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ABSTRACT 

In  order to use the information present in past observations and simultaneously to take 
advantage of the benefits of stochastic dynamic prediction we formulate the lagged average 
forecast (LAF) method. In a LAF, just as in a Monte Carlo forecast (MCF), sample statistics 
are calculated from an ensemble of forecasts. Each LAF ensemble member is an ordinary 
dynamical forecast (ODF) started from the initial conditions observed at a time lagging the start 
of the forecast period by a different amount. These forecasts are averaged at their proper 
verification times to obtain an LAF. The LAF method is operationally feasible since the LAF 
ensemble members are produced during the normal operational cycle. 

To test the LAF method, we use a two-layer, f-plane, highly truncated spectral model, forced 
by asymmetric Newtonian heating of the lower layer. In the experiments, a long run is 
generated by the primitive equation version of the model which is taken to represent nature, while 
forecasts are made by the quasigeostrophic version of the model. On the basis of forecast skill, 
the LAF and MCF are superior to the ODF; this occurs principally because ensemble averaging 
hedges the LAF and MCF toward the climate mean. The LAF, MCF and ODF are all improved 
when tempered by a simple regression filter; this procedure yields different weights for the 
different members of the LAF ensemble. The tempered LAF is the most skillful of the forecast 
methods tested. The LAF and MCF can provide a priori estimates of forecast skill because there 
is a strong correlation between the dispersion of the ensemble and the loss of predictability. In  
this way the time at which individual forecasts lose their skill can be predicted. 

The application of the LAF method to more realistic models and to monthly or seasonally 
averaged forecasts is briefly discussed. 

1. Introduction 

The probabilistic nature of the problem of 
numerical weather prediction (NWP) is well 
recognized; statistical considerations apply to the 
preparation of the data, to the model integration 
and to  the regression filtering of the forecast. 
However, on an operational basis, the combination 

'These points are made in the stochastic dynamic 
context (Epstein, 1969). From the statistical-dynamical 
point of view (Gleeson, 1970) the forecast of the 
expected dispersion about the deterministic forecast, 
provides an a priori estimate of the skill of this forecast. 
This information could then be used to improve the 
forecast in terms of its skill, e.g., by forming a weighted 
average of the climate mean and the deterministic 
forecast. 

of statistics and dynamics during the model 
integration has not yet been accomplished, even 
though theoretical bases were discussed by Epstein 
(1969) and Gleeson (1970). A probabilistic 
approach to prediction has two immediate advan- 
tages over a deterministic approach. First, by 
explicitly considering the nonlinear evolution of 
error, forecast skill is improved in an r.m.s. sense. 
Second, by forecasting the expected dispersion 
about the forecast mean, an a priori estimate of the 
skill of the forecast mean is itself forecast.' The 
improvement in forecast skill may not be large 
when the basis of comparison is an optimally 
filtered deterministic forecast. The operational 
prediction of forecast skill, on the other hand, could 
greatly change our uses of and attitudes towards 
N W P  products. A third advantage is that the 
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forecast of the forecast error covariances could be 
used to improve the assimilation of data (Pitcher, 
1977). 

The advantages of a combined statistical and 
dynamical approach are most easily illustrated 
within the phase space description of an at- 
mospheric model. In such a phase space each 
coordinate is the amplitude of one model variable. 
A point in the phase space is a model state; as the 
model evolves the point representing the model 
state describes a trajectory in phase space. (Dis- 
cussions of the phase space description of 
meteorological dynamical systems can be found in 
papers by Fleming (1971), Epstein (1969), Gleeson 
(1970) and others.) Consider a particular point, C ,  
and an ensemble of points uniformly covering a 
small sphere centered at C (Fig. la). We will call 
the forecast started from C the central forecast and 
the average of the forecasts started from the points 
on the sphere, the ensemble forecast. For short 
forecast times, f < rNL, where rNL is the time when 
nonlinear effects can no longer be neglected, the 
difference between each member of the ensemble 
and the central forecast is governed by linear 
dynamics. The sphere deforms into an ellipsoid 
(Lorenz, 1965) and the central forecast and 
ensemble forecast coincide (Fig. 1 b). Typically, for 
forced dissipative systems as the ellipsoid changes 
shape-flattening in some directions and expand- 
ing in others-it shrinks in volume while simul- 

Fig. I. Schematic phase space description of the central 
( 0 )  and ensemble ( x )  forecasts. At the initial time (a) the 
central forecast is the center of the spherical ensemble. 
For I < rNL (b) the central and ensemble forecasts 
coincide; the ensemble is ellipsoidal. At later times, I t 
rNL (c), the central forecast and the ensemble forecast 
diverge; the ensemble loses its symmetry. 

taneously the r.m.s. distance between its center and 
its surface increases. At longer forecast times, f 2 
rNL, the central forecast and ensemble forecast 
differ because the ensemble loses its symmetry 
(Fig. lc). The dispersion of the ensemble continues 
to increase in the nonlinear regime until some 
equilibrium range is attained. Now suppose that at 
the initial time, each point on the sphere is equally 
likely to be the true state. Of all possible model 
forecasts the central forecast is best for f < rNL 
because it minimizes the expected squared forecast 
error. However, the ensemble of forecasts contains 
more information: the ensemble forecast is a better 
forecast than the central forecast for f > rNL and 
the dispersion of the ensemble is indicative of the 
forecast skill. In general the initial true state will not 
be restricted to a spherical shell, but the above 
discussion applies to each surface of equal pro- 
bability density in the phase space. 

Stochastic dynamic prediction (Epstein, 1969) 
offers a rational method of dealing with uncertain- 
ties in the initial data of an otherwise deterministic 
initial value problem by solving the continuity 
equation for probability which results from the 
generalization of the above discussion. It is not 
easy to include in this theory the effects of model 
imperfection; it is necessary to specify the 
statistical properties of the model errors (Fleming, 
1972; Pitcher, 1977). This limits the reliability of 
the results of the method and it is likely that the 
higher order moments of the probability dis- 
tribution are affected most. For this reason and for 
practical reasons prognostic equations are retained 
for only the lowest order moments of the prob- 
ability distribution. This introduces a closure 
problem which may be treated by a variety of 
methods (Epstein, 1969: Fleming, 197 I ;  Pitcher, 
1977: Laurmann. 1978: Farago, 1978). Even so, 
implementation of the method is a formidable task 
for all but the simplest models: if the basic 
deterministic model has M prognostic variables 
then a stochastic dynamic model which ignores all 
but first and second moments has O ( M ’ )  prog- 
nostic variables. Furthermore one must derive and 
code the particular governing equation and 
parameterize the higher order moments. 

One way of avoiding the difficulties of stochastic 
dynamic prediction is to use an ensemble forecast 
method. such as the Monte Carlo forecast (MCF) 
method (Epstein. 1969; Leith. 1974a; Seidman. 
198 1 ). In the simplest form of the MCF method an 
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ensemble of N initial states are selected randomly 
from a collection of possible initial states which 
have a density in phase space proportional to the 
probability density function (p.d.f.) of the true 
state. Each ensemble member is then integrated in 
time and the ensemble of forecasts is used to 
calculate estimates of the desired statistics (Fig. 
2a). Thus the MCF requires N times as much 
arithmetic as an ordinary dynamical forecast 
(ODF): ensemble forecast methods trade the 
closure problem of stochastic dynamic prediction 
for a sampling problem. Epstein used N = O( IOOO), 
but Leith indicated that N = 8 may be sufficient. 

