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ABSTRACT

This paper reports some measurements of the circumferential mass flux in a rotating cylindrical
annulus spanned by a transverse ridge and containing a homogeneous liquid. Flows are driven
by a differentially rotating lid in the shape of a parabola so as to simulate a polar f-plane. Unless
the Rossby number R, = w/2Q, based on the lid rotation rate w and the basic rotation rate €, is
quite small the mass flux is less for the f-plane than for f~plane (flat lid) geometry. The mass flux
is reduced in the S-plane case by mountain wave drag associated with the formation of Rossby
waves in the annulus downstream of the topography. When R} is less than the Ekman number
the f-plane mass flux exceeds that of the f-plane case. Streak photographs demonstrate the

qualitative nature of the flow.

1. Introduction

Rapidly rotating recirculating flow over
topography occurs in the Antarctic circumpolar
current and in the Earth’s atmosphere. These flows
are of fundamental interest because they have the
inherently non-linear property that the disturbance
induced by the topography will alter the zonal flow
incident on the topography via form-drag. Since the
disturbance is itself generated by the zonal flow
incident on the obstacle(s), a closed feedback loop
is apparent. For a given external forcing that tends
to accelerate a zonal flow, there will be a non-linear
balance between the form-drag and the input
torque. The nature of the balance depends crucially
on the presence or absence of the variation of
Coriolis parameter with latitude (the g effect). In
some circumstances with strong £ and very low
friction, idealized analytical models of barotropic
quasi-geostrophic flow over topography (Charney
and DeVore, 1979; Hart, 1979) have indicated that
this non-linear feedback between the topo-
graphically generated waves and the zonally
averaged flow can lead to the appearance of
multiple solutions. In other words, more than one
steady-state flow is possible for fixed external
parameters. This is one consequence of including
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zonal influence (the finite amplitude effect of
mountain form-drag on the incident zonal fiow)
in the theory of large-scale disturbances induced by
topography. Another consequence is that the
circumferential mass flux generated in response to
the driving is a strong function of # and of the
driving itself. Such is not the case in models that
treat a mountain-induced disturbance as isolated,
with a pre-specified and fixed incident upstream
flow (e.g. Hogg, 1973).

Hart (1977) and Davey (1978) showed that
zonal influence would exist in a cyclic geometry
provided only that the viscosity not vanish iden-
tically. In the limit of small viscosity there still can
be an order one effect on the zonal flow due to the
small phase shifts introduced on the mountain
disturbance by friction. This point was emphasized
by Maxworthy (1977) who gave experimental
evidence of the strong dependence of circum-
ferential mass flux on external (driving) Rossby
number for an f-plane geometry. It is the purpose of
this note to present experimental data on the
circumferential mass flux in a rotating annulus
driven by a parabolic differentially rotating lid, with
bottom topography consisting of a hemispherical
ridge spanning the gap. It is shown that the mass
flux is very different when f is non-zero and the

0040-2826/81/060597-07802.50/0 © 1981 Munksgaard, Copenhagen



598

driving is in the same sense as the basic rotation,
than when an f- plane geometry or counter-rotating
driving is used. This relates to the presence of
strong Rossby wave drag in the former case. A
simple theory that explains the data quite well for
small to moderate Rossby numbers is presented.

2, Experimental results

Figs. 1 and 2 show a plan view and cross-section
of the experimental apparatus. The fluid is con-
tained in a cylinder that rotates at a basic rate .
Motion is driven by a contact lid that rotates
differentially at rate . Thus the external Rossby
number is

w
20

R,

The upper lid was either flat, to simulate f-plane
motions as in Maxworthy (1977), or parabolic, to
simulate flow on a polar f-plane. The use of varying
topography to mimic the variation of Coriolis
parameter with latitude has often been used in
laboratory analogues of geophysical flows (e.g.
Beardsley, 1969).

The cylindrical annulus had an inner radius R; =
3 cm and an outer radius R, = 23 c¢m. The depth at
the inner radius Hy, = 11.0 cm. For most runs H, =
2 cm and the bottom topography was constructed
of a glass cylindrical lens of height H,, = 1.3 cm,
width L = 5.6 cm, and radius of curvature 3.6 cm.
The basic rotation rate was maintained by a
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Fig. 1. Plan view of the experimental geometry.

J. E. HART

Nl +w

p— T —u

Fig. 2. Cross-section of the experimental geometry taken
perpendicular to the axis of the transverse ridge.

servo-controlled motor, and the differential rotation
by a synchronous motor driven by an audio
oscillator.

