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ABSTRACT

Possible existence of multiple equilibria in axisymmetric circulation is examined using simple
models. A simple two-layer axisymmetric model is constructed using balance equations on an
equatorial beta-plane. The model has no mountains and the thermal forcing is represented by a
Newtonian cooling law. A radiative equilibrium temperature distribution is prescribed that has a
maximum around 25° latitude, intended to simulate the summer conditions in the northern
hemisphere. The effect of heating due to condensation is included only through the change in the
static stability parameter. A host of steady state solutions are obtained analytically from a
severely truncated version of this model. An analysis of stability of these steady states with
respect to first and second y-mode perturbations reveal that only one steady state is stable
against both types of perturbation. Two other steady states are found to be quasi-stable
(e-folding time greater than three weeks) with respect to these perturbations.

We then examined two different simple numerical models for possible existence of multiple
equilibria in symmetric circulations. First, the time dependent spectral equations for the above
two-layer model, with many more degrees of freedom. were numerically integrated with various
initial conditions given by the steady state solutions for the severely truncated model. These
integrations show that the model gives only one steady state corresponding to the stable state
given by the truncated model. Secondly. a muiti-level grid point model developed by
Kalnay-Rivas (1973) was examined. This model uses primitive equations under Boussinesq
approximations. Parameterizations for thermal forcing and dissipation used in this model were
similar to those used in the spectral model. It is found by integrating this model for various initial
conditions that this model also gives only one steady state similar to the steady state obtained by
the spectral model. The inability of these simple models to exhibit multiple equilibria in
axisymmetric circulations is discussed.

1. Introduction

In recent studies by Charney and DeVore (1979)
and Charney and Straus (1980) evidence has been
presented that the large-scale atmospheric motion
is capable of possessing a multiplicity of equilib-
rium states of which more than one may be stable.
Charney and DeVore (1979) studied the flow of a
forced barotropic fluid over a wavy topography in
a beta-plane channel. For a certain range of
forcing, they showed that there exist two stable and
one unstable equilibrium states. One of the stable
equilibrium states has strong zonal flow and weak
wave perturbation, while the other stable state has
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weak zonal flow and strong wave perturbation. The
unstable state has intermediate zonal flow. The
state with weak zonal flow and strong wave
perturbation resembles, in certain ways, a mid-
latitude blocking situation. They also confirmed the
existence of the two stable equilibrium states by
numerical integration of a grid-point model with
many more degrees of freedom than the spectral
model. Charney and Straus (1980) extended this
study to include baroclinic effects by considering a
two-layer model. Both of these studies use quasi-
geostrophic equations and hence the results are not
strictly applicable to the tropical circulation. In the
present paper we propose to examine the question of
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whether the axisymmetric part of the atmospheric
circulation can possess more than one equilibrium
state. The motivation for this study is twofold.
First, from a purely theoretical point of view. it is
important to know if. for a given forcing and
dissipation, an axisymmetric flow can possess more
than one equilibrium solution. Second, from a
practical point of view, we believe that such a'study
has some relevance in understanding certain
features of the tropical circulation. We shall
elaborate this point a little later.

Symmetric models have been studied exten-
sively during recent years (Charney, 1969: Hunt,
1973; Schneider and Lindzen, 1977; Schneider,
1977: Held and Hou, 1980). These studies were not
aimed at simulating the earth’s general circulation
in detail but were used to understand certain
features of the general circulation without having to
deal with the complex zonally asymmetric transi-
ents. In particular., an axisymmetric model is
expected to contain most of the dynamics of the
tropical circulation since the transports of heat and
momentum in the low-latitude atmosphere are
dominated by the mean meridional circulation
rather than by the transient eddies (Oort and
Rasmusson, 1971). It is interesting to note that in
one study (Charney, 1969) in which a symmetric
model was used to study the dynamics of the
ITCZ. the author noted that for the same thermal
driving and physical parameters he could obtain
different steady states by simply varying the initial
conditions. In particular, it was noticed that. by
changing the initial conditions, the position of the
ITCZ could be obtained in almost any location
within a certain range of latitudes. To our know-
ledge. this is the first reference to the possible
existence of multiple equilibrium states in a sym-
metric model.

As we mentioned earlier, the multiplicity of the
equilibrium states of a symmetric model may have
some relevance in understanding some features of
the tropical circulation. There exists some observa-
tional evidence (Sikka and Gadgil. 1980) to
indicate that the active and break phases of the
South Asian summer monsoon may be two
different equilibrium states of the tropical atmos-
phere. The large-scale circulation during these two
phases are distinctly different (Ramamurthy, 1969)
and the transition time from one to the other is
short compared to their durations. The active
phases of the monsoon are characterized by a
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convergence zone and rainfall over central India
associated with what is known as the monsoon
trough. The rainfall during this phase is normally
enhanced by a series of depressions that form over
the Bay of Bengal and move north-northwest.
During the break phases, the monsoon trough
either disappears or moves northward to the
foothills of the Himalayas. Moreover, the de-
pressions do not form during the break periods.
However, southern India gets a considerable
amount of rain during the break periods and
sometimes even a trough is seen between the
equator and 15°N. In spectral study of various
observed fields, the active and break epochs show
up as a low frequency quasi-biweekly mode
(Keshavamurty, 1973; Murakami, 1976;
Krishnamurti and Bhalme, 1976). These features
are very clearly revealed in recent satellite cloud
picture studies (Sikka and Gadgil, 1980: Yashun-
ari, 1979). It is seen from these studies that there
are two distinct cloud bands, one associated with
the oceanic convergence zone and the other
associated with a continental convergence zone
(monsoon trough). The onset and regeneration of
the continental cloud band is triggered by north-
ward movement of the oceanic cloud band.
However, they are complementary in character. In
other words, when the continental convergence
zone is active, the oceanic one is absent or weak
(an active phase) and vice versa. If the active and
break phases of the monsoon are to be considered
as two different equilibrium states, the transition
from one to the other has to be triggered by a large
amplitude perturbation on the basic state. This, we
believe, is accomplished by the monsoon de-
pressions and the associated cloud-radiation feed-
back. A qualitative explanation of transition from
active to break phase was given by Krishnamurti
and Bhalme (1976). According to them, during the
initial stage, strong solar insolation and lack of
cloud cover gives rise to shallow convection. This
restores conditional instability and enhances the
monsoon trough. This situation favors formation of
monsoon depressions. These depressions give rise
to increase in cloud cover. The enhanced cloud
cover reduces insolation and stabilizes the lower
atmosphere. Thus, the stage is set for a break phase
to set in. During the break the cloud cover
disappears and insolation again starts acting to
restore the active phase.

