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ABSTRACT 
Following Hasselmann's work on climate variability we consider a stationary stochastic process 
with two different time scales for the forcing (the weather variables) and the response (the 
climate variable). We extend the work of Hasselmann, and Frankignoul and Hasselmann by 
allowing for a more generalequation for the sea surface temperature (SST) containing. besides a 
stochastic forcing term, a term with a stochastic coefficient (feedback), in order to describe wet 
bulb temperature and wind velocity as two stochastic variables. From this equation. expressions 
for the average, the variance and the spectrum of the climate variable are derived by means of a 
cumulant expansion. So the SST is thought to be the result of a stochastic forcing by latent and 
sensible heat fluxes. The expressions are applied to data. For this application the daily 
observations of the lightvessel Texel (53WO'N. 4'23'E) measured during the winters of 
1965-1974 are used. It turns out that the SST variance near the lightvessel Texel is described 
better by our extended stochastic equation than by the equation of Frankignoul and Hasselmann. 
while the shape of the spectrum is almost the same. It is the wet-bulb temperature rather than the 
wind velocity that largely determines the variation of the SST near the Dutch coast in winter. 

1. Introduction 

In the papers of Hasselmann (1976) and 
Frankignoul and Hasselmann (1977) the concept 
of a stochastic climate model is introduced and 
developed. In such a model the fluctuations of 
so-called climate variables (for instance SST, extent 
of polar ice-sheets, extent of vegetation and so on) 
are considered as a response to the fluctuations of 
the so-called weather variables. (For instance air 
temperature, wind velocity and wind direction, air 
pressure and so on.) It is assumed that these 
weather variables are stochastic variables with 
short correlation times (i.e. of the order of a few 
days) compared to the response of the climate 
variables (of the order of a few weeks). Further- 
more it is important that the stochastic character 
and not only the averages of the weather variables 
determines the fluctuations of the climate vari- 

ables. The resulting theory is analogous to the 
theory of Brownian motion (Wang and Uhlen- 
beck, 1945): the random walk of big particles (= 
climate variables) is a result of the interaction with 
a quantity of little particles (= weather variables). 

The model of Hasselmann has been applied to  
SST anomalies by Frankignoul and Hasselmann 
(1977). They consider an equation 

i ( t )  + A , X ( t )  = Y( t ) ,  (1) 

in which A ,  is a constant and the random forcing 
Y(t)  containing the heat flux is the only stochastic 
weather variable determining the climate variable 
X( t ) ,  in this case the SST. A time series for the heat 
flux is simulated and by means of numerical 
integration the response of the SST is determined. 
The results obtained in this manner are compared 
with the observations. In this paper we study a 
more general equation: 

' Presently at KNMI. 
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where A ( ( )  is now a stochastic coefficient. So the 
extension with respect to Frankignoul and Hassel- 
mann is rather a statistical refinement than an 
introduction of a new physical concept. Two 
weather variables instead of one are included in the 
stochastic coefficients A ( f )  and Y ( t ) .  The term 
A ( z ) X ( t )  makes it necessary to employ a cumulant 
expansion, a mathematical tool which will be 
explained in Section 2. A different generalization 
was given by Oerlemans (1979) who considered a 
second-order differential equation with random 
forcing in a climatic study of ice sheet behaviour. 

In Section 2 an equation like (2 )  is derived from 
the equations, which describe the latent and 
sensible heat flux from the sea to the atmosphere. 
The relative humidity (actually the wet-bulb- 
temperature) and the wind velocity are considered 
as stochastic variables. The variables are allowed to 
correlate with each other and with themselves, with 
correlation times of the order of a few days: their 
stochastic character is considered to be known. So 
these are the weather variables mentioned earlier. 
Just as Frankignoul and Hasselmann, we are 
interested in the stochastic response of the SST 
(climate variable). Expressions are derived for the 
average and higher moments of the SST. These 
expressions are compared with the observations of 
the lightvessel Texel, which is situated in the North 
Sea 53OOO'N, 4O53'E, and also with the results 
that may be obtained using the model of 
Frankignoul and Hasselmann. The theoretical 
background is treated in Section 2: in Section 3 we 
apply this model to the SST near the lightvessel 
Texel. Section 4 gives the comparison with the 
results of Frankignoul and Hasselmann while in 
Section 5 some ideas on possible extensions of the 
model are given. 