There are two difficulties associated with the 
initial conditions needed for an MCF. The first 
difficulty is to specify the initial state p.d.f. The 
centroid of this p.d.f. is the best estimate of the true 
state; it may be obtained by an objective analysis 
procedure. It may be possible to estimate the higher 
order moments by using the statistics of the 
previous ensemble of forecasts, but, in order to 
obtain reliable second moments, the MCF sample 
size must be increased (Leith, 1974a, 1978a) and 
the external error growth due to the difference 
between model and nature must be parameterized 
by a stochastic forcing function (Fleming, 1972; 
Pitcher, 1977). The second difficulty is conceptual: 
no use is made of the ODF started from the best 
estimate of the true initial state. 

To avoid the difficulties of the MCF method we 
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propose a new ensemble forecast method which we 
call the lagged average forecast (LAF) method. In 
the LAF method, just as in the MCF method, 
sample statistics are calculated from an ensemble 
of forecasts. Each LAF ensemble member is an 
ODF started from the initial conditions observed at 
a time lagging the start of the forecast period by a 
different amount (Fig. 2b). Thus ODFs initialized 
with observations (or with an operational analysis) 
at t = 0, -r, -2r, . . . - ( N  - l)r, are averaged, 
at their proper verification times, to obtain an 
LAF. The LAF method is operationally feasible 
since the LAF ensemble members are produced 
during the normal operational cycle at many 
meteorological centers. Like the recent approach 
of Gleeson (1981), the LAF uses only normally 
available operational forecast products. In the 
LAF method the most recent ODF is included 
in the ensemble and observations, extrapolated 
in time by the dynamical model, are used to 
define the initial uncertainty. If the model errors are 
small for a time of O(Nr) ,  then the LAF ensemble 
will reflect the true initial uncertainty. The LAF 
may be considered an extension of an idea 
presented by Miyakoda and Talagrand ( 1  97 I )  in a 
way suggested by some results of Leith (1974b). 
Miyakoda and Talagrand, in a series of identical 
twin experiments, reduced the error of their 
standard objective analysis by averaging this 
analysis with model solutions started from prior 
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Fig. 2. Schematic time evolutions of the MCF (a) and LAF (b) ensembles. The abscissa is forecast time, I ,  and the 
ordinate is the amplitude of a model variable. X. X is observed ( x )  at intervals of time, r; r, is a particular forecast 
time. 
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initial conditions. Leith. in a statistical dynamical 
experiment, using a global spectral barotropic 
model to generate dynamical forecasts and real 
observations for verification, obtained better fore- 
casts when his regression equations included as 
predictors information from dynamical forecasts 
initiated at two successive time levels. (These 
results are summarized in Fig. 2 of Leith 
(1978a).) 

In this paper we test the LAF as an alternative to 
the MCF in the context of a highly simplified 
atmospheric model. As bases of comparison, we 
include the ODF and a persistence climatology 
forecast (PCF) in our tests of forecast skill. 
Following Leith (1974a). we have also included 
tempered or optimally filtered versions of the 
forecast methods in these tests. Tempering the 
forecast reduces the forecast deviations from the 
climate mean in order to minimize the expected 
mean squared forecast error. In other words, 
tempering hedges the forecast towards the climate 
mean. 

The plan of this paper is as follows. We define 
the forecast methods in Section 2, summarize the 
dynamical models in Section 3, and describe the 
experiments and a simplified regression technique 
which we use to temper the forecasts in Section 4. 
The forecast skills of the different prediction 
methods are compared in Section 5 .  In Section 6 
the spreading of the ensemble of forecasts is used to 
predict the average skill of the forecasts in the 
ensemble. Section 7 contains a summary of these 
results and a discussion of the application of the 
LAF method to more realistic models and to time 
averaged quantities. 

2. Forecast methods 

The forecast methods described here and listed 
in Table 1 range from purely dynamical to purely 

Table I .  The forecast methods 

Acronym 

LAF 
MCF 
ODF 
PC F 
tLAF 
tMCF 
tODF 

Method 

Lagged average forecast 
Monte Carlo forecast 
Ordinary dynamical forecast 
Persistence climatology forecast 
Tempered lagged average forecast 
Tempered Monte Carlo forecast 
Tempered ordinary dynamical forecast 

statistical. They may be applied to any finite 
dimensional dynamical system. The model state 
vector. X, is presumed to be an adequate descrip- 
tion of the true state of nature. It will be assumed 
that the required climate statistics are known with 
negligible error. 

2.1. The ordinary dynamical forecast (ODF)  
The governing equation of the model is 

X = F(X; t )  (1 )  

Eq. (1 )  states that the time rate of change of X is 
equal to a known function F of X and possibly of 
time t. The solution of ( 1 )  which starts from the 
initial conditions q at the time to is denoted 
X(t; to ,  q). In order to conform to the notation used 
in what follows the ODF is defined as 

XI = X(t; 0, XUCO)) (2) 

where X'(t) is the observation of X at time f .  The 
time origin, I = 0, is the time of the most recent 
observation. 

2.2. The Monte Carlo forecast ( M C F )  
Ensemble average forecasts of X are 

N 
2 = N-'  1 X, (3) 

i= I 

where X, is the ith member of the ensemble of 
forecasts and N is the size of the ensemble. The 
ODF is an ensemble forecast where N = 1. For the 
MCF (Leith, 1974a) 

X i  = X(t; 0, XO(0) + Z,) (4) 

where the Z, are random vectors with zero mean, 
uncorrelated with the observation X"(0). The Z, are 
chosen from a population with statistics which are 
the same as the statistics of the observing errors. 

2.3. The lagged average forecast ( L A F )  
The LAF is given by (3) and 

X, = x(f;  t i ,  X O ( r , ) )  ( 5 )  

where the t ,  are successive observing times. In the 
sequel t ,  = - ( i  - 1) r, for i = 1, . . . N, where r is the 
interval between observing times. Thus the initial 
state for the ith lagged forecast, Xo(t , ) ,  is observed 
at a time lag of (i - 1) r. 
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2.4. The tempered forecasts 
Leith (1974a) outlined an optimal filtering 

scheme in which any forecasting method may be 
made optimal in a least squares sense by perform- 
ing a regression analysis of the true state in terms 
of the predicted state. This method was shown to 
be useful by Leith (1974b) and Lorenz (1977). 
Following Leith we will call such forecasts tem- 
pered. For an ensemble of forecasts, the tempered 
forecast, fl, is given by 

where (X) is the known climate mean, the Ai(t) are 
the regression matrices and the X i  are obtained 
from (2), (4) or (5) for the tempered ODF (tODF), 
tempered MCF (tMCF) or tempered LAF (tLAF), 
respectively. For the tODF and tMCF, the A, are 
independent of i; for the tLAF the regression 
naturally generates different weights for the in- 
dividual forecasts. As formulated by Leith (1 974a), 
the tempered forecast scheme is impractical 
because the size of the regression matrix is usually 
large compared to the size of the sample available 
to estimate the regression matrix. This problem is 
discussed by Lorenz (1977) who suggests that 
while screening regression may work well in some 
cases, a selection method based on physical 
considerations is preferable. In our experiments, 
this problem is avoided by introducing simplifying 
assumptions which limit the number of independent 
parameters to be estimated (Section 4). 

