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ABSTRACT 

The effects of bottom Ekman layer friction and slope topography on freely propagating coastal 
internal Kelvin waves in a stratified ocean are examined. Frictional effects are assumed weak and 
specific slope topographies are chosen so that perturbation methods may be used to obtain 
solutions. Two models for slope topography are utilized: a steep slope model, which corresponds 
to the low latitude case where the Rossby radius scale 6, is assumed large compared to the slope 
width L,, and a weak slope model, which corresponds to the case 6, < L,. For both cases, 
internal Kelvin waves are damped by bottom friction, and offshore and vertical phase lags are 
induced, as well as an onshore flow. However, there are substantial diNerences between the results 
obtained with the two different models. For example. vertical phase shifts due to friction for the 
steep slope case imply that alongshore velocity v at the surface kads L' below. while motions at 
the bottom lead for the weak slope case. For the weak slope. frictional effects are proportional to 
bottom velocity. implying that. for mid-latitudes. bottom stress effects on barocline modes are 
minimal. However, results from the steep slope model imply that baroclinic modes are 
significantly aNected by bottom stress at low latitudes. In both cases. the topography changes the 
frequency and alongshore phase speed of the wave. the modal structure is altered. and an 
onshore flow is induced. For the weak slope case. the wave speed i s  proportional to the mean 
bottom depth averaged over the Rossby radius scale. For the steep slope. changes in wave speed 
depend on the details of the slope geometry: a slope that is concave downward increases the 
speed while a slope that is concave upward decreases the speed. Both models are compared with 
observations from the Peru coast. 

1. Introduction 

Evidence has been presented for the existence of 
coastally trapped waves along the central Peru 
coast (Smith, 1978). where observations indicate 
poleward propagation between loo and 1 5 O S  of 
fluctuations in sea level, alongshore currents and 
temperature in the 0.1-0.2 cpd frequency band 
with phase speeds o f  about 200km day-'. 
Although the frequency range o f  the propagating 
fluctuations is similar to that o f  weather events, 
they are found to be uncorrelated with the local 
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winds measured at 12's or 15O30'S (Brink et al., 
1978). The analysis has recently been extended 
equatorward and poleward by Romea and Smith 
(1983). and free waves are found to propagate 
poleward between 2 O  and I7O S. 

In general, free coastally trapped waves have 
modal structures and phase speeds that are 
dependent on shelf topography, stratification, and 
latitude (see, e.g., Allen and Romea, 1980, for a 
detailed discussion o f  this point). The structure of 
the current fluctuations and the nature o f  the 
dynamical balances suggest that the waves obser- 
ved along the Peru coast are internal Kelvin 
wave-like (Smith, 1978; Brink et al., 1978; Brink et 
al., 1980; Allen and Smith, 1981; Brink 1982a; 
Romea and Smith, 1983), i.e., that the density 
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stratification is the dominant mechanism for the 
waves, with the bottom topography inducing only a 
minor modification to their structure and dynamics. 
This observational result agrees with the conceptual 
model that the effect of the continental margin 
should be much like a vertical wall for low latitudes 
where the Rossby radius of deformation, 6,. which 
is the natural baroclinic offshore length scale. is 
greater than the shelf-slope width L,. Estimating 
the Rossby radius scale by 6, = c g  where c is an 
alongshore phase speed and f the Coriolis 
parameter, we find, at 5OS latitude, with f 5 1.3 x 
10-ss-' and c z 200 km day-', that 6, 180 km, 
whereas L, z 8CL 100 km. 

Phase shifts in the offshore and vertical direc- 
tions have been observed in the velocity data from 
the Peru coast (Brink et al., 1978). For barotropic 
motions, Brink and Allen (1978) have shown that 
cross-shelf phase lags may be induced by the effect 
of bottom Ekman layer friction, and Brink et al. 
(1980) report an observed mean bottom Ekman 
layer thickness of 10-20 m based on the Peru data 
from March-May 1977. Thus, the observed phase 
shifts may be due to the effects of bottom friction. 

Models with continuous stratification and 
realistic bottom topography are the most useful for 
direct comparison with coastally trapped wave 
observations at low latitudes. These models are 
generally intractable analytically and a numerical 
approach has been adopted in the past (e.g., 
Huthnance, 1978; Brink, 1982a). However, there 
are difficulties with numerical models for low 
latitudes where LJ6, + I (Brink, personal com- 
munication). In addition, if bottom friction effects 
are included, it is difficult to calculate numerically 
the structure of alongshore velocity accurately 
(Brink, 1982b). 

Martinsen and Weber (1981) examined the 
influence of internal vertical friction on free internal 
Kelvin waves with a flat bottom. They separate in 
terms of vertical normal modes, which implies a 
stress-free bottom and which limits the formulation 
to a relatively deep ocean. For realistic continental 
shelf-slope regions, such a formulation may be 
inadequate, and hence we present a simple for- 
mulation for the study of the effects of botton 
friction coupled with shelf-slope topography on free 
Kelvin waves in a continuously stratified ocean. 

We concentrate primarily on thc low-latitude 
case with weak bottom friction effects and derive 
analytical results with a perturbation analysis for 
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L,/6,  Q I and for T,lT P I ,  where T, is the 
frictional time scale and T is the wave period. The 
limit L,/6, + 0 corresponds to the flat bottom 
vertical wall case. As will be discussed, the 
formulation including the effect of bottom friction 
at low latitudes depends conceptually on taking the 
limit T,/T - to before the limit L,/d,  - 0. 

For comparison with the case L,/6,< I, we also 
include results for LJd,  B I, with a vertical wall 
and a weak slope. We also primarily consider T,lT 
B 1. Phase lags induced by bottom friction are 
qualitatively different in this case and it is of 
interest to contrast these results with those from the 
low-latitude case. 

2. Formulation 
We consider a continuously stratified ocean on. 

an fplane in the northern hemisphere. Cartesian 
coordinates are utilized with x' positive westward, 
y' positive southward, and I' positive vertically 
upward. Primes denote dimensional quantities for 
which a non-dimensional counterpart will later be 
defined. The ocean is bounded on top by a rigid lid 
and on the bottom by a boundary at I' = -H. 
There is a straight north-south oriented eastern 
boundary at x' = 0. The problem is linearized by 
the assumption that the motion results in negligible 
non-linear fluid accelerations and in small depar- 
tures p' from an equilibrium stable density distri- 
bution &I#). The hydrostatic approximation is 
utilized, and we consider interior motions away 
from frictional boundary layers. The long-wave 
assumptions for coastally trapped waves are made. 
i.e., the frequency w of the wave motions is small 
compared toJ and the alongshore scale L, of the 
waves is large compared to their offshore scale L. 

