Tellus (1982), 34, 334-351

Initialization of the shallow water equations with open
boundaries by the bounded derivative method

By G. BROWNING, National Center for Atmospheric Research,' P.O. Box 3000, Boulder, Colorado
80307, U.S.A. and H.-O. KREISS,? Applied Mathematics, California Institute of Technology, Pasadena,

California 91125, US.A.

(Manuscript received June 10: in final form December 14, 1981)

ABSTRACT

The shallow water equations are a symmetric hyperbolic system with two time scales. In
meteorological terms, slow and fast scale motions are referred to as Rossby and inertial/gravity
waves, respectively. We prove the existence of smooth solutions (solutions with a number of
space and time derivatives on the order of the slow time scale) of the open boundary problem for
the shallow water equations by the bounded derivative method. The proof requires that a number
of initial time derivatives be of the order of the slow time scale and that the boundary data be
smooth. If the boundary data are smooth and only have small errors, then we show that the
solution of the open boundary problem is smooth and that only small errors are produced in the
interior. If the boundary data are smooth but have large errors, then we show that the solution of
the open boundary problem is still smooth. Unfortunately the boundary error propagates into the
interior at the speed associated with the fast time scale and destroys the solution in a short time.
Thus it is necessary to keep the boundary error small if the solution is to be computed correctly.
We show that this restriction can be relaxed so that only the large-scale boundary data need be
correct. We demonstrate the importance of these conclusions in several numerical experiments.

1. Introduction

In a previous paper (Browning et al., 1980) we
proved the existence of smooth solutions of the
equations of shallow water flow in a channel by the
bounded derivative method (Kreiss, 1980). We then
showed how to determine the initial data to obtain
such a solution and demonstrated the effectiveness
of the technique in a numerical model. However, in
that paper we did not treat the case of open
boundaries. The case of open boundaries is of
considerable interest for a number of reasons. First,
the high resolution which is needed to handle
detailed synoptic features, such as atmospheric
fronts, cannot be used in a global model with the
current level of computing power. In fact a global
high resolution grid should not be used, even if
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practical, as fronts are a local phenomenon and
should be handled adaptively (Berger et al., 1981).
Also, observations of synoptic data are sufficiently
dense to define the scales appropriate for a high
resolution model only in certain areas of the globe.
For all of these reasons, a considerable amount of
research investigating different candidates for open
boundary conditions has appeared in the literature.
An excellent survey of this subject is given in
Sundstrém and Elvius (1979).

The theory of boundary conditions for the open
boundary problem for symmetric hyperbolic sys-
tems is now well developed (Kreiss, 1970). If a set
of well-posed boundary conditions for such a
system is of the right form, then the bounded
derivative method can be used to prove the
existence of smooth solutions and an initialization
procedure to obtain these solutions can be derived.
As an introduction to the concepts and techniques
of the bounded derivative method for open boun-
dary problems, in Section 2 we apply the bounded
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derivative method to an initial-boundary value
problem for a simple symmetric hyperbolic system.
Then following the techniques used in Section 2, we
prove the existence of smooth solutions of the
shallow water equations for a particular choice of
well-posed open boundary conditions and derive
the corresponding initialization procedure in Sec-
tions 3 and 4, respectively. In Section 5 we
demonstrate the effectiveness of the initialization
procedure in a numerical model and some of the
pitfalls of limited area modeling. Conclusions are
presented in Section 6.

2. Open boundaries and the bounded
derivative method

As an introduction to the application of the
bounded derivative method to problems with open
boundaries (Kreiss, 1980), we consider the sym-
metric hyperbolic system

[ﬁ 0 ] [o]
Z, + Z,= s
0 &!'o f

where # and 0 are nonzero constants of order unity,
€ is a constant such that 0 < e < 1, f(x, f) is a
known smooth function (smoothness means that
the function and a number of its space and time
derivatives have norms of order unity), and

u
Z(x, t)= [9}

This is the simplest hyperbolic system which
contains multiple time scales and which suffices to
demonstrate how open boundaries are taken into
account when applying the bounded derivative
method. We now seek estimates of the solutions of
(2.1) which show that smooth solutions of (2.1)
exist, i.e. the bound on the norm of the solution
must only involve constants of order unity. If we
can show that the constants in the bound on the
solution operator of the homogeneous version of
(2.1) are of order umity, then we can also obtain
estimates for the solutions of (2.1) of the desired
form by Duhamel’s principle (John, 1952). Then in
the estimation process we can assume f = 0 without
loss of generality.

We first consider system (2.1) on the one-
dimensional torus, i.e. we assume that 0 < x € 27
with f"and Z being 2n-periodic in x. Multiplying the

2.1
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homogeneous version of (2.1) by Z” and then inte-
grating the resulting equation with respect to x over
the entire circle, we obtain the equality I1Z(x, )l =
HZ(x,0)Il (II-1l denotes the usual L? norm) so
that the norm of the solution operator S satisfies
ISl = 1. From this equality and the fact that any
time derivative of Z satisfies the same equation as
Z itself, we can conclude that if the norm of any of
the initial time derivatives of Z is of order unity,
then it will remain so for all time. Since % and v are
assumed to be nonzero, we can solve (2.1) for Z, in
terms of Z, so that if the norm of the first-order
time derivative is of order unity, then the norm of
the first-order space derivative is also of order
unity. A similar argument holds for the higher
order space derivatives of Z so that we only need to
consider the initial time derivatives of Z.

For the toroidal problem the two equations of
(2.1) uncouple. The first equation is the one whose
solution propagates with a speed of order unity. If
the initial data for this equation are smooth, then all
the initial time derivatives of u will be of order
unity. The homogeneous version of the second
equation has solutions which propagate with a
speed of order £~1. We classify the solutions of this
equation into two types. The first type of solution of
the form v(x, ) = vo{x — & ! if) has time
derivatives which are not of order unity even if the
initial value vy(x) of v is smooth. This type of
solution is always to be suppressed. The second
type of solution of the form v(x,?) = vo(ex — 0f) is
smooth if the initial value v,(ex) of v is smooth. In
practical applications this type of solution is an
important component of the desired solution and
must not be eliminated. This fact has serious
implications for initial-boundary value problems as
we shall see later on. We now show how to ensure
that a number of initial time derivatives of v are of
order unity so that the ensuing solution will be
smooth as shown by the proof above.

The first-order time derivative of v is of order

unity if and only if
v,(x, 1) = ea(x, 1), 2.2)

where a is a given function whose norm is of order
unity. To ensure a periodic solution of (2.2) exists,
we assume that the mean of g is zero, i.e.

@n " a(x, Hydx =0.

Then (2.2) uniquely determines v except for its
mean value. In the limit as ¢ - 0, (2.2) requires that
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v be independent of x and it is exactly the mean
value of v that survives. This can also be seen by
taking the limit as ¢ - O of the second type of
solution of the homogeneous equation (2.1) for v.
By integrating the second equation of (2.1) with
respect to x from 0 to 27z, we see that the mean of v
is a solution of the equation

0

27 2n
vdxzf Sdx
o J, o

and, therefore, is completely determined by the
mean of f and the mean of the initial data for v.
With this value for the mean of v, (2.2) has a
unique solution.

Using (2.2) we rewrite the second equation of
(2.1) in the form

v, + da=f, 2.3)

so that the second-order time derivative of v is
given by

Uy + 0a,=f,.