2.5.  The persistence climatology forecast (PCF)  
The PCF models each variable XI as a first-order 

autoregressive process; in the PCF the observed 
deviation from the climate mean for each model 
variable decays exponentially with time. The PCF, 
XP, is given by 

XP(t) - (X) = q"'(XO(0) - (X)) (7) 

where the constant diagonal matrix q, governing 
the decay of the observed deviations, is determined 
from climatology and r is the interval between 
observations. The time constant for XI is then 
-r/ln ql where ql is thejth entry on the diagonal of 
q a n d O < q l <  1. 

A PCF provides a useful baseline against which 
to measure the other forecasts. For sufficiently long 
forecast times, the individual forecasts (i.e., the X i )  
are not correlated with each other or with nature. 
When this holds, the expected mean squared 
forecast error of an ensemble forecast is greater 
than the expected mean squared forecast error of a 
PCF by a factor of (1 + W') .  

3. Dynamical models used in the 
experiments 

Lorenz (1960) formulated an adiabatic inviscid 
N-layer model of the atmosphere which has certain 
energy invariants. This model has three forms 
based on the primitive equations (PE), the non- 
linear balance equations and the quasigeostrophic 
(QG) equations. We have used a 2-layer f-plane 
spectral version of this model (Hoffman, 1981; 
hereafter referred to as A). The following descrip- 
tion of the model is complete but concise and the 
reader interested in the details of the model 
derivation is referred to Lorenz (1960) and to A. 
The models used here are identical to those used in 
the low forcing experiments reported in A except as 
noted below. 

The variables of the 2-layer model are v and 7, 
half the sum and difference of the stream functions 
in the two layers, x,  the velocity potential in the 
lower layer, a, the static stability and 0 + do, the 
potential temperature at the interface between the 
two layers. The scales of length, time and tem- 
perature are L,  f - - I  and L 2 f 2 ( C ,  b)-I, wherefis the 
Coriolis parameter, C, is the specific heat of air at 
constant pressure and b is a constant (k 0.124). 
For dimensional interpretations we assume f is (3 
h)-' and L is the radius of the earth. At the top and 
bottom boundaries the material derivative of 
pressure is assumed to vanish; this implies that 
there are no external gravity waves and that the 
velocity potential in the upper layer is -x. Static 
stability, a,,, does not vary horizontally. 0 is the 
deviation from the horizontally averaged potential 
temperature at the interface. 8, is the difference 
between the horizontally averaged potential tem- 
perature at the interface and the horizontally 
averaged radiative equilibrium potential tempera- 
ture forcing the lower layer. As in A, there is linear 
heating of the lower layer, linear friction at the 
lower surface and linear vertical exchanges of heat 
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and momentum at the interface.* Each of 8, W. r 
and xis  expanded in a complex Fourier series of the 
form 

In  A. 6, was defined to be the horizontally averaged 
potential temperature at the interface and the horizon- 
tally averaged radiative equilibrium potential tempera- 
ture in the lower layer was denoted by (@ - u:). 
Because there is no heating of the upper layer, (6: - a:) 
has no dynamical significance and may be either 
arbitrarily chosen or eliminated from the governing 
equations as we have done here. 

where 

I .  i f J + K = I  

0, otherwise. ~ I J K  = 

The superscript R refers to the imposed radiative 
equilibrium potential temperature field; 

0 for the QG equations 

I for the PE. 
* = (  
As in A only 12 wave number vectors are retained, 

and the coefficients k,, k,. h,, and h,  which appear 
in the governing equations because of the para- 
meterizations of the viscous and diabatic processes 
are given by 

I +(0,2), +(0,4). +(-4,2), t(4,2), +(4,0), f(W)I, 

2k, = k ,  = 0.016 

h, = h ,  = 0.018. 

In contrast to A, the heating function imposed in 
the lower layer 

BR = e*(2 cos 2.v + 0.5 cos 4x) 

is not zonally symmetric. We choose B* = 0.008 (= 
25 K dimensionally). Except for the departure from 
zonal symmetry in this heating function, the PE 
and QG models are dynamically identical to those 
used in the low forcing experiments reported in A. 
Since is a diagnostic variable if is a prognostic 
variable, it is possible to define the model state 
vector X in terms of variables associated with only 
half of the retained wave number vectors. Also, in 
the QG model, r and x may be determined 
diagnostically. Therefore we are able to define X 
for the QG model as a vector with only 26 entries, 

4. Experiments 

4.1. Nature and obsercarions 

By assuming that one model is nature and by 
using a different model to forecast nature we have 
avoided the unrealistic assumption of a perfect 
model which is made in so-called “identical twin” 
forecast experiments. The nature run generated by 
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the PE model is 35 years long. The initial state for 
this run is a small perturbation superposed on the 
zonal steady-state solution of the PE forced by the 
zonally averaged heating function, eR = 8' 
2 cos 2y. A time step, At, equal tof-I was used in 
an alternating 4-cycle scheme (Lorenz, 197 I).  

Fifty cases were extracted from the nature run at 
intervals of 250 days; the forecast period for the 
first case starts at day 250, well after transients 
associated with the initial conditions have dis- 
appeared. The observations are separated by r = 6 
h and the QG model state X is observed at each 
observing time. The observations are the true state 
of nature contaminated by a random error. The 
error 8 at each observing time is independent of the 
error at all other observing times. The error cj for 
each variable X j  is independent of ck for all k # j ;  
each cj has a Gaussian distribution with zero mean 
and a standard deviation approximately pro- 
portional to the natural variability, i.e., to the 
standard deviation of X,. The constant of pro- 
portionality y is 0.075 and the standard deviation of 
8 multiplied by lo6 is (25, 10, 155, 195, 35, 35, 
180, 180, 180, 180, 180, 180, 5 5 ,  55, 80, 80, 60, 
60, 80,80, 80, 80, 80, 80, 80,80)'. 

The QG forecasts use the observation, X", as 
initial conditions. This is sufficient for our purposes 
but there are other possible initial conditions. For 
example, we might have followed Leith's (1980) 
approach to the initialization of quasi-rotational 
dynamics in which the data is used to define a 
nonlinearly balanced PE state which is then 
projected onto the rotational manifold. 

4.2. The dynamical forecasts 
All dynamical forecasts were made using the QG 

model with a time step At of 2f-I = 6 h. For the 
MCF experiments, the 2, have the same statistics 
as the 8. For the LAF experiments, observations 
are separated in time by r = 6 h. In both MCF and 
LAF experiments N = 8; an ensemble of this size is 
suggested by some of Leith's (1974a) results. We 
conclude that N = 8 is a large enough ensemble 
since the results presented agree very well with 
results obtained for the same 50 cases for N = 4 
and r =  12 h. 

4.3. The tempered forecasts 
The general optimal filtering technique involves 

estimating a large number of parameters and thus 
requires a very large homogeneous data sample 

(Lorenz, 1977). It is therefore an advantage to 
introduce simplifying assumptions which limit the 
number of independent parameters. 