First some streak photographs were taken to
gain an overall impression of the flow structure.
Neutrally buoyant floats were inserted and the
system spun up to a final state. A horizontal sheet
of light was passed through the plexiglass sidewalls
at mid-depth and time exposures were made from
above with a corotating camera. Fig. 3 shows the
typical behavior. A slight part of the view is
obstructed by the w-drive support. The position of
the transverse ridge is determined by the two white
end markers near the walls. The dimensionless
parameters represent the effect of 8, (H,/H,), and
friction (Ekman number E = v/2QH?2). Rotation is
anti-clockwise except for case (b) that is clockwise.
For the flat top (a) an anticyclonic (opposite to the
basic cyclonic or counterclockwise rotation of the
apparatus) mountain vortex forms slightly
upstream of the bump and the azimuthal flow is
decreased near the outer wall. Since the flow is
geostrophic the anti-cyclonic vortex implies a high
pressure on the upstream slope so there will be a
decelleration of the circumferential flow. For
westward driving on the S-plane, Fig. 3(b), the flow
over the ridge tends to be along lines of constant
depth; fluid columns move radially outward as they
go up over the bump, as opposed to the behaviour
in Fig. 3(a) for the flat top. With eastward driving
(Fig. 3(c), (d)) a set of stationary Rossby waves
form in the lee. The amplitude and phase of these
waves depend on the zonal circulation. The form
drag associated with the waves in the presence of
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Fig. 3. Streak photographs for: (a) H, = 0, E = 0.0000086, R, = 0.021; (b) H,/H, = 0.34, E = 0.000012, R, =
—0.023; (c) H,/H, = 0.34, E = 0.0000072, R, = 0.042; (d) H,/H, = 0.18, E = 0.0000072, R, = 0.041.

small friction is large, as is the zonal influence. As
shown below, their presence has a very strong
effect on the circumferential mass flux, being
qualitatively different from what happens in the
Jf-plane case characterized by Fig. 3(a).

The mass flux was measured by photographing
dye streaks induced along a radial dye wire 29°
downstream from the ridge and at mid-depth. The
thymol blue dye technique of Baker (1966) was
used. Fig. 4 shows a typical dye profile. The mass
flux is the volume integral between the dye line and
dye wire from top to bottom (since the flow is depth
independent to order R,), divided by the time
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interval between the dye initiation and the
photograph. The dimensional flux is normalized by
the flux M, of pure axisymmetric flow in the
absence of topography but including EV* sidewall
layers at R, and R,. Formally

Re
M‘:f hv dr
R

where v is the azimuthal velocity. M, is obtained
from a similar integration except that v is replaced
by &, the velocity in purely axisymmetric flow.

Fig. 5 shows the mass flux data. Included is the
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Fig. 4. Typical thymol dye trace used to get M. E = 0.000012, R, = 0.0074, H,/H, = 0.18, H,/H, = 0.116

predicted mass flux from the theory outlined in
Section 3 for the flow on the f-plane. As antici-
pated there is a substantial difference between the
flat lid and parabolic lid cases. For the former the
mass flux increases almost monotonically with R
This is in agreement with the findings of Max-
worthy who measured M/M, for flow over a single
transverse ridge on an f-plane. In this case when R,
approaches zero the flow is entirely blocked except
for thin viscous regions near the walls because there
are no circumferential depth contours. As R,
increases more and more fluid can be carried over
the ridges by inertial effects. Thus the mass flux
grows with R,

The f-plane case is entirely different. M/M,
decreases rapidly with increasing R, near R, = 0.
At R, = O there is a non-zero flux because there
exists a large number of circumferential depth
contours on which the fluid can move around the
annulus. This is partly a result of having H,,/H, of
order one. When R, is negative there is a
horizontally trapped disturbance over the moun-
tain. There are no Rossby waves, as their phase
speeds are in the same direction as the zonal
component of the flow. The disturbance has an
amplitude that represents a balance between
topographic stretching and horizontal advection.
As —R, increases the perturbation weakens and
M/M, increases. As R, increases to moderate
positive values, larger and larger stationary Rossby
waves are excited. The form drag associated with
these waves causes the mass flux to fall rapidly.

For Rossby numbers larger than those presented

in Fig. 5, the flow velocities become too fast for
effective use of the thymol technique.

3. A simple theoretical model

We present a simple model for the f-plane flow
described above and compare its mass flux predic-
tion with experiment. To be precise we specify the
bottom topography non-dimensionally by

h*=H, h,(r*.0) (1)

that in our case intersects both the inner and outer
boundaries. The top lid is at
H, r*?
h* =Hy|1+ ——— ()
2H, R?

