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ABSTRACT

Sea surface temperature anomalies in mid-latitude north Pacific Ocean are compared with a
cyclo-stationary stochastic model in which the anomalies are forced by atmospheric “weather”
disturbances. The results show that the model explains the observed two-time auto-covariances
of the anomalies for almost all (98 %) of the studied region.

1. Introduction

In a recent series of publications, stochastic
models of climate variability have been considered.
In the model proposed by Hasselmann (1976), slow
changes of climate were interpreted as the con-
tinuous response of climatic variables to random
forcing produced by weather disturbances. The
model was then applied to some simple climate
systems, such as the sea surface temperature
anomalies (SST) (Frankignoul and Hasselmann,
1977) and climate variability on longer time scales
(10'-10* years) derived from energy balance
models (Lemke, 1977).

Stochastic models have been also fitted (in the
least squares sense) to observed SST anomalies
(Reynolds, 1978) and to sea-ice anomalies (Lemke
et al., 1980), thereby achieving statistical veri-
fication, as well as yielding information on the
statistics of atmospheric forcing and on the feed-
back governing the response of the climate system.

These comparisons showed good agreement
between data and models, and suggested a pos-
sible way to improve the models. Generally, in
stochastic models the evolution of a climate variable

y(t)is governed by a Langevin type equation
(&) = =@y + w(?), (1.1)

where w(?) is a stochastic process. Earlier analyses
were performed assuming w(f) to be delta cor-

related, gaussian and stationary, while v(f) was
taken to be constant.

SST anomalies are often described with mixed-
layer models. These models assume a completely
mixed, horizontally homogeneous layer of the
upper ocean of depth A(r) and temperature T(t),
overlying a seasonal thermocline. Supposing that
the time variation of A(¢) is known, it is possible to
derive a heat balance equation for the surface
temperature.

(h(OT() =/ (T(0), T,, 9. U, R), (1.2)

where fdenotes the sum of three terms: (a) the total
flux of latent and sensible heat through the air—sea
interface as a function of sea temperature 7, air
temperature T,, humdidity ¢, and wind velocity U;
(b) the net balance of short and long wavelength
radiation R; (c) the heat exchanged with the layer
below.

For small departures from equilibrium, i.e., for
small SST anomalies, we can expand the function f°
with respect to 7. We define T = 0 as the
equilibrium temperature for which (/) = 0, where
angular brackets denote ensemble averages over
atmospheric states. If we write

S ==L (1.3)
then
IhWOT@) = (O, S D r=oTO) + 17, (1.4)
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where f’, as a function of instantaneous weather
variables, can be considered as stochastic for the
time scales of variation of T and h. These scales are
of the order of weeks to months, while f* varies in
time scales of the order of a day. Equations similar
to (1.4) were used by Frankignoul (1979), and by
Frankignoul and Reynolds (1983). Observations
show that the variance of the stochastic forcing f*
and the mixed-layer depth vary markedly with the
seasons, being larger in winter and smaller in
summer. We will therefore assume a periodical
time-dependence for the variance of f’ and for
h(?).
Comparing (1.4) with (1.1) we can write

v(t) = —(L/AE@, Sy + SR (1.53)

w(t) =S"/h(1). (1.5b)
We now expand v(¢) in a Fourier series

vlt) = a, + a, cos (wyr) + b, sin (w,0) + ..., (1.6)

where w, = 27/12 month™ ! is the annual angular
frequency, and we make the assumption that we
can approximate ¢(¢) by the first three terms in the
expansion, which we write as

v()) ~ B+ B, cos (wyt + ).

Similar arguments allow us to write the variance of
the stochastic forcing

(1.7)

{w(w(s)y = (1/RORES) S (D f(5)) (1.8)

as

(W(Ow(s)) ~ (D, + D, cos (wyt + ) (1 — ),
(1.9)

where we have assumed f/” to be a gaussian, delta
correlated stochastic process. ¢ and y denote the
phases of the annual cycles of the feedback and
forcing variance, respectively.

We propose for SST anomalies the following
equation.

ST ()= —(f+ Bycos (wyt + HT() + w(). (1.10)

This equation models a climate variable as being
governed by a periodically varying feedback. The
SST anomalies are amplified whenever ©(r) is
negative while they are damped when it is positive.