We will assume that only forecasts of a given 
variable may enter the regression equation of that 
variable. Then, with no loss of generality we may 
consider a single variable, x, measured as a 
deviation from its climate mean at a single time 
level. In place of (6), the tempered forecast is now 
given by 

2 = x six, (8) 

where Xi is the ith dynamical forecast of x and the 
ai are the tempering weights to be determined. The 
ai depend on the forecast time, the forecast method 
and the particular model variable. 

If the model and natural climatology are the 
same, i.e., if (Xi) = 0 and (X:) = (x2), where x is 
the true state of nature and where the climate 
ensemble average indicated by angle brackets is for 
a fixed forecast time, then it may be shown that the 
a, which minimize the climate ensemble average 
squared forecast error, ((2 - x ) ~ ) ,  verify 
N 

( 1  - s i ) a i =  1 - r z  I 
i =  I 

where 

(9) 

is the normalized forecast error variance of the j th  
forecast and 

si = ( ( X i  - X1)2)(2(x2))-' 

is the normalized variance of the difference between 
the ith and j th  forecast. In theory, the climate 
ensemble contains all the normally occurring states 
of nature each weighted by its frequency of 
occurrence; in practice, the climate ensemble will 
be replaced by our sample of 50 cases. In our 
experiments the model and natural climatology are 
nearly identical. When the model and natural clim- 
atology are not identical (9) still holds if terms of 
order ((X:) - (x2))(2(x2))-I may be neglected. 
As forecast time increases both si and rj' are 
expected to increase monotonically and approach 
unity. (Here and below we only discuss su for i # j  
because si i  is identically zero.) dsi ldt  is pro- 
portional to the amplification rate of the squared 
forecast error due only to the internal dynamics of 
the model, while drj'ldt is proportional to the 
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amplification rate of the squared forecast error due 
to both the internal dynamics of the model and to 
the external error caused by the difference between 
the model dynamics and the natural dynamics. 
That is. si i  grows because the model itself is not 
predictable while r i  grows for this reason and 
because the model is not perfect. 

In order to determine the ai we must estimate su 
and ri from our sample at each time level and for 
each model variable. In our experiments, we 
observed that si i  and ri grow nearly linearly in time 
until their maximum value of unity is reached. For 
example. the curve labeled O D F  in Fig. 4a is the 
r.m.s. of twice the r: of all the model variables for 
the ODF. Also it is observed that sij and rj  for most 
of the variables have the same growth rate. We will 
assume that these observations hold exactly for 
each variable. Then all the a, are determined once 
we estimate two parameters--s and i. the growth 
rates of si i  and ri. respectively. After fitting the data 
from the dynamical experiments in several ways, 
we subjectively estimated these parameters to be 
0.03 day- and 0.04 day-'. 

'To complete the specification of su and rj  their 
initial values must be determined. These initial 
values may be obtained by considering the nature 
of e and of Zi .  For the O D F  and for the members 
of the LAF ensemble we have specified that 2rj( t j )  
= y z  at the observing time t i . For the M C F  r j(0) = 
y z  since c and Zi  are uncorrelated. Similarly since 
Z i  and Zj  are uncorrelated. syi(0) = y 2  for the MCF. 
To determine the initial si for the LAF, suppose i, 
< t i  5 0 and consider si(f,>. Since e at ij is 
uncorrelated with the forecast X i  

The a, determined following the above procedure 
are the same for each model variable and are 
plotted as functions of forecast time in Fig. 3. Since 
the members of the Monte Carlo ensemble are not 
distinguishable all the ai for the M C F  are the same. 
Note that these weights are different from the 
weights which would be obtained by individually 
tempering each ensemble member using the 
t O D F  weights and then ensemble averaging. This is 
apparent in the figure: the tMCF weights are larger 
than N - '  times the tODF weights since the M C F  is 
already hedged toward the climate mean by the 
ensemble averaging procedure. Because of cor- 

f 
0 

* 

5 

Fig. 3. The weights, a,, for tempering the ODF (- 
__  ), the MCF (......... ) and the LAF (- ). The 
a for the ODF are normalized by N = 8; the LAF a, 
curves are labeled by i - I. i s . ,  by the number of lagged 
intervals 5. The average of the LAF weights is very close 
to the MCF weights. 

relations between the forecasts, some of the tLAF 
weights are negative. The average of the tLAF 
weights is not shown in Fig. 3; it would be 
indistinguishable from the tMCF weights. At long 
forecast times all the a, are zero indicating that the 
best forecast is the climate mean. 

Since only two parameters have been estimated 
from a relatively large sample we expect that the 
tempering weights calculated here are not sig- 
nificantly affected by the size of the sample and 
that we may apply these a, to this same sample to 
temper the forecasts. To support this last 
assumption, we repeated the ODF and L A F  
experiments for an independent sample using the 
tempering weights determined here. The same 
qualitative effect on the forecast skills is observed 
for both samples. 

Actually during the first few days of the forecast 
our estimate of the growth rate of r, could be 
improved. At &he initial time the error is distributed 
among the exponentially growing and decaying 
modes of the linear equation governing the 
evolution of small errors. Thus the total error may 
actually decrease at  first. Since we observe that the 
growth rate of r, is approximately zero initially and 
then smoothly approaches r, a good representation 
of d r / d i  would be of the form i( 1 - e-'@) where p 
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b 

Fig. 4. Comparison of the skills of the different forecast methods. In (a) ( D Z ) ' l z  and in (b) (D')"'/(D&,,)"' are 
plotted as functions of forecast time, I ,  for the ODF (---), MCF (------), L A F  (-.-.--), PCF 
(......... ), tODF (- ), tMCF (--...--...). and tLAF (-..-..- ). D is a skill score which is also the 
distance in the model phase space from forecast to observation. Results for a smaller ensemble ( N  = 4, r = 12 h) (c) 
and an independent sample (d) are shown in the same format as (b). 

is O(2  days). This discussion also holds for the 
evolution of s,,. If the predictions of an operational 
model are to be tempered. a more careful study of 
the covariances is warranted; especially one should 
look for the effect just described at short forecast 
time. 

4.4. The persistence climatology forecast ( P C F )  
To calculate the PCF. the diagonal matrix, q, 

must be specified in eq. (7). Ordinarily one might 
choose qj = #u where ),! is the lag m auto- 
correlation coefficient of Xj calculated directly from 
the nature run. However, the assumption of a 
first-order autoregressive (AR( 1)) process is not 
really appropriate; the observed (,! decay more 

rapidly than the autocorrelations of a true AR(1) 
process for which 4,. = ()J". Thus the choice q, = 
11,, would yield a PCF which decayed to the climate 
mean too slowly. There are two reasonable 
alternative ways of choosing q,. The first alternative 
is to determine q, by fitting the observed auto- 
correlations, e.g., by minimizing (In #,! - m In 
qj)2,  where the sum is over m. The second 
alternative is to choose qj to minimize the squared 
forecast error of the PCF, that is. to minimize the 
sum over all initial conditions of 1 (X/o(rn.r) - 
X,P(mr))2. A necessary condition for a minimum in 
this case, if X" is replaced by the true state of 
nature, is that qj  is a root of the polynomial 
1 m q 2 r n - 1  - 1 m),!q"-l. Since the correct root 
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must be real and close to 1, it is easily found by 
Newton's method. We used this second alternative 
since we are more interested in the skill of the PCF 
than in fitting the autocorrelations. Both alter- 
natives involved some arbitrariness since the sums 
over m must be assigned an upper limit and might 
reasonably be weighted by some function of m. We 
have not included a weighting function and chose 
the upper limit as either 25 or the minimum value 
of m for which $,+ < 0.25, whichever is smaller. 
This choice limits the lags considered to lags for 
which PCF is expected to be considerably more 
skillful than a simple climate mean forecast. As 
expected the values of q, obtained are substantially 
less than the corresponding (". The most extreme 
case is for uo. i.e. f o r j  = 1:  q1 = 0.9079 while # 1 1  = 
0.9837. 