Dimensionless variables are formed in the 
following manner: 

(x,Y) = (x'..v')/L, z = Y I H ,  t = 1% 

(u,u) = (d , l*') /U,  w = W ' L / (  HU) ,  (2.1) 

P = P'/(PoU!h P = @'gH)I(POU!). 

The variables (U'.U',W') are the velocity compo- 
nents in the (x'.y',z') directions, t' is time,p' is the 
pressure, U is a characteristic horizontal velocity, 
and the total density is given by 

where po is a constant. 
p'T(X',yY',L',I') = p'(x',y',z',t') + i ( z ' )  + po, (2.2) 
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With the above assumptions and scaling, the 

= P I *  (2.3a) 

governing equations are 

u, + u = -py. 

0 = -p, - p, 

p, - R’w = 0, 

(2.3b) 

(2.3~) 

(2.3d) 

u, + 0,. + w: = 0, 

where 

R(z)  = NH/(JL), (2.4a) 

” ( z )  = -gP,/po. (2.4b) 

and where the subscripts denote partial differen- 
tiation. N * ( L )  is the square of the Brunt-Vaisala 
frequency, and R(r )  is a stratification parameter 
that represents the ratio of the Rossby radius scale 
to L. 

Eqs. (2.3a-e) may be combined into a single 
equation for the pressure given by 

(2.5) 

Boundary conditions for p,  resulting from the 
assumption that the surface is a rigid lid, and a 
regularity condition that specifies coastal trapping, 
are respectively 

p:, = 0, at z = 0, (2.6a) 

P.~,P? -0. as x -a. (2.6b) 

The remaining boundary conditions depend on the 
specific bottom topography chosen, and will be 
introduced later. 

(2.3e) 

+ IR-’(z)p, I, 1, = 0. 

3. Steep slope 

The geometry of the steep slope model is shown 
in Fig. 1. The side wall, located at x’ = E‘(z), 
intersects the surface at x’ = 0, z‘ = 0. We assume 
that the offshore scale of the slope topography is 
small compared to a characteristic offshore scale L, 
i.e., E = d/L 4 1, and that the slope intersects the 
bottom at x = E, 4 1, L = -1. 

We introduce friction in the problem by assum- 
ing there are quasi-steady Ekman layers on the 
bottom at L = - 1  and on the slope x = &(I). The 
boundary condition at z = - 1, which represents the 

X 4 

z 
L 

-0 

--I 
0 

Fig. 1. Steep slope model. 

Ekman compatibility condition (Pedlosky, 1979, 
Section 4.5) on the interior flow, is given by 

p,, = -fR’E:‘2plx. at L = -1. (3. la) 

where 

E:” = H-‘(2 v,/S)I’’. (3.lb) 

E, is the vertical Ekman number and v, is a 
constant vertical eddy coefficient. 

A standard boundary layer analysis (e.g., Ped- 
losky, 1979, Section 4.9) for a constant sloping 
boundary, which will be valid for general slope 
topography as long as the radius of curvature is 
large compared to the boundary layer thickness, 
gives a normal layer thickness of EF2 (cos a‘)”’, 
where a’ is the dimensional slope angle. The normal 
velocity wN at the top of the layer and the transport 
TE parallel to the slope in the layer are given by 

wN = fEC’*u&cos (3.2a) 

TF = -fE;’’u(cos a‘)-”’, (3.2b) 

where 4 measures distance along the slope 
downward from the surface. The results (3.2a.b) 
are derived with the assumption that L is sufficien- 
tly large that E J E ,  = (V,/vh) (LIH)’ > 1, where v,, 
is a constant horizontal eddy coefficient. This 
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assumption has been discussed by Allen (1973) and 
Pedlosky (1974). and is equivalent to the state- 
ment that the offshore scale is large compared to 
the horizontal diffusion scale. 

The alongshore velocity u at the top of the 
Ekman layer is given by 

u = (cos a)- I p r  + (tan alp. (3.2~) 

Note that we are considering a stratified interior 
and (3.2~) differs from the interior limit of (4.9.27b) 
in Pedlosky (1979) by virtue of (2.3~). Using (2.3~) 
in (3.2~) yields (2.3a) for u, as expected. 

With the scaling given in (2.1) and with E 4 1. 
the magnitude of the slope angle a in the non- 
dimensional system is such that 

tan a = O ( E ~ I )  P 1. (3.3a) 

However, the problem is formulated such that 
NH(/n)-' B L P H, i.e., that the shelf-slope width 
is much greater than the deep ocean depth but 
much less than the internal Rosshy radius scale 
associated with the first baroclinic mode. Therefore 

tan a' = O( H/L) 4 I. 
In terms of variables in x and z, 

w ,=us ina+  wcosa 

and 

a/a[ = cos a(a/ax) - sin a (a/az). 

Substituting (3.3c.d) in (3.2a). we obtain 

u sin a + w cos a = fBl/?(cos a')"'? 

x (0, cos a - u, sin a), at x = ~(z).  

With (3.3a,c.d), (3.4a) is approximately 

u = -E,W - +El'' (COS a')-l/zu, 

+ O ( E ~ )  + O(E,), at x = ~ ( z ) .  

(3.3b) 

(3.34 

(3.3d) 

(3.4a) 

(3.4b) 
Typical values (H = 4 km, L 5 100 km) give a' 

z 2.3O, so that the dimensional slope appears 
locally almost horizontal. Thus, we anticipate that 
the bottom Ekman layer will extend over the slope 
up to the surface. With cos a' 2 I and at x = 
&(-I),  the Ekman layer transport (3.2b) on the 
slope is approximately equal to the Ekman layer 
transport on the flat bottom. Since the fluxes 
approximately match where the slope meets the 
bottom. there will be negligible flux into the interior 
due directly to the change in slope. although there 
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will be a discontinuity in normal velocity. With no 
wind stress forcing, and hence no flux in the surface 
Ekman layer, any net flux into the Ekman layer 
along the flat bottom or along the slope must be 
pumped out at x = 0, z = 0. The approximate 
boundary condition for p along the sloping boun- 
dary, from (3.4b) is thus 

P,, + Py = &:R-zP:, 

+ fE?21~,rI: -px,o,6(z)l. at x = dz), (3.4~) 

where pxc0, = p,(x = 0, z = 0). This condition 
specifies that the onshore flow in the interior is 
balanced by the inviscid vertical velocity produced 
by the slope plus the Ekman pumping along the 
slope. The last term on the right-hand side of (3.4~) 
represents the flow out of the Ekman layer at x = 0, 
z = 0 and must be included so that the mass flux 
condition 