Since we have assumed that f is smooth, the
second-order time derivative of v is of order unity if
and only if g, is of order unity. But by (2.2) and
(2.3)

—€a = Uy = (l}a _f)x'

Then the second-order time derivative of v is of
order unity if and only if

(va—f), = eb(x, 1),

where b is a given function whose norm is of order
unity and whose mean is zero. This constraint
uniquely determines a to within an error term of
order &. We can use the solution of (2.4) in the
previous constraint (2.2) to determine v uniquely to
within an error term of order &. Clearly this
procedure can be carried out indefinitely.

The above procedure enables us to choose the
initial data for system (2.1) so that the ensuing
solution is smooth. There is another approach that
can also be taken. As we will need to use some-of
the results from that approach, we will also briefly
discuss that theory. In that approach the non-
smooth solutions are eliminated entirely by deriving
the corresponding reduced system (Kreiss, 1980).
This system is obtained by noting that the estimates
we have derived hold for any value of ¢ so that we
can consider the limiting case ¢ - 0. To obtain the

(2.4)
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proper limit, we must ensure that all first-order
derivatives are of order unity. As we have seen
above, it suffices to ensure that the first-order time
derivative is of order unity. This we in effect did by
introducing the variable a above. Then we see that
the system that the smooth solutions of (2.1) satisfy
ase—~0is

u, + uu, =0, (2.5a)
v, =0, (2.51)
a 2n 2n

hd f vdx= [ fdx. 2.5¢)
ot Jy 0

The reduced system is automatically well posed
since the energy estimate did not depend on . This
is also clear from the simple nature of the reduced
system.

We can use the reduced system to make
asymptotic expansions of the smooth solutions of
(2.1). Let the initial conditions for (2.1) be given by

u(x, 0) = uy(x),
v(x, 0) = vy(x).

Without loss of generality we can assume that u, =
0 and

Fox)dx = f(x, )dx =0,

for if this were not the case we would use the
smooth solution of the reduced system whose initial
conditions are given by

u(x, 0) = uy(x),
& v(x, 0)dx = 7 vg(x) dx,

as the first term of the asymptotic series. We now
choose for the reduced system the initial condi-
tions

u(x,0)=0,

add the forcing term € 0! f'to the right-hand side of
the equation (2.5b) for v, and replace (2.5c) with
the specification that the mean of v be zero. The
unique solution of the reduced system we denote by
u® = 0 and v° = 0(g). Let us now define the new
variables

wW=u—u=u, (2.6a)
vi=v—1" (2.6b)
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Solving these two equations for 4 and v and then
substituting into (2.1) we obtain the system

uw+ uul=0,

v? + e ovd = -0l

with the initial conditions
u(x,0) =0,

v4(x, 0) = vy(x) — v%(x, 0).

Notice that we have reduced the forcing term
in (2.1) from order unity to order &. If we choose
v9(x,0) = 0, then by Duhamel’s principle we know
the the norm of (4,07 is of order ¢ so that the
solution of (2.1) and the solution (x°, v°)” of the
reduced system will be the same to within an error
term of order ¢ for a time interval of order unity.
We note that by setting v, (x,0)=0 we have
chosen for v the initial condition vy(x) = v%x,0)
which satisfies the initialization constraint (2.4)
with b = 0. We can also repeat this process
indefinitely obtaining error terms as small as we
wish if the initial data for v is chosen appro-
priately. At each step the data will satisfy the
corresponding initialization constraint derived by
the bounded derivative method.

We now consider the corresponding initial-
boundary value problem, i.e. we consider system
(2.1) in the interval 0 < x < 1 with 0 < ¢ < c0. We
will assume # < 0 and v > O and consider the
well-posed boundary conditions for (2.1)

u(1, ) =ro(1, 5 + g(o),
v(0, 1) = su(0, £) + h(?),

(2.7a)
(2.7b)

where r and s are constants of order unity and g
and h are known smooth functions. Without loss of
generality we can assume g = kA = 0. For if this
were not the case then we would define the new
variables

u'=u-—d,
vVV=v-7,

where & and ¢ are solutions of what we surmise is
the reduced system for the initial-boundary value
problem:

(2.8a)
(2.8b)
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with the initial condition for u that of the full
system and with the boundary conditions

u(l,H=rv(1,0 + g, (2.92)

v(0, ) = su(0, £) + h(). (2.9b)
Clearly this is a well-posed system with smooth
solutions. Solving the expressions defining the
primed variables for u and v and then substituting
into (2.1) we obtain an equation for (&', v')? of the
same form as (2.1) but with a forcing term of order
unity which we can assume is zero without loss of
generality. The boundary conditions for this system
have the same form as (2.7) withg =h = 0.

Multiplying the homogeneous version of (2.1) by
ZT and then integrating with respect fo x from 0 to
1 we obtain the equality

0
5; 1Z(x, HI2 = —luu(x, 1) + &' vo(x, Pzl

(2.10)

A bound of the desired form exists if and only if the
right-hand side of (2.10) in conjunction with the
homogeneous versions of (2.7a) and (2.7b) is
nonpositive. Thus we must choose r and s so that
i+ ¢e's’6<0 and rPu+¢'920. As in the
toroidal problem, we can differentiate (2.1) with
respect to ¢ an appropriate number of times to
obtain an equation for any time derivative of Z. To
obtain boundary conditions for these problems, we
also differentiate (2.7) exactly as we differentiated
(2.1). Then the corresponding time derivative of Z
satisfies the same equation and boundary condi-
tions as Z itself (with f, g, and h replaced by the
corresponding time derivative of f, g, and A,
respectively) so that, as before, if the norm of any
time derivative of Z is initially of order unity, then it
will be of order unity for all time. Notice that the
smoothness of g and h are required here in order
that the inhomogeneous terms of the boundary
conditions obtained by differentiating (2.7a) and
(2.7b) with respect to time remain of order unity.
As in the toroidal problem we can estimate spatial
derivatives in terms of time derivatives.

From the arguments above we know that as ¢ -
0 the initial-boundary value problem approaches a
reduced initial-boundary value problem which is
necessarily well posed. By letting ¢ - 0 in (2.1) and
(2.7) we see that the reduced system is in fact given
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by (2.8) and (2.9). Note that the reduced problem
has an infinite signal speed, i.e. the boundary data
at x = 0 affects the entire region instantaneously
because of the form of the equation for v. Then
necessarily system (2.1) will also display this
behavior for small ¢.

In more general initial-boundary value problems
the direct approach taken above can be compli-
cated so we illustrate an alternative one. In this
approach we surmise that the reduced initial-
boundary value problem is given by (2.8) and (2.9).
If we can prove the well posedness of the reduced
system candidate, then its solutions will be smooth
since there are no factors of ¢ in the reduced
system. For our simple example, the well posed-
ness is obvious and in practical problems is easy to
prove (see Section 3). We now show that if the
initial data for the original initial-boundary value
problem is chosen correctly, then the ensuing
solution is as close to a solution of (2.8)-(2.9) as
we wish.

We assume that the initial conditions for the
original initial-boundary value problem are given as

u(x, 0) = uy(x), (2.11a)

v(x, 0) = vy(x). (2.11b)
As we have seen before, we can assume 4° = 0 and
g = h = 0. We now solve the reduced system with
trivial initial conditions for u and add the in-
homogeneous term &0~!f to the right-hand side of
(2.8b). We call this solution (4°, v°)T and note that
the norm of this solution is of order &. Introducing
the change of variables (2.6) into system (2.1) with
boundary conditions (2.7), we see that the inhomo-
geneous function corresponding to f is of order ¢.
Then if we choose v¥(x,0) =0, the norm of (u9,
v¥9)T is of order ¢ so that the solution of the original
problem is close (to within an error term of order ¢)
to a smooth solution. Clearly this process can be
repeated so that the error term can be made as
small as one desires. Incidentally we have now
proven that (2.8)-(2.9) is in fact the correct
reduced initial-boundary value problem.