Numerical general circulation models have been
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used in a large number of studies (Washington and
Daggupaty, 1975: Krishnamurti et al.. 1973: Hahn
and Manabe, 1975; Gilchrist, 1977) to investigate
the monsoon circulation. These studies have met
with various degrees of success in simulating the
monsoon circulation. In contrast to these complex
general circulation models, some simple models
have also been able to simulate the essential
features of the monsoon circulation with great
success (Webster et al., 1977: Webster and Chou.
1980a, b). Hahn and Manabe (1975) emphasize
that the Himalayan mountains play an important
role in maintaining the monsoon circulation. On the
other hand, Webster and Chou (1980a, b) included
a simple interactive ocean in their simple axi-
symmetric, two-layer model but they did not have

the topography. Even with this simple model! they .

were able to reproduce some of the basic features of
the monsoon including the quasi-biweekly period-
icity. While it is clear from all these studies that
the mountains, the land-ocean contrasts, the hy-
drology cycle and the thermal heating all play
important roles in driving the monsoon circulation,
it is not clear which one of them has a dominating
effect over the others.

The aim of the present study is not to clarify
which is the dominating driving mechanism for the
tropical circulation but to examine whether an
axisymmetric model with simple driving could
sustain more than one equilibrium solution. The
model used for this study is a two-layer, axi-
symmetric, balanced model in a beta-plane geo-
metry centered around the equator. A modified
balanced set of equations is used in which the zonal
velocity is assumed to be in geostrophic balance
while the meridional velocity is prognostically
determined. Such a balance set was also used by
Bates (1970) to calculate the basic state for his
ITCZ study. The basic driving for the symmetric
motion are the radiative and convective heat
sources and sinks. The radiative heating is modeled
as a Newtonian cooling linear law. A radiative
equilibrium temperature distribution is prescribed.
The release of latent heat due to condensation is
also parameterized in a very simple way. We
assume that the tropical atmosphere is always in a
saturated state and any ascending motion results in
condensation. The energy released this way is
assumed to be uniformly distributed throughout the
column of air. It is also assumed that, associated
with any descending motion, there is an equivalent
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amount of cooling. We realize that this assumption
is unrealistic. However, this representation was
necessary so that we could express the heating in
terms of a finite number of orthogonal functions for
analytic calculations. The model equations are
solved by representing the variables in terms of a
set of orthogonal functions. The orthogonal func-
tions used in this study are the parabolic cylinder
functions. It is found that for this model, there
exists only one stable equilibrium state. The model,
however, shows that there exist a number of
unstable equilibrium states.

We also examined the possibility of existence of
multiple equilibria in a multi-level zonally sym-
metric model. For this purpose we chose a model
developed by Kalnay-Rivas (1973). This is a
primitive equation grid point model under
Boussinesq approximation. With parameteriza-
tions for thermal forcing and dissipation similar to
ones used in the spectral model, this model was also
integrated for various initial conditions. However,
this model also gives only one steady state. This
steady state is similar to the one obtained from the
two-layer spectral model.

The simple axisymmetric models used in this
study with simple forcings and dissipation fail to
show the existence of multiple equilibria in sym-
metric circulations. Whether the active and break
monsoons can be considered as two equilibrium
states of the tropical atmosphere, therefore, re-
mains to be answered.

2. The model

The model is a two-layer axisymmetric balanced
model. A beta-plane geometry centered around the
equator is used. Writing the momentum equation
and the continuity equation at the upper and lower
levels, the thermodynamic equation and the hydro-
static relation at the center of the two levels and
using central differencing in the vertical, the basic
equations for the two-layer model can be expressed
as,

du ou w
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is the stability parameter, (F), , are the frictional
forces at the upper and the lower layers and Q, is
the diabatic heating rate. The other symbols have
their usual meaning (see Bates. 1970). The sub-
scripts 1. 2, and 3 refer to the 250 mb, 500 mb. and
750 mb surfaces. respectively. In writing egs.
(2.1)-(2.8). we have assumed that the vertical
velocity is zero at the top and the bottom of the
atmosphere. We have also assumed a no stress top
boundary condition. At the bottom boundary, the
stress will be expressed by a drag law. If we assume
that r, and v, vanish at the lateral boundaries of the
channel, it is easy to show from egs. (2.5) and (2.6)
that v, = —r,. We impose a constraint on v,
namely that there is no cross-equatorial flow. In
other words v = 0 at y = 0. This demands that ¢ be
an anti-symmetric function about the equator. If ¢
is anti-symmetric about the equator. egs. (2.1)~
(2.8) also demand that u. T. w. and ¢ be symmetric
about the equator.