Eq. (1.10) was analyzed from a formal point of
view in a previous paper (Ruiz de Elvira and
Lemke, 1982) where the following expression was
derived for the two time autocovariances C(z. 1)

Clt. 1) =(T(t + DTW) — (T(t + (T, (1.11)
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C(t, 1) = exp (—fiti — asin (w,(t + O + ¢)
—asin (w, f + @) x
exp (—in(w,t + $){4 + B cos
" (wst+y)+Csin(wat+);)}; >0
> J, Qi< exp (—in(w, (t + ) + $)}4 + B
= cos (w, (¢ + 1) + y) + Csin

(w,(t+ D+ P <0 (1.12)

where J,, are Bessel functions of the first kind and

A =D,/Q2B— inw,),

B = D,28 - inw)/((28 — inw,)? + w}),
C = D,w,/((2B— inw,)* + w}),
i=yv—1,

a=4/w,.

(1.13)

2. Procedure

To determine the parameters of the model, we
must compare the results of eq. (1.12) with
covariances obtained from observations. The data
used consists of 28 years of monthly average
temperatures in a 5° square grid in mid-to-low
latitudes (40°N, 15°N) of the Pacific Ocean
(NORPAX data).

For each point on the grid, hereafter called
location, we arrange the temperatures into a
rectangular matrix

T,(0) =T,  u=1.2....,28;

i=1,2,...,12, 2.0

where u denotes the year, { the month and we
assign { = | to January. As we intend to fit a
seasonal model we define, for each location and
month i, an average temperature

N
. 1<
T,= VZ T,
u=1
where the number N of terms in the sum varies with
the location. For out data, 21 < N < 28. We then

perform the analysis with the rectangular matrix of
temperature anomalies

OT,,=T,—T,

(2.2)

(2.3)

for each location.
The true covariances of temperature anomalies
are estimated by the sample covariances defined by

1 N
Cy=Cltnr)=— DT+ 1) AT, (). (24)
u=1
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A typical sample covariance is shown in Fig. I.
Most interesting is the presence of secondary peaks
at time lags 7; ~ +12 months. These peaks are not
simply due to high values of temperature anomalies
in the months of December in all years computed,
but indicate a true relationship between these
anomalies at time lags of about 12 months. This
relationship was confirmed by the calculation of the
corresponding correlations.

For r = 0 data, covariances are a sum of N
positive terms; hence, in this case, they are positive
for all months ¢,. If we expand (1.12), we observe
that for D, > D,, the last two terms in the curly
brackets produce for ¢ = 0 and some months ¢,
depending on the phase y, negative model covari-
ances. Therefore we must impose the condition
D, < D,. This condition is also evident if we look at
expression (1.9) where D, and D, were introduced.

Forcing D, < D, imposes positive model
covariances for all time lags 7, and therefore our
model cannot represent the negative values of data
covariances which appear at some time lags 7 # 0.
Moreover, for D, < D,, model features are similar
to those obtained when D, = 0. As we are modelling
an essentially low-order stochastic process, we must
use as few parameters as possible. Of course we
do not think that the effects of taking D, # 0
are negligible in the evolution of temperature
anomalies. However, these effects are similar to
those of a seasonal varying feedback in the
temperature autocovariances for D, < D,. Keeping

2
w
1

SST Autocovariances (°C)

T T T T
~15 -12 -9 -6 -3 4 3 6 9 1215
T (months)

Fig. 1. Data autocovariance C(t,,, 1) at 40°N and
155°E, for T = December as a function of z.

D, # 0 would add nothing to the model fit, while it
would impair its statistical significance.

If the present model is to be an improvement
over former ones, it has to represent the secondary
peaks we have mentioned above, while maintaining
the overall decaying behaviour observed in the data
covariances. As was shown in Ruiz de Elvira and
Lemke (1982), the modelling of secondary peaks is
a result of the cyclostationary stochastic model. To
perform the fit between data and model we have
therefore given more weight to the peaks of
covariances than to their near zero values.

We have run three series of fittings. In the first
one, we used three data autocovariances for each
location simultaneously, and the same set of
parameters was determined for all three. We chose
the months of August, December and April. This
choice was made to introduce in the calculations
months with supposedly different values of the
feedback function v(r). We then searched for the
set of parameters that minimizes the expression

3 3 18 -~
=Y '.:Z Z {C,“}j(cij_cfi)}z’

i=1 i=1j=128

2.5)

o

while maintaining the secondary peak structure.
Here C; are sample data autocovariances as
defined in (2.4) while C;; are the model auto-
covariances. The exponent v takes into account the
weight given to the peaks of the covariances. As
there are more terms in the sums (2.5) with near
zero values than terms with values markedly
different from zero (the peaks), v = 0 would
produce such a set of parameters that the model
would better fit the small values of the data
covariances. On the other hand, with v > 1, the
model would fit only the values near the peak at
7= 0. A compromise value of v =1 was chosen as
a working assumption.

