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ABSTRACT 
A new non-linear model of mixing and convection based upon a modelling by two buoyant 
interacting fluids is applied to the deepening of the wind-mixed layer. In view of simple algebra, 
the model is one-dimensional, frictionless, and neglects the turbulence production by the 
mean-flow shear in the thermocline. The potential-energy increase required for deepening is 
thus supplied by the turbulence input at the surface (turbulent erosion model). A non-similar 
analytical solution is found in the case of a well-mixed layer bounded below by a sharp 
thermocline, treated as a boundary layer. This solution is valid if the frictional Richardson 
number, Ri, defined as the ratio of the total mixed-layer buoyancy to the friction-velocity 
squared, is much greater than unity. The model predicts an entrainment rate proportional to 
Ri-’,  and a ratio of thermocline thickness to mixed-layer depth of the order of Ri-3’4. The 
thermocline shallows as h-1’2, as the mixed-layer depth, h, increases with time. The vertical 
structure throughout the mixed layer and thermocline is given by the solution, and vertical 
profiles of mean values and vertical fluxes are plotted. These profiles are comparable to those 
obtained by turbulence-closure numerical models. 

1. Introduction 

Much of the work on upper ocean mixing is 
limited to one-dimensional models. These can be 
useful because bulk temperatures and salinities 
tend to vary more along a vertical distance of a 
hundred meters than along a horizontal distance 
of a thousand kilometers. This holds true over 
many parts of the world’s oceans, except near 
fronts, because vertical exchange processes be- 
tween the air and the sea, as well as vertical 
mixing within the water column, are likely to affect 
local conditions much more rapidly and effectively 
than horizontal advection and horizontal mixing 
(Niiler and Kraus, 1977). 

Time-dependent one-dimensional models often 
assume vertical homogeneity in the mixed layer, 
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and are therefore bulk models. They were re- 
viewed extensively by Niiler and Kraus (1977), 
Kitaigorodskii (1979) and Zilitinkevich et al. 
(1979). The four unknowns in these models are the 
mixed-layer temperature 7, horizontal velocity 
components i, c, and thickness h. These variables 
are functions of time only and are governed by the 
overall budgets of heat, horizontal momentum 
and turbulent kinetic energy. This last budget takes 
the form: 

(1) 
d d 
dt dt 
- TKE = F, i E - - PE - D - Fh 

expressing that the time rate of change of the 
turbulent kinetic energy ( T K E )  is the sum of a 
surface flux F, from the atmosphere through 
surface-wave breaking and the rate of production 
E by the shear of the mean flow minus the rate 
of increase of potential energy PE, the rate of dissi- 
pation D by friction within the mixed layer, and 
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the flux Fh of energy lost by internal gravity waves 
through the underlying stable layers. 

It is reasonable to  state that the turbulent 
kinetic energy responds quasi-instantaneously to  
time variations and thus to neglect its time rate of 
change (Denman, 1973; Niiler, 1975; Cushman- 
Roisin, 1981). On the other hand, the downward 
flux by internal gravity waves is often neglected 
since no acceptable parametrization has yet been 
proposed. The TKE-budget ( I )  therefore reduces 
to : 

dPE 
-- - F . + E - D  

dt 
which leads to two main classes of models: (i) 
Turbulent erosion models (TEM) for which the 
increase in potential energy by mixing is exclusively 
due to the surface flux F, minus internal dissipa- 
tion, and (ii) the dynamic instability models (DIM) 
for which the increase in potential energy is entirely 
due to production of turbulence by the mean-flow 
shear. The comparison and synthesis of these two 
models are discussed by Niiler (1975), de Szoeke 
and Rhines (1976) and Price et al. (1978). 

More recently, various turbulence closure 
models have been applied to the mixed-layer 
deepening problem in order to study the vertical 
structure across the layer (Mellor and Durbin, 
1975; Warn-Varnas and Piacsek, 1979; Klein, 
1980; Kundu, 1980). They all show that the 
assumption of vertical homogeneity is excellent for 
temperature when the mixed layer is deep enough 
so that the thermocline is well-defined, but not 
adequate for horizontal velocity components for 
sub-inertial time scales when an Ekman-spiral 
structure is present. 

In a parallel way, laboratory simulations of 
mixed-layer deepening were conducted, either 
without mean shear (oscillating-grid experiments 
by Turner and Kraus, 1967; Linden, 1975) or with 
mean shear (Kato and Phillips, 1969; Moore and 
Long, 1971; Kantha, Phillips and Azad, 1977). 

Finally, theoretical and laboratory results have 
been compared with observations (Turner, 1969; 
Denman and Miyake, 1973; Halpern, 1974; 
Kullenberg, 1977; Price, Mooers and Van Leer, 
1978; Dillon and Powell, 1979; Kitaigorodskii, 
1979). The main conclusions resulting from the 
data are: (i) TEM and DIM both lead to qualita- 
tive agreement, (ii) good quantitative agreement is 
obtained for a well-adjusted dissipation term, and 
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(iii) comparisons of the various terms in (2) favor 
a TEM if rotation is present and if the mixed layer 
is well-developed (i.e., after a few inertial periods). 

2. Themodel 

The model presented here is a new turbulent 
erosion model (TEM). It focuses on the vertical 
structure of the variables throughout the mixed 
layer and thermocline. The aim is to predict by 
simple analytical calculations the thermocline 
thickness and profiles of temperature, velocity, 
Reynolds stresses and heat flux. The model is based 
on a new parametrization of mixing and convec- 
tion (Cushman-Roisin, 1981). It can be applied to 
the most general case of mixed-layer deepening 
under variable wind stress and/or variable surface 
heat flux. 

The model envisions mixing as the relative 
motion of two interacting fluids of different proper- 
ties. Parcels of fluid which have risen through the 
convective layer are given extra momentum by the 
wind stress near the surface, and their temperature 
is altered by the surface heat flux. These elements 
are pushed back into the convective layer by 
turbulence with new properties. Because they 
sink in a slightly stratified fluid, they accelerate 
or decelerate. Ultimately, they will become buoyant 
and decelerate. As they sink, they also progressively 
lose their horizontal-momentum excess and heat 
content by interactions with the upward return 
flow. As they reach the bottom, they have a null 
vertical velocity and lose their ability to carry 
heat and momentum. The active sinking elements 
are called thermals, and the rising elements 
anti-thermals, by analogy. The model describes the 
individual dynamics of thermals and anti-thermals, 
and their exchanges; mean properties and relative 
differences are then deduced. This permits direct 
computation of men profiles and vertical fluxes of 
momentum and heat. 