Fig. 5. Dimensionless mass flux M/M, versus R, Dots
are data for the flat lid, H, = 0, E = 0.000027. Crosses
are data from H, = 2 cm, E = 0.000012. Solid curve
gives the prediction for the f-plane case.
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where H, is the magnitude of the lid variation, r*
the dimensional radius, 6 the polar angle, and R,
the outer radius of the cylinder. H, is the reference
depth and is assumed to be much greater than
either H, or the topography height scale H,,. Since
the lid rotates differentially at rate w, we introduce
a time scale w™!, a velocity scale wR,, and a length
scale R.. Then the appropriate one-layer quasi-
geostrophic vorticity equation valid for small R is

H,h, H7r
R H, 2R, H,

o
—Vy+Jly, Viy+
PPl (w v

2El/2
=—\[T—(1—V2 v) 3)

0

where  is the stream function for the depth
invariant interior velocity such that

oy

v =—o

or
1 oy

r o8’

The last term in (3) represents the effects of
Ekman suction derived from the differentially
rotating lid, and from internal vorticity. Thus we
retain bottom friction but neglect sidewall friction
in this theoretical model. Such is the case in most
previous work. It is useful to note that a parabolic
lid leads to a linear Rossby wave phase speed that
is independent of radius, while a conical lid does
not.

Consider steady solutions of (3) in an annulus
with walls at R, and R,. Since we have neglected
lateral friction, the boundary conditions we can
impose are the inviscid ones

R 6)=0
r:—’ =
w( -

v(ir=10)=M,

C))

where M is undetermined as yet. Since
M= J)'z,/k, v dr, it is essentially the non-dimensional
circumferential mass flux, and is precisely the
quantity we wish to predict as a function of
external conditions.

By averaging eq. (3) zonally over 6§, then
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integrating once J r dr, and once across the
annulus, it is possible to show that

V2EV*H, 1 {1y
———(M—})=+f -——h,
H, Rk \T 08

®)

+

H,R, oy orv
——dr
H,r* 20 or

with the overbar denoting a zonal average
1/7 f5 d6. The first term on the right-hand side of
this equation represents direct form drag on the
obstacle, while the second reflects a redistribution
of zonal circulation by the mountain-induced
6-dependent flow. Clearly if there is no topography
the mass flux is just M, = 0.25, but if A, # O there
is an average effect of the obstacle on the zonal
flow and on the mass flux. As shown by Hart
(1977), the terms on the right-hand side of (5) are
proportional to E"2, so for both small and large
friction one expects a substantial zonal influence. In
the case where the mountains vary much more
rapidly in 6 than in r, the second term on the
right-hand side of (7) is negligible (Hart, 1979).

A crude but informative theory can be construc-
ted by assuming that the zonally averaged
azimuthal flow has the form © = Ar, where 4 is a
constant not necessarily equal to 4. This approxi-
mation is valid in the limit of small amplitude waves
H,/H, < R, and is also accurate for large
amplitude waves when the topography and flow are
in the form of long narrow ridges. The experi-
mental configuration does not exactly correspond
to this latter condition, but the aspect ratio of the
topography is moderately small.! We represent the
stream function as a mean azimuthal flow plus a
finite amplitude disturbance, y = 44 + ¢(r,0).
Neglecting all wave—wave interactions (also valid
in the narrow ridge limit), the disturbance field is
governed by the quasi-linear equation

d H 2EV2
- sz ¢ + t¢ + \/_ V2¢
a9 R, H, R,
AH,, oh,
R H, 80

6

! Since the limit of large R, is not attained experi-
mentally, we expect this crude theory to work best near
R, = 0 since then the Rossby waves that form in the lee
of the mountains have short downstream wavelengths
and relatively slow radial variation.
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In the anisotropic limit where 1/r(8/08) > &/or
eq. (5) becomes
109

2H_ 1
—\[ "'f h_ dr. @)

TEViH, Joygroo "

Since in our experiments R;/R. = 0.13 the lower
limits in the integrals of eq. (9) can be set equal to
zero without major error.

Note that once h,,(r,8) is specified, egs. (6) and
(7) form a closed problem. In the experiments the
topography is generated by attaching a cylindrical
section to the bottom of the tank (see Section 2).
The topography can be represented by a Fourier—
Bessel series

hp= 2 hyyJy(a 1) cos né
X

neven)

A-4

where

1
h,, =4 f rJ (e, P dr
[1}

8,(r)
X f h(r,0) cos n6 d6/J%_ ()
[}

with
8, =sin"'"(L/2rR,).