.I'rw,dS = 0 (3.4d) 

is satisfied, where r is the lower boundary, and S is 
distance along the boundary (see comment after eq. 
(3.27)). The function 6 is defined here such that 
6(z) = 0 for z f 0 and 

.io G(Z)dZ = I. (3.4e) 

We seek a free wave solution of the form 

p(x.y.z.t) = 

Re {#x.z)exp I-i(wr + /y)ll, (3.5) 

where w and I are radian frequency and along- 
shore wave number, respectively. Substituting (3.5) 
in (2.51, (2.6a.b). (3. la) and (3.4b), we obtain 

(3.6) 

(3.7a) 

+: = -+i,U?z+.v,t, at t = -1. (3.7b) 

!i$ + (I/w)# = E R - 2 ) :  

+ fiAlh: - G,o,4r)l, at x = &(I), (3.74 

4,T -0, as x + 00, (3.7d) 

where, as in (3.4b), the notation /r,o, implies 
/,(x = 0, z = 0). and where 1 = El'*/w. Eqs. (3.6) 
and (3.7a-d) describe an eigenvalue problem for 4 
with complex eigenvalue w. 

To proceed, we first transform the boundary 
conditions at x = E(Z) to hold on a constant surface 
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C = 0 by defining a new coordinate system (Cy,z), where 
where 

t= x - &(Z). 
(P,,,/R 2)z + (I/OJ!,~’)’P,, = 0, 

P,,, = 0, at z = 0, - I .  (3*8) 
(3.15) 

(3.16) 

A similar transformation has been used by Eqs. (3.15) and (3.16) form an eigenvalue 
Huthnance (1978) to handle boundary conditions problem with eigenfunctions Pn and real eigen- 
similar to (3.7~). The surfaces z = 0, - 1  remain values w!,”. The eigenfunctions form a complete set 
unaffected by the coordinate transformation. and are orthogonal over the domain ( -I ,  0) subject 

The transformed equations and boundary con- to 

(3.17) ditions are I! I P,P, dz = S,,, 

#ti + (#:/R’): + (E:/R)’#rr - ~ E , R - ~ # { :  

- (E:/R’):#f = 0, (3.9) 

0: - &,Of = 0, at z = 0, (3.10a) 

#: - = -jiARz#ff, at z = - I ,  (3.10b) 

#{ + (l/w)# = &,R-’(#: - Q f )  

+ P A  t #r: - &:#If - #r,o,S(z)l, 

at €= 0, (3, IOc) 

Of-0, as €-a. (3.IOd) 
A relatively simple solution to (3.9) and (3.10) 

may be obtained by perturbation methods. We 
assume 1 = O(&J 4 I ,  which corresponds to 
limiting the wave period to be much less than the 

where S,,, is the Kronecker delta. An additional 
restriction due to (3.134 is I/w!,O’ > 0, which 
implies that the waves travel only poleward. These 
results have been obtained for general subinertial 
coastally trapped waves (see, e.g., Huthnance, 
1975, and Clarke, 1977). 

The equations describing the O(e0) correction to 
each mode n, where terms of O(&i), O(d2), and 
O(d&) have been neglected, are 

#!,\: + (#!,:’/R2),= 2~$-’#$\ 

+ (&,IR’),#!,~’. (3.18) 

4;:’ = &,#$, at z = 0, (3. I9a) 

#!,:I = E,#!,:) - {iA!,o)Rz#!,:\, at z = - 1, (3.19b) 

spin down time. In-addition, it is important that the 
limits A + 0, E - 0 be taken in that order, since if 
E + 0, It  # 0, the Ekman laver on the slow would 

#;\’ + (I/W!,~’)#!,~) = I (W!,~)) /W!,~~~)#! ,~)  + cZR-’#!,?) 
+ JiA;o’t#;; - )!,~~,,S(r>l, at t= 0, (3.194 

vanish and (3. IOc) would be incorrect. +O, as C-m, 
The variables are expanded as where 

(3.19d) 

$4 = 0‘0’ + 4‘1’ + . . ., (3. I la) 

w = 0‘0’  + 0 ‘ 1 ’  + . . ., (3.1 Ib) 

where #‘O) and do) are assumed to be O( I )  and #(I’ 

and w‘l’ are assumed to be O(e0). If (3.1 la, b) are 
substituted in (3.9) and (3. lo), the lowest-order 
balance is the familiar inviscid internal Kelvin wave 
problem, i.e., 

#I!’ + (#!”/R’), = 0, (3.12) 

Ai0’ = E:/w!,”. (3.19e) 

A compatibility condition for the solution #!,” 
may be found by multiplying (3.18) by (!,O’. 

integrating over 4 from 0 to co and over z from -I 
to 0, and utilizing the boundary conditions (3.13a. 
b, c), and (3.19a-d). This determines wk8’ as 
(#;I’ = - f i A n  (0’ IP;,,, + pi4-1, + R ~ - ~ ~ ( ~ ! , o ’ / O ’ ~ ~ ~ I  

x w;”’ - ( ~ ~ l f ” / l )  j” I C,R-’P,P,dZ, (3.20) 

#lo’ -0, as C-m. 

with solutions 

. .  
(3’13c) and where the P,, are determined by (3.15). (3.16) 

and (3.17).Thesolution to(3.18)and (3.19)is 
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(3.23a) 

where, Po = I and 

y,,, = A,,, exp (-/Wwg)) + B,,, exp (--/€/w!,”). 

A,,, = I(//w!,’’) - (l/wg’)l-’ 

(3.23b) 

x { I ”  I E,R -’PnrPm dZ - jiA!,”(//C‘J!,’’) 

x (I” I P,,,P,,, dz - P n , o l P m ~ o l ) l +  m + n, m 2 1. 
(3.23~) 

(3.23d) 
B,,, = +iAyR:. , , I ( l /~ lp) )~  - (//wg~)21-11,,,,, 

y,, = (w;’)//) j o  , E, R - ’P,,: dz + +idyll P ,,,- 
+ (WVI//)~R: ,,I,, exp (-/€/w!,091, (3.23e) 

y, = -iiAp(wLn1//)R: Cexp (-l<iw\o’)fn,,. 
(3.23f) 

The coefficient of the homogeneous solution to 
(3.18) and (3.19) is abritrary and the homo- 
geneous solution may be absorbed in the O(1) 
solution. The m = 0 term in (3.23) represents a 
barotropic flow induced by friction and topo- 
graphy. 