For better comparison with previous models and 
laboratory experiments, the present study is 
limited to the case of no surface heat flux. This 
wind-mixed layer deepening case is depicted in 
Fig. 1. At the surface, non-buoyant thermals are 
produced by wind action. As they penetrate the 
mixed layer, they acquire positive buoyancy due 
to a slight stable stratification existing in that 
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Generation of 
z=o - turbulence by 

t h e  wind 

/rz 
Fig. 1. Schematic model of the wind-mixed layer. 

layer, and decelerate. At the bottom of the 
mixed layer, their vertical velocity is somewhat 
reduced. As the temperature profile begins to curve 
at the entrance of the thermocline, the thermals’ 
buoyancy increases sharply, and their vertical 
velocity decreases rapidly. Since the newly 
entrained fluid is subjected there to the largest 
temperature variations, the vertical heat flux 
(negative) is large at the bottom of the mixed layer. 
A decreasing velocity therefore implies larger 
temperature contrasts and increasing buoyancy 
forces, which in turn decelerate thermals even 
more. The process is cumulative, and gives rise to 
the formation of a thin layer of rapid variations, 
the thermocline, which lies between the mixed layer 
and the quiescent stable fluid. 

Throughout the mixed layer and thermocline, a 
saturation equilibrium between thermals and anti- 
thermals can be assumed (Cushman-Roisin, 198 1). 
This leads to assigning a constant value t o f ,  the 
fraction of area occupied by thermals. However, 
continuity of physical properties at the bottom of 
the thermocline requires f to vanish at that level. 
This may be accomplished by assuming the 
existence of an entrainment layer within which f 
decreases monotonically from its constant value in 
the mixed layer and thermocline to zero. Calcu- 
lations carried out in Appendix A show that this 
layer is in fact so thin that it does not play any 
active role in the deepening process and may be 
neglected. It is therefore assumed here that f is 
constant throughout the water column. 

quiescent f l u i d  

3. Governing equations 

Thermals and anti-thermals are characterized by 
different velocities, temperatures, densities and 
pressures. Primed and double-primed quantities 
refer to thermals and anti-thermals, respectively. 
I f f  represents the fraction of area occupied by 
thermals at any level, the fraction of area available 
to anti-thermals is (1 - f), so that mean properties 
are defined by: 

Mean temperature 

T = f r l  + ( I  - f )  T” 

u = fu’ + ( 1  - f ) u ”  

u = fu‘ + ( 1  - f ) u ”  

w =fw‘ + (1  - f )w” 

p =  fp’ + ( 1  - f ) p ”  

Mean velocity components 
- 
- 
- 

Mean density 

(3) 

(7) 

Mean pressure 

p =fp’ + (1 -f)P” 

are defined by : 

(8) 

Moreover, root-mean-square (rms) fluctuations 

(9) 
-112 

arms = d f F f l ( a l  - a” )  = +(a  - a)2 

where a stands for any physical quantity such as 
temperature, velocity, density or pressure. Rms 
fluctuations are thus proportional to the difference 
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between thermals’ and anti-thermals’ quantities. 
They may be positive or negative. The vertical 
convective heat flux can be expressed as: 

and all the other fluxes such as the Reynolds 
stresses can be written in similar forms: 

(1  1) -uw = -u w - Urms w,,, 

(12) -1’W = --G‘ w - v,,, wrms 
(13) -= = - J 2  - )+’2 

It is worth noting here that the concept of a two- 
fluid system leads to correlation coefficients equal 
to unity. This is coherent with Langmuir cell-type 
convection, which can have very high correlation 
coefficients (Thompson, I98 1. private communi- 
cation). 

With these definitions and in the framework of 
the Boussinesq approximations, the one- 
dimensional inviscid convection (no horizontal 
variations, no dissipation) can be described by the 
following equations (Cushman-Roisin, 198 I ) :  

- -- 

- --  

rms 

Continuity equation: 

w = o  

Heat equations: 

- 

2 -  

az 

Horizontal momentum equations: 

- (7- + rnT,,,) = 0 

at. 2 

at i‘z 
- +JOG = -- (vrms w,,,) 

a - (u  + 2murm,) = 0 
az 

ii 
a2 

Vertical momentum equations: 

- (E + 2rntl,,,) = 0 

Pressure fluctuation: 

Prms = -PO m ( u t s  + (23) 
Equation (14) is a result of the continuity for the 
mean flow and expresses that, in the absence of 
horizontal variations, the mean vertical velocity 
ought to be zero. Equations (1 5) ,  (1  7) and (1 8) are 
the mean heat and horizontal-momentum budgets: 
they express that the time rates of change of mean 
temperature and horizontal velocity are equal to 
the divergences of the vertical fluxes of heat and 
horizontal momentum (convective heat flux and 
Reynolds stresses, respectively); f, is the Coriolis 
parameter equal to twice the angular rotation of 
the system. Equations (16), (19) and (20) result 
from the assumption that turbulent motions are 
at all times in quasi-equilibrium with their environ- 
ment and express that mean and turbulent 
variables are correlated in a simple linear manner. 
The coefficient m is a function off only and is 
defined by : 

1 - 2f 

2 d f 7  
m =  ‘ 

Fig. 2 exhibits a plot of rn versus$ Unlike eq. (16), 
eqs. (19) and (20) contain a factor two. The 

I-et m =- 
2 m  

Fig. 2. Plot of m versusj; the fraction of area occupied 
by thermals. 
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presence of this factor results from the fact that the 
horizontal momentum equations contain a pressure 
term. Equation (21) is the hydrostatic balance 
modified by turbulent vertical motions; po is the 
reference density at temperature To, and a is the 
coefficient of thermal expansion. Equation (22) is 
the vertical momentum equation after its mean has 
been subtracted; it expresses that thermals 
accelerate or decelerate due to their buoyancy or 
due to pressure fluctuations, which transfer 
turbulent kinetic energy between horizontal and 
vertical motions. The turbulent kinetic energy 
budget relates P,,, to u,,, and v,,,, as expressed 
by (23). 