The implication of these arguments for the
initial-boundary value problem is that we need only
require that the initial time derivatives of Z be of
order unity and that g and & be smooth in time in
order for the solution to be smooth in time. The
spatial variation of Z is automatically guaranteed
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to be smooth. Many times in practice g and 4 are
not correctly known and are specified in some ad
hoc manner, e.g. they are fixed to be their initial
value. Since in this case g and h are certainly
smooth in time, the solution will be smooth in time
and space. Unfortunately the error on the boundary
propagates into the interior at the speed associated
with the fast time scale. We will illustrate this
difficulty with a numerical example in Section 5.

It is crucial to recognize that the differentiated
versions of the open boundary conditions (2.7)
supplied the boundary conditions that were needed
for the equations for the time derivatives of Z in the
preceding proof. We will now show how to use this
fact to ensure that the initial time derivatives are of
order unity. As in the toroidal problem, we are free
to specify the initial values of u. However we must
choose the initial values of v so that v, = ea(x)
where a is a given function whose norm is of order
unity. We integrate this equality from 0 to x and
find that
v(x, 0) = su(0, 0) + h(0) + ¢ f; a(¥) d%, 2.12)
where we have replaced v(0, 0) using (2.7b) at time
t = 0. If r = 0 then we assume that u(1, 0) = g(0)
and we are finished. If r # 0, then from (2.7a) and
(2.12) we see that @ must satisfy the compatibility
constraint

v(1, 0) = su(0, 0) + A(0) + ¢ [ a(¥)dz

= r u(1,0) — g(0)].

The first-order time derivative of Z satisfies the
same differential equation and boundary condition
as Z (except with f, g, and A replaced by f,, g,, and
h,, respectively) and we can use the method above
to determine v,(x,0). Then we can use the dif-
ferential equation for v to determine a(x) since a
= ¢~ v, = —071 v,. Thus we have ensured that both
the first and second-order time derivatives are of
order unity. Clearly this process can be continued
indefinitely.

Although the open boundary example we have
chosen for this section is very simple, the tech-
niques used to prove the existence of smooth
solutions and to derive the corresponding initiali-
zation methods can be generalized to more compli-
cated linear and nonlinear hyperbolic systems. In
the next section we will apply the concepts to the
nonlinear shallow water equations.
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3. Existence of smooth solutions of the
shallow water equations for the case of
open boundaries

In Cartesian coordinates x and y, directed
eastward and northward respectively, a dimen-
sionless version of the shallow water equations is
(Browning et al., 1980)

u, + uu, +vu, + g —(f+ eyl =0, (3.1a)
v+ uv, + oo, + 79, +(fy + e fy)ul =0, (3.1b)
g+ ug, + vo, + £ gy + & Pu, +v,)=0, (3.1c)

where the variables and parameters are dimen-
sionless with ¢ being time, u and v the velocity
components in the x and y directions, ¢ a
geopotential corresponding to the deviation of the
free surface height from its mean, ¢ = 1071, ¢, = 1,
JSo = sin 6, B = cos §,, and 6§, the latitude of the
coordinate origin. To simplify the presentation we
will assume that # = 0. We consider system (3.1) in
the rectangle R = {(x, »):0 < x < 1,0y < 2n}
with initial conditions

u(xv Vs 0) = ﬁ(x’ J’),

v(x, y,0) = v(x, y), (3.2)

¢(x, Vs 0) = %(x! y)1

and with periodic boundary conditions in the y
direction. We will discuss suitable boundary con-
ditions at x = 0 and x 1 in the following
discussion.

Linearizing (3.1) about the initial data, we can
write the variational system in the form (Browning
et al., 1980)

339

and d = (4, + € @)% We have used the same
symbols for the perturbation quantities as those of
(3.1) to simplify the notation and, without loss of
generality, have dropped forcing terms of order
unity. Now that the large part of the operator has
been symmetrized, lower order terms with coeffi-
cients of order unity can be ignored without
restriction since they only lead to a slow growth
rate of the norm of the solution. Since the partial
derivatives of d are of order ¢, the only possible
large terms of A, are the Coriolis terms +&! f; and
we can ignore the remaining terms. Then there are
two cases to consider: either f; = 0 or f; # 0.

We first consider the equatorial case, i.e. we
assume f, = O so that in this case we can assume 4,
= 0. Kreiss (1980) has proven a general theorem
about the existence of smooth solutions of sym-
metric hyperbolic systems with multiple time scales.
We see that for the equatorial case (3.3) is in the
second normal form that he derived so that his
results are directly applicable. We state the theorem
he proved in terms of our special case:

Theorem 3.1

Consider the inhomogeneous problem

é a é
(5+A15+A25)Z=F, 3.4
where

Fl
F=] F, |,
8_3/2 F3

with initial data (3.2) such that #(0,y) > 0 and
i(1,y) > 0 and boundary data

d d d $(0,y, ) = —ery u(0, y, ) + eg,(», 1), (3.52)
—+A4,—+A,—+A4,|Z=0, (3.3)
(at ox dy v(0, p, N = h(», 0, (3.5b)
where ¢y, =er u(l,y, 0+ gy, ). (3.5¢)
i 0 ed| 50 0
4=l 0o @ o | 4a,=lo & 4.
e¥d 0 u 0 ¢3d b
u, —e '\ fo— By +u, e d, u
Ag=|efo+ Py + 1, D, e d, Z= v .
g2 41 &x 12 g1 &y d-\d u+d,0)+ (i1, + b)) e2d-1¢

Tellus 34 (1982), 4



340

Assume that all the data are smooth functions, that
the initial conditions are compatible with the
boundary conditions, and that at 7 = 0 a couple of
time derivatives are of order unity. Then u, v, and ¢
= &' ¢ converge for ¢ —+ 0 to a smooth solution of
the reduced equation

U+ Uu, + vu, + g.=F, (3.6a)
U+ UV + 00, + § = F,, (3.6b)
u +v,=F,, (3.6¢)
with initial data

u(x, 0) = u(x, y), (3.7
v(x, 0) = v(x, y),

and boundary conditions

§0, 3, 0) = —ro u(0, 3, ) + g, 9,

v(0,y. 0 =h(y, 1), (3.8)

Ly, )=r u(l,y, 0+ g0 0.

Kreiss assumed that F; = 0. If F; # 0 then we can
subtract from Z the function

JoFy(%,y)d%
Z' = 0
0

The difference Z4 = Z — Z’ satisfies (3.4) with F, =
0 and F, and F, replaced by the appropriate
functions. The boundary conditions (3.5a) and
(3.5¢) state that on the boundaries ¢ is of order &.
This is physically reasonable since we know that ¢
is of order ¢ near the equator. Although Kreiss did
not have any ¢ factors in Z, this does not pose any
difficulty. Once we know that the reduced system
(3.6)-(3.8) is well posed, we can expand the
smooth solutions of (3.3) in terms of solutions of
the reduced system. Since we will show how to do
this for the midlatitudes, we will not go into detail
here as it is essentially the same procedure.