5. Comparison of forecast skills 

To compare the forecast skills of the different 
methods we have considered an integral measure of 
skill, - - 
~2 =   SO,)^ + (seo)z + 2 - y ~ ) ~  + 2-yay)2 

In this expression dc is the perceived forecast error 
of 6 and an overbar is an average over the 
horizontal domain. For skillful forecasts A will 
have relatively small values. As before, uo is the 
horizontally averaged static stability, 8, is the 
horizontally averaged potential temperature 
measured as a deviation from a reference tem- 
perature, 8 is the potential temperature measured as 
a deviation from the horizontally averaged poten- 
tial temperature and 1/1 is the stream function-all 
defined at the interface between the two layers 
which may be considered to be at 500 mb. This 
definition of an error metric is a natural choice 
because in terms of the phase space of the QG 
model, A is the Euclidean distance from 
verification, x", to forecast, X, 

A2= (XI'- x)'(xv- 2) 
The verification will normally be the observations, 
A'". A normalized measure of skill is D, defined by 

where A: is the expected value of A2 when the 
forecast is the climate mean and when X' is the true 
state; Af is the sum of the climate variances of the 

model variables. The estimate, Ac = 7742 x 
obtained from the nature run. is used throughout 
this study. 

The forecast skills of the different forecast 
methods are compared in Fig. 4. In Fig. 4a ( D 2 ) 1 / 2  
is plotted as a function of forecast time, while in 
Fig. 4b ( D 2 ) 1 ' 2  for each forecast method, nor- 
malized by (D2)'12 for the ODF, is plotted as a 
function of forecast time. Since the climate ensem- 
ble averages are calculated here as averages over 
the sample of 50 cases, each point plotted in Fig. 4b 
is the square root of the ratio of two sums of 
squares and is similar to an F statistic. This 
property could be used to test whether any one of 
the methods yields a significant improvement in 
forecast skill relative to that of the ODF. Unfortun- 
ately, it is not certain how many degrees of freedom 
to associate with each sum of squares. As a guide 
to the variability of (D2)II2,  there is no reason to 
expect any difference between the skills of the ODF 
at different forecast times past the time ( f  - 22 
days) when ( D2)Il2 or the ODF comes close to its 
asymptotic value of 2Il2. The oscillations after this 
time suggest that the sampling error of (D*)''2 is 
about 5% of the estimated value of (D2)1'2 at any 
particular forecast time. Examination of ( D2)It2 
for an independent sample of ODFs supports this 
conclusion. 

As can be seen in Fig. 4a-b the skill of the tLAF 
is superior to that of the other forecast methods at 
short range (t i I week) and medium range ( 1  
week i t i 2 weeks). At short range all the other 
dynamical forecast methods are roughly equivalent 
in terms of forecast skill. At medium range and 
long range (f 2 2 weeks) ail the ensemble and/or 
tempered forecast methods are more skillful than 
the ODF. At all forecast times the MCF and LAF 
have roughly the same skill. The skills of the tODF, 
tMCF, and tLAF are indistinguishable at long 
range. Similar results are obtained for the same 50 
cases using a smaller sample size (N = 4) and a 
larger time increment ( r  = 12 h) (Fig. 4c). 
Qualitatively similar results are obtained for an 
ihdependent sample of 50 cases for the ODF and 
LAF experiments with N = 8 and r = 6 h (Fig. 4d). 
In these experiments, no new parameters were 
estimated; the values of and s estimated pre- 
viously were used to calculate the tempering 
weights. 

Since we expect a climate mean forecast to yield 
(D2)'12 = 1 for any forecast time, the time when 
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(D*)l/', for a particular forecast method, reaches 1 
may be considered to be the predictability limit of 
that forecast method. According to this definition 
the predictability limit of the ODF is 15.5 days, 
ensemble averaging with N = 8 increases this limit 
to 18.5 days and tempering increases the predic- 
tability limit to 21.0 days. For the PCF (D2)1/2 
nearly reaches its asymptotic value of unity by 5 
days. It may appear that these predictability limits 
are too large. They are large compared to the 
predictability limit of the atmosphere but this is 
expected because of the extreme truncation used 
here. Only the largest scales are retained in our 
experiments while in the atmosphere it is probably 
the largest scales which have the longest predic- 
tability limits (Shukla, I98 1). Furthermore, the 
absence of smaller scales neglects an important 
source of the growth of error in the larger scales 
(Lorenz, 1969). There is also some arbitrariness in 
our choice of time scale, f = (3 h)-l. 

The qualitative nature and much of the quanti- 
tative nature of the above results can be anticipated 
from simple arguments similar to those used to 
obtain the tempering weights. Excluding the PCF, 
each of the forecasts, X, may be considered to be a 
weighted sum of the climate mean and K dynamical 
forecasts. 

K. 
(X- (X))= z q(X,- (X)) 

i =  I 

where K = 1 or N and c, = 1, 1IN or a ,  as 
appropriate. Based on the assumptions of Section 

4.3. and assuming that X" is the true state, the 
expected value of D2 is 

K A h  

( D 2 ) = 1 - 2  1 c i ( l - r f ) +  1 1 c i c i ( I - s f i )  
i= I , - I  i =  I 

Values of ( D 2 )  calculated in this manner for N = 
8, r = 6 h were used to produce Fig. 5 which is to 
be compared with Fig. 4. The qualitative agree- 
ment between these two figures is good and is an a 
posteriori justification of the assumptions made in 
deducing the a,. Quantitatively, the ensemble 
forecast methods are somewhat less skillful than 
expected at short and medium range. 

Leith (1982) has pointed out that any sort of 
averaging has a tempering effect. Since the tODF 
and tMCF have roughly the same skill, the 
advantage of the MCF over the ODF at medium 
and long range is probably simply a reflection of 
the fact that ensemble averaging hedges the 
ensemble forecast towards the climate mean. This 
suggests that, in these experiments, ensemble 
averaging itself does not accomplish anything that 
simple statistical regression could not accomplish. 
This raises two questions: first, why does ensemble 
forecasting fail to produce the improvement in 
forecast skill anticipated in the Introduction?; 
second, what causes the superiority of the tLAF? 
To address the latter question first, the superiority 
of the tLAF is probably due to a better 
specification of the initial state. The tODF cal- 

h 

Fig. 5.  Comparison of the expected skills of the different forecast methods. Same format as Fig. 4. Expected values of 
(D2) are calculated based on the assumptions discussed in the text. 
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Fig. 6. Histogram plot of D for the ODF experiments. 
All data in the interval 0 < I < 32 days was used. The 
contribution due to the time interval 24 < I < 32 days is 
shaded. The total sample size is 6450. 
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culated from the tLAF initial conditions, i.e. using 
the ODF 