In Fig. 2 we show the model autocovariances
obtained through this least squares procedure for
the location at 20°N and 150°W. Data auto-
covariances show clearly the secondary peak
structure, with the corresponding time lags varying
with each month ¢, The model autocovariances
follow the same general pattern with alternating
maxima and minima. The value of the maxima is
controlled by parameter D, Lower values of this
parameter would produce better fits for the two
months of April and August, but then the peak at
7 = 0 in the data autocovariances for December
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would not be fitted at all. Similar problems arise for
the other three parameters, and therefore, minimiz-
ing ¢ in (2.5) represents a compromise fit for each
particular month.

Seasonal varying stochastic processes need a
large number of parameters if each month is to be
fitted separately, and the statistical significance of
such a fit is rather low. Improved significance for
our data may be obtained by fitting the first
coefficients in a Fourier series expansion of the
autocavariances C;, as was suggested in Hassel-
mann and Barnett (1982). In our second run of
fittings, we have used the first three coefficients in
the Fourier expansion

w
Ci= Y a,(r)cos (nw,t))
n=0

0
+ 2 b, (1) sin (mw,t)). (2.6)
m=1
We have sought the set of parameters that
minimize the expression

3 3 18
= b, = A {g;;(r_,‘)(gk(z'j)—gAk(T_,‘))}z»

ko k=1j=—18
(2.7

where g, = a,, g, = a,. §; = b,. The g, are data
Fourier coefficients and £, are model Fourier
coefficients. Here again we have taken v =1 as a
working assumption for the weighting function. In
Fig. 3 we show the data and model Fourier
coefficients obtained through this procedure for the
location at 20°N and 150°W. The small peaks
present at time lags of about 9 months in the
coefficient a, would imply higher values of the fitted
parameter f,, which in turn would produce bigger
peaks at 7 = O for the coefficients a, and b,, and
therefore a bigger error 8. The result shown is the
situation finally reached when #is a minimum, and
it is evidently a compromise between fitting
coefficient a, and fitting coefficients a, and b,.

We must point out that another minimum (local)
@ exists for a value of the parameter f# consider-

Fig. 2. Autocovariances at 20° N and 150° W. Full lines
are model covariances C,-,-. dashed lines are data
covariances C;;. They are given for three months: April,
August and December as functions of lag time 7. The
model parameters are: § = 0.10 month~!, 3, = 0.25
month™', Dy = 0.03 (°C)? months~!, ¢ = 1.25 radians.
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Fig. 3. Fourier coefficients a,(r), a,(7), b,(7), at 20°N
and 150°W, as functions of lag time 7. Full lines are
model coefficients, dashed lines are data coefficients. The
model parameters are: f = 0.12 month~!, §, = 0.10
month~!, D, = 0.12 (°C)? month~, ¢ = 2.10 radians.

ably larger than that shown in Fig. 3. We think it is
interesting to indicate the reason for it. For f values
three or four times greater than those obtained
using (2.7), model autocovariances (1.12)
approach those given by a first-order auto-
regressive model. The decay is then nearly expon-
ential and the secondary peaks almost disappear.

i T S VU S | 1 1 1 1 1 1
60 °N—
= -
40°N -
20°N+ -
rrrrrrrrr-r—r1rr-1 1T
130°E 180°W 130°W

Fig. 4. Central Pacific region. The dashed squares
indicate where the model is not valid.

Bmonths ™)
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140°E |;vO"E 180°W 160°W |4:)°H T Yzﬂ‘;'
Fig. 5. Spatial variation of parameter f. Full lines

correspond to the fit of Fourier coefficients. Dashed lines
correspond to the three months fit.
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In this case, model coefficients d, and 6, are nearly
zero, but the model coefficient d, follows rather
closely the data coefficient a, for time lags 7, — 8 <
7, < 8 months, thus producing a local minimum.
This minimum could be eliminated in general by
using rather involved weighting functions. We think
this would introduce too much complexity into
what is an essentially simple problem and therefore
we stick to the simple weighting function of (2.7).

