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ABSTRACT

The dynamics of buoyant plumes. such as those observed at the mouths of the Mississippi and
Connecticut Rivers is investigated by considering the one-dimensional, time dependent behavior
of a two-layer, frontal model. The equations governing the flow in the main body of the
plume are the long wave equations. The flow at the frontal boundary is modeled using jump
conditions which incorporate the important dissipative processes. These equations are solved
numerically using a shock patching technique that is accurate to second order in the long wave
region and to first order at the front. The solutions demonstrate the controlling influence of the
inlet on the flow field and the importance of time-dependent processes for the dynamics of

buoyant plumes.

1. Introduction

Coastal circulation patterns at the mouths of
major rivers are often dominated by the flow of a
shallow layer of buoyant river water. These layers.
often called plumes, have been observed at the
mouths of the Connecticut (Garvine, 1974a).
Mississippi (Wright and Coleman. 1971). Fraser
(Stronach, 1981). and Great Whale (Iingram. [981)
rivers. Dynamically similar plumes are often
formed by the discharge cooling water from power
plants (Scarpace and Green. 1973).

Garvine (1982) reviews and summarizes the
important observations and modeling attempts for
these plumes and presents a novel. horizontally
two-dimensional, steady state model of his own.
This paper presents the one-dimensional. time
dependent counterpart to that study. The principal
objectives are to investigate the fundamental
physical processes contained in the model and to
develop and test the numerical scheme employed
to solve the model equations. This information
will be essential to the development of the solution
to the full horizontally two-dimensional, time
dependent problem of buoyant plume dynamics.
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2. Model development

The conceptual basis for the model of the near
field is the same as that used by Garvine (1982)
and similar to that of Abbott (1961). The upper
layer has two distinct domains. The first is the
plume body. where the motion is inviscid and any
turbulent interfacial mixing is negligible due to the
high degree of stratification. The second domain,
the frontal zone. is a small scale. highly dissipative
region where turbulent exchange with the under-
lying ambient water results in both friction and
mass entrainment. with the consequent dissipation
of energy. Since the horizontal size of the frontal
zone is very small compared to the plume body.
it is treated as a discontinuity.

The mathematics describing the flow in the
plume body can be developed using the coordinate
system in Fig. I. The system is carth fixed. and
defined so that the plume propagates in the
positive direction. The problem is restricted to
cases where Coriolis effects can be neglected and
where there are no gradients of flow variables in the

y-direction. The symbol D(x.r) denotes the local

depth of the interface. which is regarded as small
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Fig. 1. Coordinate system for model.

compared to the total depth of the water column, A,
throughout the space domain. The ambient water
has a uniform density, p, and the buoyant water
is taken for simplicity to have a uniform density
of p, — Ap. where Ap > 0. u(x,1) is the horizontal
velocity of the fluid. The vertical momentum
balance is assumed to be hydrostatic. Since
Ap/p, is small for all plumes of interest, the
Boussinesq approximation will be used. These
assumptions allow the simplification that the pres-
sure field is in isostatic equilibrium, and so the
motion in the lower layer is essentially unaffected
by the upper layer (Garvine, 1974b). For reasons
of simplicity, the ambient fluid is further assumed
to be stationary.

Using these restrictions and assumptions, the
vertically integrated continuity and momentum
equations governing the motion in the plume body
are simply

D, + (Du),=0 (1)
u,+ (uu,) + g D, =0 2)

Here x and t-subscripts imply derivatives.

These equations are mathematically identical to
the nonlinear shallow water wave equations and
to the compressible gas flow equations. They are
thus hyperbolic, have real characteristics (Stoker,
1957, p. 291), and allow discontinuities in flow
variables to propagate along these characteristics
without smoothing.

These discontinuities must be treated as
internal boundaries and therefore require special
boundary, or jump, conditions. In compressible
gas dynamics these discontinuities are called

shocks and the boundary conditions are given by
the Rankine—Hugoniot equations (Courant and
Fredrichs, 1976). In hydraulics the discontinuities
are called bores or jumps, and the appropriate
jump conditions, for a single layer fluid, were
derived by Stoker (1957).