We now briefly review the proof of Theorem 3.1
to point out the salient results. Multiplying (3.4) by
Z7 and integrating over the region R we have

a 2n
Zzie= —f (274, Z1} dy
ot o

1
—f [ZTAZZ]ﬁ”dx+2fZ'Ededy, (3.9)
0 R
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where 2E = 04,/9x + 4,/3y. The second term on
the right-hand side of (3.9) is zero by the
assumption of periodicity in the y direction. Since
IEN = 0O(1), without loss of generality we can
assume E = 0. Then we can rewrite (3.9) as

0
— 1212
ot

=" a@? + 0? + ed~? @) + 267 uglidy

=~ v + 501 + e d)(u + &2 d gy

+ .5 —e3d)(u— e d ' 9)?lhdy, (3.10)
where in the second step we have introduced the
one-dimensional characteristic variables following
the derivation of Oliger and Sundstréom (1978).
Since we have assumed that 4(0, v) > 0 (inflow) we
see from (3.10) that at x = O there are two
incoming characteristics so that the number of
boundary conditions at x = 0 is correct. Since u(1,
») > 0 (outflow), at x = 1 there is only one
incoming characteristic and again the number of
boundary conditions is correct. Substituting the
homogeneous versions of (3.5) into the right-hand
side of (3.10) we see that the necessary condition of
nonpositivity is satisfied if r, and r, are within a
certain range which we will discuss later. Without
loss of generality we can assume that g, =g, =h =
0 so that this estimate is all that we need. For if this
were not the case, then we could define the new
variable Z9 = Z — Z' where Z'(x, v, ?) satisfies the
requirements

¢ 0, p, ) = —eryu'(0,y, D + ego(v, ), (3.11a)
v'(0,y, ) =h(y, 1), (3.11b)
gLy, =cer u(l,py )+ eg,(y 0. 3.11¢)
¢.=¢ea(x, y, 1), (3.11d)
¢, = eb(x, y, 1), (3.11e)
ul, + v, = e c(x, y, 0), (3.11f)

where g, b, and ¢ are given smooth functions and
satisfy the constraint

(3.11g)

The requirements (3.11a—c) are the standard ones
to ensure that Z¢ will satisfy (3.5) with homo-
geneous boundary data, whereas the requirements
(3.11d-f) ensure that the forcing term in the
equation for Z4 will be of order unity. Equation

—a,+b,=0.
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(3.11g) is a compatibility constraint (Browning et
al., 1980).

To show that such a Z' exists, we consider two
cases. If the boundary data are obtained from the
smooth solution Z . of the related Cauchy problem,
i.e. from the solution of (3.4) in a rectangle R, =
{(x, »)ixe < x €< x,, 0Ky €27, %, <0, x, > 1} with
properly extended versions of (3.2) for Iinitial
conditions and with periodic boundary conditions
in both x and y, then we can simply let Z’' = Z,.
Since Z. is a slow scale solution of the related
Cauchy problem, Z' must satisfy (3.11d-g) and,
by assumption, it also satisfies (3.11a—c). In fact in
this case there will be no forcing term in the
equation for Z¢ since Z’ is a solution of system
(3.4). From the nonpositivity of the right-hand side
of (3.10) we have that

I1Z9(x, y, DIl € IZ%(x, y, 0}l = 0.

Of course this just means that we can exactly
duplicate the solution of the Cauchy problem in the
region R if we first run the related Cauchy problem
to obtain the boundary conditions we need. Note
that in this case the balanced initial data for (3.4) in
the rectangle R are identical to the proper restric-
tion of the balanced initial values for the related
Cauchy problem. However, in Section 4 we will
show that the initial values for R can be computed
without reference to the related Cauchy problem.

The more interesting case is when we do not
want to run the related Cauchy problem. Then the
boundary data will normally be incorrect and the
errors on the boundary of R will inevitably destroy
the solution in the interior. Although we will show
that the boundary data can be specified so that the
solution will be smooth, any errors in the data will
propagate into the interior of R at the speed
associated with the fast time scale, e.g. in Section 5
we demonstrate that errors in the boundary data
destroy the geopotential in a matter of hours and so
must be kept small if the solution in the interior is to
be computed correctly. As in Section 2 we show
that in this case we only need to require that the
initial time derivatives be of order unity and that the
boundary data be smooth in order to guarantee
that the solution will be smooth. In this case we
choose for Z' the values

' —(27)" by sin 27x
o - h cos 2nx ’
e d-1 g e%d'"[(1—-x)g, + xg,]
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which is smooth since the boundary data were
assumed to be smooth. That Z' satisfies (3.11)
(with ¢ = 0) can be verified by substitution. Again
we have the estimate 11Z9(x, y, Il < 1Z9%x, y, Ol
for the homogeneous equation and boundary
conditions for Z9, In this case the forcing term in
the equation for Z4 is not zero, but is of order unity
so that without restriction it can be ignored.

As in Section 2 we note that any time derivative
of Z satisfies the same equations and boundary
conditions as Z (except with the boundary data
replaced by their corresponding time derivative) so
that the above arguments also apply to any time
derivative of Z. We can also differentiate the
equations and boundary conditions with respect to
y, but lower order terms involving derivatives with
respect to x appear in this process because of the
variable coefficients. Without restriction we assume
that u(x, y) > 0 so that we can solve (3.4) for Z_ in
terms of Z, and Z,. We can write the first and last
equations of (3.4) in the form

u el ue | u,+ vu,
e2d? u o | | g+ 09, + €2d%, |
(3.12)

Each of the components of the solution of this
system is expressed as a linear combination of the
components of Z, Z,, and Z, with coefficients of
order unity. Thus we can use these relations to
replace u, and ¢, in the equation for the y derivative
of Z. However, when we solve the second equation
of (3.4) for v, in the form

uv, =—(, + v, + €' ¢,), (3.13)

we find that the linear combination involves a
constant of order ¢! and so it appears that we
cannot use expression (3.13) to replace v, in the
equation for the y derivative of Z. Equation (3.11g)
implies that the vector (a, b)” is the gradient of a
scalar function, e.g. (a,b)" = V4. This suggests the
substitution ¢ = gf which is reasonable from
physical grounds since we know that ¢ is or order ¢
at the equator. We make this change of variables in
(3.13). This would then allow us to use (3.13) to
replace v, if we ensure that § and §, are of order
unity. The introduction of J is equivalent to
bounding the first-order time derivatives of « and v.
From Section 2 we saw that at this step we could
say nothing about the actual form of ¢. But from
the results of Section 2 we expect to obtain
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additional information about ¢ by proceeding to the
second-order time derivative. From previous work
we know that the time derivative of the divergence
enters as an initialization constraint in the second-
order time derivative so we form the divergence
equation

8+ 08, +08,+86—J+ v §=0, (3.14)

where d=u, +v,andJ=u, v, +u, v, —u, v, —
u,0,. This equation coupled with the homo-
geneous versions of (3.5a) and (3.5¢) provides
estimates of § and §, of the forms (Kreiss, 1980)

18Il K C,(1ZI1 + 11Z,) + 1ul,) + O(e?),
Iyl < CLUIZI + UZ) + UZ,1 + tuly + luyly)
+ 0(&?),

where lu!}=§2* [tul?}}dy and C, and C, are
constants. It is now possible to estimate the y
derivatives and for the details we refer the reader to
Kreiss’ paper. Estimates of the x derivatives follow
from the linear combinations in (3.12) and (3.13).

Since the bounds we have derived are indepen-
dent of ¢, as in Section 2 we can let ¢ » 0 to obtain
the reduced initial-boundary value problem (3.6)-
(3.8) and this system must be well posed. We can
differentiate (3.6¢c) (with F; = 0) with respect to ¢
yielding
Vig=1J, (3.15)
and in this form the reduced problem can be shown
to be well posed independent of the limiting
argument (Gustafsson and Kreiss, 1980). For very
small ¢, extreme accuracy is needed to compute the
smooth solutions of the original system due to the
necessary cancellation of terms. In such cases the
reduced system is preferred as no such cancel-
lation occurs and the reduced system describes the
smooth solution very accurately. As in Section 2
we see that the reduced system has an infinite signal
speed due to the elliptic operator. Any errors in the
pressure data on the boundary will be spread
throughout the region instantaneously. Again we
must keep the errors on the boundary small if the
solution in the interior is to be computed correctly.
However here we only require that the error in the
large-scale boundary data be small, i.e. large errors
in the small-scale boundary data are damped
exponentially as a function of the distance from the
boundary.

