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In a recent paper on spectral multiplication, 
Merilees (1980) (hereafter referred to as M80) 
succeeded in deriving some interesting symmetry 
properties of the multiplication matrix PUk. How- 
ever, if one looks at either Tables l or 2 in M80, 
one is struck by the number of elements of equal 
value, which seem to occur in an orderly fashion 
but which cannot be explained with the given 
properties. The purpose of this short contribution is 
to show that there exist additional properties 
satisfied by the P U k  elements which greatly simplify 
their computation. 

First, we found that, in addition to the property 
PUk = Pi ,  reported in M80, there is a complete 
symmetry of the P ,  under any permutation of its 
indices, i.e., 

Moreover, we have P,, = P - i - i . k .  
The derivation of these properties is rather 

straightforward. Using eq. (8) of M80 for the 
expression for P,, we rewrite it in the following 
way: 

sin2 M8' sin2 M8" 
( - ) I - - j -  - ( - ) ! - A  ___ 

sin 6' sin 8" 

where 

N = : 2 M +  1, 

N ,  an  odd integer. 

From eq. ( 2 ) .  one sees that Po, = P- ,_ ,_ , .  To 
prove ( I ) ,  it is sufficient to show that Pu, = f j ,k .  In 
other words, one has to show that 

1 sin2 A46' sin2 MB" + (-)k---- 
sin 6' sin 8" 

sin2 M8' 

or that 

(-)k[sin2 M8" - sin2 M8I sin 8' 

Now, if N = 2 M  + I and X is an integer, we have 
in general that 

+sin2 MB'[(-Y F '  sin 6" + (-)It' sin 81 = 0. 

MrrX nx 
N N 

sin2 - - j +  - (--y"jcos--. 

Using this equality and the fact that 6 + 0' == Of', 
the rest of the proof follows. 

Because the Plik depend only on the difference 
between the indices (M80), it seems more con- 
venient to redefine P ,  as B j - k i - j , - k .  From eq. 
( l ) ,  we are then able to derive the following 
additional symmetry properties: 
Bj-ki-j l-k - - Bk-jj  . I & / =  B1-jk-ik-j 

- 
- Bk..i;.k; I = B k - j i - k i - j  

- B1-kj-ij-k =Bj- ik- jk . /*  - 

In  addition, we have B j - k f - j i - k =  ( - ) B k - j l - j f - k .  
The previous properties do not exhaust all the 

apparent symmetries which can be observed in 
Tables I or 2 of hR30. We have found additional 
relations. owing to the periodic nature of the PUk, in 
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one. two or all of its indices. These relations may be 
written as follows: 

B, k l - r l - k =  B n & + i - k p N + / - I ~ N +  I - k ’  (4) 

where a. /3 and y may independently take any 
integer value (zero. positive or negative). and where 
N = 2 W + 1 as defined before. These properties are 
simple to prove. using e.g.. 

(-)aN + X ( - ) x  --. 
77 77 

sin - (d + X )  sin - X 
N N 

which are always true for any integer X .  
I t  is not always possible to rewrite the expression 

(4) in terms of Pljk, and even when it is possible, the 
result is not unique. as one can see from the 
following example. 

tain, amongst many other possible choices that 
From B j - k l - j l - k  - - B j - k + N + ~ - j + h + l - k ,  we ob- 

For this reason. we prefer to keep the much more 
general expression (4). 

The properties derived here are very useful in 
calculating and tabulating the values of P,. 
Indeed. of the 45 values reported in Table 1 of 
M80. only 12 are independent, while of the 153 
values given in Table 2, only 33 are independent. 
One can also check that Po, I for M = 8 in Table 2 
should be -0.0367 since, according to (3), = 

Po-3-4 = Po-I-4 = B I J 4 .  Furthermore, one can 
show that, for instance, with use of eq. (4), for M = 

In conclusion, we have seen that the spectral 
multiplication matrix elements Plj, are fully sym- 
metric under the permutation of their indices, and 
have periodicity symmetry properties. Such proper- 
ties could have been suspected a priori from 
another form of spectral multiplication, e.g., that 
involving the triple product of spherical harmonics. 
The resulting matrix element expressed in terms of 
a 3 - j  symbol (Thiebaux, 1971) is highly 
symmetric under interchange of its indices. These 
symmetries are a consequence of the properties of 
the physical space and can be used to advantage 
for simplification and error checking. 

4. P,,_4=P0,_4=P02-3=B76-.’. 
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