It can be shown that in the absence of dis-
sipation and generation the system of egs. (2.1)-
(2.8) conserve the total energy of the system. If we
define the total energy E as

E=(ul+ud/2+ (¢, —9)/C.
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where C = Sp,. it is easy to show by using the
boundary condition that v = 0 at y = + W, that,

w
d
— f Edyv=0.
dt

“w

2.1. Frictional forces

The frictional force is given by,
F dt
=—g ap .

where the stress 1 can be written as

ov ) o
u—. in the interior
T= oz
C,p,1V,1V,, near the ground

4 being the coefficient for vertical eddy viscosity
and C,, the drag coefficient. Thus.

(F,), = —ku, —uy) (2.9)
and
(FO, = kfu, — uy) — Auy, (2.10)

where

ki = (gu)/(p, AZ ;). A =C,gp,li,!/p,.

where li,1 is the standard value of zonal wind near
the ground.

The value of the internal friction parameter used
in this study is the same as the one used by Bates
(1970). i.e. k;=0.48 x 107% s='. The coefficient of
vertical eddy viscosity used in calculating k; is
4 =200 g cm~! s71. Similarly, the value of surface
friction parameter used in this study is A4 =
2.044 x 107% s-'. This value of A4 is arrived at by
using C,, =0.002 and a value of lu,/ =7 m s~
This means that the frictional relaxation time
constant due to internal friction is about 24 days
while that due to the surface friction is about 6
days.

2.2. Heating terms

The diabatic heating rate Q, contains a con-
tribution from radiative heating as well as con-
vective heating. Assuming that the atmosphere is
transparent to solar radiation and tends to a state
of radiative equilibrium with the underlying surface
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(assumed to be all ocean), the radiative cooling can
be written as a Newtonian law of the form

(Qz)r = k, Cp(Te - Tz)»

where 1/k, is a radiative relaxation time constant
(Bates, 1970) given by

k, = (4RaTH/(C,p, gAZ ). (2.12)

A value of k,=0.8468 x 10~% s~! or k,=(14
days)~! is used in this study. The radiative
equilibrium temperature T, will be specified.

In order to calculate the convective heating rate,
we note that v, = —v, in our model. In other words.
the convergence at the lower level is equal to the
divergence at the upper level or vice versa.
Assuming that the mixing ratio decreases exponen-
tially with height, there will be a net convergence
(or divergence) of moisture in a given column of
air. Also assuming that the air is always near
saturation this moisture is assumed to be rained out
immediately. The latent heat released is then
assumed to be distributed uniformly in the vertical
column. This process can be parameterized as

2.1

R
- (QZ)(' = _S']F(wz) w,, (213)
CD
where
L 6,—86
n=|—2 - ’) (2.14)
yCﬂ TZx 02 s
and
F(w,) = {1 + exp (Dw,)}! (2.15)

In eq. (2.14), y is a constant such that the relative
humidity distribution can be represented by

q(p) = g, exp [~Y(l - % )}

where g, is the relative humidity near the ground.
In eq. (2.15), D is a large number. F(w,) is
essentially a smoothing function such that for
w, < 0 (ascending motion) F(w,)x 1 and for
w, > 0 (descending motion) F(w,) =~ 0. However,
this expression is not suitable for representation in
terms of a finite number of orthogonal functions.
Thus, in our spectral representation we shall put
D =0 implying that ascending motion is associ-
ated with heating while descending motion is
associated with cooling. We realize that this is a
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simple minded representation of convective pro-
cesses. Nevertheless, this representation will be
tried as a first approximation. Thus, eq. (2.8) can
be written as

—a;(qﬁ, —-4,)—S(l —n) w, =k, R(T,—T,) (2.16)

It is clear from eq. (2.16) that the parameterization
for convective heating used in this study only
reduces the magnitude of the static stability
parameter. Physically this effect can be under-
stood as follows: a parcel of ascending air is
associated with adiabatic cooling represented by
the term —Sw, However, the condensation of
moisture carried by the ascending parcel releases
an amount of latent heat represented by the term
Snw,. The result is that the total amount of cooling
in a column of air is reduced by the condensational
heating. Therefore. the system of egs. (2.1)-(2.7)
and eq. (2.16) can be reduced to three independent
equations given by

L A )
ot ay A
1 ov, 0 (é )= gy
i PP RS B
2 oy oy 6, — ¢, Y U,
é
=ki.va—y(¢3—¢l),. (2.17)
é [ e, ¢, ¢,
—y— |+ v:ly -
ot oy ’ ot oy
1 o, c'}( )4 gy
—— ) ——— — + b Y
2} 2 o ¢ — ¢, YUy
k 6( 9)—A % (2.18)
=k y— (g~ ¢) — Ay —, .
o 9= 0 a
@Z L'3 aZ
Dy —9}'2 + U, “.V—a}?((él +63)
é
+— (g, + ¢y) — 26%*
ay
ar =2k 2 )
= ) —— 4 — . J— —
) (’)'V r i y 3y ¢l ¢3
T,
—yk, R —<, (2.19)
dy



124

where D = C(1 — n). The diagnostic equation (2.19)
is obtained by using egs. (2.17) and (2.18) to
eliminate the time-dependent terms in eq. (2.16).