-‘A(l) (gl_go)dy:fol J(/)anadXdy*
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We shall now generalize the boundary condi-
tions (3.5) slightly. For any s > O the estimates
which lead to Theorem 3.1 do not depend on 7, and
r, provided

05u+s<r,<2ed*a' —s (x=0), (3.16a)

ry2>2—05i+s (x=1. (3.16b)

Thus we can consider the case that lim, .or, = c0
or r,=o or both. For the reduced system the
boundary conditions become

u0,9,)=0 or u(l,y,)=0 (3.17)
or
u@©,9,)=0 and u(l,y,0)=0. (3.18)

It is also possible to consider inhomogeneous
boundary data for the reduced system. Corres-
ponding to (3.17) we can consider

u(O,y, t):go(y‘ ’) or u(Ly’ t):gl(y! t)-

To show this we consider boundary conditions for
the reduced system of the form

J(Os », 8 = —ryu, y, 1) — g4, 1),
v(0,y, 1) = h(p, 1),
J(l’.% t) = rl(u(19y’ t) _gl(ya [))'

Making the change of variables

3.19)

u'=u—gyy, H— | Fy(%y)dF
or
u=u—g 00— [ F (%) d%,

we transform the reduced problem to the previous
case. The full system transforms to a system of the
same form as before. We can use this same
procedure for inhomogeneous boundary condi-
tions corresponding to (3.18) only if the compati-
bility condition

3.20)

is satisfied. This condition is necessary as can be
seen by integrating (3.6¢). It is also sufficient. We
define the functions ', v’, and ¢’ by

u' = f5 F (% y)d% + (1 — x) gg(»)

—x [y Fy(%, y) d% + xg,(»),
v' = — [lg,(9) ~ g ~ bF,(&, ) dx] dy,
¢ =0.
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The functions u' and ¢’ are clearly periodicin y and
by (3.20) so is v’. The difference Z¢ = Z — Z’
satisfies (3.4) with F, = 0 and boundary conditions
(3.5) with g, = g, = h = 0. Thus we can also
expand the solutions of (3.4) with the boundary
conditions (3.19) in terms of the reduced problem
and, in particular, the values lim,_ qry=o0 or
r, = oo or both are permissible.

In the midlatitudes f, # O and by arguments
similar to those described above it suffices to
consider the system

/) 0
_+A‘_
ot ox

]
+A2—+A0)Z=F,
oy

(3.21a)
where A, and 4, are as in (3.3.),
0 —¢lfy, 0
Ao= e v,y 0 0l (3.21b)
0 0 0
and
Fl
F=1 F (3.21¢)
€—~1/2 F;

The forcing term in the third equation is less than
that in (3.4) so that for smooth solutions the
divergence is at most of order ¢ as required by the
geostrophic constraints. There are now lower order
terms with coefficients which are not of order unity.
The general theory allows such terms if they are in
the proper normal form. Unfortunately the Coriolis
terms are not in one of these forms. If we proceeded
as in the equatorial case, then we would encounter
the same difficulty estimating the x derivatives in
terms of the y derivatives as before. Then we would
again have to make a change of variables to
complete the proof. Instead of that approach we
examine the general theory and find that it is
sufficient to choose boundary conditions in such a
way that they

(1) lead to an energy estimate for the solutions of
(3.21) and

(2) lead to a well-posed problem for the reduced
system. '

We adopt this approach and show that by making

Tellus 34 (1982), 4

343

a change of variables in what we surmise is the
reduced system for the midlatitudes

u,+uu, +ou, + &' (g, —fr)=F, (3.22a)
v,+uv, + 00, + &1 (¢, + fu)=F,, (3.22b)
u, +v,=¢eF; (3.22¢)

we can reduce (3.22) (with the proper boundary
conditions) to a form of the equatorial reduced
system and thus show that it is well posed. Then we
will prove the existence of smooth solutions of
(3.21) by asymptotic expansion of solutions of
(3.21) in terms of solutions of (3.22) and estimate
the remainder using (1).

We start with (2), i.e. we investigate what type of
boundary conditions lead to a well-posed problem
for (3.22). Without restriction we can assume that

Fy=0. (3.23)

If not we use the previous procedure to ensure that
F, = 0. At the inflow side we give as boundary
conditions

u(Oa B t) = go(yr t)9
U(O, » t) = h(ys t)s

where g, cannot be arbitrary. For smooth solu-
tions the geostrophic relation says that

¢, =—fou+0(e)

or upon integration

0=f ¢, dy=—/ Ludy+dy+0(e),
which at x = 0 becomes

k g0y ) dy = 0(o).

Without restriction we can assume that
k &, dy =0.

Otherwise we write

20, 0 =8oo¥ ) + 801, 0§ gaor N dy =0,

and replace u in (3.22) by u + ¢g,,(», ). Let u, v,
and ¢ be a solution of (3.22). Integrating the third
equation of (3.22) with (3.23) gives us that

(3.24a)
(3.24b)

(3.25)

d 1t
afo u(x, y)dy = —v(x, y)I325 =0,

which with (3.25) implies that

Jo u(x, ) dy =0.



344

Therefore the overdetermined system

¢0x =f0 v, (3.263)
o, = —So U, (3.26b)
¢0(ls o) = O’ (3.260)

has a unique solution which is periodic in y. Letting
¢ = g, + &f we see that u, v, and ¢ satisfy the
reduced system (3.6) with the boundary conditions
(3.24a) and (3.24b). For that system we know that
we obtain a well-posed problem with smooth
solutions if we specify at x = 1 the boundary
condition

J(y: t) = r;[u(yr t) —gn()’, t)]

Therefore we also obtain a well-posed problem with
smooth solutions for system (3.22) with the
boundary conditions (3.24a) and (3.24b) and

oLy, )= —fo [ u(l, jr1) &y + er,Ju(y, D

327

- 800l (3.28)
The most attractive boundary conditions are
n=wlu@,d=g,0.0:5 g 0dy =01 (329
or
r; = 0 (geostrophic approximation). (3.30)

Instead of the boundary condition (3.24a) at x =
0 one could think of using a more general boundary
condition of type (3.28). This is possible if we use
(3.29) at x = 1 (outflow). Otherwise it seems to be
difficult to ensure that (; u(x,y)dy = 0. Thus at x =
0 (inflow) we will give u.

We now determine boundary conditions for the
full system which in the limit approach (3.24) and
(3.29) or (3.30) and which lead to an energy
estimate of the right form for the corresponding
solutions of (3.21). At x = 0 we choose the
boundary conditions

#0, . £y = —& 2 Fylu(0, y, 1) — go(», D, (3.31a)
v(0,y, ) =h(y, 1), (3.31b)

where 0.5 e'u<Ff<2d’u ' and at x=1 the
boundary condition

u(l,y, =g, 0 (3.32)
or
#(1, 3, ) =Ll udj—y [ udy) (3.33)

The matrix A4, is skew-symmetric and contributes

G. BROWNING AND H.-O. KREISS

nothing to the energy estimate so that (3.10) also
holds in the midlatitudes. Without restriction we
can assume that g, = 0(¢*) and g, == h = 0.
Otherwise we would subtract off the solution of the
corresponding reduced problem. Then we can also
assume g, = 0 as it only leads to a slow growth rate
of the norm of the solution. We can use the energy
estimate (3.10) to prove the existence of a smooth
solution only if the right-hand side in conjunction
with the homogeneous version of the boundary
conditions is nonpositive. We have chosen 7 so
that this is true for (3.31) and (3.32). This is also
true for (3.31) and (3.33) since integration by parts
shows that

BIRudi—y [ udp)—u(l,y, Hldy =0.