Garvine (1981) derived frontal jump conditions
for models of two-layer flows with discontinuities
termed bores, shocks, jumps, seiches or surges,
at which dissipation of energy takes place. These
algebraic relations were derived by integration of
the equations of mass and momentum across the
discontinuity within which friction and entrainment
were parameterized.

The jump conditions applied to buoyant surface
plumes can be written as

u, = Au; 3)
ey = Felug (4)

where u,; is the fluid velocity behind the front,
¢; =g D, is the phase speed of a long, linear
wave on the interface of depth D, the depth behind
the front, and u, is the frontal propagation velocity.
F;' and A4 are constants that depend on the
dissipative processes at the front. Particular values
selected were 4 = 1.3 and F;= 1.2, the same as
those used by Garvine (1981).

3. Numerical solution techniques

In keeping with the modeling philosophy, the
numerical scheme treats the near field as two
distinct regions. The flow in the inviscid region,
or plume body, is calculated by the original method
of Lax and Wendroff (1960). and the flow at the
front is determined from the appropriate jump
conditions using a shock fitting or patching
technique, similar to Gary (1962).

The difference scheme described by Lax and
Wendroff requires that egs. (1) and (2) be written
in conservation law form. After defining a new
variable, the volume transport m = Du. (1) and (2)
can be rewritten as,

W, + G(W), =0 (5

where G(W) and (W) are matrices defined as

D m
W= G= s
{m} {nr/D +g DZ/Z}
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and the subscripts ¢+ and x imply differentiation
with respect to that variable. Eq. (5) can be written
equivalently as

W,+A W =0

where the matrix A is the Jacobian of G(W) with
respect to W, which for this problem is

0o 1
g D—mD 2m/D

Using these matrices, the Lax and Wendroff
difference scheme, equivalent to (1) and (2),
appears as,

At

W, a=W,,— (E) {Gi, 1= Gi 1t

1A
+§ Ar {AY(G;, 1, — Gi))

—A(G;— G ) (6)

where, x = iAx and t = jAt. The increments A¢ and
Ax define the separation of the grid points and A*
and A~ are calculated from

At = (A, 1j+ Ai.j)/z
and
A" = (A + Ay 1 )2

It has been shown by Lax and Wendroff
(1960) that eq. (6) is accurate to second order and
that the stability of the scheme is assured if
Ar and Ax satisfy the Courant—Friedrichs—Lewy
condition, i.e., if

Ne=lu] e + Cogx) < 1

where lul,,,, and c,, are the maximum values of
lu! and c, fluid velocity and interfacial wave phase
velocity, in the domain of the problem. This condi-
tion is implemented by calculating Ar at each time
step after specifying the Courant Number, N, and
Ax. This numerical procedure has been used
successfully by several investigators for similar
problems (Houghton. 1969: Houghton and
Kasahara, 1968: Simons. 1978).

Application of Garvine's (1981) jump conditions
at the frontal boundary requires reformulation of
egs. (1) and (2) in terms of characteristics. Defin-
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ing the variable c(x,f) = /g’ D(x, ), allows (1) and
(2) to be rewritten

2c,+ 2uc, + cu, =0
u,+ uu, + 2cc, =0

These have the characteristics, s = u + ¢ (Courant
and Friedrichs, 1976), where s = dx/dt is the slope
of the characteristic line in the x,f plane. Along
these lines the dependent variables are related by
the characteristic equations

u+2ec=K*

u—2c=K"

fors=u+c¢ @)
fors =u-—c (8)

where K* or K~ is constant on any particular
characteristic line.

Fig. 2 shows the characteristic plane in the
neighborhood of the front. The circles represent the
regular grid points used by the Lax and Wendroff
method and the solid curve is the path of the front.
At t = jAt, the location of the front is x4, point A in
Fig. 2, and its velocity is «}. Assuming the flow field
behind the front is known. or has been calculated,
then the jump conditions and the characteristic
relations, egs. (3), (4), (7) and (8), give u#}*! and
xi*1. Simple first order estimates are
xit' =l + Al (9
Wit = (ug + 2cg)/(4 + 2F ") (10)

where uy and ¢, are the interpolated velocity and
wave speed at B. the intersection of the u + ¢
characteristic which passes through x}*!, and the

Fig. 2. lllustration of the numerical patching technique
at the front.
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line t = jAt. The location of B is given to first order
accuracy by

(1

Since at each time step the flow at one, and some-
times two, grid points cannot be calculated using
this method, values at such points were interpolated
linearly between the last calculated grid point and
the front. A more detailed description of this pro-
cedure is given by O’Donnell (1981).