It would be convenient for subsequent calcu-
lations to normalize the variables in egs. (2.17)-
(2.19). For this purpose, we introduce a basic
length scale L =a/2 and a basic time scale
T=1/2Q. Thus, y=2y"/a; (u,v)= ', v')/a:
¢ = ¢/a> Q% 1 =200, k; = ki2Q. k, = k120
A= A4/2Q, C = C'/a*Q*, R = R'/a*’Q%, B =
aff’/4Q, where the prime refers to the dimensional
quantities. In terms of these non-dimensional
quantities, the egs. (2.17)-(2.19) remain the same
in form. However, we now have to give the initial
conditions and the physical parameters in non-
dimensional form.

3. Linear solutions

In this section we shall solve for the linear steady
states for various prescribed forcings. The linear
equations are

U,
7 + Byvy = —k(u, — uy), 3.1
Ou,
?{‘_ﬂﬂ)s: ki(u, — uy) — Au,, (3.2)

é av
— @—9)-D 7:’ =kIRT,~ (¢, — ¢)l. (3.3)

Using the geostrophic relations (egs. (2.3) and
(2.4)) and eliminating ¢,, and ¢, from eq. (3.3) we
get a diagnostic equation given by

v,
oyt
— 28y 2k, — k,) (u, — uy) — Bydu,.

Let us now introduce a set of new variables defined
by

oT,
oy

D

—282p?v,=—k,R

3.4)

U= (u, +uy)/2
W= (u, —u;)/2
and

V=uv,
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Thus, egs. (3.1), (3.2) and (3.4) can be written as

ou A U= w)
—=——(U-w). 5
ar 2 (3.5)
w A
— + PV =="2kW+—(U-W) (3.6)
ot 2
and
D il 2822V
? ¥
oT,
=—k,R — 2By (2k; — k) W
oy
A
—7ﬂy(U— w). 3.7

In steady state, eq. (3.5) gives U — W =0o0ru; =0
and eq. (3.7) reduces to

v
—K PV =Ky yW* (3.8)
dy?
where k, = g k,/ Dk, K, = 2fk,/ D and
R 3T.(»)
W*r(y)=——- v (3.9
2By oy

Introducing a transformation of the type { =k} y,
€q. (3.8) can be written as

d*v
d

=V = (K,K7¥HW*(») (3.10)
The solutions of the eigenvalue problem corre-
sponding to eq. (3.10) are the parabolic cylinder
functions (Abramovitch and Stegun, 1965; Cane
and Sarachik, 1976), namely

F Q) = a,H (exp (—(*/2)
with
a, = 742" nl)~172, (3.11)

where H,({) are Hermit polynomials. Keeping in
mind that v is anti-symmetric about the equator,
the general solution for the inhomogenous eq.
(3.10) can be written as

V=3 V, F,

nodd

(3.12)

Let us now prescribe the radiative equilibrium
temperature. The radiative equilibrium tempera-
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Fig. 1. The radiative equilibrium temperature distri-

bution used for this study. This temperature distribution

can be represented by T,(v)=(a,Ty+ aT,H,(»)

exp (—y?/2) where T, =40. T, =20, with &, and a, as

defined in eq. (3.11).
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ture is expressed in terms of two parabolic cylinder
functions, namely

T = la, T, + a, T, H, ()l exp (=y¥/2).  (3.13)

When we substitute eq. (3.13) into eq. (3.10) and
express the right-hand side of eq. (3.10) in terms of
the wvariable { we get terms containing
H, (Dexp(—K7"2{%/2). These terms are also
expanded in terms of F,({). Then eq. {3.10) can be
solved for various ¥, by equating coefficients of
F,({). Finally, V is obtained from eq. (3.12) by
truncating the series appropriately. Fig. 2 shows
the ¥ and corresponding u/ obtained by truncating
the series after ten functions, i.e., N =19. The
non-dimensional parameters used in calculating
this linear steady state are 4 = 0.014, k; = 0.0033,
k,=0.0057, R =0.0014, D =0.0437,n=0,f =
0.5, Ty=40, and T,=20. In dimensional form
these parameters correspond to A = 2.044 x 10-¢
s, k, =048 x 107 57!, k, = 0.8468 x 1076 57",
R =287 m? s deg™!, D =9.4545 x 10> m? s,
The radiative equilibrium temperature distribution
for this calculation as well as for the non-linear
calculations to be presented later is shown in Fig. !.
It is found that, adding more functions to represent
V' does not change the results significantly. In
Section 6, this analytic solution is compared with
numerical (linear) solution.

4. Spectral equations

We now express our variables ¢,, ¢,, v, as well
as the radiative equilibrium temperature T, in terms
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Fig. 2. (a) The meridional velocity at the lower layer
(V) from the linear model. (b) Zonal wind distribution at
the upper layer for the linear steady state. The physical
parameters used to calculate this linear state are (in
non-dimensional form) A =0.014, k,=0.0033, k, =
0.0057 and D =0.0437.

of a set of orthogonal functions. We set

(90, 3. To)

J

= )_ (¢}n’ ¢}3»‘ Tj)Fi; j=0, 2,...J @.1)
ji=0
and
J+1
Vi=N V,Fy i=13,...J+1, 4.2)

i=1

where F, are parabolic cylinder functions given by

F,() = a, H,(y) exp (—y*/2) (4.3)
with
@, = 742" nt)~11 4.4)
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The F,’s are orthogonal, such that

i F,F,dy=34,,
We recall that our model demands ¢,, ¢, (hence
u, and u;) and 7, to be symmetric about the
equator while v, should be anti-symmetric about
the equator (see Section 2). This is why we have
represented ¢,, ¢, and T, in terms of even functions
while v, is represented in terms of odd functions.
Substituting egs. (4.1) and (4.2) in egs. (2.17)—
(2.19) we can write

IIM&.