The boundary conditions (3.3 1a) and (3.32) lead
to the specification of u on the boundary for the
reduced system. When specifying # on a boundary
for the reduced system, we derive boundary
conditions for (3.15) by solving (3.6a) for @, in the
form
¢, =—(u,— v, + du,),
and on the boundary everything on the right-hand
side of this equation is known. If we specify u on
both boundaries then it is well known that equation
(3.15) with Neumann conditions in x and periodic
conditions in y only determines ¢ up to a constant.
Since the solutions of system (3.3) with the
boundary conditions (3.31) and (3.32) are unique,
we must be able to derive an equation from the
original system that uniquely determines this
constant (otherwise this could not be the correct
reduced system). To show this we integrate the
third equation of (3.1) over R obtaining

d m _
Efkysdxdy:-fo lag + (67 4, + Pull dy

= ~fom — 5" {[(g+ it + & HPl§ + 9(1y. ) g,
+ &(Oﬁy’ t) go}d}’»

where, without restriction for smooth solutions, we
have assumed that (" (g, — g,) dy = & m(», §
where m is a smooth function. Formally in the limit
as £ — 0 this equation approaches

af«pdd
e X
al Y

=—gom— T {l(do + W) + §(1L, 1, N g,
+ &(anr t) go}dys
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and this is the equation we use to determine the
mean of ¢ for the reduced system.

We now show that smooth solutions of system
(3.21) exist by asymptotic expansion of those
solutions in terms of solutions of system (3.22). We
perform the expansion for the boundary conditions
(3.31) and (3.32) and note that the other case can
be handled similarly. In the first step we choose for
initial data for the reduced system the rotational
portion of the initial wind data (u,, v,)" for the
original system and for boundary data the fun-
ctions g,, £,, and k where the tilde denotes the
nondivergent portion. We assume g, — &, = 0(¢?),
g — & = 0(e?), and h — h = 0(e?). This is no
restriction since we are interested in smooth
solutions which must satisfy u, + v, = 0(¢?). We
know that we can obtain a smooth solution of
system (3.22) with these initial and boundary data
from the arguments above. Let us call this solution
Z° Then we define a new variable Z9 = Z — Z°,
Solving this expression for Z and substituting into
system (3.21), we get for Z the problem

U + uu, + ou, + e (g, —fH0)=0, (3.34a)
v +uv, +ov, + (g, + fru)=0, (3.34b)
§ + ug, + 09, + 2 d¥u, +v,)

=—(g) + ug? + v42), (3.34¢)

with boundary conditions

u(09y1 t)= _82 ¢(0,}’: t)_ 82 ¢0(0‘y’ t) + go _g~o

(3.34d)
U(O, Vs t) = h()", t) - E(,y' t)’ (334C)
u(l,y, =g, —§&: (3.34h)

where we have dropped the superscript d to
simplify the notation. Note that we have added a
forcing term of order unity while the inhomo-
geneous boundary data terms have been reduced to
order 2. We now write (3.34c) in the form

u,+ v, + d g + ug, + vg,)

=—2d ¢ + ugl + o). (3.35)
We now solve system (3.22) with trivial initial and
boundary data and the forcing term in (3.35) for
the right-hand side of (3.22c). We call this solution
Z' and note that its norm is of order ¢2. Then in the
equation for Z¢ = Z — Z° — Z' the boundary data
terms and the forcing term are of order &2 Then if
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we choose Z9(x, y, 0) = 0, the energy estimate (3.5)
tells us that the norm of Z9is or order & Thus if we
choose the initial data for Z correctly, then Z will
be close (to within an error term of order €) to a
smooth solution for any time interval of order
unity. This also tells us that (3.22) is the reduced
system since as ¢ » 0, Z¢ - 0 and Z! - 0. Clearly
we can repeat this process indefinitely obtaining
error terms as small as we wish. Then if the initial
data for the original system is chosen correctly, it
will have smooth solutions up to order ¢" with n as
large as we wish.

In ensuing steps of the iteration to prove the
existence of smooth solutions of system (3.1), we
must linearize about the previous solution so that
the overbar quantities of (3.2) also become func-
tions of ¢. Although the proof for these steps is
more complicated than the one above (Kreiss,
1980), essentially no new information is added. For
practical applications these arguments have impor-
tant implications. If we wish to generate solutions
which are smooth in time and space, we must
ensure that not only the initial time derivatives be of
order unity, but also that the boundary data be
smooth. In addition the errors on the boundary will
always propagate into the interior at the rate
associated with the fast time scale and therefore
must be kept small. We will employ these concepts
in the numerical examples of Section 5.

4. Initialization of the shallow water equa-
tions for the case of open boundaries

In a previous paper (Browning et al., 1980) we
derived initialization constraints for the shallow
water equations with an equivalent depth corres-
ponding to the external mode of the atmosphere
(Williamson and Dickinson, 1976). However, only
periodic and solid wall boundary conditions were
treated. In this section we treat the case of open
boundaries. We will only treat the midlatitude case
as the equatorial case has already been treated
(Kreiss, 1980). Thus we will consider system (3.1)
in the region R of Section 3 with f;, # 0.

The first-order time derivative of system (3.1) is
of order unity if and only if

b —fov=cealx, y. 1), (4.1a)
9, +fou=eb(x, 1), (4.1b)
u,+v,=€ec(x ), (4.1¢)
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where a, b, and ¢ are smooth functions which
satisfy

—a,+ b, =¢fyc. (4.1d)

The earliest initialization schemes assumed geos-
trophic balance i.e they assumed a=b=c=0 at
t = 0. Then equation (4.1c) implies that there exists
a stream function y which we assume is given as the
initial data. Then by defining ¢ =/, v we see the
constraints of (4.1) are satisfied. Unfortunately this
approach is not compatible with the related Cauchy
problem. For example, (3.31a) and (4.1b) uniquely
determine u and ¢ at x = 0. Clearly we want these
values to be the same as those of the related
Cauchy problem. However unless 5(0 y, 0) = 0 in
the related Cauchy problem, this will not be the
case. Assuming ¢ = 0 also puts an unnecessary
restriction on u, namely that [0 (1]} dy = 0. Clearly
these problems arise since a, b, and ¢ have been
assumed to be zero which in general they need not
be.

At this point in the bounded derivative method,
we do not know a, b, and ¢ (unless the related
Cauchy problem has already been solved) and we
assume that they are chosen so that (4.1) in
conjunction with (3.31) and (3.32) has a solution.
Then we know that the system of constraints (4.1)
has one degree of freedom. We can choose the free
variable in two ways. For the first approach we
follow the pattern suggested by the one-dimen-
sional characteristic variables. For the one-dimen-
sional case, v is the variable which is varying on the
slow time scale and so we assume v is given initially
in such a way that (3.31b) is satisfied. Then we can
integrate (4.1a) and (4.1c) with respect to x since
we know ¢(0 y, 1) and u(0, y, ¢). Equation (4.1b) is
also satisfied since » was chosen so that it is
satisfied on the boundary and (4.1¢) ensures it is
satisfied on the interior.