Eliminating the equations for W and pi (14) and 
(21), and replacing prm, by its expression (23), the 
system reduces to seven non-linear first-order 
coupled differential equations. 

boundary conditions (25), (26), (27) and (28) 
become: 

w,,, = -u* 
T,, = 0 

(30) 

where w,,, is chosen to be negative because 
thermals sink (w’ < 0 < w”). 

At the bottom, z = -k( f ) ,  mean quantities match 
the characteristics of the underlying motionless 
layer: 

where r =dT/dz is the constant temperature 
gradient in the stably stratified fluid below the 
mixed layer (see Fig. 1). By definition, the bottom 
of the thermocline at z = -h(r) is the level beyond 
which thermals do no penetrate. The thermals’ 
vertical velocity therefore vanishes a t  that level: 

4. Boundary conditions 

At the = O3 the Reynolds 
ought to  match the wind-stress components: 

- 5 
rms Wrms = - 

Po 
-vw = -v 

while the vertical convective heat flux is set equal to 
zero: - 
WT = w,,, T,,, = 0 

since the effect of a surface heat flux is not studied 
here. Finally, isotropic turbulence is assumed in the 
wave zone just beneath the surface: 

expressing that the turbulent vertical velocity 
equals the turbulent horizontal velocity. 

The wind-stress amplitude defines a friction 
velocity characteristic of the turbulence near the 
surface: 

U* = I(r,/p,)* + ( ~ , , / P ~ ~ ~ I ” ~  (29) 

w’ = 0. (33) 

Strictly, w’ ought to be equal to -dh/dt, the rate of 
entrainment at which the bottom of the thermocline 
deepens. However, the thermals’ sinking velocity 
through the water column is much greater than the 
rate of deepening of the thermocline, and boundary 
condition (33) is a valid approximation. 

As pointed out by Thompson (private com- 
munication), boundary condition (33) excludes the 
presence of internal gravity waves, which are 
generated by tubulent motions in the mixed 
layer (Linden, 1975; Manins, 1977). The dissi- 
pative action of these waves falls outside the scope 
of the present work and is not included in the 
model. It is worth noting that a no-flux boundary 
condition (pW = p r m s ~ r m s  = 0 at the bottom of the 
thermocline) is equivalent to (33). 

The set of equations requires seven boundary 
conditions, whereas eight are presently prescribed. 
The extra condition is precisely the one which will 
yield a prognostic equation for the mixed-layer 
depth h(f ) .  The system is thus closed and self- 

In terms of this friction velocity, the surface consistent. 
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5. The hypothesis of a turbulent erosion 
model (TEM) 

For the present boundary conditions, the 
turbulent kinetic energy input at the surface by the 
wind is: 

1 

2 
F, = -- (w - Z)[(u - q* + (v - 9 2  + (w - q z 1  

1 

Po 
- - (w - $)( p - B) 

1 

Po 
mwrms(uLs + U X s  + w f s )  - - wrms Prms 

= mu)+ (34) 

=-  

at z=O. Thus the coefficient m as defined by 
(24) is equivalent to the parameter mo as defined 
by Niiler (1 975). 

In the case of no dissipation, the turbulent kinetic 
energy budget (2) is given by Niiler (1975), de 
Szoeke and Rhines (1976), Niiler (1977): 

aNz h2 = mu)+ + f (Gz + 8*) (35) 
where = dh/dt is the rate of deepening, and the 
double bar represents a vertical average of mean 
quantities across the mixed layer. A turbulent 
erosion model (TEM) balances, in ( 3 9 ,  the left- 
hand side with the first term on the right-hand 
side. arguing that deepening is caused by erosive 
action of turbulence propagating from the surface 
down to the thermocline. A dynamic instability 
model (DIM), on the other hand, balances, in ( 3 9 ,  
the left-hand side with the second term on the right- 
hand side, arguing that deepening results from a 
shear instability across the thermocline. The 
computations of de Szoeke and Rhines (1976) 
show that the DIM holds for times of the order of 
the inertial period Znlf,. At later times, the mass 
flow in the mixed layer is limited to the Ekman 
transport, the velocity components and 
decrease as h-I, and a TEM applies. 

Because this study is directed toward long time 
scales, assumptions will be made to reduce the 
model to a TEM, and thus decouple the mixed- 
layer deepening from the mean horizontal flow. 
As a result, a simple analytical solution will be 
found. The pressure term in eq. (22) represents 
the mechanism of production of turbulent kinetic 
energy from the mean flow shear (Cushman- 
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Roisin, 1981). The reduction of the model to a 
TEM is thus accomplished mathematically by 
neglecting the pressure term in (22). The final 
model thus reduces to the following set of 
equations: 

a -  
- (T + mTrm,) = 0 
a Z  

a 
- (ii + Zmu,,,) = 0 
a Z  

(37) 

(39) 

a 
- (e + 2mvrm,) = 0 
a Z  

(4 1) 

with the boundary conditions at z = 0: 

T,, = 0 

u,,, = T,/(PO u.1 
v,, = r,/(P, u+) 

w,,, = -u* 

and at z = -h: 
- 
T = -Th 

u = o  
v = o  

- 
- 

wrm, = 0. 

6. Change of variable and functions 

Since the mixed layer is constantly deepening, 
it is advantageous to use the similarity variable 
= -z/h(t) which varies from zero at the surface 

to one at the bottom of the thermocline. 
On the other hand, one may immediately 
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integrate equations (37), (40) and (41) with respect 
to  z and define: 

u = U(t)  - 2mu'(t, r)  ( 5  1) 

fi = V ( i )  - 2mv'(t, 0 (5  2) 

T =  -rT(t)  - mrT(t ,  0 T,,, = rT(t ,  t) (53) 

u,,, = w, 0 
u,,, = W ,  t) 

where tilded quantities are ( and t-dependent and 
represent rms quantities. The non-tilded quantities 
U, V and T are constants of integration and 
depend upon time only. They will have to be 
determined by the boundary conditions. Note that 
due to the presence of the factor r, the new 
temperature variables T ( f )  and T(t, <) have the 
dimension of a length. The rms vertical velocity 
may be redefined as: 

w,,, = -G(t, 0 (54) 

in order to work with a positive variable. 
With these changes of variable and functions, the 

remaining governing equations (36),  (38), (39) and 
(42)  become: 

a$ 
3mG- = - N 2 h T  

at  

( 5  7) 

where N 2  = a g r  is the square of the Brunt- 
Vaisiila frequency in the underlying stratum, and 
where a dot represents a time derivative. The 
boundary conditions become: 

T(o) = 0, ;(o) = rx/(po u+), v'(0) = r,/(p, u+), 

and 
f'(1) = (h  - T)/m,  v'(1) = V/2m,  

This constitutes a set of four coupled first-order 

G(0) = u+ (59) 

u'(1) = U/2m, 
G( 1) = 0. (60)  

non-linear differential equations which require 
four boundary conditions. However, they contain 
four unknown time-dependent functions: T(f ) ,  
U(t) ,  V ( t )  and h(t), for which four additional con- 
ditions are required. The system consists of eight 
boundary conditions, precisely what is required. 