._ZO a, 9" = AZ XinVi9)®

J+1 J J+1

_%Z z (,kV¢})+ﬂz Zelk

=1j=0

ki z a},'k(¢}3) - 4.5

#i"),

J+1 J J+1 J

Zajk¢(‘3)— 2 2 X V8 + 4 2 2dyV

i=1j=0 i=1j=0

A

J+1

J
—p? Z ex Vi—k; Z (B — i) — 4 3 a, ¢
J=0

4.6)
and

J+1

J+1 g
2 Z Vi@ + ¢+ D 3 puV
i=1

=0 i=1

J+1

- 25 Ze,kV A Za,k ¢ —(k,— 2k,)

J

x 2 apldy -

J
#+ kR 2 aT;=0. (47
i=0
where X, = Cyy — by + $dy and Yy = by — Cie
i=1,3 ...J +1landj=0, 2, ....J The
interaction coefﬁcients are given by

. 9F; G F;
an=rF 2" Ciikz-kaFiW'
— aF,
ex=VF.F, by=FF—
’ av
_OF, oF, oF, “s)
a =V . P ———. .
Pue= or? o= av oy
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The system of eqs. (4.5}(4.7) consists of J + 2
ordinary differential equations in time represented
by egs. (4.5) and (4.6) and J/2 + 1 diagnostic
equations represented by eq. (4.7). In the next
section we shall seek steady state solutions of the
system for a severely truncated representation.

5. Severely truncated steady state
solutions

Let us assume that the system has attained a
steady state such that /8¢ = 0. In such a case, egs.
(4.5)-(4.7) reduce to a system of 3(J/2+ 1)
bilinear algebraic equations. Ideally, we would like
to know all the possible solutions of this system for
an arbitrary J as that would tell us how many
equilibrium states the system can possess. How-
ever, from a practical point of view, it is too
formidable to obtain all the solutions for J > 2.
Therefore, we shall consider a severely truncated
system in which each variable is represented by
only two orthogonal functions, i.e. j, k=0, 2 and
i=1, 3. Let us define

Zy = Dpy— 2B ey,
C, =k, —2k;— A4,
and
C,=k, — 2k,
In this representation, eqs. (4.5)-(4.7) reduce to six
bilinear equations, namely
(Xigo Vit X V) 0 + (X o Vi + Xgpg V) 8D
—3(d oV, + dige V) 8
—Hdyyo Vi + dyg Vi) 49 + k; ago(857 — 66
+ kjay (@) — g0y =—P e, V, + e Vy) (5.1

(X100 Vi + Xyoo V) 85 + (X130 V) + X0 V) 8"
—Hdigo V' + dyge V3) 8"

—Hdyyo Vi + dyg V) 9 + K ago(65” — 66)

+ k; @@ — 957) + Alagy 65 + ay 85

=—f¥e,V,+ e, V;) (5.2)
D(pyo Vi + Py V) + k. agy(85) — ¢4")

+ k, ayy(8 — ¢4 + k,Rag T,

+ k,Ra,, T,=0, (5.3)
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(X1 Vi + Xaa V) 40" + (X0 Vi + Xy V)9
“Hdi, Vi + Dy, V) 65”
—Hd, Vi + dypy V3) 67 + kag (86 — 60
+ kyay() — g5 = —Be,, V, + e, V) (5.49)
(X2 Vi+ Xy V) 99 + (X n Vi + X3y, V) 0
—Hdir Vi + dy, V) 85"
— 3y Vi + diyy V) 657 + kiag (98" — 4§

+ k;ay (95 — ¢49) + Alay, 657 + ay, ¢97)

=—fH e, V, + e, V) (5.5)
D(pyy Vi + Py Vi) + k, ag(dy) — 66

+ k,an(@ — ¢4 + k,Ray, T,

+k,Ra,, T,=0. (5.6)

Egs. (5.1) and (5.2) have been used in writing eq.
(5.3). Similarly, eqs. (5.4) and (5.5) have been
made use of in writing eq. (5.6). The common roots
of this system of six coupled equations are the
steady state solutions of the severely truncated
system. The common roots of this system of
equations are obtained by making use of the
bilinear property of egs. (5.1). (5.2), (5.4). and
(5.5).

If we assume that v, and v, are given, egs. (5.1).
(5.2), (5.4) and (5.5) can be written as four linear
equations in ¢, #Y, 65 and ¢. The equations
can then be solved by standard matrix methods.
Once g, ¢4, 4 and ¢4 are known, the left-hand
sides of eqs. (5.3) and (5.6) can be evaluated for the
given v, and v,. If the left-hand sides of both the
egs. (5.3) and (5.6) are zeros, we have a common
root. However, for arbitrary values of v, and v,
they will not be zeros. Therefore, for a given v, we
vary v, over a wide range of values and find the
values of v, for which the left-hand side of eq. (5.3)
changes sign. This procedure is repeated for a wide
range of values of v,. Then the values of v, for
which the left-hand side of eq. (5.3) changes sign
are plotted against v,. A similar graph is plotted for
eq. (5.6). In Fig. 3. we present such solutions of eq.
(5.3) and (5.6). The solid curve represents solution
of eq. (5.3), while the dotted curve represents
solution of eq. (5.6). The physical parameters (in
non-dimensional form) used in these solutions are
A=014 x 107", ;=033 x10"% k =057 x
102, R =0.14 x 1072, f=0.5and D =0.0437. ¢,
and v, corresponding to the intersections (together
with corresponding g{", @i, ¢t¥ and ¢{) of the

Tellus 35A (1983), 2

127

solid curves and the dotted curves represent
common roots of the system of eqs. (5.1-(5.6).
Having obtained the approximate locations of the
common solutions in this manner, the exact
solutions can be obtained by fine tuning v, and v,
near the intersections. The common roots of egs.
(5.1)>—(5.6) thus obtained, are presented in Table 1.
Note that we have presented six steady states in
Table 1, while only three intersections are seen in
Fig. 3. The other three roots are found by
examining wider regions for v, and v,.