Solutions to (6) can be found with the form
¢ = Z ¢Im eln® Jn (Ikn r

k

n

where J,(/,,) = 0. ¢,, is a function of m, n, A, and

the external parameters. Substituting this solution

into (7) and evaluating all the interaction and

topography integrals (numerically) yields an algeb-

raic equation for 4. It is

A-13 H?,
A H

x 2.

k
n(even)

where (., contains the interaction integrals that
depend on the details of the topography but not on
the external parameters. The right-hand side of this
equation reflects the Rossby wave drag. It peaks at
each linear inviscid wave resonance when E is very

H2 an

BIE + n(RyA — H/Hy 13)%

®
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small. However at small R, the peaks are obscured
because Q,, is small when k and n are large.

Equation (8) is easily solved for A4, and hence
M/M, can be predicted. The results corresponding
to the experimental conditions are shown as a solid
curve in Fig. 5. There is good qualitative agree-
ment between theory and experiment for most
values of R, considering the approximations
involved in the theory. This agreement reconfirms
our interpretation that Rossby waves generated by
the topography are responsible for the large zonal
influence. At larger R,, above 0.033, the theory
predicts multiple equilibria where more than one
value of M/M, is indicated for the same external
conditions. Such multiple states were not observed
by the thymol technique when hysteresis experi-
ments were done. However this range of R,
corresponds to regions of parameter space where
the assumption of anisotropic disturbances is not at
all well satisfied, so that wave—wave interactions,
radially varying zonal flows, and the second term
on the right-hand side of (5) should all be included.
All this would require a complete numerical
solution of the governing quasi-geostrophic vor-
ticity equation. Such a solution might not predict
these multiple solutions.

4. Conclusions

We have given experimental and theoretical
evidence that the zonal influence for rapidly
rotating flow over topography on a f-plane becomes
very small for negative driving Rossby number R,,
and quite large for positive R, when Rossby waves
are excited in the lee. The negative R, behavior is a
consequence of having only a weak horizontally
trapped topographic disturbance with a very small
downstream shift of the vortex off the crest for R,
less than about —0.005. When the topographic
P-effect and vortex stretching due to the obstacle
are comparable (H, ~ H,) the circumferential
mass flux is much larger at small R, than when
H,/H, is very large (f-plane) because of the
existence of cyclic depth contours in the former
instance.
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3AMEYAHME O ITOTOKE MACCBHI AJ1s1 BBICTPO BPAIETOCA
KPYI'OBI'O [TOTOKA HA/J TOITOIPA®HUEN

B crarbe coo0OwarTCR PpPe3yAbTaThl HEKOTOPBIX
W3MepeHUHt 3aMKHYTOTO KPYTOBOTO 1IOTOKa MacChl BO
BpALLAOLIEMCS LIHTHHAPHYECKOM KOJIBLIEBOM COCyie
¢ paananbHBIM XpebToM, CoaepKaluM OAHOPOAHYIO
*KHOKOCTb., TeueHue BO3IOYyxknmaercs auddepeHun-
anbHO Bpallaolleics KpbIWKoi, uMetoled popmy
napabosibl B MONEPEYHOM CEYEHHH, MOJENUpYolleh
nonApHyro  —Iuiockoctb. [Iloka uucno Poccbu
R = 2 , ocCHOBaHHOE Ha CKOPOCTH BpallEHUs
KPBILIKA ¥ CKOPOCTH BpALlCHMA COCyAa , Majo,
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MOTOK MacChl MEHbIUE IJI TEOMETPUH —IJIOCKOCTH,
yeM AnA f—nnockocTd (nnockas kpeika), Ilotox
Macchl B Cilydae —TMLOCKOCTH yMEHbMaeTca H3-3a
BOJIHOBOIO CONPOTHBAEHHSA TOP, CBA3AHHOTO C
o6pazopannemM BonH PoccOM B cocyne BHM3 MO
TeyeHnto or xpebra. Korna R  MeHpwe uucna
DKMaHa, MOTOK Macchl B Ciyvyae  —IUIOCKOCTH
NpeBbIMAaET TaKOBOW IUIA ciydasds f—IUIOCKOCTH.
dotorpadun  TPEKOB  YacTHLl JAEMOHCTPHPYIOT
KAayeCTBEHHYIO IPHPONY TEYEHHH.