In the second approach, we utilize concepts
which are more consistent with fluid dynamical
notions. Here we assume the initial vorticity ¢ is
given. The value of v at x = 0 is given by (3.31b)
and we can specify v(1, y, 0) freely as long as there
is smoothness of v(1, y, 0) with respect to y. Since
the divergence & = u, + v, is given by (4.1c), we
can solve for the velocity components u and v using
the Helmholtz relations

(4.4)
(4.5)

VZII:(SX—CW
Vio=4,+ &,
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since we know 4 and v at x = 0 and x = 1. Notice
that once ¢ is specified, v can be determined
independently of u and ¢. The reason for this
uncoupling is that the variable v is not coupled to
the other two variables through the boundary
conditions. Finally we can differentiate (4.1a) and
(4.1b) with respect to x and y, respectively, and
then add to obtain the equation

V2 o=1fyC+ ela, + b)), (4.6)

which can be solved uniquely for ¢ since we know
¢x(05 Vs O) and ¢x(1’y5 O)

We know that requiring the first-order time
derivatives to be of order unity does not suffi-
ciently control the gravity waves. By requiring the
second-order time derivatives to be of order unity
we obtain constraints which can be used to
determine a, b, and ¢ to order unity. For the
external mode, we can replace the divergence ¢ in
(4.4) and (4.5) by £ ¢ and not much is added to the
determination of u and v by actually computing c.
Also in the constraint (4.1d) we can drop the term
involving ¢ if we only wish to compute a and b to
order unity. With these assumptions, it is not
necessary to compute ¢ and one constraint we
obtain from the second-order time derivative
together with (4.1d) form the uncoupled system for
a and b (Browning et al., 1980)

a,+b,=—pyl+ pu® — 2@ 03~ ud oY), (4.7a)

—a,+b,=0, (4.7b)
where the superscript 0 means the nondivergent
portion of the wind. Equation (4.7b) implies that
the vector (a,b)’ is the gradient of a scalar function
which we call §. Then (4.7b) is automatically
satisfied and (4.7a} is just a Poisson equation for ,Z'
Since we have assumed nondivergent initial wind
data, we can use for ¢ the same boundary
conditions as in Section 3, i.e.

8.0, v, = —(u,— uv§ + vu)(O, y, 1), (4.8a)

,}x(l,y, ) =—(u,— vl + oud)(1, y, 1), (4.8b)

and everything on the right-hand side of (4.8) is
known on the boundary. We choose the unique
solution whose mean is zero. Improved values for ¢
can now be obtained by solving the equation

Vo=fil+ eVE

Tellus 34 (1982), 4



SHALLOW WATER EQUATIONS WITH OPEN BOUNDARIES

with the boundary conditions
(¢x "‘f“)UO)(O, Vs t) = EJX(()’ Vs t)’
(¢x _-f;) vo)(l’ Vs t) = GJX(I,)’, t),

and choose the unique solution whose mean is the
same as that of the observed data for ¢.

(4.9a)
(4.9b)

5. Numerical results

To test the initialization scheme we derived in
Section 4, we consider system (3.1) in the region

R={(xy)0<x<X,-Y<y< YL

At the boundaries y = —Y and y = Y we assume
solid wall boundary conditions, i.e. the normal
component of the velocity v is required to be zero
for these values of y. We consider two types of
boundary conditions for the boundaries at x = 0
and x = X. For what we call the global problem, we
assume periodic boundary conditions in the x
direction. For what we call the limited area
problem, we assume open boundary conditions at
x=0 and x = X. In the corresponding numerical
models which we will describe next, we actually
used the dimensional form of (3.1) and the
corresponding equations can be obtained by setting
£ = 1. We leave the parameter ¢ in the equations for
consistency with Sections 3 and 4.

To discretize the two initial-boundary value
problems, we choose spatial increments Ax = X/I
and Ay = 2Y/J, where I and J are natural numbers.
The temporal increment As is determined from the
stability requirement. We define the finite differ-
ence grid

G= {(xisyj’ tn): xi= (l'_ 1) Ax’yj

~Y+ (j— 1D Ay, t,=nAs}

with 1 <i<I+ L1gj<J+ Land—-1nN
and employ the standard grid function notation u};
~ u(x, y; t,). We assume that missing subscripts

or superscripts are the nominal values i, j, or n as
appropriate. By defining the difference operators

un+1_un—-1
Duy=———,
2At
Uppr Uiy
Dxuz;_.’
2Ax
u —U;_
Dyu= J+1 f) 1,
2Ay
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“we can approximate system (3.1) at time ¢t = nAt at
each grid point in the interior of R(2 <i< [ and
2<j< Ny

D,u+uD,u+vD,u+¢'D,¢

— (o + Byl =0, (5.12)
D,v+uD,v +vD,v + &'(D, ¢

+(fy + Bl =0, (5.1b)
D,¢+uD,9+vD, g+ gy + 9

x(D,u+D,v)=0. (5.1¢c)

For j = 1 and j = J + 1, the equation for u can be
used as before since the term vD,u is zero there.
The equation for v is not required as v = 0 on these
boundaries. In the equation for ¢, the term vD, ¢ is
zero and we approximate the term v, by the
appropriate one-sided second-order difference for-
mula. When applying (5.1) for i = 1 in the global
model, variables with a zero subscript are deter-
mined from the periodicity conditions e.g. u,; =
uy ;. All variables at i = I + 1 are set to their
corresponding value at i = 1. For the limited area
model we used the one-dimensional characteristic
variable method investigated by Elvius and Sund-
strom (1973). We will only describe this method at
x = 0 since the approximations used at x = X can
be derived in an analogous fashion. For this
method we define the operator

2u,, — W+ urY)

D.u=
2Ax

X

We introduce this operator because if we approxi-
mate the half plane problem

U =u, 0<x <0,

by D,u = D,u on the interior points and by D,u =
D,u at x = 0, then the approximation is known to
be stable. If we have inflow at x =0, i.e. u(0, y £) >
0, then we assume that the value of v(0, y, ¢) is
given. If we have outflow at x =0, i.e. #(0, y, ) <0,
then we compute v by (5.1b) with the operator D,
replaced by ﬁx. We also assume that the linear
combination of  and ¢ in (3.31a) is given at x = 0,
ie.

w0, y, ) =—€ ¢(0,y, 8) + gy, ). (52)

Then u and ¢ are computed at i = 1 from (5.1a)
and (5.1c) with the operator D, replaced by D,.
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This substitution results in 2 2 x 2 coupled system
for u}i' and ¢7%% The system is uncoupled by
solving (5.2) for ¢(w) at t=(n+ 1)Ar and
substituting the result for ¢}%! (ui%") in (5.1a)
((5.1¢)). The values of those variables needed on
the boundaries are obtained by a prior run of the
global model with the same initial conditions.

To determine balanced initial conditions for
system (5.1), we assume that the given initial data
are the nondivergent wind components #° and v°
and the corresponding vorticity {. For the external
mode, we do not need to calculate the divergent
component of the wind to obtain smooth solutions.
We compute the initial geopotential by combining
equations (4.6) and (4.7a) to obtain the elliptic
equation for ¢

V¢ =fo £+ elByl— fu® + 2l vl — uS ). (5.3a)

The boundary conditions at y = —Y and y = Y are
derived similar to (4.8a), i.e. we differentiate the
boundary condition v = 0 and then use the result in
the second equation of (3.3) so that on these
boundaries

¢y = —fo u° — efyu’. (5.3b)

For the global model we used periodic boundary
conditions in the x direction. For the limited area
model we assume that the geopotential deviation ¢
on the boundaries satisfies (4.8a) and (4.9b), i.e.