Considering that the fits were performed with
data autocovariances subject to sampling errors,
and taking into account the fits for all other
locations (which in general follow the pattern
shown in Figs. 2 and 3), we conclude that we can
satisfactorily describe some interesting features of
air sea interaction in the ocean keeping our model
simple enough.

To perform a statistical significance test for the

-1
8, tmonth )

parameters and locations where this test is satisfied,
we made the hypothesis that the model fits the true
covariances perfectly. However, as we use samples
of finite size, the model would never fit the
measured covariances exactly and therefore € and €
will never be zero. As is proven in the Appendix, we
can find lower limits for the expected values of
mean and variance of both ¢ and € whose
distribution is approximatelly Gaussian. If we
denote these limits by (e, 62, {(6), 03, we can
define two critical errors & and 8:
e=(e)+ 1650,

6= (8 + 1.65 a,,

such that the probability that either ¢ < £or 6 < 8
is 95%. For each fit, the model was considered to

be statistically significant, with a 95% confidence
limit, if in each case ¢ < cor < 6.

(2.8)

NN . ———— ——— L —
104 7
N\ / “\ -
104 — 7/
~ =N . -
150N Yooy e i
LR Bk S S S S e S o e S e AU S s e e e S L i e e e S e S S L e e
140°E 160°E 180°W 160 *W 140w 120w 140°E 160°E 180°w 160°W 140°W 120°w

Fig. 6. Spatial variation of parameter f,. Full lines
correspond to the fit of Fourier coefficients. Dashed lines
correspond to the three months fit.
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Fig. 7. Spatial variation of parameter D, Full lines
correspond to the fit of Fourier coefficients. Dashed lines
correspond to the three months fit.
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3. Results

The boxed in region in Fig. 4 indicates the 5°
square grid for which data autocovariances were
computed. The dashed regions are those in which
neither of either fit is significant. As we can see, the

$°

RUIZ DE ELVIRA

model is not valid (statistically significant) only
near the costs of Japan, where advection
(Kuroshio) is probably more important than
seasonal varying feedback coefficients. In the
remaining squares (98 % of the area in study), the
model is valid.
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Fig. 8. Spatial variation of parameter ¢. Full lines correspond to the fit of Fourier coefficients. Dashed lines

correspond to the three months fit.
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In Figs. 5 to 8, we present the value of the four
parameters for the two fits, for each latitude as
functions of longitude.

The overall decay parameter § is in general lower
in the three months fit than in the fit of the Fourier
coefficients. To get a minimum 6 in this last fit, it is
necessary to use as large § and f, as is possible
because the biggest source of errors is the dif-
ference between model and data for time lags 7,
—8 < 1< 8, in the fit of coefficient a,. The sources
of error in the three months fit are more evenly
distributed in r, and therefore we obtain lower §
values. In general, values of £ are around 0.12
month™!, and are therefore nearly equal to those
obtained by Reynolds (1978) using a non cyclo-
stationary stochastic model.

The parameter f§, controls the secondary peak
structure which is revealed more clearly by the
non-zero values of the Fourier coefficients a, and
b, The only marked spatial variation of this
coefficient occurs at 40°N, were f, values are
decreasing eastward. Far off the coasts, 8,, which
represents the intensity of the seasonal modulation
of the feedback function, decreases southward.
Taken together with § values, we see that while at
40° N and for almost all eastern locations there are
some months where the temperature anomalies are
being amplified, no such amplification takes place
at 15°N.

The parameter D, controls the intensity of the
stochastic forcing. Here the values obtained in both
fittings are nearly equal for the three southern
latitudes, while for the northern they are bigger for
the fit of the Fourier coefficients. It seems that the
three months chosen for the covariance fit un-
derestimate the forcing intensity at these latitudes.
The general tendency for D is to increase
eastwards at low latitudes, while decreasing in the
same direction at mid-latitudes.

4. Summary

We have shown that the cyclo-stationary model
introduced by Ruiz de Elvira and Lemke (1982)
represents significantly the autocovariances of SST
anomalies in the mid-Pacific. Almost all auto-
covariances in the region studied could be ex-
plained by this model.

As an improvement over former models, the
present model has the ability to represent the
secondary peaks present in the data auto-
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covariances at time lags of about 12 months.
Forcing was found strong in the mid-west and
low-east Pacific, with quiet areas in the region at
15°N-25°N and 160° W-140°E.

