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Some additional properties of the spectral multiplication
matrix

By EVHEN YAKIMIW, Division de Recherche en Prévision Numérigue, 2121 Trans-Canada Highway,
Dorval, Qué. H9P1J3, Canada

(Manuscript received April 26; in final form July 13, 1982)

In a recent paper on spectral multiplication,
Merilees (1980) (hereafter referred to as M8Q)
succeeded in deriving some interesting symmetry
properties of the multiplication matrix P,. How-
ever, if one looks at either Tables 1 or 2 in M80,
one is struck by the number of elements of equal
value, which seem to occur in an orderly fashion
but which cannot be explained with the given
properties. The purpose of this short contribution is
to show that there exist additional properties
satisfied by the Py, elements which greatly simplify
their computation.

First, we found that, in addition to the property
Py = Py, reported in M8O, there is a complete
symmetry of the P under any permutation of its
indices, i.e.,

PUk:P/k/ = PkU:P"(/:Pk//:Pf”(' (1)

Moreover, we have Py, = P, ;_,.

The derivation of these properties is rather
straightforward. Using eq. (8) of M80 for the
expression for Py, we rewrite it in the following
way:
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N, an odd integer.
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From eq. (2), one sees that Py, = P, , ,. To
prove (1), it is sufficient to show that Py, = Py,. In
other words, one has to show that

1 ( sin? M@’ sinZMa"}
_y+) _ Y}k

+
sin 6 n# sin 8"

1 sin? M@’ . sin? M@
=— (=) — + () —

sin §” sin ¢’ sin &
or that

(—)sin2 MG — sin* M6 sin &'

+sin? ME'[(—Y+'sin 8" + (—)'*'sin 8] = 0.
Now, if N=2M + | and X is an integer, we have
in general that

_, MnX TR X

sin =4+ (- cos —-.
N N

Using this equality and the fact that § + @' = 8",

the rest of the proof follows.

Because the P, depend only on the difference
between the indices (M80), it seems more con-
venient to redefine P, as B;_ ,, ;4 From eq.
(1), we are then able to derive the following
additional symmetry properties:

Bj—kl—_;‘l—k = Bk~_{j~~1k-1 = Bl—jk—lk—j
=8 jki-t =Brojrokij
=B kj-tj-x = Bi k-t

In addition, we have B;_,;_;,_, = (=) By _;; ;1 4
The previous properties do not exhaust all the
apparent symmetries which can be observed in
Tables 1 or 2 of M80. We have found additional
relations, owing to the periodic nature of the P, in
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one, two or all of its indices. These relations may be
written as follows:

B,/‘—kl—jl—k:BnN+j~k/}N+l—ij+ {-ks 4)
where @ f and y may independently take any
integer value (zero, positive or negative), and where
N =2M + 1 as defined before. These properties are
simple to prove, using e.g..
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which are always true for any integer X.

It is not always possible to rewrite the expression
(4) in terms of P, and even when it is possible, the
result is not unique, as one can see from the
following example.

From B; ,;_ji x = Bj xinsi-jnsi ko WE OD-
tain, amongst many other possible choices that

P =Pivitix=Prinsjinen  CtC
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For this reason, we prefer to keep the much more
general expression (4).

The properties derived here are very useful in
calculating and tabulating the values of Py,.
Indeed, of the 45 values reported in Table 1 of
M80, only 12 are independent, while of the 153
values given in Table 2, only 33 are independent.
One can also check that Py, _, for M = § in Table 2
should be —0.0367 since, according to (3), Py;_, =
Py_s_4 = Py_,_, = B,y,. Furthermore, one can
show that, for instance, with use of eq. (4), for M =
4 Py g =Py _y=Py_3=Bys_s

In conclusion, we have seen that the spectral
multiplication matrix elements P, are fully sym-
metric under the permutation of their indices, and
have periodicity symmetry properties. Such proper-
ties could have been suspected a priori from
another form of spectral multiplication, e.g., that
involving the triple product of spherical harmonics.
The resulting matrix element expressed in terms of
a 3—j symbol (Thiebaux, 1971) is highly
symmetric under interchange of its indices. These
symmetries are a consequence of the properties of
the physical space and can be used to advantage
for simplification and error checking.
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