The behavior of the Lax—Wendroff part of the
scheme was tested by solving the same initial value
problem as Houghton (1969), the formation of a
hydraulic jump on the tropopause, and the full
shock patching scheme was tested by solving the
sudden release problem of Garvine (1981).
Houghton’s solutions were produced to within
the resolution of his graphical presentation. Com-
parison of the numerical solution, after 400 time
steps, to Garvine’s analytic solution showed that
the frontal velocities agreed to 0.1% and that any
inaccuracies present in the rest of the flow field
were too small to be detected in the plotted
solution. These tests showed the scheme to be
sufficiently accurate and stable. It was then used
to perform the following numerical experiments.

xg =X —(uy + ¢)) Mt

4. Numerical experiments

These experiments were designed to examine the
influence of the inlet conditions on the downstream
flow, especially at the front, and to investigate
in some detail the wave phenomena in the near
field.

The length variable was normalized by the
domain size, X, which contained 1001 grid points,
separated by Ax = 10 meters: thus, £= 10,000
meters. The interfacial depth scale. D, was chosen
as D,, the upstream limit of depth. The velocity
scale was taken as c,= /g’ D,. The time scale,
f. was defined as [ = %/c,. Hereafter all variables
will be normalized using these three scales unless
otherwise stated.

The initial conditions used in all experiments are
prescribed as shown in Fig. 3. The depth and
velocity behind the front are constant, and con-
sistent with a frontal velocity of wu;=1.2.
Physically these conditions model what would
occur if the buoyant spreading of a plume had been
arrested, by a counterflowing current for example,

2.0 -1
Velocity
u
1.0 1 ug=1.2
0.5 1.0
0 —t —
X
D
1.0
Depth

Fig. 3. Initial conditions used in numerical experiments.

and which then was instantaneously released and
allowed to spread.

The boundary conditions at the front and at
x = 0, the inlet, are more complicated to describe.
At the front, the requirement that only one of the
characteristic families intersects the front from up-
stream imposes certain constraints on the mixing
parameters used in the jump conditions
(O’Donnell, 1981). The values of 4 and F; chosen
ensure that the solution is properly determined at
the front.

The boundary conditions at the inlet are con-
strained in a similar manner. If the u—c charac-
teristics propagate upstream, i.e., in the negative
x-direction, then u and ¢ at the inlet, x = 0, defined
as u,, and ¢, are not independent but have to
satisfy the characteristic relations. Alternatively, if
the characteristics propagate downstream, then
both u;,, and ¢, must be specified. These two
regimes can be distinguished by considering the
slope of the u—c characteristic line at the inlet.
The slope will be positive when the Froude number.
Fi, = u;,/ciy. is greater than one (supercritical) and
negative when F;, < | (subcritical). In the experi-
ments described here, both u, and ¢, will be
prescribed when F,, > 1. For cases with F, <
the velocity, u,,. will be prescribed and the phase
velocity, ¢,,. will be calculated in a manner
analogous to the treatment of the flow at the frontal
boundary.

In the first experiment. problem one, the inlet
conditions are formulated to insure that the inlet
flow is always supercritical, i.e.. F;, > 1. This is
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accomplished by specifying the inlet transport, T.
as a function of time and holding the Froude
number constant. In order for the inlet and
initial conditions to be compatible, F,, = 1.56. The
depth and velocity at the inlet, D,, and u,, are then
simply,

Dy, = (T(/F ). i, = T(0)/Dy,

where T(f) = m(x = 0,f) is the inlet transport as a
function of time. This is specified as.