7. Richardson numbers 

The global heat budget of the mixed layer and 
thermocline, integrated over time, expresses that 
the temperature difference from the initial value 
integrated over the water column is equal to the 
time integration of the net surface heat flux. It thus 
follows from (53), (55) and (58) that T ( f )  is given 
by: 

For oceanic values corresponding to time scales 
greater than the inertial period, i.e., 

N - lo-' S-I, U* 5 ms-', 
h 2 20 m, m of the order one, 

it is easily seen that the second term in the 
parentheses in (6 1) is of order of Therefore, 
because the mixed layer is deep enough ( h  % 
u*/N) ,  the heat budget reduces at the leading 
order to: 

h 

2 
T = - .  

If Ap is the density jump across the thermocline, 
and po the reference density, the total buoyancy in 
the mixed layer is: 

Po L 

by virtue of (62).  
The mixed-layer deepening under the action of a 

surface wind stress is successfully characterized by 
the values of two Richardson numbers, ratios of 
the total buoyancy in the mixed layer to the square 
of a velocity. The frictional Richardson number is 
the ratio of B as defined by (63) to the square of 
the friction velocity u+ as defined by (29), based on 
the wind-stress amplitude: 
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This is the Richardson number used by Turner and 
Kraus (1967), Kato and Phillips (1969), Kim 
(1976), Kullenberg (1977) and Price, Mooers and 
Van Leer (1978). The shear Richardson number 
is the ratio of B to the square of the mean 
horizontal velocity difference across the thermo- 
cline, here approximated by U 2  + V 2 ,  as 
introduced by ( 5  I )  and (52): 

N2hZ 
R, = 

2(U2 + VZ). 

R,. is the Richardson number used by Pollard. 
Rhines and Thompson (1973). Garwood (1977), 
Dillon and Powell (1979), Price (1979) and Kundu 
(1980). 

Both numbers Ri and R,. are time-dependent 
through h, U and V and increase as the mixed 
layer deepens. They characterize at any time the 
state of the system. The frictional number, Ri, is 
the dominant number in TEM’s, for turbulence 
induced by vertical shear across the thermocline is 
neglected compared to the surface input. Because 
the present model is a TEM, the frictional 
Richardson number, Ri, will play an essential role. 
It increases from zero, when the wind starts to 
blow, to values much larger than unity, when the 
mixed layer is well-developed (R i  - lo2  for orders 
of magnitude listed above in this section). The shear 
Richardson number is also time-varying but is of 
the order of one. 

Mathematically, it will be assumed here that the 
mixed-layer + thermocline system may be treated 
as an interior + boundary-layer problem. It will be 
shown a posteriori that this simplification holds 
when 

R i s  1 

i.e., when the mixed layer is well developed. 

rate of entrainment 

E = -  (66) 

the ratio of the deepening rate to the friction 
velocity, as defined by Kato and Phillips (1969). 
The friction velocity is characteristic of the vertical 
downward velocity of thermals. It is anticipated to 
be large compared to the rate of deepening of the 
thermocline because thermals take a short time to 
sink from the surface down to the thermocline 

Another important dimensionless number is the 

it 
U* 

compared to the time scale of evolution of the 
whole system. The entrainment parameter is thus 
expected to be very small compared to one. 

Finally, a last dimensionless time-dependent 
number can be defined by: 

This number can be interpreted as a drag coeffi- 
cient (Kitaigorodskii, 198 1) and is small compared 
to one. 

Dimensional analysis (Kitaigorodskii, 198 1) 
implies that the solution of the mixed-layer 
deepening can be written in the form: 

E = F(Ri, E )  

where F is a universal function. In the present 
model, turbulence production by shear in the 
thermocline is neglected, and, as a result, the 
vertical-momentum equation is decoupled from the 
horizontal-momentum equations. The rate of deep- 
ening, E,  is thus found to be independent of the 
horizontal velocity, and the function F will not 
depend upon E. 

8. Solution 
8.1. Hyporheses of a quasi-homogeneous mixed 

layer 
It is well known from observations and labora- 

tory experiments that when the mixed layer is 
well developed, it is quasi-homogeneous and 
bounded below by a thin layer of large gradients, 
called the thermocline. This behavior may be anti- 
cipated a priori and a boundary-layer treatment 
is therefore the appropriate method of solution. 
The system is divided into two regions, the interior 
region where the horizontal velocity and tempera- 
ture are almost constant with depth 

and the thermocline, where vertical gradients are 
anticipated to be very large: 

These assumptions will be verified a posteriori. and 
it will be shown that they are correct provided 
that Ri is much greater than one. 
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8.2. Solution in the mixed layer a3 

a t  3m3- = -N 'hi? (81) 

These last equations may be easily integrated with 
. l a  respect to <. The constants of integration are 

determined by using the bottom boundary 
conditions (60): 

Assuming a quasi-homogeneous mixed layer, 
eqs. (55) to (58) reduce to: 

-T=---(GT) (70) 
h a t  

l a  
U-&V=---(Zi3) 

h at 

(73) 

The left-hand sides of the first three equations are 
independent of (. Integrations with respect to t 
and use of surface boundary conditions (59)  yield: 

(74) 

(75) 

Replacing f' by (74) in eq. (73) yields a single 
equation for 3 whose solution is: 

(77) 

afler the surface boundary condition (59) has been 
used. 