2 Theoretical background 

2.1. A n  equation for  the change in the SST 
We want to study the change of temperature of 

the sea water as a result of the latent and sensible 
heat flux. This change is determined by (Kraus, 
1972): 

d T  
hp, cPw - = H + LQ. 

dt 
(3) 

The left-hand side of (3) is actually the change of 

heat content per unit area of the sea with depth h 
(in general h is the thickness of the mixing layer, i.e. 
the layer over which the absorbed heat is spread 
out), p ,  = specific mass of sea water, cpw = specific 
heat of water, T = sea surface temperature (SST). 
On the right-hand side of (3) the heat flux has been 
split into a sensible heat flux H and a latent heat 
flux LQ in which Q is the mass flux of water vapour 
and L is the specific heat of evaporation. We use 
(Kraus, 1972): 

(4) 

Q = -pa(9'o - q)C, u. ( 5 )  

in which p a  is the density and cpa the specific heat of 
the air: T, is the air temperature, CD is the drag 
coefficient, u the wind speed at 10 m, q the specific 
humidity of the air at temperature T, and qo is the 
specific humidity of saturation at sea temperature 
T. There is a relation between the specific humidity 
and the wet-bulb-temperature (Keijman, 1974): 

with T, = wet bulb temperature, and s = 
(dq,/dT),= r w .  When we insert (4), (5) and (6) into 
(3), we get 

d T  
(7) ~ -l{T(O - T,(f)I U ( 0 ,  

dt 

in which 

Time dependence is only assumed for T, Tw and u. 
A discussion of the implicit or explicit time 
dependence of the other parameters can be found in 
Section 3. 

2.2. Derivation ofjirst and second moment of SST 
In (7) u(t) and T,(t) are considered as station- 

ary stochastic processes, i.e. they are independent 
of the choice of an origin in time. Their mutual and 
autocorrelation time is thought to be about 5 days. 
We now write (cf. (2)) 

X ( t )  + A ( t ) X ( t )  = Y ( t ) .  

X ( t )  = T(0,  ( 104 

(9) 

with 
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THE BEHAVIOUR OF THE SEA SURFACE TEMPERATURE 19 

Y(4 = AT,(t)u(O, ( 1 Ob) 

A ( t )  = Lu(t). (10c) 

Eq. (9) is an ordinary, first order, linear differential 
equation with stochastic coefficients. Its formal 
solution is easily found: 

with 

X, = X ( 0 ) .  

In order to get some insight into the behaviour of 
the variable X ,  we will compute the moments of X. 
We start with the first moment, ( X ( t ) ) :  

( X ( t ) )  = X ,  (exp [- JiA(t')dt'l) 

+ ( Jidsexp I- l~A(fr)dfrlY(s)). (13) 

The calculation of an average of an exponential 
of a stochastic variable poses a problem. To. 
proceed we have to expand the exponential in some 
way. The most obvious way would be a straight- 
forward expansion: 

However, this method fails, because we are 
interested in the stationary character of the 
solution, i.e. in the behaviour for t -+ co. It turns out 
that in the expansion of (14) each term becomes 
infinite for t + co. 

Writing 

A 0) = aA I (t) ,  (15) 

with u a typical magnitude of the amplitude of the 
fluctuations in A, we may say that the above- 
mentioned expansion has been carried out in 
powers of a t  and this is not valid for large Z. The 
assumption that higher moments of A can be 
expressed in first and second moments would give 
us the possibility to derive an integral equation for 
(X)  (Bourret, 1962). 
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However, it is not necessary to make such an 
assumption, because there exists an expansion 
which is asymptotic and which in addition may be 
used for large t: the cumulant expansion (Kubo, 
1963; Freed, 1968; Van Kampen, 1976). This is in 
essence an expansion of the exponent of the 
exponential and not of the exponential itself. In this 
way it is made possible to carry out the inte- 
grations in the exponential. The cumulants are 
defined by a generating function: 

in which B is any stochastic variable. Using this 
function it turns out that: 

((9 = ( B ) .  ( 1  7 4  

((BIB*)) = (Bl B , )  - ( B I ) ( W  (17b) 

So the cumulants, denoted by double brackets, are 
certain combinations of the moments (Van Kam- 
pen, 1976). 