Charney and Straus (1980) proposed a some-
what different scheme for solving a similar set of
equations. As a test of accuracy of the method
presented above, we also solved the set of egs.
(5.1(5.6) by using the scheme proposed by
Charney and Straus (1980). It is found that this
scheme also gives exactly the same results.

It is seen from Table 1 that there exist more than
one steady state sofution of the severely truncated
system for the given forcing and dissipation.
However, the question of stability of these steady
states has not yet been answered. To answer this
question partially, we carried out a stability
analysis for these steady states with respect to first
and second mode symmetric perturbations. At first
we assumed that the perturbations are given by
#1.:(n0 = 61, Folexp (of) and v'(3,1) = vF ()
exp (af) and linearized the system of eqs. (4.5)-
(5.7) around the steady states shown in Table 1.
The growth rates are then found by solving the
resulting eigenvalue problem. This procedure was

2.
CRATS!

—v; >\? -10 -08 o8 04 o2 ao 02 Qo4 oe as 10
v, (x10%
Fig. 3. The solid curve represents solution of eq. (5.3)
while the dotted curve represents solution of eq. (5.6).
The intersections represent solutions of the system of egs.

(5.1(5.6).
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repeated by assuming the perturbations to go as
¢, (D=9, F,(») exp (o) and v'(y.0) = vF,(y)
exp (of). The results of this analysis are also
presented in Table |. We find that, except for the
first steady state, all the other steady states are un-
stable to either one or both types of perturbation.
However, we note that the branches 3 and 6 can be
considered quasi-stable with respect to these
perturbations as the e-folding time of the pertur-
bations for these states are more than three weeks.
In order to have an idea of how stable these steady
states are with respect to asymmetric perturbations.
we calculated the quantity ¢=f— U,, for the
branches 1, 3 and 6 over the whole domain of y and
for both the levels. It is found that g does not
change sign anywhere for the branch 1. while g
changes sign somewhere within the domain for the
branches 3 and 6. This suggests that branches 3
and 6 may be unstable to barotropic perturbations.

In order to have some insight into the nature of
these steady states shown in Table 1. we grouped
various terms in eqs. (5.1)—(5.6) in a physically
meaningful way and calculated their magnitudes
for all the steady states. For convenience, we have
presented results of such calculations in Table 2
only for the first three steady states shown in Table
1. The momentum balances are actually exact. The
residue that can be calculated from the numbers
presented in Table 2 is merely a result of trun-
cation. We note that the momentum balance for the
branch 1 is mainly between the Coriolis term and
friction which is essentially a linear balance. On the
other hand, the non-linear momentum advection
contributes  significantly toward momentum
balance for the branches 2 and 3 (as well as
branches 4-6). Thus, branch 1 is locked near
“linear resonance” while all the other branches
represent various ‘“non-linear resonances”. The
stability analysis of these steady states shows that
only the steady state locked near linear resonance is
stable against symmetric perturbations. Within the
range of physical parameters used for this study.
however, all the steady states representing non-
linear resonances are unstable to symmetric
perturbations.

As these results are for a very special sys-
tem—a severely truncated system in which each
variable is represented by only two orthogonal
functions, we would like to know how reliable these
results are. In other words. does a system in which
each variable is represented by more than two
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orthogonal functions possess more than one equili-
brium solution? To answer this question we shall
numerically integrate the time dependent spectral
equations with many more degrees freedom and
using the severely truncated solutions as initial
conditions. The results of these integrations are
presented in the next section.

6. Numerical solutions

The time dependent spectral equations given by
eqs. (4.5)-(4.7) are integrated using the following
procedures. Given initial conditions for ¢{" and ¢{*
for j=0.2.....J, the initial values of v;for i = 1,3,
....J + 1 can be obtained by solving the (J/2) + 1
linear equations given by eq. (4.7). This is done by
the standard matrix inversion method. Now. the
right hand sides of eqs. (4.5) and (4.6) are known.
Thus eqgs. (4.5) and (4.6) represent J + 2 linear
equations in ¢(" and ¢ for j=0, 2. ..., J. Using
the standard matrix inversion method we solve this
set of linear equations and obtain ¢}i" and ¢"j” for
j=0,2, ..., J. Having obtained the time deriva-
tives we use Matsuno’s scheme to advance ¢!
¢{¥ in time. Once new values of g{ and ¢f" are
obtained. new v, are calculated from eq. (4.7) and
the sequence is repeated. The interaction coeffi-
cients defined by eq. (4.8) must be calculated only
once. They are calculated in the beginning of the
program and stored. The physical parameters used
in the numerical integrations are the same as those
used for the analytic calculation of the steady state
solutions (Section 5).

All numerical calculations are performed for
thermal forcing corresponding to T(y) = [a, T, +
a, T, H,| exp (—v*/2) where T, = 40, and T, = 20.
This equilibrium temperature distribution is shown
in Fig. [, This thermal forcing represents an earth
with maximum surface temperature at about 25° N
and 25°8S on both sides of the equator. Within the
framework of our truncated representation. this
thermal forcing is expected to represent conditions
close to monsoon conditions.