8.3. Solution in the thermocline 
The dominant terms in the governing equations 

are now those which include derivatives with 
respect to <. Moreover, since this boundary layer 
lies near < = 1, < may be replaced by one where it 
appears. Equations ( 5 5 )  to (58) now reduce to: 

(79) 

(84) 

where 3 is implicitly given by the cubic poly- 
nomial : 

. N 2 h ( h - T ) i  
G3 + $mhE2 = (1  -0. 

m 

8.4. Matching of solutions 
The two sets of solutions were obtained inde- 

pendently for the mixed layer and thermocline 
by using surface and bottom boundary conditions, 
respectively. However, they ought to be the 
asymptotic forms of a unique set of solutions valid 
throughout the whole water column. This requires 
imposing matching conditions. As a result, four 
prognostic equations for the time-dependent 
functions T, U, V and h will be obtained. 

Mathematically, matching conditions are 
obtained by writing that, for each variable 'I: Zi, 
v' and 3, the mixed layer solution for capproaching 
unity is equal to the thermocline solution for 3 
much greater than h. The resulting relations 
are: 
h f  ( h - T ) h  
KJ fi 

-= 

sx/po - h ( U - f ,  V )  kJ 
3 3 

-- - 

r,/p, - h( l i  + f o  w I;v 
-- - 

3 W 

N 2 h 2 T  N 2 h 2 T  
2m m 

u$--+- (1-0 

N 2 h ( h -  T ) i  

m 
(1-0. - - 
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The above equations can be rewritten as: 

(hT)’= h i  (86)  

r x  (hLI)’-f,(hV) = - 
Po 

r 
(hV)’ +fo(hU)  = -L 

Po 

N2 h2 T =  2 4 .  

(87) 

Equation (86) can be integrated over time in 
order to obtain Tin terms of h: 

h ( con.s;ant) . 
2 

T = -  I + -  

The constant of integration cannot be determined 
by the initial conditions, since the boundary-layer 
technique breaks down at the incipient deepening, 
when the mixed layer and thermocline are not 
well defined. But, eq. (90) is identical to the global 
heat budget (61), which is an exact result for all 
times. The constant of integration is therefore 
-3m2uilN2 and, 

which reduces to (62), because Ri is much greater 
than one. 

Equations (87) and (88) are the classical 
transport equations, whose general solution con- 
tains inertial oscillations superimposed on an 
Ekman drift to the right of the wind stress. For a 
time-dependent wind stress, the solution is: 

hU = h, Uo + - [rx(r) cosfo(t - r) 
Po ‘1 
Po IS 0 

+ r,,(r) sinf,(t - r)1 dr 

h V = h, V,  + - [ ry(r) cosf,(t - r) 

- rx(r) sinf,(t - r)l dr. 

The last relation (89) combined with (91) is the 
prognostic equation for the mixed-layer depth, and 
is discussed in the next section. Finally, the vertical 
profiles valid throughout the water column are: 

(94) 

where fi is implicitly given by: 

$3 + j m k 2  = U ~ ( I  - r 2 ) .  (95) 
It is evident from the structure of this final 

solution, (92) to ( 9 3 ,  that the solution is not 
similar. None of the variables can be expressed as 
single products of time dependent and (-dependent 
functions. Kundu (1981) has shown that a 
similarity solution can exist. However, the model 
is highly non-linear, and the solution is not 
unique. It can be shown (personal work, in 
preparation) that, in the case of an initially linear 
stratification which is treated here, the similarity 
solution is unstable and tends to deform itself into 
a steplike solution, i.e., the solution which has been 
found here. 

9. Mixed-layer deepening 

Equations (91) and (89) form a coupled set of 
equations for T and h. Eliminating T, a prognostic 
equation for h is obtained: 

( N 2  h2 + 3m2 ul) h = 4mu4 (96) 
which reduces to 

N 2  h2 = 4mu4 (97) 
since it was assumed that R i  % 1. This last equation 
is the turbulent kinetic energy budget for a TEM 
without dissipation, expressing that the time rate of 
change of potential energy equals the turbulent 
kinetic energy input by wind at  the surface. If the 
wind-stress amplitude is constant with time, the 
mixed-layer depth increases in time as t”’. 

In a dimensionless form, (96) and (97) become: 

2m 
E =  

3m2/2 + Ri 
and 

2m 
E = -  

Ri (99) 
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respectively. where E and Ri are defined by (66) 
and (64). The dependence of the entrainment rate 
on the inverse of the frictional Richardson 
number has long been observed in the laboratory 
(Kato and Phillips, 1969) as well as in oceans and 
lakes (Kullenberg, 1977; Price et al., 1978; 
Dillon and Powell, 1979). 

Various values of m are proposed by authors, 
and more can be computed from data in the 
literature. A summary of values computed for the 
case of deepening in a stratified fluid is shown in 
Table 1. From the table, one concludes that all 
the values of m agree rather well: approximately 
one or slightly larger. Scattering can be attributed 
to dissipation or to the influence of the initial 
conditions. Values of J the fraction of area 
occupied by thermals, were computed by (24) and 
are of the order of 10%. Thermals are thus 
rather small disturbances within a return flow 
which occupies most of the available surface. This 
result agrees with numerical calculations (Piacsek, 
1968) and laboratory observations (Turner, 1973). 
which all show that thermals or plumes are 
narrow and occupy a small fraction of the total 
area at any level. For a system where the roles 
played by thermals and anti-thermals are perfectly 
symmetric, one can argue that the value off ought 
to be 50%. However, in the present situation. 
thermals are locally generated very near the 
surface while anti-thermals are progressively 
formed in the water column as they rise, and an 
excess of momentum is input locally at the surface, 
while it is progresively consumed for an evenly- 
distributed momentum increase of the water 
column. These asymmetries explain why thermals 
are narrow and anti-thermals diffuse and thus why 
f differs markedly from 50%. 

The correction in the denominator of (98) is 
reminiscent of the one proposed by Kim (1976): 

E =  

where kcf, is the average turbulent kinetic energy 
across the mixed layer. For M = 1.25, Kim pro- 
poses (c , , , /u*)~ = 9, while (98) yields 3m2/2 = 2.34. 
The corrections are thus of the same order of mag- 
nitude. 