The objective of this work was to test a general
climate model by means of comparison of its
solution with observational data in a particular case
(air—-sea interaction). The results obtained for the
autocovariances of SST anomalies seem to confirm
the possibility of representing climate variables by
means of stochastic processes governed by Lan-
gevin equations with periodic coefficients.

Improved results for the statistical analysis of the
data should include the study of cross covariances
between temperature anomalies at different
locations. For this study, the inclusion of advection
effects is necessary. A more complete seasonal
model including advection is underway and we
hope to report on it shortly.

A further test of the model will be performed for
another climate variable, the sea-ice anomalies for
which the underlying assumption of well separated
time scales of the model is reasonably satisfied.

5. Acknowledgements

It is a pleasure to thank Prof. K. Hasselmann
and K. Herterich for suggesting this topic and for
many helpful discussions. We also want to thank
the referees of this work for interesting suggestions.

6. Appendix

In this appendix we determine the lower limits of
the first and second moments of the probability
distribution of ¢ and @ as defined in (2.2) and (2.4).

To begin, let Cj be the strue covariance,
corresponding to a seasonal time #, and a lag
timer;:

C,= T( + t)T®)) — (TWOXT(t + 1)),
and a, the true parameters of the model, such that
C,=Ca,). (A2)

where C“j(dk) is the model.
Let C, be the measured covariance and define

5C.i =C,— C; =C— éj(dk)' (A.3)
(A.4)

(A.D

da,=a,—a,
where a, is the fitted set of parameters. From (A.3)
and (A.4) we can write:

Ca) = Ca,) — 6Ci(ay), (A.5)
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where
- 9 -~
8C(ap) = > (8C,(a)/da,) ba,. (A.6)
k=1
We use a weighted least squares fitting with
'r,:ﬂls
6= Y (Cy(Cy—Cifa)), t=t, A.D

1=—18

To simplify the notation we will rewrite (A.7) as
e= Y (CAC,— C(a))™ (A.8)
J

With the help of (A.5) and (A,) we can rewrite the
last expression as

e= 3 CHOC;— ki. (0C (ap/da ). (A.9)
] -
Expression (A.8) must satisfy
9e/8a, =Y. 2CHC,— C(ay))
i
x (6Ci(a,)/0a,) = 0. (A.10)

In this expression we eliminate (C; — Cj(ak)) by
using (A.3), (A.5) and (A.6)

S CHOC,— 3 (8C;/0a)(0C ,/8a,) day) = 0.(A.11)
J =1

If we now define

my =3 (oC,/oa,)&C;/8a,)C?, (A.12)
J
we can write
q
da,=3 Y mMaC;/da)CE OC,. (A.13)
i k=1
If we further define
q q .
R;=06,;— 2 C,; C_,-(@C,-/aa,)(aéj/aak) my,
=1 k=1
(A.14)
we can write
(A.15)

£=3 3 R,C;6C,C,5C,
iJ

We must now determine the mean and variance
of the errors ¢. As the SST anomalies have long

relaxation times, the sampling errors 6C; and 6C;
are correlated. If we write

1 N
C=— D 6T, () 6T, (¢ + 1)), (A.16)
u=1
1 N
Ci=— OT (1) 0T, (t + 1)), (A.17)
= Z (DT, (t+ 1)
1 N
2 2 A.18
ot =~ § OT, (), (A.18)
1 N
o =— D @OT, G+ )2 (A.19)
u=1
1 N
of=— D @T, e+ o) (A.20)
=1
N
1
Ci= Zl 8T, (t + 1) 6T, (1+1), (A21)
then it is possible to prove that
(6C» =(6C;» ~0 + ?(1/N) (A.22)
{8C;0C) ~206C,;/(N\/0,0,) + Z(1/N'-9) (A23)
{(3C)* ~200,/n + ~(1/N'9).
Using these results we can write
(&) 2 2 2R,C,C,C 0/(N\/o,0)), (A29)
Joi
and
02 ~Y 2R} CH200,/N)
J
+22 2 R;R,,C; GG C,
i.j k.n
X ((40’2/N2W)(Cin Ci + CuCy))-
(A.25)

To obtain () and o2, we must only perform the
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corresponding averages following definition (2.7).
These moments were computed for all locations

and then introduced in the definitions (2.8) and
(2.9) to perform the significance test.
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