We now substitute the cumulant expansion (16) 
into (1 3): 

+ ( l i d s  expl-I:A(t')dr'lY(s)). (18) 

The mth term in the series in the exponent is 
proportional to a'"tsr-l with a as in (15), and r,  
the autocorrelation time of the variable A.  If the 
correlation time is short compared to the response 
time (E  ( A ) - I )  we may expand with respect to the 
ratio of those two. In this case this is justified by 
data of the lightvessel Texel to be used later on (see 
also Section 3). In the following we will neglect 
terms of order r: (or better u'rf) and higher 
powers. The autocorrelation time of Y and the 
cross correlation times of A and Y are set equal to 
5,. In order to treat the second term of ( 1  8) in the 
same way as the first we use a trick (Soong, 1973). 
We define 



20 D. BLAAUBOER, G .  J. KOMEN AND J. RElFF 

from which follows: 

(20) 

In computing ( Z ( f ) )  we apply again the cumulant 
expansion: 

= 1; ds ,exp I- I f  ((A(t’)))dt’ - E(( Y(s)))  

The first cumulant is equal to the average (17a). 
For a stationary process B,  we have furthermore 
( B ( t ) )  = (B), i.e. the average is time independent. 
In the appendix, expressions are derived for 
integrated second cumulants of stationary pro- 
cesses with a short (auto)correlation time. Using 
this we find for the third term in the exponent of 
(2 1): 

(see appendix). Substitution of (22) in (21) gives 

( Z M )  = Ji ds exp I-(t - $ ( A )  - E(  Y )  

and so 

x ds exp [ - ( t  - & ( A )  - fMAA)l 

Insertion in (18) of the results obtained above 
gives: 

( X M )  = X,,exp [ - t ( ( A )  - fMJ1  

(27) 

Note that this expansion is only valid for suf- 
ficiently large t (i.e. t > rc); this limit was used 
to integrate the second cumulants (see also the 
appendix). Note furthermore that MAA and MAY are 
of order d rc .  In (27) there are also terms of order 
a%: that we will neglect in the computation later 
on. In an analogous way we may now derive 
expressions for ( X 2 ( t ) )  and ( X ( t , ) X ( t , ) ) .  The 
same method could be used to derive expressions 
for higher moments of X .  Here we confine ourselves 
to the first and second moments, however. 

From the second moment ( X ( t , ) X ( t , ) )  we 
derive an expression for the correlation coefficient 
function defined by 

PXXOP f 2 )  

where 

a,(t) = ( ( X ’ ( 4 )  - ( X ( W ) +  (29) 

is the standard deviation. Assuming stationarity 
this reduces to 

where r = t ,  - t,. From this we define the power 
spectral density function 

We will now take the limit t to infinity in the 
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expression for ( X ( f ) )  and (X(t ) ) ;  thus we obtain 
the equilibrium values of these quantities. For 
( X ( f ) )  we find from (27): 

(X), = lim ( X ( t ) )  = ( y >  - f M A Y  

( A  ) - f MA, 

Neglecting all terms of orderdr,2, we find 

These equations show how the lowest moments of 
the sea surface temperature, thought of as a 
response to atmospheric forcing, are given in terms 
of the lowest order moments of the forcing variables 
A and Y (cf. lob  and 1Oc). They are quantitative 
relations, which can be verified against experi- 
mental data. Such a verification is the subject of 
Section 3. 

(32) 
t -m 

Taking the same limit in the expression for ( x Z ( t ) )  3. Application to observations of the 
and neglecting terms of order d7f we find for this, lightvessel Texel 

(')' ( I + - -  :;) - We have applied the model of Section 2 to daily 
( A  >' observations (KNMI, 1965-1974) of the light- 

vessel Texel(53"00'N, 4O23'E) for the winters of 
1965-1974. The lightvessel is situated in the North 
Sea about 30 km off the Dutch coast (Fig. 1). The 
observations we used are those of wet-bulb-tempera- 
ture, wind speed (T,, u) and sea temperature (T). 

( X 2 ) e  = 7 
( A )  

1 M Y ,  
(34) +-- 

2 (4'  
with 

We also compute the variance of X ,  

M A Y ( y )  +--, 

and the power spectral density function 

-- 

(A) '  2 ( A )  

1 

W' + ( (A)  - 4MAA)' 
. (37) 

When we insert the definitions (IOa-c) into (33). 
(34) and (36), we find for the sea surface 
temperature T, 

( A )  
S,,(W) = 

n 

winter. Then with the help of (38) and (40) the 
average sea temperature (T) and its variance u2 
are calculated. The calculated values can then be 
compared with the experimental values, as deter- 
mined from the SST. 