Since the wi0’ are ordered such that wlp’ -. 0 as 
n + Q). the perturbation procedure becomes invalid 
for high mode number, i.e., when A!,o’ = E:’/wlp’ = 
O( I )  and when b , / ~ ,  = wlp)(/~,,)-’ = O( I). There- 
fore we must restrict our consideration to low 
modes where dcO) 4 I and b , / ~ ,  %- 1. This restriction 
is not too severe, since we are generally only 
interested in the behaviour of the first mode. 

The frictional correction to the O( I )  eigen- 
function is O(d!,O’) and is purely imaginary. while 
the topographic correction is O(E,) and is real. To 
O(d!,O’). O(E,). the presence of bottom friction 
induces phase shifts in x and z but does not change 
the x, z structure of L’ or p, while the slope 
topography affects the x, z structure of u and p but 
not the phase. Both friction and topography induce 
corrections to the frequency. The O(dio’) frictional 
correction (from the first three terms on the right- 
hand side of (3.20)) is purely imaginary and 
represents a frictional decay or “spin-down” with 
time. The last term on the right-hand side of (3.20) 
represents a correction to the real free wave 
speed due to the slope topography. The contri- 
bution of that term may be seen by multiplying 
(3.15) by PJR and integrating over z from - I to 

0, to obtain, after integration by parts and the use 
of (3.16). 

j!, R-’P,, P,dz = 0. (3.24) 

Eq. (3.24) is a statement that the vertical velocity 
(ZR-~P,,) and the topographically-induced on- 
shore velocity (%P,,) are orthogonal over the depth. 
This implies together with the last term in (3.20) 
that, for a linear slope, i.e., for 

E(Z) = -E,Z, (3.25) 

where E, = - E ,  = constant, the interaction between 
u and w averaged over the slope is zero, so that the 
topographic correction to the phase speed is zero. 
There is still a distortion of the mode shape, 
however. For a slope with curvature. corrections to 
both modal structure and phase speed are induced. 

For an arbitrary stratification, the eigenfunctions 
P, and eigenvalues may be computed numerically 
from (3. 15). (3.161, and (3.17). A simple case, for 
which eigenfunctions and eigenvalues may be 
obtained directly, is R = R, = constant. which 
corresponds to a constant Brunt-Viiisala fre- 
quency. While this case is generally unrealistic (the 
modal amplitude for z < 4 tends to be over- 
estimated), it is useful for obtaining solutions that 
illustrate the essential physics. Solutions with a 
more realistic stratification are obtained in the 
Appendix and are discussed in Section 5. 

#,O’ = 2 exp (-nnS/R) cos (nnz), (3.26a) 

w!,O’ = /R/(nn).  n = I ,  2.3,. . .. (3.26b) 

and the correction to the frequency from (3.20) is 

w;O) = -fiE! + 2(w!,O)/R) .f!, E, sin nnz cos nnz dz. 

With R = R,,, (3.14H3.17)give 

(3.27) 

Using (3.26a. h), the next order correction (3.22) 
may be calculated directly. Substitution of (3.27) in 
(3.5) shows that the 0(lio’) correction to the 
frequency represents a frictional decay with time, 
where the wave damping is given by exp (-fEtr). 
Note that, if the first term in (3.20). which comes 
from the 6 function in (3.44, were not included, the 
frictional correction to w would imply an exponen- 
tial growfh instead of decay. 

We next examine the effect of bottom friction on 
the first vertical mode for the special case R = R, 
and &(I) given by (3.25) (a linear slope topo- 
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graphy). The n = I eigenfunction may be written, 
to O(c0) and O(A!,O)), as 

4 = l#,l exp (i4). (3.28) 

where 

I#J=Iff’(I + ~ o ~ ~ l R ) - 2 ~ ( n R ) - ’ ( l  + 2SN. 

(3.29a) 

8, = tan-’ {+A!o)l-l + exp(-n€lR) 
x (nz sin nz + (nt/R)cos nz) + 4s + DI/#)l, 

(3.29b) 

(3.29~) 
03 

S = - 2 4:’( I - 2&)-’( I - 4&’)-’, 
k = I  

(3.29d) 

The polar representation for #I ((3.28)and (3.29)) 
shows that there is an O(1:O’) phase shift in both the 
x and z directions. The dependence on A indicates 
that the effect of friction is enhanced for higher 
latitude or lower frequency. Note that, if x and e,, 
are rescaled with R l n  (x* = mIR, C = q / R ,  
C = nCIR), and E* are the only parameters in 
(3.29). 

The x, L structure of the correction to the 
alongshore velocity, computed using (2.3a) and 
(3.28). is given by 

# I X  = W I I S  + il#lI%)exP (i81). (3.30) 
The simple relationship between pressure and 
alongshore velocity for an inviscid internal Kelvin 
wave, i.e., = -(nlR)#, is modified by the 
introduction of topographic and frictional effects. 
This behaviour has been noted by Brink (1982b). 

Fig. 2 shows the frictionally-induced phase shift 
in p and u for the first mode internal Kelvin wave in 
the X*-Z plane for Aio’ = 0.1, topography given by 
(3.25) with E* = n%/R = 0.1, and R = R,. With 
(3.28) and (3.5). 8, > 8, implies 1 lags 2. Phase 
shifts for u and p are clearly different; however, 
vertical phase shifts imply that both surface u and p 
lead those below. The 180° phase shift in the 
vertical is due to the structure of the first mode 
inviscid internal Kelvin wave, which has a zero 
crossing at L = f, and would have an abrupt 180° 
phase shift at L = -4. 

The offshore phase structure for both p and u is 
depth dependent. In the upper half (near surface), p 

2 

r 0 

Fig. 2. Frictionally-induced phase shift 8 (in degrees) in 
(a) p and (b) u for the n = I internal Kelvin wave in the 
x*--5 plane for = 0.1, topography (3.25) with .s: = 
0.1, and R = R, = constant. 8, > e2 implies I lags 2. 
Steep slope model. 

fo2 -04 

-I 0 
0 06 0 4  0 2  I0  0 8  

X. 

Fig.3, X*-Z amplitude structure of u for the n = I 
internal Kelvin wave for Ale' = 0. topography (3.25) with 
.$ = 0.3, and R = R, Steep slope model. 

offshore lags p at the coast, while the effect is 
reversed for the lower layer. For u, inshore motions 
lead for -0.15 < z < 0 (near the surface), while 
offshore motions lead those near-shore for -0. I5 
> L > -0.5. Phase shifts with x* are small for 
z < -0.5, with a suggestion that near-shore 
motions lead except very near the bottom. 