x, = X(r ;  0, gLAF(0))’ 
has essentially the same skill as the tLAF. This 
forecast method is similar to that of Miyakoda and 
Talagrand (1 97 1). This experiment also indicates 
that for short range the deviations from the 
ensemble mean are governed by linear dynamics. 
This observation answers, in part, the former 
question; at short range, in the linear regime ( I  < 
rNL), the ensemble forecast is identical with the 
central forecast and the ensemble forecast method 
has no advantage in terms of forecast skill. 
Furthermore, at long range all tempered forecasts 
are close to the climate mean and there cannot be 
much difference between them. Thus, when the 
forecast is good (roughly when D i 1/3) the 
deviations from the ensemble mean evolve linearly, 
and when the forecast is poor (roughly when D 2 
1) tempering should eliminate the difference bet- 
ween the ODF and the ensemble forecasts. When 
the forecast has medium skill (roughly when 1/3 5 
D i 1) it is possible that ensemble averaging will 
yield a significant improvement in forecast skill. 
However, the occurrence of medium skill is 

I I I I 1 

0 5 10 15 20  25 30 
Forecast time (days) 

.oo 

Fig. 7. Time evolution of D for the ODF experiments. Shown are selected portions of the evolution of D for each case 
(light - ). These curves have been smoothed to eliminate the roughness caused by the white noise observing 
error. Also shown are (D’)”’ (---)and (D) (heavy - ). Error bars are calculated as  ((D’) - (D)’)’’*. 
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relatively infrequent (Fig. 6). Actually, the time 
evolution of ( D 2 ) ” 2  is not representative of the 
time evolution of D. In a typical time evolution of 
D, a period of very rapid growth follows an initial 
period of slow growth; that is, the skill of an 
individual forecast breaks down suddenly. In Fig. 7 
we have drawn selected portions of the time 
evolution of D for each ODF. In each case the 
selected portion shows a period of explosive error 
growth through the skill level D = 0.5. Thus, in 
each case there is only a limited time interval 
during which the ensemble forecast might have a 
distinct advantage. Moreover, these time intervals 
occur at different forecast times-therefore the 
ensemble forecast can be advantageous, at any 
particular forecast time, in at most a small 
percentage of cases. 

We remark, in closing this section, that Fig. 6 
suggests an interesting approach to defining a 
standardized skill score. Note in Fig. 6 the 
apparently normal distribution of D for the forecast 
period 24 to 32 days, when the individual forecasts 
have little or no skill. This suggests that, given a 
particular forecast and its skill score, that is, some 
particular measure of its forecast error, we define a 
standarized skill as the probability that a larger 
forecast error would be obtained by a random 
forecast. By, random forecast we mean an at- 
mospheric state chosen at random from the climate 
ensemble. In the present case the probability that 
D, for a random forecast, will exceed a particular 
value could be estimated by fitting a normal p.d.f. 
to the shaded area of Fig. 6. 

6. Prediction of forecast skill 

The length of time for which a forecast is skillful 
is variable. Some situations are more difficult to 
forecast because the forecast is more sensitive than 
usual to the errors which are inevitably present in 
the specification of the initial state. This variability 
is clearly seen in Fig. 7; it was also pointed out by 
Lorenz (1965) in a study using a model similar to 
that used here (see his Fig. 2) and by Halem et al. 
(1982) in a study using a state of the art global 
NWP model (see their Fig. 11). As discussed in the 
Introduction, the spreading of the MCF or LAF 
ensemble should be related to the forecast error. 
Such a relationship would enable us to predict, a 
priori, forecast skill on a case by case basis since 
the spreading of the forecast ensemble may be 

calculated without knowledge of the future 
evolution of nature. In this section, given the 
spreading of the ensemble 3, we will try to predict 
the forecast error d. 

In practice there are several reasons why d 
cannot be precisely predicted from 3. Ideally the 
evolution of s would be identical to the expected 
evolution of d. Unfortunately this ideal case is 
unattainable, entailing a perfect model, perfect 
initial conditions and an infinite ensemble. First 
consider the difference between forecast error and 
ensemble spread. Forecast error grows because of 
the natural intrinsic growth of error which is due to 
the uncertainty of the initial state and because of 
the effect of external error which is due to the 
uncertainty of the dynamics. The ensemble of 
forecasts spreads only because of the uncertainty of 
the initial state. Thus 3 is generally smaller than d 
because the growth of does not include the effect 
of external error. Moreover, since the dynamics 
governing nature are different from the model 
dynamics, the natural and model intrinsic growth 
of error are, in general, different. Second, even if 
the model were perfect, the intrinsic growth of error 
depends on the initial state, which is not known 
precisely. Finally, any evolution of s calculated 
from a finite ensemble is only an approximation of 
the model’s true intrinsic growth of error. 

In  this study d is defined as the forecast 
ensemble r.m.s. of D, 

N 
N d 2 =  D f  

i =  I 

where Di  is the normalized distance in phase space. 
as defined in Section 5 .  between the ith forecast in 
the ensemble and the observed state of nature. The 
corresponding ensemble spread. 3, is the r.m.s. 
normalized distance between all distinct pairs of 
forecasts in the ensemble and is defined by’ 

N N 

N ( N -  1 1 Sg 
i = $  j = l  

where Sii is the distance in phase space between the 
ith andjth forecast divided by Ac. Because a finite 
sample size affects estimates of second-order 
statistics more than estimates of means, we have 
considered only these global measures of forecast 
skill and ensemble spread. For the LAF we might 
have used weighted averages in defining d and 3. 
With the above definitions there is bound to be a 
close relationship between b and s: since D2 is a 
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sum of squares it may be partitioned into a sum of 
squares due to the mean forecast, which is just D* 
for the LAF or MCF, and a sum of squares due to 
deviations about the mean forecast, which is 
exactly 22I(N - I ) N - ’ S 2 .  

We found that d and 3 are indeed related but 
are far from identical and that to a certain extent 
the effect of model imperfections can be accounted 
for by a regression analysis. We tested a series of 
parameterizations of the form 

(10) 

where I is non-dimensional time, and f, is the kth 
function specified in Table 2.  The coefficient b was 
chosen to minimize the ensemble mean squared 
error (e’) .  i.e., b was determined by a linear 
regression analysis through the origin of (d - 
5) t - ” *  in terms of J, I ”~.  Note in (10) that the 
regression residual is et l / ’ ;  this scaling makes the 
size of the error, e ,  approximately independent of I. 

I f  we had not stabilized the variance of the error in 
this way, the estimates of b would be minimum 
variance estimates instead of unbiased minimum 
variance estimates (Neter and Wasserman, 1974. 
p. 131). We obtained less successful results for 
other predicted quantities (e.g., D,,,) and for other 
forms relating d to 3. Eq. (10) includes a time 
dependence because the effect of external error 
increases with forecast time, at least during the 
initial part of the forecast. This dependence is taken 
to be linear because the climate mean and standard 
deviation of (d - 5)  as functions of forecast time 
are roughly proportional t o  forecast time. 