6.1. Linear solutions: two-laver spectral model

As a test of our numericai model, we first
dropped the non-linear terms in eqs. (4.5)—(4.7) and
integrated them numerically until the solution
converged to a steady state. Comparison of the
linear steady states thus obtained with an analytic-
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ally calculated linear steady state (Section 3) is ex-
pected to give an idea of the working of our numer-
ical model. An interesting point to note here is that,
for a given thermal forcing and for a given set of
physical parameters. the model goes to the same
steady state no matter what initial condition we
choose. This result is consistent with the fact that in
the absence of the non-linear terms, there is nothing
that can produce degeneracy in the model.

The linear steady state obtained from the
numerical model (in which 10 orthogonal functions
were used to represent each variable) for thermal
forcing  corresponding to T, (W) =la,T,+
&, T, H,| exp (—»*/2) where T, =40 and T, = 20.
was compared with the analytically obtained steady
state for the same thermal forcing presented in Fig.
2. It is seen that the agreement between the
numerical and analytical results is excellent. Within
the resolution of the Figs. 2a and 2b, the meridional
winds as well as the zonal winds at the upper layer
obtained from the numerical model fit in exactly
with those obtained from the analytical solution. As
expected, the numerical model also gives u,=0
(luyl 0 < 1 cm s7Y). The upper level zonal wind in
the linear model and for this thermal driving is
easterly near the equator and westerly in the middle
latitude. The meridional circulation for this state has
two cells with a descending branch around the
equator, an ascending branch around 30 degrees
latitude and another descending branch around 70
degrees latitude.
two-layer

6.2. Non-linear solutions:

model

spectral

In this section, we present results of numerical
integrations of the full non-linear equations given
by eqgs. (4.5-(4.7). At first, we took five ortho-
gonal functions to represent each variable (viz.. j,
k=0,2,4.6.8and i=1, 3,5, 7,9) and integrated
egs. (4.5)-(4.7) with various initial conditions given
by the truncated steady states shown in Table 1.
The physical parameters used in these numerical
calculations are the same as those used for the
severely truncated analytic solutions (Section 5). It
is found that the mode! converges to only one
steady state no matter what initial condition we
choose from Table 1. In order to see the effect of
truncation, we then doubled the number of ortho-
gonal functions to represent each variable (viz.. s,
k=0,2,....18and i =1, 3, ... 19} and integrated
the model again with initial conditions given by the
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truncated steady state shown in Table 1. Again we
find that the model converges to only one steady
state. This steady state is similar to the steady state
obtained from the five function model. But the two
steady states are not identical, showing that five
functions are not sufficient to represent the system.
It is found that the addition of a few more functions
to the ten function model. however, does not
change the final steady state significantly. Thus, the
steady state to be discussed below in detail is the
one obtained from the ten function model.

The meridional velocity at the lower layer, the
zonal winds at the upper layer, the zonal winds at
the lower layer and the equilibrium temperature
distribution for the steady state obtained from the
numerical model are shown in Fig. 4. The meri-
dional circulation for this steady state has de-
scending motion between the equator and 15°N,
ascending motion between 15°N and 40°N and
descending motion thereafter. The magnitude of the
meridional winds associated with this steady state
is small (in cms). This is attributed to the absence
of zonal mean pressure gradient in the model. As a
result, the meridional velocity is not determined by
geostrophic balance. In this case, the Coriolis term
is balanced by the residual of the rest of the terms
(also see Hunt, 1973). We note that the meridional
winds for the non-linear steady state is remarkably
similar to the meridional winds for the linear steady
state (Fig. 2a). The zonal winds at the upper level
are also very similar to the zonal winds at the upper
level for the linear state (Fig. 2b). However. unlike
the linear steady state for which the zonal winds at
the lower level were extremely small, the zonal
winds at the lower level for the non-linear steady
state are appreciable. We also note that unlike the
linear steady state for which u,=u,=0 at the
equator, u, # u, + 0 for the non-linear state at the
equator. This is in agreement with the momentum
balance requirement near the equator‘t For a
descending motion over the equator (w, > 0). egs.
(2.1), (2.2), (2.9) and (2.10) demand that u, =
(A + 2k;) u,/2k,. This is satisfied by the non-linear
steady state obtained by numerical integration. The
zonal winds and the temperature distribution for
this steady state also satisfy a thermal wind
relation.

The steady state obtained from the numerical
integration of the multimode time dependent
equations is quite similar to the stable steady state
obtained from the severely truncated system
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Fig. 4. Steady state solution for the non-linear spectral model (a) Meridional wind. (b) Zonal wind at the upper layer.
(¢) Zonal wind at the lower layer. (d) Temperature distribution for the steady state as compared to the radiative
equilibrium temperature. The physical parameters for this steady state are the same as in the linear solution.

(branch 1 in Table 1). This means that this steady
state is not only stable against first and second
y-mode perturbations, it is stable against higher
y-mode perturbations as well. The inability of the
multimode numerical model to show any other
steady state seems to be due to the fact that all the
other steady states shown by the truncated system
are unstable to symmetric perturbations.

6.3. Non-linear solutions: multi-laver grid point
model
In this section, we examine the possibility of
existence of multiple equilibria in a simple multi-
layer axi-symmetric model. In this regard, we had
the opportunity to examine a model developed by

Kalnay-Rivas (1973). This is a grid point model
with primitive equations on a sphere under
Boussinesq approximation.