As an example of the data involved we give in 
Fig. 2 part of the time series for u, T,  and T. The 
observations are those made at 18.00 GMT. We 
took these because we restrict ourselves to fluctu- 
ations of at least one day. The data of Fig. 2 was 
taken in January 1965. Selection of this month was 
quite arbitrary. Fig. 2 gives an idea of the 
stochastic behaviour of weather variables and the 
SST. Note the slow change of the SST as compared 
to the relatively fast fluctuations of u and T,. 

For the physical constants entering in the 
expressions for (T) and u2 we took the following 
values: 

MY, +- 
21( u )  ' 

cPw = 4032 J/(kg "C), 
(39) 

h = 25 m, C, = 0.001 I ,  

L = 2.41 x lo6 J/kg, ( T w u ) 2  M A Y ( T w u )  . (40) 
U: = MAA - - +- 

2 q U ) 3  q U ) 2  2 q U )  s = 3.44 x 10-4/0c. 

Tellus 34 (1982). I 



22 D. BLAAUBOER, G. J. KOMEN AND J.  REIFF 

N O R T H S E A  

Fig. I ,  Position of the lightvessel Texel in the North Sea. 

O J , ,  , , ,  , , , , ,  , , , , ,  

i j i i 9 ii 0 is ii is  ii 23 is 27 is 31 
days--+ 

Fig. 2. Time series of u, T,  and T for the period 
1-1-1965 till 31-1-1965 from the data of lightvessel 
Texel. 

The mixed layer depth h was taken equal to the 
total depth of the water column, because it is 
known from Visser’s (1977) description of the 
oceanographic situation near Texel that the water 
is well-mixed over the entire depth during winter 

time by the action of tide and wind. Actually s is T, 
dependent, but the variations are small (less than 
10% of its mean value), so we considered it as a 
constant. 

The choice of the drag coefficient C, poses a 
problem, because it is known to depend on the 
stability, i.e. on the difference of air and water 
temperature. Garratt ( 1  977) used the following 
parameterization 

C, = 0.001 x (1  + O. l f (T -  T,)) 

f ( r ) = r  r > O  (41) 

= o  s < o .  

However, this temperature dependence compli- 
cates the differential equation seriously (it would 
become quadratic in T). Therefore, we took (41), 
with the average value of T - T,  inserted. This 
average value (1 C) then leads to C, = 0.00 1 1. 

For a realistic comparison we had to estimate 
additional terms in the energy balance. Horizon- 
tally, heat is advected as a result of a non-vanishing 
residual current (Otto, 1964) plus a temperature 
gradient and also possibly by turbulent heat 
diffusion. In the vertical, radiation plays a role. The 
radiation balance is dominated by the incoming 
solar radiation and the outgoing infrared radiation. 
In the period January-March the sum of these 
terms is small, as compared to the other seasons. 
Each year separately we have taken the advection 
+ radiation constant in the measuring period. 
However, it is allowed to vary from year to year. In 
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the equation the advection and the net radiation are 
expressed by a constant term C, on the right-hand 
side of (3). This equation then reads 

d T  

dr 
_- - -l{T(t) - T,,,(r))u(t) + C,. 

When C, is absorbed in Y(t )  (see eq. lob) we arrive 
at the same expressions as before. In order to 
determine the value of C,, we calculated for each 
period of three months the total change of heat 
content AQ in the water column at the position of 
the lightvessel. This could be done on the basis of 
the actual observations of the sea water tempera- 
ture. The total flux of latent and sensible heat 
(SLH) was then determined on the basis of daily 
observations by integrating (7). When both AQ and 
SLH are expressed as an average change of 
temperature/day we have 

(43) 

We used this value of C, to correct Y. 
It is now straightforward to calculate (T) and u 

with the help of (38) and (40). The integrals needed 
for the computation of MAA, MAY and M y y  
(A1 la-c) are evaluated with time steps of one day. 
The averages appearing in the integrands, like all 
averages in this model, are carried out over one 
cycle of observations (1st of January until 31st of 
March). The maximum correlation time rc in (23), 
(24).and (35) is taken equal to 7 days. In this way 
(T) and u were obtained for 10 different winters 