The results of this section permit justification of 
the assumptions which were stated before solving 
the equations. One has to show that the approxi- 
mations 

T 4  T, ie U, G +  V 

hold in the mixed layer as long as R i  Q 1. In the 
mixed layer, 3 is of order ofu*,  its surface value. 
which is much larger than h according to (99). 
From (92), (93) and (94), one obtains: 

2m 
( C , / U * ) ~  + Ri 

which validates the method of solution chosen for 
this problem. 

10. Thickness of the thermocline 

Due to non-linearities, the boundary-layer 
method applied here differs from classical applica- 
tions to linear systems, and caution must be exer- 
cised when one evaluates the boundary-layer 
thickness. At first, one could think that. the 
thermocline is the region were 3 is of order h,  so 
that corrections in the denominators of (92) to 

Table 1. Values of the coefjcient m found in the literature or computed from published data. The values 
of the frictional Richardson number for which the data were taken and the ualues o f f  computed from 
(24) are also given 

~~~ 

Year Author(s) Data Ri m f 
1969 Kato and Phillips Laboratory experiments 15400 1.25 0.1 1 

1973 Denman and Miyake Station Papa 150 1 .o 0.15 
1969 Turner South of Bermuda 30 1.64 0.07 

1974 Halpern Northeast Pacific 80 2.8 0.03 
1977 Kullenberg Coastal waters-Lakes 10-104 1.1 0.13 
1978 Price et al. West Florida cont. shelf 300 0.9 0.17 
1979 Dillon and Powell Lake Tahoe, CA-NV 30 0.90-1.6 0.034.17 
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(94) become important. This argument leads to a 
dimensionless thermocline thickness of order Ri-3, 
which is much too small. There is a thicker layer 
where boundary corrections start to appear in the 
solution. Indeed, in the temperature equation (55), 

(a) (b) ( 4  ( 4  

the right-hand side, term (d), balances term (a) in 
the mixed layer, while it balances term (c) in the 
thermocline. The top of the thermocline is thus 
the level where term (c) begins to take over term 
(a). Boundary corrections therefore start to appear 
where these two terms compete, i.e., where 

where 6t  is the dimensionless thermocline thick- 
ness. Because the boundary layer is a thin region, 
< is almost one, and, according to (89) and (92), 

is of order of (hu*)/(RiG), so that: 

U* 

R i 6  
6t - - 
The balance of the vertical-momentum equation 
(58) combined with (89) requires: 

Finally, combination of (100) with (101) yields: 

d< - Ri-3f4 ,  ( 102) 

6 - u* Ri-If4. (103) 

Therefore the dimensionless thickness of the 
thermocline is Ri-3/4 rather than Ri t3 .  

In a study of turbulence and entrainment within 
the interfacial zone bounding a mixed layer, Long 
(1978) proposes a series of arguments to relate 
turbulent velocities, temperature fluctuations, 
thermocline thickness, and other variables to the 
frictional Richardson number. Although his results 
are drawn in the case of turbulence generation 
at the surface by an oscillating grid, it is possible 
(see Appendix B) to apply his arguments to the 
present case. From this analysis, it is concluded 
that Long's arguments, too, lead to a thermocline 
thickness and a rms vertical velocity of the order 

of hRiF3I4, and u*Ri-'I4, respectively. The agree- 
ment between the two approaches is perfect and 
supports the modelling by two interacting fluids as 
a theory of convective turbulence. 

The actual dimensional thickness of the thermo- 
cline is: 

and decreases as the mixed layer deepens. This 
interface shallowing was observed in laboratory 
experiments (Kato and Phillips, 1969) and in 
numerical experiments (Kundu, 1980). 

11. Vertical profiles 

Solutions (92) to (95) govern the vertical 
variations of rms fluctuations throughout the mixed 
layer and thermocline. They can be used in (5 1) to 
(54) to yield the profiles of mean quantities; they 
can also be combined to form vertical fluxes. 

Figs. 3 to 10 are plots of vertical profiles of 
physical quantities of interest. The wind stress is 
taken in the x-direction: 

rx/po = u f  

r,,/po = 0 

and mean currents at 45O to its right: 

U = -V = ku,. 

The values assigned to the various parameters are: 

R i  = 100, 

Fig. 3 is a plot of the turbulent vertical velocity, 
which is proportional to the thermals' vertical 
velocity. Thermals leave the surface with the fric- 
tion velocity imposed by the surface stress. As 
they sink, they become slightly buoyant and 
decelerate. Their velocity vanishes precisely at the 
bottom of the thermocline. 

Fig. 4 shows the mean temperature profile. The 
temperature is almost homogeneous in the mixed 
layer and equal to -Th12, as required by heat 
conservation. There is however a slight stable 
gradient of order Ri- l ,  so that thermals 
progresively become buoyant and decelerate as 
they sink through the mixed layer. The thermocline 
is well defined, and its thickness corresponds to 
(102). Fig. 5 shows the development of the mixed 

m = 1.25 (f= 0.1 l), k = 7 
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Fig. 3. Profile of turbulent vertical velocity, scaled by the 
friction velocity. 
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0 

I .o 

layer and the shallowing of the thermocline as 
time goes on. 

Figs. 6a and b show the vertical profiles of 
the horizontal velocity components, iT and ij. The 

2 

I D  112.0 

Ri -173.3 

Fig. 5. Development of the mixed layer. Constant time 
intervals separate mean temperature profiles. 

mixed layer is quasi-homogeneous as required by 
the assumptions made in order to solve the 
governing equations analytically. This excludes 
Ekman veering with depth, and separates the flow 
into a depth-independent inertial oscillation and a 
quasi-steady shearing flow that carries the turbulent 
stresses downward through the mixed layer. This 
is similar to the results of Kundu (1980) for time 
scales greater than the inertial period, when his 
model becomes a TEM. The velocity ii in the 
direction of the surface stress increases slightly with 
depth. The reason is the following: as thermals 
sink, they progressively exchange with anti- 
thermals the extra momentum they have received 
near the surface. This reduces the turbulent 
fluctuations, and increases the mean value 
accordingly. The &profile does not exhibit such 
behavior since there is no extra-momentum in the 
y-direction given at the surface. In the thermocline, 
both profiles curve sharply and vanish so as to 
match the bottom boundary conditions. 

Figs. 7a and b show the vertical profiles of the 
Reynolds stresses, -G and -EE, scaled by the 