1, 0<t<0.1

I +a(t—-0.1), 0.1<1<0.2

T(t) = <
1 + a(0.1), 0.2<¢

This prescription simply changes the inlet transport
linearly by an amount set by the factor, a, over a
normalized time of 0.1,

Fig. 4 shows results for @ = —5, corresponding
to the reduction of the inlet transport by 50%.

u - ¢ family

Frontal
Path

Fig. 4. Numerical solution to problem one: (a) shows
the depth, D, as a function of x and f: (b) shows the
corresponding characteristic diagram.
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Fig. 4a shows a computer-generated three-
dimensional projection of the interfacial depth, D,
as a function of x and ¢. The important features
of the flow are readily visible. There are two
families of waves produced by the changing inlet
conditions; since the flow is supercritical every-
where, both of these propagate to the right (positive
X).

By analogy with compressible gas dynamics, the
u + ¢ characteristics here are said to form a rare-
faction wave family which can be clearly seen to
overtake the front and then reduce the depth
behind it. Close examination of the frontal path in
Fig. 4b shows that the front is slowed by the
rarefaction waves between the points labeled P,
and P,. These are the points of intersection of the
frontal path and the characteristics bounding the
rarefaction waves.

Fig. 4a also shows the development of a small
internal hydraulic jump from a steepening wave in
the region behind the expansion waves. This is the
result of the convergence of the u — ¢ family of
characteristics visible in Fig. 4b. This internal
jump propagates with a velocity less than the
frontal velocity. however. and so will never
influence the flow field there.

The second problem shows the effect of
rapidly increasing the inlet transport. This is
similar to the compression wave problem of
compressible gas dynamics where the interfacial
depth here corresponds to the density in the gas.
In this problem the inlet conditions have a = 10
and the initial conditions are modified slightly by
having the initial frontal position at x = 0.55. but
the flow behind is the same.

The development and steepening of the com-
pression wave is clear in the depth field projec-
tion, Fig. 5a. This is caused by the convergence
and intersection of the u + ¢ characteristics
originating at the inlet during the changing flow
conditions. These are shown in the characteristics
diagram in Fig. 5b.

One of the basic assumptions used to formulate
this model was that vertical entrainment in the
plume body is negligible and that all dissipation
occurs at the front. This was justified earlier; how-
ever. if internal surges and hydraulic jumps are an
important part of the response, then their effects on
the mass and momentum balances in the plume
should be included in the model. This could be
accomplished by patching the internal jump to the
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Fig. 5. Numerical solution to problem two: (a) shows the
depth, D, as a function of x and ¢; (b) shows the corres-
ponding characteristic diagram.

local flow using the appropriate jump conditions;
however, this would require the use of more compli-
cated algorithms and was not attempted.

Wiseman et al. (1976) reported time dependent
phenomena that they interpreted as internal surges
in the near field of the Mississippi River plume
at South Pass. Although the evidence to support
this interpretation was inconclusive, it is apparent
that similar surges are valid solutions in the present
model. Thus, a logical question is, what effect
would such surges have on frontal motion?

Problem three attempts to answer this question.
The initial conditions and the frontal boundary
parameters are the same as for the first problem.
The inlet conditions are set in the same manner
with F,, = 1.56. Now, however, T'(¢) is specified as
a sinusoidal modulation about a given value T,:

T() = To(1 + 0.5 sin(207))

T
[
5 0 — -
I N
! t =046
2 ug = 1.29
0 T
J
~ ~—
a "~ T t =064
2 ug = 1.28
0.7
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Path
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Formation

b
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Fig. 6. Numerical solution to problem three: (a) shows
depth, D, as a function of x at several values of ¢; (b)
shows the characteristic diagram.

The solution is shown in Fig. 6. The modulated
transport causes a series of compressions and
rarefactions which later steepen and spread,
respectively. The resulting depth field is shown in
Fig. 6a. Here a three-dimensional projection was
not practical, since certain large amplitude waves
tend to obscure much of the rest of the field.
Instead, a time sequence of depth versus x plots is
shown. The path of the front, shown in the
characteristic diagram, Fig. 6b, shows that when a
surge overtakes the front, the sudden increase in
depth and velocity that occurs causes the front to
accelerate. The subsequent arrival of rarefaction
waves then slowly decelerates the front until the
next surge arrives. This causes a “scalloped”™ shape
in the frontal path.