First we will consider results for the average 
(1 965- 1974). 

water temperature. Our values for ( T)th, ( T)expr 
SLH, AQ and CFP are given in Table 1. The 
agreement between ( T)t, ,  and ( T ) e x p  is very poor. 
In an attempt to understand this we realize that two 
of our assumptions (stationarity and separation of 
time scales) are not always met in practice. This 
may be illustrated by two extreme cases. In 1974 
strong warming by solar radiation occurred in 
March, especially in the second half of the month. 
This explains the large value of Q. That this leads to 
an overestimate of (T) can be understood, if one 
retains the term (aTlat) in the averaged version of 
(42). In 1969 on the other hand, strong cooling 
took place during the month of February. This may 
have violated both the assumption of stationarity 
and the assumed short correlation time for the 
weather variables. 

However, as we consider a stochastic model, 
more valuable results are to be expected from the 
higher moments calculated. Therefore, we give 
results for the variance of the SST in Table 2. These 
results were obtained from the observed statistics of 
the weather variables with the help of (40). C, was 
now chosen such that the mean value of the SST 
was reproduced. It turns out that the resulting 
variances do not strongly depend on the choice of 
C,; in fact the correction of C, caused a change in 
the SST variance of at most 10%. We find that a 
notable part of the variance (square of the standard 
deviation) of the SST is determined by the 
(co)-variances of the wet-bulb-temperature and the 
wind velocity. Moreover, it is found that the 
year-to-year tendency of the experimental values of 
the variance is well reflected in the theoretical 
values. 

Table 1. Surview of heat fluxes obtained with data of lightvessel Texel. AQ = mean net heat 
increase ("Clday). SLH = mean sensible and latent heatflux ("Clday). CFP = mean heatflux 
due to radiation and advection ("Clday) 

Year (T),,, ("C) (Oexp ("C) AQ (OC/day) SLH (OCiday) CFp (Wday)  

1965 
1966 
1967 
1968 
1969 
1970 
1971 
1972 
1973 
1974 

4.4 
6.2 
5.8 
3.5 
5.0 
5.4 
6.9 
6.4 
6.6 
7.7 

4.7 
4.8 
5.8 
4.6 
4.7 
4. I 
5.6 
5.0 
6.2 
6.0 

-0.009 
-0.001 

0.001 
-0.014 
4 . 0 2 4  

0.003 
0.004 

-0.010 
-0.002 

0.030 

-0.0 I9 
-0.036 
-0.021 
-0.020 
-0.033 
-0.03 1 
-0.027 
-0.034 
-0.0 19 
-0.0 13 

0.010 
0.035 
0.022 
0.005 
0.009 
0.034 
0.03 I 
0.024 
0.0 17 
0.043 

~ ~~ ~ 
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Table 2. Percentage of the total computed variance at constant ti and T ,  respectively 
(lightvessel Texel) 

Year 4 (exd Total u D  = const. ('YO) T, = const. (%) 

1965 0.64 0.33 5 5  3 
1966 1.20 0.73 I1 1 
1967 0.44 0.17 100 0 
1968 0.46 0.02 100 50 
1969 1.68 0.58 19 2 
1970 0.24 0 
1971 0.28 0.20 100 5 
1972 0.78 0.58 19 5 
1973 0.3 1 0.19 32 5 
1974 0.2 1 0.04 100 0 

- - 

Assuming a linear regression the correlation 
coefficient is 0.84, which is substantially above the 
significance level of 0.30 (see Fig. 3). The angle 4 = 
57' of the best fit is different from 45O. This 
reflects the neglect of other sources of variance. It 
may be concluded that the errors introduced by 
neglecting these other sources such as advection, 
radiation and variation of C, are not dominant. A 
rough estimate of these errors indicates that they 
are of the expected order of magnitude. A precise 
determination has not been possible. However, the 
contribution of the measuring error to the observed 
standard deviation is estimated to be 0.2 OC. 

In Fig. 4 the calculated spectrum of the SST 
fluctuations is given, averaged over 10 years. As 
found earlier by Frankignoul and Hasselmann 
(1977) it shows an inverse square law for high 
frequencies, while the flattening in the low fre- 
quency domain corresponds to a feedback factor 
( A )  - +MA, - (2.2 months)-', which is of the 
expected order of magnitude (see also Frankignoul 
and Hasselmann, 1977, and Section 4). Here the 
importance of +MA, is negligible, being less than 
about 1% of ( A ) .  It is not possible to compare 
these results with experimental data: for this the 
record length (3 months) was insufficient. 