surface stress. Both stresses vary linearly through 
the mixed layer, from the imposed value at the 
surface, to a residual value at the iop of the 
thermocline. These residual values are hU and hV, 
and are precisely the jump conditions imposed by 
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Figs. 6a and b. Profiles of mean horizontal velocity 
components, scaled by d m ;  u is in the direction of 
the imposed wind-stress. x-direction. 

Figs. 7a and b. Profiles bf the Reynolds stresses -G 
and -E, scaled by the surface stress u: in the 

authors of bulk models (Niiler, 1975, for example). 
The stresses decrease rapidly through the thermo- 
cline to zero so as to meet bottom boundary con- 
ditions. 

From mean profiles and stresses, one can com- 
pute eddy viscosities defined by: 

v, = - and v,.= -. 
Figs. 8a and b show the results. The eddy viscosity 
in the x-direction is negative in the mixed layer 
due to the increase of il with depth. The negative 
values are correlated with a transfer of momentum 
from turbulent motions to mean current. The 
turbulence generated at the surface by the wind is 
progressively structured to increase the mean 
current. In the y-direction, no turbulence is supplied 
at the surface, and fluctuations increase downward 
due to differences between sinking thermals and 
rising anti-thermals. At the level where Ti is 
maximum, a little above the thermocline, v, is 
unbounded, as a result of its definition. Below that 
level, in the thermocline, the strong shear of the 
mean flow generates turbulence, and eddy vis- 
cosities are both positive. They vanish at the 
bottom of the thermocline, where stresses vanish, 
and shear is maximum. It is worth noting that 

- -G -vw 

a i I I a Z  aiYaz 

v, is quasi-constant near the surface, and that 
v,. increases linearly from the surface like 

U* 
v,. - - I Z I  

2m 

in agreement with the clasical theory of 
turbulence. The corresponding Von Karman 
constant is 

1 
2m 

K = - = 0.40 

for m = 1.25. This result is encouraging. There is 
therefore a link between the parameter m and the 
Von Karman constant. The laboratory value ob- 
tained for m is in perfect agreement with 
laboratory measurements of turbulent flow. 

Fig. 9 shows the profile of the vertical con- 
vective heat flux. Mixing brings cold water from 
below, cools the surface layers and heats the fluid 
recently entrained in the convective process. There 
is thetefore downward transfer of heat. This is the 
reason why the heat flux is negative everywhere. 
The constant gradient through the mixed layer 
corresponds to a homogeneous cooling of the 
fluid, as stated by the heat eq. (15). The maxi- 
mum negative value at the top of the thermocline 
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-6 -4 - 2  0 2 4 6 

T 

(b) 
Figs. 8a and b. Profiles of the edd viscosities v, and 
v,. (cf. text), scaled by h u : / d m y  

is close to +hit, which is the jump condition 
across the thermocline, used in bulk models (Kraus 
and Turner, 1967, for example). 

Fig. 10 shows the profile of the eddy heat 
diffusivity defined by 

-WT 
VT = T 

i3 T/az 

It is positive everywhere, and has a profile similar 
to the one of v?. 

12. Monin-Obukhov length 

The Monin-Obukhov length can be interpreted 
as a local and instantaneous length scale, over 
which turbulence generated by release of potential 
energy is comparable to the mechanically-induced 
turbulence. It is generally defined as (Turner, 1973; 
Zilitinkevich et al., 1979): 

UJ I = -  
K B  

where u* is the friction velocity characteristic of 
the turbulence, K the Von Karman constant, and 
93 the vertical buoyancy flux. 

---- 
Fig. 9. Profile of the vertical convective heat flux n, 
scaled by Thh. 

------ ----- 
1.0 Y 

Fig. 10. Prpfile of the eddy heat diffusivity vT (cf. text), 
scaled by hh. 

In the present case, the vertical buoyancy flux 
is noted 

B = agl W T I  

which is zero at the surface and at the bottom 
of the thermocline. It is maximum near the top of 
the thermocline. The value of that maximum is 
obtained (at the leading order in Ri-') as the limit 
of the mixed-layer buoyancy flux as ( tends to  
one: 

B = l i m a g I w T I  = N 2 h T  

by using (LO), (14) and (74). Using this maximum 
value in the definition of 1, one obtains the smallest 
Monin-Obukhov length which can be defined: 

h I=----- - 
K N Z h T  2Km 

by virtue of (89). The Monin-Obukhov length is 
therefore proportional to h. The coefficient of 
proportionality ( 2 ~ m - l  equals unity for K = 0.40 
and m = 1.25. This result has a physical reason: 
the wind-mixed layer is a convective system 
generated by surface turbulence; therefore, 
turbulence and convection have equal importance, 
and the Monin-Obukhov length has to be pro- 
portional to and of order of the depth of the 
layer, i.e., h. 

[- 1 

1 
- - u: 
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Inversely, this physical argument could have 
been used independently, by writing a priori I = h 
(Zilitinkevich et al., 1979). The model would there- 
fore conclude that (2~m)-' equals one, or 

m = 1.25 

for ~=0.40. The value of m can therefore be 
inferred from the theory, and be compared to 
observations and laboratory experiments (see 
Table I ) .  The agreement is excellent. 

When a buoyancy flux (cooling or heating ) is 
imposed at the surface, convection or re- 
stratification may dominate turbulence. In such a 
case, the Monin-Obukhov length is expected to 
be small or larger than h (Kantha, 1980). and the 
resulting values of rn are expected to be greater or 
smaller than 1.25. 

13. Conclusions 

A new model of convection and mixing is 
applied to the study of mixed-layer deepening under 
the action of wind stress. It is based on a modelling 
by two interacting fluids. Emphasis is not on the 
energetics, but rather on the dynamics of mixing. 
Turbulence production by mean shear near the 
thermocline is neglected in order to simplify the 
vertical-momentum equation. The model is thus a 
turbulent erosion model, for which the potential- 
energy increase required for deepening is provided 
by turbulence input at the surface. 

A simple analytical solution is found in the 
case where the mixed layer is well-mixed and 
separated from the underlying quiescent fluid by a 
sharp thermocline. The results are valid if the 
frictional Richardson number is much greater than 
unity, the condition for a sharp thermocline to 
exist. Expressions for the thermocline thickness and 
turbulence scale near the thermocline are in very 
good agreement with previous results of 
turbulence theory. 