As a basis for comparison we have included in 
Table 2 the null parameterization. S, =~ 0. The 
simplest parameterization. including only the linear 
time dependence. is f ,  : I .  Since the QG 

d =: 3 i bf, t + et”‘ 

approximation is more or less appropriate depend- 
ing upon the particular flow. we include inf2 andf, 
the time averaged energy, 

I 

E ,  = t ‘ 0 I E,  d t  ( I  1 )  

where Ex is the horizontally averaged kinetic 
energy of the forecast ensemble averaged QG 
divergent wind. E, is a proxy measure of the 
Rossby number averaged over the forecast period. 
Although both n’ and 3 have an expected value of 
2 ’ / *  for long forecast times, estimates of d obtained 
fromf, and f, increase with t indefinitely. In order 
to account for this asymptotic behavior, f, also 
includes the factor ( I  - 2-’’* 3)1’2 which 
approaches zero as the ensemble spreads. The 
particular f, we considered and (10) are somewhat 
arbitrary: however. the three phenomena discussed 
here are real and should be included in any 
parameterization of the effect of external error on 
the growth of forecast error: in general, the effect 
of external error increases with time initially, 
depends on the appropriateness of the model and 
eventually decays towards zero. 

Useful predictions of forecast skill are obtained 
from (lo), usingl,. For each case, we predicted the 
time for d to reach a value of 0.5 and compared 
this to the time when d actually reached this value. 
The results are presented in Fig. 8 for both the 
LAF and MCF. The prediction of the time for D to 
reach a value of 0.5 obtained using the LAF 
ensemble was more accurate than that obtained 
using the M C F  ensemble, with correlations bet- 
ween the time predicted and the time observed of 
0.79 and 0.68, respectively. This suggests that the 
p.d.f. of the initial state is better represented by the 

Table 2.  Leas1 squaresfils of eq. ( I 0 ) f o r  ihe LAF’ arid M C F  oisetribles. 7’ht~ 
dara from a l l  50 cases, sarisJj*irig 3 < 2 iri the interval 0 < I < 32 dajls ,t‘as 
used. The sariiple size is N,. Ex is defiiried b r  eq. ( / I  ) 

LAF (No  = 6274) MCF ( N o  6264) 

k J k  b ( 6 , ’ )  x 10‘ h (.Z>. x 1 0 6  

2947 
1 1  716 x 10 1073 982 x 10 ’ 1413 
0 0  - 1889 .- 

2 E,  3358 808 4328 93 2 
3 E,(I ~ 2 1 / 2 ~ ) 1 ’ 2  5075 716 5822 800 
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Fig. 8.  Scatter plots of predicted versus observed time for d to reach a value of 0.5  for the LAF (a) and the MCF (b). 
The predicted d is obtained using eq. (10) with k = 3. 

L A F  ensemble than by the M C F  ensemble. Using 
the same value of b for the same 50 cases. but 
taking N = 4 and r = 12 h, correlations of 0.67 and 
0.66, were obtained for the LAF and M C F  
ensembles respectively. For an independent sample 
of L A F  experiments. with N = 8 and r = 6 h, a 
correlation of 0.77 was obtained. The first of these 
observations is important for operational ap- 
plications where forecasts are usually issued every 
12 h. 

Although we attempted only the simplest 
approaches to extract information from the spread 
of the ensemble for the purpose of predicting 
forecast error, we obtained the encouraging results 
just described. In this study our aim was only to 
show the forecast skill can usefully be predicted on 
a case by case basis using the spread of ensemble, 
not to obtain the best of such predictions. When 
this idea is applied to the forecasts of an opera- 
tional model more care should be taken and several 
other approaches will probably suggest them- 
selves. For example. each Sii may be considered a 
separate piece of information about the intrinsic 
growth of error. Pooling all the Sii  into 3 as we 
have done probably results in a loss of information. 

The above results also suggest that the forecast 
of d may be used to improve the tempered 
forecast: for example, when d is predicted to be 
large the forecast is less reliable and more weight 
should be given to the climate mean. Forecasts 

tempered in this way might be called dynamically 
tempered forecasts because the tempering weights 
are chosen differently for each case, depending on 
the dispersion of the ensemble of forecasts. We 
obtained a dynamically tempered M C F  by noting 
that the development of Section 4.3 holds if the 
angle brackets denote a climate ensemble 
associated with a particular value of 3, a particular 
value of K x  and a particular value of f instead of 
just a particular value of t .  Since a, = a. for the 
M C F  we may average (9) o v e r j  and sum the result 
over all model variables to obtain 

~ N ( l ~ ( l ~ N ~ ~ ) 2 - ~ ( 3 ~ ) ) =  1 - 2  ‘(a2) (12) 

Now (3’)  = s2 and we may estimate (a2) from 
(10). For a dynamically tempered LAF we used the 
a, from Section 4.3 corresponding to the particular 
time level for which the average of the ai is equal to 
the value of a obtained from (12). The dynamically 
tempered forecasts obtained in this way have 
approximately the same skills as the corresponding 
tempered forecasts. Apparently the estimates of 
( 02) obtained from ( 10) are not precise enough to 
be useful in this context. 

7. Summary and concluding remarks 

In order to use the information present in past 
observations and simultaneously to take advantage 
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of the benefits of stochastic dynamic prediction we 
have formulated the lagged average forecast (LAF)  
method. The L A F  is an average of an ensemble of 
forecasts, each at  its proper verification time. 
started from the current and past observations. e.g.. 
started at I = 0, - 12 h, -24 h . . .. 

To test the L A F  method we have used a highly 
simplified atmospheric model. This model is a 
two-layer low order spectral model on a doubly 
periodic fp lane  forced by asymmetric Newtonian 
heating of the lower layer. In our experiments there 
is a continuous external source of forecast error 
due to  model imperfections since the forecast model 
is QG while “nature” is governed by the PE. 

7.  I .  Comparison offorecast skill 
On the basis of forecast skill, the L A F  is slightly 

superior to  the O D F ,  M C F  and P C F  (Fig. 4). The 
LA€: and M C F  are more skillful than the O D F  at 
medium and long range ( t  2 1 week) because as the 
ensemble spreads out the average of the ensemble 
approaches the climate mean. In this sense the 
ensemble forecasts are hedged. The O D F  may also 
be hedged towards the climate mean by purely 

statistical techniques. The tempered O D F ,  L A F  
and M C F  are the result of applying the simplest 
regression filter to the dynamical forecasts. The 
regression analysis naturally generates different 
weights for the members of the L A F  ensemble (Fig. 
3). At long range all three tempered forecasts have 
the same skill while at  short and medium range ( 1  2 
2 weeks) the tLAF is superior. In the present case, 
this superiority is probably due to  a better 
specification of the initial state and not to the 
ensemble averaging procedure. 