We adapted this model for representing the
earth’s atmosphere by introducing appropriate
forcings and physical parameters. Asthermal forcing
in the form of a Newtonian cooling law is intro-
duced. The prescribed radiative equilibrium temp-
erature is shown in Fig. 5a. This radiative equili-
brium temperature distribution is chosen in such a
way that it is similar in structure with the one pre-
scribed for our two-layer mode! (Fig. 1). Under the
Boussinesq approximation, the radiative tempera-
ture distribution can be replaced by a radiative
equilibrium density distribution. We also intro-
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duced a surface drag low as a bottom boundary
condition. The boundary conditions used are

ou ov op
W=0 —=0, —=0, —=0:
oz oz oz
' CatZ=H
d ov op
W=0, v.— =Cu; v.— =Cur. =0
VA oz 0z
atZ=0
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du

=0, —=0: at the equator
&y

u=0. r=0. at the poles

The physical parameters used in the model are.
a = radius of the earth = 6.37 x 10* m: H =
equivalent depth of the atmosphere =10 km.
g = acceleration due to gravity =9.81 m 5%
C=002m s’ v,=K,=5x10" m? s': . =
K, =15 m? s where K, and K,. are horizontal
and vertical coefficients of eddy diffusivity and v,
and v, are corresponding coefficients of eddy
viscosity. A small amount of horizontal diffusion is
necessary in the model for stability. However. it is
seen that v, /H?>12v,/a’. showing that the
strength of the horizontal diffusion is much weaker
compared to the vertical diffusion. The present
version of the model does not have cumulus heating
and it has 18 grid points from equator to the pole
and 17 levels in the vertical.

With the above-mentioned physical parameters
and thermal forcing, the model was integrated for a
large number of initial conditions. However. we
always obtained the one and the same steady state.
The zonal winds and the vertical velocity for this
steady state are presented in Figs. 5b and Sc. The
meridional circulation for this state has two cell
structure with a descending branch near the
equator, an ascending branch around 30°N and
another descending branch around 50° N. This is a
thermally direct circulation. Surface zonal winds
are weak easterlies in tropics (from the equator to
15° N), weak westerlies in subtropics (from 15°N
to 35° N). easterlies between 35° N and 62° N and
again westerlies in the polar region. Upper level
zonal winds are easterly in the tropics and
subtropics and westerly in the middle and high
latitudes. It is interesting to note that both the zonal
winds and meridional circulation for this steady
state have a striking similarity to the zonal winds
and meridional circulation for the steady state
obtained with the two-layer spectral model.

7. Conclusions and remarks

Using simple models. we have examined the
possible existence of multiple equilibria in axi-
symmetric circulations. An analytic solution of the
severely truncated version of the two layer spectral
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model shows that there exist several steady states.
However, an analysis of stability of these steady
states with respect to first and second y-mode
perturbations shows that one of these steady states
is stable against both type of perturbations, while
two other steady states are found to be quasi-stable
with respect to these perturbations. The time
dependent equations for the two-layer spectral
model with many more degrees of freedom was
then integrated with various initial conditions. This
shows that the model converges to only one steady
state similar to the stable steady state obtained with
the severely truncated system. Several integrations
were also performed with a multi-level grid point
model. This model also is found to give only one
steady state. For forcing and dissipation similar to
ones used in the two-layer spectral model, the
steady state obtained with the multilevel grid point
model is very similar to the steady state obtained
with the two-layer model.

Thus, the simple models used in this study failed
to show the existence of multiple equilibria in
symmetric circulations. A question can be raised at
this point. Is there a range of thermal forcing or
dissipation parameters for which there exist
multiple equilibria in these models? This question
was examined in the context of the severely
truncated version of our model. We calculated the
non-linear steady states of the truncated system for
a wide range of thermal forcings and a wide range
of other physical parameters (e.g.. D, 4. k,, and k,).
From this study. we find that. qualitatively, the
result remains the same. In other words, we always
find only one stable solution.

In our spectral model, the effect of surface
friction on the lower layer, is parameterized in
terms of surface wind extrapolated from the lower
layer, i.e.. u, (eq. (2.16)). In such two-layer models.
the surface wind is often extrapolated from the
winds at both the layers instead of just the wind at
the lower layer. A linear extrapolation for this
problem may be written as (Yao. 1980)

ux:%ul—’%ul

With this modified form of surface friction par-
ameterization. we re-examined our results with the
truncated version of our spectral model. We
calculated all the non-linear steady states. How-

B. N. GOSWAMI

ever, it is again found that, only one of the steady
states is stable against symmetric perturbations.

Although the models used in the study failed to
show the existence of multiple equilibria in sym-
metric circulations, we must remember that some
important physical processes are not represented
by these models. For example, it is well known that
the cumulus convection plays an important role in
maintaining the tropical circulation. The par-
ameterization for cumulus convection used in this
study is at best heuristic. The effect of heating due
to cumulus convection appears in our model only
through the static stability parameter. Moreover,
we know that the transport of heat and momentum
by eddies contributes significantly in maintaining
the mean meridional circulation. These eddy pro-
cesses are also absent in our model. Also, our model
does not have any mountains nor does it have any
land-ocean contrast. We believe that the absence of
these physical processes is responsible for the
inability of these models to exhibit multiple equi-
libria in symmetric circulations.

The parameterizations of the physical processes
in our simple models are not adequate to represent
the details of the tropical atmosphere properly.
Therefore, our conjecture that the active and break
phases of South Asian monsoon may be two
equilibrium states of the tropical atmosphere,
remains to be verified. This question must be
examined using more realistic models with more
realistic parameterizations of the physical
processes.
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