The assumption of neglecting terms of order tf 
and higher powers of rC in the cumulant expansion 
of (1 6), implicitly proved to be valid by the results 
of Table 2, is checked explicitly. Therefore the 
integrated third cumulants are calculated with the 
help of the measurements of 1965 from the 
lightvessel Texel. We obtained values which are 3 

orders of magnitude smaller than the second 
cumulants. 

2 L 6 8 10 
a21th14 

[ K 2 1  

Fig. 3. Calculated against experimental values of the 
variance of the SST (tan 4 = 2.17). x = calculated with 
our model. 0 = calculated with the model of 
Frankignoul and Hasselmann. 
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1 6 - 8  I1/y&rl I’lrnonthl 
I ”  1 

vlt izl+ 

Fig. 4. Calculated spectrum of the SST anomalies as 
calculated from (37) with (A) - + M A ,  = (2.2 months)-’. 

4. Comparisons with the model of 
Frankignoul and Hasselmann 

The correlation between the year-to-year ten- 
dency in uz (exp) and u2 (th) calculated from our 
model proved to be significant. A crucial question 
remains: is the extension of the model of 
Frankignoul and Hasselmann necessary to obtain 
this result? 

Frankignoul and Hasselmann started from the 
equation 

kf (f) + A’X’ ( t )  = Y ’ ( f ) ,  (44) 

where 

X f ( t )  = T’( t )  (SST), ( 4 5 4  

( 1  + B),  (4%) 
h P W C P W  

u#(t) = al(r,)u(n. (45c) 

‘D P a C p a  A‘ = Af(u),  A f  = - - 

This deviates from (9, 10) in three respects: 

(a) a constant Bowen ratio was assumed (this is 
not realistic in our case, De Bruin, private 
communication); 

(b) the heat flux is parameterized in terms of 
T - T,: the wet-bulb-temperature is not 
involved; 

(c) the wind velocity u in Y‘ is the only stochastic 
variable in the model. 

The first two assumptions have been made for 
convenience of their numerical simulation. The 
third one implies a change in the stochastic 
character. We want to compare our results with 
those of Frankignoul and Hasselmann, just with 
respect to the difference in stochastic treatment. 

Therefore a comparison is made between our model 
and a model with the same physical parameteriz- 
ation but with the stochastic simplification made by 
Frankignoul and Hasselmann: 

k:”(f) + A”X”( t )  = Y ” ( f ) ,  (46) 

where 

Y ” ( f )  = A ( T , ) U ( f ) .  (47b) 

Evaluation in the same way as in Section 2 yields 

( T ” )  = (T , ) .  (48) 

In Fig. 3 the results for the variance are indicated 
by open circles. Much less agreement with the 
experimental values of the variance is found 
(correlation coefficient of only 0.14). Therefore we 
conclude that the stochastic character of the 
wet-bulb-temperature and the wind velocity in the 
feedback parameter is important. 

In order to estimate the influence of each of the 
stochastic weather variables separately we have 
also performed our calculations with successively u 
= constant (MA” = MAY = 0) and T, = constant 
( M y y  = (T,) MAY = (T,)2 MA”). From Table 2 
the influence of the stochastic character of T,  on 
u2(th) appears to be much larger than that of u. 

5. Conclusions 

We extended the work of Frankignoul and 
Hasselmann (1977) on stochastic forcing by 
allowing for a more general equation containing a 
linear term with a stochastic coefficient. Following 
Hasselmann we considered stationary processes 
and assumed a different time scale for the forcing 
(weather variables) and response (climate vari- 
ables). With these assumptions we obtained our 
results (38-40), which express the average values 
and the variance of the climate variable in terms of 
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the stochastic properties (cumulants) of the weather 
variables. In the derivation the cumulant expan- 
sion proved to be a powerful tool. 