We next consider the effect of slope topography 
alone on the first mode internal Kelvin wave. Fig. 3 
shows that x*-z structure of u for the n = 1 mode 

Tellus 36A (1984). 4 



EFFECT OF FRICTION AND TOPOGRAPHY ON COASTAL INTERNAL KELVIN WAVES 39 1 

for I = 0, (3.25) with 6: = 0.3, and R = R,. The 
alongshore velocity is not symmetric about the line 
L = -4. as would be expected with a vertical wall. 
Fig. 4 shows several examples o f  shelf shope 
topographies and Table I lists the O(e0) topo- 
graphic corrections to the O( I )  phase speed c!,O' for 
each profile in Fig. 4. For each case. the shelf-slope 
width at L = - I  is  E:, and R = R,. The second 
term on the right-hand side o f  (3.27). which 
represents the topographic correction to UJ for 
R = R,. yields the result that slope profiles that are 
concave downward (case (a), Fig. 4) act to increase 
the free wave phase speed while profiles that are 

(d) (el ( f )  

Fig. 4. Various slope topographies. Thc letters corres- 
pond to the cases discussed in Section 3 and listed in 
Table I ;  (a) slope profile that is concave downward, (b) 
slope profile that is concave upward, (c) linear slope. 

concave upward (case (b)) act to decrease the 
phase speed. As expected, the special case E, = 
constant (case (c)) gives no correction to the phase 
speed at O(e0). Most shelf-slope topographies in 
nature are concave downward. 

The change of sign o f  the correction to c!,'' for 
cases (d) and (e) may be explained in the following 
manner. For an internal Kelvin wave over a flat 
bottom with a vertical wall and with constant N, 
the phase speed is given by c,, = NH(nn)-'. With a 
small shallow shelf which drops steeply to a deep 
ocean (case (d)). the wave "rides" on the bottom at 
x > ~0 and the shelf acts as an additional fluid 
volume which augments the effective depth by an 
O(c0) amount, thus increasing the phase speed. For 
case (e), the small topography near the bottom 
decreases the effective depth by an O(c0) amount, 
thus decreasing the phase speed. Cases (d) and (e) 
may be regarded as limiting cases o f  (a) and (b), 
respectively. 

For case (f), two linear slopes interrupted by a 
segment o f  vertical wall, the wave identifies the 
vertical segment as a coastal boundary; the 
additional fluid volume provided by the shelf for 0 
> z > -kd is cancelled by the decrease due to the 
shelf segment for - k O l  > I > - I ,  and the phase 
speed is unaffected to O(E,). For case (c), the linear 
slope, there is no equivalent vertical wall to provide 
a reference zero for the mode. Case (c) may be 
viewed as a limit o f  case (f) as the vertical segment 
shrinks to zero. The addition o f  fluid volume for 0 
> z > -4 is  exactly cancelled by the decrease of 
fluid volume for -4 > L > -1. The effective depth 
and hence the phase speed remain unchanged. 

Table I .  O(E& ropographic corrections cil' 10 (he O ( I )  phase speeds c!:'for each of the profiles &(I) 
shown in Fig. 4; for each case, I = 0. rhe shevslope width ar z = - I  is E,,, and R = R,. 

(b) w2 
(c) -w 

&,; -k0l > 2 > - I  
(e) &,; 0 > z > (-I + Ir,,l) 

--Eg(2 + I - lznl~/1201; (-I + Iso ) > 2 2 - I  
(I) -&&zol; 0 2 2 > - l2,l 

--Eg(z + I - lzol)/lzol; ( - I  + k a l )  > 2 > -I 

(d) --ES/IZ,I; 0 2 z > - I z,I 

-Eg; -k0 I  > 2 > (-I + lz,l) 

~ ~~~ 
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0 1  
1 I I I I 1  , A -  .I 0 

10 08 0 6  0 4  0 2  0 
a’ 

Fig. 5. Topographically-induced scaled onshore first 
mode velocity uIeo in the x*-z plane for 1 = 0, 
topography (3.25) with E: = 0. I, and R = R,. Steep slope 
model. 

10 0 8  06 0 4  0 2  0 

Fig. 6 .  First mode uIe* in the x*-z plane for 
0. I, topography (3.25). and R = R,. Steep slope model. 

= eo = 

The onshore flow u may be obtained by solving 
(2.3a. b) with (3.5) for u in terms of #. While there 
is no onshore flow associated with an internal 
Kelvin wave over a flat bottom, the presence of a 
steep slope induces a u of O(c0) while friction 
induces a u of O(LjP)). Fig. 5 shows u/$ in the 
X*-Z plane with Lie) = 0, (3.25) with .$ = 0.1, and 
R = R, i.e., this is the onshore flow induced by the 
topography alone. There is a maximum at X* = 6, 
near z = -4, reflecting the interaction of the slope 
topography with the O( I )  w which has a maximum 
near z = -4. Fig. 6 shows the amplitude of u/$ in 
the x*-I plane where we have chosen = $ = 
0.1, and R = R, so that both topography and 
friction are important. A local maximum of u near 
I = -4, x *  = i$ is again evident, and is enhanced 
relative to u in Fig. 5 due to the Ekman pumping 
along the sloping boundary. The relatively large u 
near x* = 0, z = 0 is due to the mass flux out of the 
Ekman layer at that location required to satisfy 
(3.4). 

T 

I 

b 

=O 

-I 
- -( + €1 

Fig. 7.  Weak slope model. 

4. Weak slope 

The weak slope model shown in Fig. 7 represents 
the case where the Rossby radius scale is much 
smaller than the shelf-slope width, appropriate for 
mid-latitudes or for very wide shelves. In the model, 
the continental shelf-slope region is represented by 
a linear bottom slope of small magnitude. i.e., by 

H ( x )  = I +  Ex, (4.1) 

where E is a constant and E 6 1. While the vertical 
wall at x = 0 is unrealistic, such geometries are 
commonly utilized for mid-latitude models; it is 
therefore of interest to compare their results with 
the steep slope model of Section 3. 

The analysis proceeds as in Section 3, with weak 
friction, i.e., where 1 = O(E), except that here the 
limits E -. 0, A -. 0 may be taken independently. 
The governing equation (2.5) and the boundary 
conditions (2.6a, b) apply. The boundary condition 
on the lower boundary, which represents the 
Ekman compatibility on the interior flow plus the 
invisicid boundary condition appropriate for a 
sloping boundary, is 

at L = - H ( x ) .  (4.2) 
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The boundary condition that holds at x = 0 i s  

P,, + p,. = -fB!.’Zp,(r = - I )  S ( L  + I ), 
at x = 0, (4.3a) 

where 6(z + I )  is  equal to 0 for z # -- I ,  and 

! “ , S ( Z +  I )dz= 1. (4.3b) 
The term on the right-hand side of (4.3a) is due to 
the flow out of the Ekman layer at x = 0 and must 
be included so that the mass flux condition 

loI W(z=--I)dx+U(Z=--I)=O (4.4) 

is satisfied. This is analogous to (3.4~) for the steep 
slope case, and, as in Section 3, neglect of this term 
leads to an exponential growth of  the solution with 
time. 

