T Teaxe Y J
- M (y'—45)% + 3785 — 4455y + 4121)
128 x 10! Y
T2
——— (y®— 285 + 350p* — 1708y + 1385).
756 x 81 » Y y Y )
(A39)
The order &* equation for @ is
4D1O,=50,+ mn*®,— n*R, V,
— B*R,V,— CV,. (A.35)
From (A.17) and (A.18),
(D3O =~(b,+ b)/4, (A.36)

so upon operating on (A.35) by ¢ ),

(s + by + b, + mn¥8,)

R,=

n*{Vo)
s+ by+ b, — C/120

mn?

— RV — CVo))=R,

3lm 31
5544 3024m

34(m + 1)
+
336
(A.37)
Therefore the relation between R, ¢ and a is
3172 o+ 7y, + 7y, —S/120

+
3024m ma®

4(m+1) 31m
+|l— &
336 5544
The value of R needed for convective instability
increases as a? increases and can either increase or

R:RO[1+

(A.38)

($) 2, i
R,= (O _ 120m. (A.32) decrease as a* » 0 depending on the value of y, +
Vo y, — §/120.
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