The results of the comparison of the forecast 
skills of the different forecast methods may be 
understood in terms of the phase space description 
introduced earlier. Recall that the ensemble 
forecast is better than the central forecast for I > 
rNL. i.e.. when nonlinear effects can no longer be 
neglected; the mean of the ensemble of forecasts is 
the estimate of the true state which is best in terms 
of minimum expected squared forecast error. To 
show the effects of tempering we must include in 
the phase space, descriptions of the climate 
manifold or attractor, represented schematically in 
Fig. 9 as the surface of a sphere. and the climate 

b 

Fig. 9. Schematic phase space description of the central ( 0 )  and ensemble ( x )  forecasts. at the initial time / = 0 (a). at 
an intermediate time, rNL < / < rMIx (h) and at a later time. t - rMIX (c). The dynamical forecasts always remain on 
the attractor (the surface of the sphere) while ensemble averaging and/or tempering hedge the forecast toward the 
climate mean (the * at the center of the sphere). For clarity, radii of the sphere are drawn through the forecasts. 
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mean. represented by the center of the sphere in 
Fig. 9. This schematic representation is a reminder 
that ensemble forecasts as well as statistically 
filtered forecasts are not necessarily typical or even 
attainable states of the system. For example. few. if 
any. synoptic charts are as zonal in character as 
are maps of climate normals. At the start of the 
forecast (Fig. 9a). the ensemble is represented by a 
small circle on the sphere and the mean of the 
ensemble and the initial conditions for the central 
forecast are coincident. In Fig. 9b, for t 2 rNL, the 
ensemble has spread and deformed but covers such 
a small part of the sphere that there is little 
advantage to hedging either the central forecast or 
the ensemble forecast towards the climate mean. 
For longer forecast times, as t approaches the 
mixing time of the system, rMIx, the ensemble 
spreads out over the entire attractor. In Fig. 9c for f - rMIx the ensemble forecast is close to the climate 
mean and its superiority over the central forecast 
may for the most part be eliminated by hedging the 
central forecast towards the climate mean. The 
possible advantage of ensemble forecasting is 
therefore confined to the interval between rNL and 
r,,,, that is, to situations similar to Fig. 9b. In  the 
present experiments, ensemble forecasting does not 
have a clear superiority because rNL is apparently 
not much smaller than rMIX. Although the r.m.s. 
forecast error grows roughly linearly with time, we 
have seen that the typical evolution of forecast 
error for an individual case has a relatively short 
episode of explosive growth (Fig. 7). Furthermore, 
the timing of this forecast breakdown varies from 
case to case. Thus rNL and r,,, actually vary 
substantially from case to case but in all cases r,,, 
- rNL is relatively small. It is quite possible that 
these results are model specific. 

We caution the reader that we have only 
considered an r.m.s. measure of forecast skill in this 
study. We cannot rule out the possibility that 
different conclusions might have been reached if we 
had used some other measure of forecast skill such 
as a measure based on correlations. Certainly the 
tempered forecasts were designed with an r.m.s. 
measure of forecast skill in mind. 

7.2. Prediction of forecast skill 
Since the skill of a forecast model varies from 

case to case, an a priori prediction of forecast skill 
would be valuable. We have found that, on a case 
by case basis, 3, the spreading of the ensemble, can 

be used to estimate 6, the average forecast error of 
the forecasts making up the ensemble. Because the 
model is imperfect the difference between d and 3 
increases with forecast time initially and is cor- 
related with estimates of the inappropriateness of 
the modeling assumptions. When these factors are 
accounted for, good predictions of the time of 
forecast breakdown (i.e., the time when 6 reaches 
0.5) were obtained (Fig. 8). 

The ability to forecast a priori the forecast skill 
of an individual forecast led us to attempt to use 
this information to temper the ensemble forecasts 
on a case by case basis. Essentially, the 
covariances needed to solve the regression equation 
were modeled as functions of the observed ensem- 
ble spread as well as of the forecast time. However, 
compared to the other tempered forecast methods, 
we were not able to improve the forecast skill by 
using this technique. 

7.3. Application to more realistic models 
Some of the implications of this study for realistic 

weather prediction models are immediate. We have 
shown that the advantages of ensemble forecasting 
can be obtained at virtually no cost by making 
simultaneous use of forecasts started from the 
latest as well as previous observed initial states. We 
found that most of the improvement of forecast 
skill due to ensemble forecasting can be obtained 
by hedging the latest forecast towards the climate 
mean. On the other hand, the spreading of the 
members of the ensemble can produce a useful a 
priori estimate of forecast skill on a case by case 
basis. 

Since predictability varies with the scale of 
motion under consideration (Lorenz, 1969; Shukla, 
1981) it might be useful to define the tempering 
weights, ensemble spread and forecast error as 
functions of wave number. This is not a con- 
sideration in the present study since all the wave 
number vectors retained have magnitudes in the 
range 2 to 8. On the other hand since predictability 
varies with place and season, tempering weights 
which depend on latitude, region and/or time of 
year should be considered. Similarly, measures of 
forecast skill which depend on latitude or region 
should be considered to define the ensemble spread 
and forecast error. 

When an r.m.s. measure of forecast skill is a 
prime consideration, it is important that the forecast 
be hedged toward the correct climate mean. The 

Tellus 35A (1983), 2 



LAGGED AVERAGE FORECASTING, AN ALTERNATIVE TO MONTE C A R L 0  FORECASTING 1 I7 

most appropriate definition of earth's natural 
climate is given by Leith (1978b) in terms of a hypo- 
thetical ensemble of planets, each having geometry, 
composition and boundary conditions identical to 
those of the earth. Consider, for example. a 
formulation in which sea surface temperature, sea 
ice and snow cover are not predicted but are taken 
to be given boundary conditions. Then the natural 
climate which should be considered is the average 
over the hypothetical ensemble of earths having the 
same slowly varying boundary conditions. As an 
approximation, these boundary conditions may be 
taken to be fixed at the values observed at the start 
of the forecast. If the model correctly simulates the 
natural climate, then the ensemble forecast will be 
hedged towards the correct climate mean. I f  the 
boundary conditions are indeed almost constant 
during the forecast period this hedging will improve 
the forecast. In the present study this advantage of 
the ensemble methods had no effect because the 
boundary conditions were the same for each 
forecas:. However if the model-simulated climate 
has systematic errors this advantage may become a 
liability. Even if the model cannot exactly simulate 
the earth's climate, predictions by the model of 
anomalies from the model's climate mean may be 
good forecasts of the actual  anomalies. Otherwise 
it may be better to use a statistical technique, such 
as the tempering procedure described here, to 
hedge the forecast towards the observed monthly 
or seasonal climate mean which is an average over 
many years and, inevitably, over different boundary 
conditions. 

The LAF method may be useful in producing 
weekly, monthly or perhaps even seasonally 
averaged anomaly predictions. While there have 
been some research successes in the long-range 
forecasting of time-averaged quantities, operational 
forecasts have not been skillful (Nicholls, 1980). 
Two recent identical twin experiments (Seidman. 
1981; Shukla, 1981) suggest that M C F  of time- 

averaged quantities may be useful. I n  these 
experiments, the boundary conditions were fixed. In 
light of the discussion of the previous paragraph. 
ensemble averaging should have more impact when 
observed or ideally interactive boundary conditions 
forcing the atmosphere are used. I f  the LAF is 
applied to time-averaged quantities, tempering the 
forecast will still be useful; we expect that the 
tempering weights will decay much more slowly 
than those appropriate for single time quantities 
both as forecast time and the time lag of the initial 
conditions increase. 

One aspect of the LAF method-the a priori  
prediction of forecast skill on a case by case 
basis-has been in qualitative use since the start of 
N WP. Traditionally. forecasters place more con- 
fidence in a numerical prognosis when it is similar 
to older forecasts for the same verification time. We 
hope that this study will provide the basis for 
reproducing this practice in an objective manner at  
operational centers. 
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