We seek a free wave solution given by (3.5). 
Substituting (3.5) in (2.51, (2.6a, b), (4.2) and 
(4.3a). we obtain (3.6). (3.7a). (3.7d) plus 

#x + (I/cu)#= -fil#x(z = -1)6(z + I) ,  

#: = -R’H,I#, + ( I /w) ( l  -fiRzl#xx, 

at x =  0, (4.5a) 

at I = -H(x). (4.5b) 

We define the new coordinate system (x. y, q), 
where 
4 = z/H(x), (4.6) 

so that the lower boundary z = -H(x) becomes 
q = - I  while the upper surface I = 0 becomes 
q = 0, i.e., the upper surface is unchanged. 
Transforming the equations and boundary con- 
ditions. we have 
$,v, + 2q&z( I - 2EX + . . .) #,, 
- 2qc( I - Ex + . . .)#,, 
+ (q~)’( I -  EX + . . .I#,,,, + (#,,/R ’),, 

x ( I -2&x+  ...) = o ,  (4.7) 

#,,= 0. at q = O ,  (4.8a) 
#,, -  FA I - EX + . . .) 6, + (I/o) # = .-fiAl#,, 

+ q&( I - EX + . . S(q + 111, at x = 0, 
(4.8b) 

#,, = -R’E( I + EX) 

x + (I/w) # - q&(I - EX + . . .)$$I 

- 2 q d l  -EX+ . . . ) # “ c . + ( q & ) ’ ( I - - 2 E x + . . . )  

-fi1R21#,K, + 2qcZ(l -  EX + . . .)#,, 

x #,,,,I, at q = - L  (4.8~) 

reiius XA (19841.4 

plus (3.7d) which is the coastal trapping condition. 
I n  Wb) ,  #,,, - = #,,(rt = - I ) .  

We expand # and o as in (3.1 la, b), with the 
restrictions 1 < I ,  x < O(I). The lowest order 
equations for #Io1 give (for n 2 I )  the inviscid 
internal Kelvin wave problem (3. I2), (3. I3a. b, c) 
with a sequence n of solutions given by (3.14). 
(3.15) and (3.16) (with L replaced by q), ortho- 
gonal, subject to (3.17). The n = 0 solution is 
barotropic motion that corresponds to self waves 
(Allen, 1975; Allen and Romea, 1980). This 
barotropic mode is not studied here. 

The O(E), O(1) balance, neglecting O(ez). O(A2), 
and O( EA) is 

#:,, + (#:!,‘/R*),, = 2~Iq#g,, + x(#~~/R~),,I, 
(4.9) 

#!,: =0,  at q =  0, (4. IOa) 

#!,I: + (//or’)#’ = q&#:: + l(w!,l’/o!,?’)$!,O’ 

4;: = -#R zA!,o’#~~p at q = - I ,  (4. Ioc) 

- 4i1!,0)#,~,-l, S(q + I), at x = 0, (4. lob) 

#!,: -0, as x - 00. (4.W) 

The frequency correction is specified by the 
compatibility condition as in Section 3, and is 

olIl ,, = ( W ~ ~ ~ ’ / I ) I  fE - f i l A o l  
x I~(UJA~~/I)R~-~,~,,,, + (Nw!,O1)f; ,-,, It, 
The solution to (4.9) and (4.10) is 

(4.1 I )  

where I,,,, i s  given by (3.21) with z replaced by q. 

#!,I’ = -#d!,o’(R:-Il/R’)~#!,~ + v,,, (4.12) 

vn = E Y m ( x )  pm(q)v (4.13) 

where 
y,,, = A,,, exp (-/dog1) + B,,, exp C-/X/W!,~’), 

z 

m=O 

m f n ,  m ) l ,  (4. I4a) 

(4.14b) 

(4.14~) 

y, = (xD, + x’E,,) exp ( - IX/W!,~~),  

yo = A, + B,exp ( - IX/W!,~~),  

A, = (o!,”/I)IEJ,,o + ~ ~ ~ ! , o ’ ( ~ / ~ ~ o ’ ) ~ n ~ - ~ , I ~  (4.14d) 

B, = - (o~!,~~/I)’l -fiA!,OIR :- Ilf,,, 

+ 2&(//wAo’) J,I, (4. I4e) 

x Id,,,,, + fil~ol~~/o!,o’>f,,~l,f,,,,~l,l. (4.15a) 

A ,,, = I (NU!,”) - ( I / w ~ ’ )  I - I 
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8, = -[(//w!,”)* - (//~:’)*]-l 

x l-jid!,o’R~-l,Inm + ~E(//w!,~’)J,~I, 
(4. I5b) 

D, = -iid‘,!“ R:-Jw!,’’//) I,, + E I j  + J,,I, (4.15~) 

En = +s(//w!,”), (4. I5d) 

Jnm = P 1 r l p , , P m  dv. (4. I5e) 

As in Section 3, the topographic correction to w 
is O(s) and real, representing an increase in the 
phase speed, while the frictional correction to w is 
O(A!,O’) and imaginary, representing a spin down 
with time. There is an O(E) correction to the 
structure of # and an O(d!,O’) correction to the 
phase of 4. The topographic correction to the phase 
speed is due to the depth variation from a flat 
bottom weighted with the Rossby radius scale, i.e., 

(w~~’ / / ) , , ,  = 
(4.16) 

With (4.1). w!,lI calculated with (4.16) is equal to 
the first term in (4. I 1). The weak slope topography 
increases the effective depth (see Fig. 7) relative to 
a flat bottom at 2 = - I ,  thus increasing the phase 
speed relative to the flat bottom case. A similar 
result was obtained by Allen (1975, eq. (3.15~)) 
with a two-layer model. 

The m = 0 term in (4.13) represents a baro- 
tropic flow induced by both friction and topo- 
graphy. For x - a, the baroclinic terms are 
exponentially small and #Lo’ - A, which, with (3.5) 
and (2.3a. b), implies that far offshore, a baro- 
tropic onshore flow remains. The barotropic flow 
matches to an outer shelf solution that represents 
a forced topographic Rossby wave. This point has 
been discussed by Allen (1975) and Allen and 
Romea (1980) and will not be addressed further 
here. 