¢,0,,0) = [f,v° — e(u, + u® ud + 0° ud — Byv°)]
x (0, y, 0), (5.3¢)

6.(1,y,0) =[fo v° — e(u, + u® u + v° ul — fyv°)l
x(1,,0), (5.3d)

where the u, terms in (5.3c) and (5.3d) can be
replaced by (9/6r)g, and (&/61) g,, respectively. In
both the global and limited area models equation
(5.3a) with the appropriate boundary conditions
uniquely determines ¢ up to a constant. For the
global model this constant is chosen so that the
mean of ¢ is zero. In the limited area case the mean
would be set to the mean of the observed values. In
our case the mean was set to zero since the global
and limited area model have the same domain. In
both models the elliptic equation is solved by the
direct methods of Swarztrauber and Sweet (1975).
Their package requires the right-hand side of (5.3a)
for the grid points which are in the interior of R.

G. BROWNING AND H.-O. KREISS

We computed those values by replacing the
operators 8/0x and &/8y by D, and D,, respec-
tively. Since (5.3b) is a Neumann boundary
condition, their package also requires the right-
hand side of (5.3a) at y = —Y and y = Y. We
replaced the y derivatives on those boundaries by
second-order one-sided difference formulas. A
similar technique was used for x = 0 and x = [ for
the limited area boundary conditions (5.3c) and
(5.3d).

For the numerical results which follow, we
obtained the initial nondivergent wild components
from the stream function  given by

w— —Ugy —u, Ysink, x[1 —cosk,(y + Y}I/n,

(5.4)
where u, and u, are constants, k, = 27/X, and k, =
7/ Y. The corresponding nondivergent wind compo-
nents are

w=—y,=u,+u,sink xsink,(y +Y), (55a)
0=y, =—2u,Ycosk, x|1— cosk,(y + NI/X.

(5.5b)
The parameters of the numerical model have the
values:

X = 4000 m, Y = 2000 km,
I =40, = 40,
u,=20ms"', u, =10ms

6o =10°m?s™,
[y =2Qsin(7/4)s7!, B = 2Qcos (7/4)/r (m s)~1,
Q=7292x10%s7, r = 6.37122 x 10°m.

Fig. 1 is a contour map of the initial vorticity
derived from (5.4) with the contour values given in
units of 10~% s~

To check the theory of Sections 3 and 4, we first
ran the global model with the initial velocity
components taken from (5.5). The initial geo-
potential deviation was determined from (5.3a) with
¢ satisfying periodic boundary conditions in x and
(5.3b) on the y boundaries. Using the values of u, v,
and ¢ from this run we determined values for g, g,,
and & from (3.31) and (3.32). In the first limited
area experiment we used the nondivergent velocity
components (5.5) as initial data for ¥ and v. The
initial values of ¢ were derived from (5.3a) with
boundary conditions (5.3b ¢, d) and were virtually
indistinguishable from the initial values of ¢ for the
global model (see Section 3). The boundary

Tellus 34 (1982), 4
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Fig. 1. Initial vorticity for both global and limited area
models derived from (5.4). Contour values are given in
units of 1073 s,
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conditions for the model were those given by (3.31)
and (3.32) with the g, g,, and # determined above.
Fig. 2 is a plot of the geopotential deviation ¢ from
this run of the limited area model in units of 10? m?
s~2 versus time 7 in hours for the two grid points A
with (i, /) = (11, 11) and B with (i, j) = (21, 21).
The magnitude of the gravity wave oscillations is
no larger than that of the global model, i.e. the open
boundary conditions (3.31)-(3.32) are not a source
of excitation of gravity waves. Fig. 3 is a contour
map of the vorticity at + = 48 hours with the
contour values given in units of 10~ s~! for the
global model. We do not show the corresponding
map for the limited area model since the two maps
are identical to the resolution of a contour map.
The relative L? error had the value

”Cglobal - Climited l

l Czlobal I

In the second limited area experiment we used the
same initial values but maintained g, g,, and A at
their initial values. Fig. 4 is a plot of the geopotential
deviation ¢ from this run of the limited area model
in units of 102 m? s~? versus time ¢ in hours for the
two grid points A with (i, j) = (11, 11) and B with
(i, /) = (21, 21). Notice that the magnitude of the
gravity wave oscillations is no larger than in the
first experiment. Figs. 5a and 6a are maps of the
geopotential deviation gy, and the vorticity £, ..,

=33 x 1073
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Fig. 2. Geopotential deviation ¢ in units of 10> m? s~2
given as a function of time in hours for the first limited
area experiment. Curve A and curve B are the deviation
at grid points (7, j) = (11, 11) and (i, j) = (21, 21)
respectively.
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Fig. 3. Vorticity { of global model plotted at + = 48
hours. Contour values are given in units of 1075 s~

from the global model at ¢ = 6 hours. The contour
values are given in units of 10° m? s~2and 10-%s~!,
respectively. Finally Figs. 5b and 6b are the error
Maps Poiona — Primited AN Liobar — Gumitea for the
second limited area experiment at t = 6 hours. The
contour values for 5b are 0.1 of those for 5a while
those of 6b are the same as those of 6a. Even
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Fig. 4. Geopotential deviation ¢ in units of 10> m* s
given as a function of time in hours for the second limited
area experiment. Curve A and curve B are the deviation
at grid points (i, j) = (11, 11) and @, j) = (21, 21),
respectively.

—2

though the geopotential is smooth in both space
and time, it has a relative error of approximately
10% spread throughout the grid G. However, as
might be expected from the form of the vorticity
equation, the large error in the vorticity is confined
near the boundary.

(a)
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6. Conclusions

In this paper we have proven the existence of
smooth solutions of the shallow water equations in
a region R with open boundary conditions. The
importance of the form of the homogeneous
boundary conditions and the smoothness of the
inhomogeneous terms of the boundary conditions
in maintaining the smoothness of the solution is
evident in that proof. The inhomogeneous terms are
certainly smooth if they are derived from the
smooth solution of the related Cauchy problem, i.e.
from the smooth solution of the system in a region
R which contains R and with periodic boundary
conditions. In that case we proved that if the initial
conditions for the open boundary problem are
chosen as the proper restriction of the initial values
of the smooth Cauchy solution then it is possible to
reproduce the Cauchy solution in R. If the
inhomogeneous terms are incorrect but smooth
then we also showed that the ensuing solution was
smooth. Unfortunately the error propagates at the
inertial/gravity wave speed so that the boundary
data errors must be kept small. Since for smooth
solutions the geopotential basically satisfies the
elliptic equation (3.15) it can be shown that only
the large-scale boundary data need be correct, i.e.
the effect of small-scale errors decays exponen-

(b)
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Fig. 5. (a) Geopotential deviation of global model ¢, ., and (b) the error in the second limited area expeniment g,
— Bumiteq Plotted at £ = 6 hours. Contour values are given in units of 10° m’ s~2 for (a) and units of 102 m? s~2 for (b).
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Fig. 6. (a) Vorticity of global model Cetobal and (b) the error in the second limited area experiment
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plotted at ¢ = 6 hours. Contour values are given in units of 105 s~!.

tially away from the boundary. The open boundary
conditions were an integral part of the energy proof
and thus necessarily, of the corresponding initiali-
zation procedure. We showed how to incorporate
the open boundary conditions into that procedure.
These techniques cannot be applied to the
primitive equations as they are not a symmetric
hyperbolic system. However, in a forthcoming
paper we will apply the bounded derivative method
to the Eulerian equations from which the primitive

equations are derived. In that paper we derive 2
system of equations which describes the large-scale
solutions of the atmosphere very accurately and are
well posed for the open boundary problem (the
primitive equations do not have this property—
Oliger and Sundstrém 1978). As one component of
the new system essentially behaves like shallow
water equations, the results of this paper will be
directly applicable to that portion of the new
system.
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