The model was applied to observations of the 
lightvessel Texel. It has problems in reproducing 
the observed averaged SST for reasons which have 
been discussed in Section 3, and which are related 
to the possible non-stationarity of the time-series 
and the occasional occurrence of weather be- 
haviour with longer correlation times. Correcting 
for this, we see that a notable fraction of the 
experimental values of the variance is determined 
by the (co)variances of the wet-bulb-temperature 
and the wind velocity and, moreover, that the 
year-to-year tendency of the experimental variance 
is well reflected in the theoretical values. A 
comparison between our model and the model of 
Frankignoul and Hasselmann shows that our 
extensions are useful: our calculated values of the 
variance do reflect the experimental values better. 
This means that in winter time near the coast, the 
variations in the feedback parameter and in the 
wet-bulb-temperature, and thus in the Bowen ratio, 
cannot be neglected. The overall shape of the 
spectrum was the same in both models. Due to the 
record length of our data sets (3 months) it was not 
possible to compare this with an observed 
spectrum. 

The model is very general in its framework. It is 
essentially a linear (heat) flux balance. Therefore. it 
may be applicable to various other problems, for 
example to the description of the extent of the polar 
ice sheets (Oerlemans, 1979), but in that case 
radiation would be very important. Further exten- 
sions of this model are easily guessed. One may 
generalize to space dependent equations in order to 
obtain a model of an ocean as a whole, with 
currents and coastal effects included. One may look 
at the influence of radiation. It is also possible to 
conceive more weather variables as stochastic 
variables. 
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1. Appendix 

Method for integration of second cumulants of 
stationary, stochastic processes with short cor- 
relation time 

In applying the cumulant expansion we encoun- 
ter integrals of the following type: 

I ,  = Ii:l':: ((B(t,)C(tJ))dt, dt,, u ,  < s,, u, < s,. 

(A. 1) 

In general, it is not possible to say much about I , .  
Here, we assumed that B and C are stationary and 
have a short correlation time (in this case short in 
comparison with the length of the integration 
interval) and from this more can be said about I,. 

We consider first a simpler case: 

Because B is stationary, the integrand of (A.2) only 
depends on the time-difference t, - I ,  = s, in which 
case we find only contributions to the integral for 
It, - I,I < 5,: 

with M E ,  = constant. The double integral reduces 
to a simple one. This is illustrated in Fig. A 1. 

t1- 

F i g . A l .  Integration region of I , :  contributions in the 
shaded area around 1 ,  = 1, only. 
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t 
t 2  
" 2  

We subsequently consider We also encounter integrals of the type: 

/ The occurring integrated second cumulants are in 
our case: 

MAA = IFm pAA(s)ds = I:rc ( ( A ( O A ( t  + s)))ds, 

/ ------- 

/ (A.l la) / 
/ 

I 
/ I I I M A Y  = IFm pAy(S)dS = 1-9, ( (A( t )Y( f  + s)))ds. / 

------- 

/ I I 
/ I I (A.l Ib) 

For this we find (Fig. A2): There are several possibilities: 

t ,  < t ,  or t ,  > I , :  I ,  = 0, 

t ,  = t ,  or t ,  = t,: I ,  = +MBc, 

t ,  < t ,  < t , ,  t ,  - t ,  > rc, t ,  - t ,  > r,: I ,  = M ~ ~ .  

I ,  = ( t  - U) j:zc pBB(s)d~ = ( t  - u)M~.. (A.5) 

One now may also find an expression for I ,  from 
(A.3) (Fig. A3): 

(A&) 

(A.8a) 

(A.8b) 

I, = (min (sI, s,) - max ( u , ,  u,)) ,uBc(s)ds 
In the case of (A.8b), one should note that we 
assume that pBc(s) is symmetrical, which means 

jYm /iBC(S)ds = 1: pBc(s)ds = 

(A.6) = (min (s,, s,) - max (u , ,  u2))MBc. 

(A.9) 

U t 
t1- 

If in (A&) 1, < t ,  < t ,  + r, or t ,  - r,  < f ,  < I,, 
nothing can be said about I, without more 
knowledge of pa&). In the cases where that takes 
place, there is in our situation always an inte- 
gration with respect to t ,  or t, too; in that case the 
errors made are of the order 2 s : .  For example: 

Fig. A2. Integration region of I , :  contributions in the 
shaded area around I ,  = I ,  only. 

= l ' - r c  duF(t,  u) J:;"p,,(s)ds + 1:. . . 
TC 

+ I,'-rc . . . = ME, I: duF(t, u) + O(r:). (A.10) 
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