Where R = R,, simple analytical solutions for 4 
are again obtained. In particular, the correction to 
the O( 1) frequency is 
w!,)) = fsR(nn)-’ - +iEt2. (4.17) 

Fig. 8 shows the zero crossing for the first mode of 
u in the x*-z plane, where x* = nx/R, d=O, E = 0. I, 
and R = R,. Except for x* < 0.15, the zero crossing 
is deeper than the zero crossing (at 2 = -0.5) 
expected for an internal Kelvin wave with n = I 
and with a flat bottom at I = - 1. Near x’ = 0.5, 
the zero crossing is near the predicted zero crossing 
for a flat bottom at a depth of z = - 1.05, which is 

exp ( - /~ /w! ,~ ’ )  I I - H(x)l dx. 

I0 08  06 04  0 2  0 
a* 

Fig. 8. Zero crossing for the n = I internal Kelvin wave 
for u in the x*-t plane, with 1 = 0. E = 0.1, and R = R, 
(solid lie). Dotted line: predicted zero crossing for 
corresponding flat bottom mode with bottom at I = -1. 
Dashed line: predicted zero crossing for corresponding 
flat bottom mode with bottom at z = -1.05. Weak slope 
model. 

I I 1  I l / I  1 I I I I.l.0 

-170’ IZ\J;-- -/BOO 

10 

/70° 

0 6  0 4  0 2  0 0 8  
X* 

Fig. 9. Frictionally-induced phase shift 8 (in degrees) in 
(a) p and (b) u for the first mode internal Kelvin wave in 
the x*-Z plane for p = 0.1, E = 0, and R = R,. 8, > e, 
implies I lags 2. Weak slope model. 

the averaged Rossby radius scale weighted depth. 
This result again illustrates the increased effective 
depth due to the sloping bottom. 

Fig. 9 4  b, show the frictionally induced phase 
shifts in p and u for the n = I mode internal Kelvin 
wave in the x*-z plane for a!,,’ = 0.1 and E = 0. 
Phase shifts for u and p are clearly different; 
however, vertical phase lags imply that both deeper 
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10 0 8  0 6  0 4  0 2  0 
a. 

-0 

-001 
I 

10 0 8  0 6  0 4  0 2  0 
a. 

Fig. 10. Topographically-induced onshore flow uTI& in 
the x*--5 plane with 1 = 0, E = 0.1. and R = R,, for the 
first mode internal Kelvin wave. Weak slope model. 

I0 08  0 6  0 4  0 2  0 
a* 

Fig. 11. Frictionally-induced onshore flow u, l l~o’  in the 
x*-z plane with E = 0 and R = R,, for the first mode 
internal Kelvin wave. Weak slope model. 

u and p lead those above. In the upper half, p 
offshore leads p at the coast, while the effect is 
reversed for the lower layer. For o, offshore 
motions lead those inshore for -0.1 > z > -0.5, 
while inshore motions lead for -1.0 < L < -0.5 
and -0.1 < z < 0. 

Fig. 10 and I I show the topographically-induced 
scaled onshore velocity uTI& (with A!,’ = 0 and E = 
0. I )  and the frictionally-induced scaled onshore 
velocity (with E = 0) for the n = I mode in 
the x*-L plane with R = Ro. In each figure, I( -* 0 
as x -. 0, (L # - I )  satisfying the boundary 
condition at x = 0. The flow uF decreases offshore 
and upward, with a maximum at x = 0, z = - I ,  
representing the mass flux out of the bottom 
Ekman layer required to satisfy (4.4). The flow uT 
is largest directly over the slope and decreases 
upward and toward the coast. 

Tellus 36A (1984). 4 

5. Discussion 

We have examined the effects of bottom Ekman 
layer friction and slope topography on free internal 
Kelvin waves, using both steep and weak slope 
models. Frictional effects are assumed weak and 
specific slope topographies are chosen so that 
perturbation methods may be used to obtain solu- 
tions. The steep slope model represents a low 
latitude case where the Rossby radius scale is 
assumed large compared to the slope width. The 
slope topography is a small perturbation along the 
side wall and the remainder of the bottom is flat. 
The bottom Ekman layer is continuous along the 
flat bottom interior and along the slope and inter- 
sects the surface at the coast. As a result, the 
frictional effect depends on the geometry of the 
slope. The weak slope model corresponds to the 
case where the Rossby radius scale is assumed to 
be much less than the slope width. The topography 
is assumed to be a small perturbation on a flat 
lower boundary, and a bottom Ekman layer inter- 
sects a vertical wall at L = -H, x = 0. For this case, 
we may examine frictional effects with a flat bottom 
or topographic effects in the absence of bottom 
friction. 

The presence of bottom friction affects internal 
Kelvin waves in several ways. Free waves are 
damped with a dimensional time scale T; = 
(pE:”f>-’ where p = Io!,1’(frictional)l/E:’2 is 
related to the frictional correction to the wave 
frequency. Phase shifts in x and z are induced as 
well as an onshore flow. There are substantial 
differences between the steep and weak slope 
models. We have obtained results with general 
stratification, and in order to elucidate these 
differences, we examine a particular more realistic 
stratification, but one which allows analytical 
solutions, i.e., an exponential N 2  profile (see (A I )  in 
the Appendix). Details of the solution for the 
exponential stratification are presented in the 
Appendix. 

Table 2 shows estimates of the dimensional spin 
down time scale TI. for the first mode internal 
Kelvin wave for various s, where s is a measure of 
the exponential decay of N* with depth (Al). We 
choose = 0.02 (Ekman depth = 40 m for H = 
2 km) and/ = 1.3 x s-I (5’ latitude). In the 
Appendix, we show that s = 3 yields a reasonable 
approximation to the modal structure for the Peru 
case. For the weak slope, where friction acts 
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(4.16). which is the modification to the wave speed 
due to a weak slope, is analagous to the result 
obtained by Miles (1972) for barotropic Kelvin 
waves with the assumption that the shelf width is 
small compared to the external Rossby radius 
scale. 

For the steep slope case, corrections to the free 
wave speed are dependent on details of the slope 
geometry. A slope that is concave downward (Fig. 
4) acts to increase the speed while a slope that is 
concave upward decreases the speed. A linear slope 
induces a distortion to the x-z modal structure but 
does not affect the wave speed to first order. Most 
continental slopes are concave downward; 
therefore at low latitudes, we may expect to see 
wave speeds that are augmented relative to the 
predicted flat bottom wave speed. These results are 
different from Miles' result for barotropic Kelvin 
waves where the addition of a narrow slope always 
slows the wave speed relative to the speed with a 
vertical wall. 