Several authors have suggested that the Froude
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number at the mouth of a highly stratified river
or estuary which is in a steady state should
be equal to, or slightly less than, unity (Stommel
and Farmer, 1952; Wright and Coleman, 1971).
Problem four demonstrates the behavior of the
model when the inlet conditions become slightly
subcritical. The previous initial and frontal
conditions apply, but the inlet conditions must now
be specified in a different way, as described
above. For this case it proved convenient to
specify the velocity, u,,, as a function of time and
to keep c,, constant with F, <1, in which case
¢, was calculated by the method described above.
For this problem

1.56, 0.0<1r<0.01
U, () =4156 (1 —a(t—0.01)). 0.01 <1<0.11
.156 a, 0.11 <1t
where a = 5.0.
x x
1] 0 1
l—’ t =0.00 l’ ] t =032
ug = 1.20 ug = 0.98
—J
,»\J t =010 ,j_ t =043
ug = 1.20 ug = 0.86
g——
f\ t =021 T =056
up = 1.08 uf = 0.83
Q
0.9 1 OintinFin u - ¢ family
/
‘- Frontal
. ./ Path
u t 4
2 ¢ p
= f
L2
§
s
o
Uin &Fiy 2
Din l !
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0.0 10 0.0 « 0.6
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Fig. 7. Numerical solution to problem four: (a) shows
the depth as a function of x at several values of f;
(b) shows the time variation of u,,, F,,, and D,,; (c) is the
characteristic diagram.
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The results are shown in Fig. 7. The depth field,
Fig. 7a, displays another simple rarefaction wave
which slows the front. Fig. 7c shows the character-
istics of the solution. Note that one of the u—c
lines generated at x = 0, the inlet, changes direction
and curves back to intersect the time axis. This
demonstrates how the inlet conditions are partially
controlled by the upstream flow. Fig. 7b shows a
plot of the inlet variables as a function of time.
Initially the velocity, u;,, and the Froude number,
F,,, are identical until at t = 0.08 the inlet flow be-
comes subcritical and u,, and ¢, vary independently.
This occurs when the three lines shown in Fig. 7b
intersect. An interesting aspect of the solution is the
slight decrease that occurs in the phase speed ¢,
when the velocity u;, is held constant, at 7 = 0.11.
This is apparent in Fig. 7b as the slight increase
in F,,. No simple explanation is apparent. but it
appears that the inlet flow is tending towards the
critical state that Stommel and Farmer (1952)
suggested for the steady state.

5. Summary and conclusions

In this paper, a model of buoyant plume
dynamics has been developed in which the buoyant
upper layer is divided into two domains, an
inviscid zone, where there is no interfacial mixing
and the buoyant spreading of the upper layer
dominates, and a frontal zone where turbulent
entrainment and friction are important. This model,
which is the one-dimensional, time dependent
counterpart to that of Garvine (1982), allows the
plume to be described by comparatively simple
mathematics. The governing equations are solved
numerically with several different boundary condi-
tions in order to illustrate some of the properties
of the model.

The numerical scheme developed to solve the
governing equations used the original Lax and
Wendroff (1960) method in the inviscid zone and a
first order shock patching technique at the front
(O’Donnell, 1981). This procedure provided
solutions which were both accurate and stable.

Since the present model is horizontally one-
dimensional, direct comparison with buoyant
plumes in nature is not possible, because they
are nearly always strongly two-dimensional in
the horizontal, as well as time dependent. Never-
theless, many of the fundamentals of plume
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dynamics can be understood by focusing, as here.
on the time dependent behavior.

The results of the four numerical experiments
decribed demonstrate that the frontal motion of
buoyant plumes is strongly controlled by the flow
at the inlet. Control is exerted by the generation
of internal waves which propagate towards the
front where they modify the flow. If changes in the
inlet flow occur with short time scales, then these
internal waves can develop into surges or bores
which would effectively increase the amount of
interfacial mixing. These results. together with

those of Garvine (1982), encourage the extension
of this model and its numerical solution technique,
to two horizontal dimensions in order to more
closely approximate the behavior of natural
buoyant plumes.
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