Brink (1982a) calculates free wave phase speeds 
for realistic stratification and topography using a 
numerical model and finds that, between 5" and 
ISo latitude, the wave speed is lower than the wave 
speed predicted with a vertical wall at the coast. 
This is in agreement with predictions from the weak 
slope model. Brink does not extend his analysis to 
lower latitudes; however there is a hint (see Brink, 
1982a. Fig. 2) that the free wave phase speed 
begins to increase for latitudes less than So. This 
may reflect the increase in phase speed predicted 
with the steep slope model for LJ6, o I when the 
slope is concave downward. 

The topographically-induced onshore flow uT for 
the weak slope is strongest directly over the slope 
and increases offshore, matching to an outer slope 
solution consisting of a topographic Rossby wave. 
For the steep slope, uT is strongest over the slope 
near the zero crossing of u, reflecting the inter- 
action of the O(1) w, which has a maximum near 
z = -4. with the slope. 

Brink's (1982b, Fig. 3) numerical calculation of 
free coastal trapped waves near 15"s latitude with 
bottom friction shows p at the bottom leading p 
above and p at the coast leading p offshore. These 
results agree with predictions from the weak slope 
model. An empirical orthogonal function (EOF) for 
the 0.1-0.2 cpd frequency band using alongshore 
velocity from the Lobivia and Lagarta moorings 
near 15"s over the slope off the Peru coast in 

560 m of water (Romea and Smith, 1983, Fig. 15a) 
shows u at 215 m leaving u at 58 m by 19". On the 
shelf near ISo S, at the Mila mooring in I20 m of 
water, an EOF for the same frequency band as 
above shows u at I I5 m leading c at 19 m by 30". 
Both these observations and the numerical calcu- 
lation suggest that, at 15"s. where L,/6,, - O(1). 
the predictions of the weak slope modes are more 
appropriate. 

An EOF for the 0.1-0.2 cpd frequency band 
using alongshore velocity at 5" S off the Peru coast 
from the C2 mooring over the slope in 1360 m of 
water (Romea and Smith, 1983, Fig. ISb) shows a 
phase shift from near the surface (86 m) to below 
the zero crossing for the EOF (860 m) of 190". 
with the surface leading. This EOF and the EOF 
calculated for Lobivia and Lagarta are shown in 
Romea and Smith (1983) to represent first mode 
internal Kelvin waves. These observations at low 
latitude where LJ6, e I are in qualitative 
agreement with predictions from the steep slope 
model (Fig. 2). 
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7. Appendix: exponential N2 profile 
We have obtained results for both steep and 

weak slope topographies with general strati- 
fication. We now examine a particular more 
realistic stratification, but one which still allows 
analytical solutions, i.e.. an exponential N 2  profile 
given by 

R ( z )  = R, exp (sz), ( A l l  
where R, = constant. Profiles of R ( z )  are plotted 
for various s in Fig. 12. 

The x--5 structure of the O(I) solution is given 
by (3.141, where P,,(z), the vertical modal structure, 
is obtained by solving (3.15). (3.16) and (3.17) with 
the appropriate R. with (Al), the eigenvalue 
problem yields 

&"I = exp C-lxlolp') I./, (lC''z/wlp's) 

+ G,,Y,(IC"*/w~o's)l, ( A 3  
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Fig. 12. Profiles of R(z)/Ro for various s, where R(z)  = 
Roexp ($2). and Ro = constant. See eq. (A I). 

where 

G, = -J,(IR,/w~P’ s)/ Y,(IR,/W~~’ s), (A3) 

and where the dispersion relation for the O(I) 
eigenvalue alp' is 

J J R ,  exp (-s)/wlp’ sl 

+ G,Y&R,exp (-s)/olplsl = 0. (A4) 

J,, J , ,  Yo and Y ,  are Bessel functions of the first and 
second kind of order 0 and I and 

( (2) = Rz(z) = Riexp ( 2 2 ) .  (AS) 

The vertical structure of #!:I, which corresponds 
to alongshore velocity, is plotted in Fig. 13 for 
various s, where the modes are rescaled so that 

-0 

Fig. If. Vertical structure for u for the first mode internal 
Kelvin wave for various s (see eq. (A I)). The modes are 
rescaled such that u(x = 0, z = 0) - I. Also shown is the 
first dynamical mode (labelled R) calculated using the 
Nz profile shown in Fig. 14. 

P,,,, = 1. This is the O( I )  modal solution, which is 
unaffected to first order by friction or topography 
and is the same for both the steep and weak slope 
problems. As s increases, the zero crossing of the 
mode becomes shallower and the bottom velocity 
decreases in accordance with the constraint of zero 
depth integrated mass flux in each mode, which 
follows from the integration over z of Pp’ and the 
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Fig. 14. N2 profile, smoothed with a three-point moving 
average, calculated from CTD observations at 4O58.9'S. 
8lo33.0'W on May 22, 1977. The procedure used to 
obtain and process the CYD data is discussed by Huyer 
et al. (1978). 

use of (3.13a). The ratio lo(z = O)!o(z = -1)l is 
shown in Table 2 as a function of s. 

Fig. 14 shows a smoothed N' profile calculated 
from measurements taken near 5 O S  latitude over 
the slope. The vertical structure of u associated 
with the first dynamical mode (the dashed curve 
labelled R in Fig. 13), obtained numerically with 
the stratification shown in Fig. 14, indicates that 
the bottom velocity is a fraction of that predicted 
by the solution for constant stratification (the curve 
labelled s = 0 in Fig. 13). The mode shape was 
computed by integrating the governing equations 
by means of a fourth order Runge-Kutta techni- 
que, with a trial and error procedure for obtaining 
the proper eigenvalue so that the boundary con- 
ditions are satisfied (see Kundu et al., 1975, Section 
5, for a discussion of the method). The profile was 
extrapolated to N' = 0.1 x lo-' s-' at the bottom 
at 4 km depth by an exponential profile below 
780 m depth (parameter studies indicate that the 
modal structure is relatively insensitive to the exact 
choice of exponential structure). Although the N* 
profile is different from the exponential profiles, the 
mode shape for s between 2 and 3, particularly near 
z = - I ,  is a reasonable approximation to the 
vertical structure calculated with the N' profile 
shown in Fig. 14; we therefore expect estimates of 
frictional effects to be more realistic with s between 
2 and 3 than with s = 0. 

Corrections to w may be obtained using (A2). 
(A3) and (A4) in (3.20) for the steep slope and 
(4.11) for the weak slope. The O(A!o') frictional 
corrections to w for both cases are shown in Table 
2 for various s. Table 2 is discussed in Section 5. 
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