Vertical profiles are then plotted. The 
turbulent vertical velocity decreases monotonically 
from a maximum value at the surface down to 
zero at the bottom of the thermocline, without 
showing any sudden variations in the thermocline. 
The temperature profile is composed of a quasi- 
constant value through the mixed layer and of a 
rapid variation in the thermocline. Velocity 
profiles show the separation of the flow into a 
depth-independent inertial oscillation and a quasi- 

steady shearing flow that carries the turbulent 
stresses downward through the mixed layer. In the 
thermocline, the profiles curve sharply in order to 
match the zero mean velocity in the under- 
lying stable fluid. Reynolds stresses and vertical 
convective heat flux vary linearly through the 
mixed layer from their respective imposed surface 
values to residual values required for entraining 
new fluid in the mixing process. In the thermocline, 
they rapidly decrease to zero. Resulting eddy 
diffusivities of heat and momentum are computed 
and plotted. The eddy viscosity of the flow in the 
direction of the wind stress is negative near the 
surface, implying that a part of the turbulent 
energy supplied at the surface goes to the mean 
flow. In the direction perpendicular to the surface 
stress, the eddy viscosity varies like the eddy heat 
diffusivity, vanishing at the surface and at the 
bottom of the thermocline, and reaching a maxi- 
mum somewhere at mid-depth. Finally, an 
argument based on the proportionality between the 
Monin-Obukhov length and the mixed-layer depth 
leads to relating the parameter m, ratio of the 
turbulent kinetic energy input to the cube of the 
friction velocity, to the Von Karman constant. The 
value is found to be equal to the one proposed by 
Kato and Phillips (1969) and in good agreement 
with field observations. 

14. Appendix A 

The entrainment layer 
The results presented in the previous section 

leqs. (92) to (9511 were based on the assumption 
of a constant fraction of area occupied by thermals 
throughout the mixed layer and thermocline. 
This, however, leads to some inconsistencies. At 
the bottom of the thermocline (z = -h), the anti- 
thermals' variables are given by: 

T" = -5 rh 
1 - 2f 

@" = -- %I 
1 - 25 

At that level, however, anti-thermals are 
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constituted of newly entrained fluid, and the 
expected values are 

T" = - rh ,  U" = t)" = 0. (A2) 
The values (A 1) reduce to (A2) iff = 0. 

Therefore, these inconsistencies can be removed 
by including a new boundary layer below the 
thermocline, here named the entrainment layer. 
The role of this layer is to allow f to decrease 
from its constant value in the mixed layer and 
thermocline, through this entrainment layer, down 
to zero in the quiescent fluid underneath it. 

The purpose of this appendix is to show that, 
based on scaling arguments, this entrainment 
layer is in fact very thin and, thus, cannot have 
any effect on the dynamics of the whole system. 

In a thin layer of large gradients, the mean- 
temperature equation reduces to (78), implying that 
the. scale for the vertical-velocity fluctuation, w,,,, 
is h. Physically, this scaling expresses that, in that 
region, thermals sink at a velocity comparable to 
the rate of deepening. 

Assuming that heat transfers between thermals 
and anti-thermals are controlled by molecular 
diffusion in the entrainment layer, one can write 

i VAT 
d d2 
- A T = -  

where d is the thickness of the layer, AT, the 
scale for the temperature difference between 
thermals and anti-thermals, and v, the molecular 
heat diffusivity ( v  = 1.4 x lo-' m2 s-I, for water 
at 15 "C). From the above equation it appears that 
the layer thickness is: 

V 
d = - ; - .  

h 
For typical oceanic values, is of the order of 

ms-', and, therefore, d is of the order of a 
millimeter. 

In conclusion, the entrainment layer, where 
thermals are converted to anti-thermals by 
molecular diffusion, is a very thin layer and is 
not capable of controlling the evolution of the 
overall mixing processes. 

15. Appendix B 
Long's arguments for the interfacial layer 

Long (1978) has studied entrainment in the 
interfacial layer (called thermocline in the present 

paper) between a stably stratified fluid and a 
turbulent convective layer. The interfacial layer is 
viewed as a thin layer, distinguishable from the 
mixed layer and occupied by wavelike motions 
which break and generate intermittent turbulence. 
Long's theoretical considerations are based on a 
series of arguments and global constraints on the 
system. The crucial parameter is the frictional 
Richardson number, Ri, as defined by (64). The 
results are expressions, in terms of powers of Ri, 
for the buoyancy and velocity rms fluctuations, 
interfacial-layer thickness, buoyancy flux and 
turbulence intermittency. In his paper, Long 
examined the case of turbulence generation at 
the surface by an oscillating grid. The purpose 
of this appendix is to apply Long's arguments to 
the present case of turbulence generation by a 
surface energy flux mu$, and it is shown that the 
results of this analysis are entirely consistent with 
the solution presented in this paper. 

Argument I :  The buoyancy flux in the interfacial 
layer is due exclusively to turbulent motions, i.e., 

where q is the buoyancy flux (the heat flux 
multiplied by ag), w,,, the rms vertical velocity, 
b,, the rms buoyancy (the rms temperature 
multiplied by ag) and Z the turbulence inter- 
mittency. The symbol - means that both sides of 
this sign have the same asymptotic behavior in the 
limit as Ri  -. 03. 

Argument 11: Turbulence and waves in the inter- 
facial layer are strongly influenced by buoyancy 
effects, so that kinetic energy and available 
potential energy are of the same order not only 
in the turbulent patches but also in wavelike 
motions: 

w : , ~  - 6: Ablh 

where 6 ,  is the size of turbulent patches in the 
layer, and Ab the buoyancy difference across the 
interfacial layer ( N 2 h / 2  in this case). 

Argument IZZ: Conservation of turbulent kinetic 
energy requires that the energy flux at the edge of 
the interfacial layer be equal to the integrated 
buoyancy flux across the layer, i.e., 

where 6 is the interfacial-layer thickness. 
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Argument Z V  The eddies at the base of the 
mixed layer which contribute most to the turbulent 
fluctuations are in the inertial subrange, i.e., 

since the dissipation rate in the turbulent 
cascade is of the order u:/h, and the disturbances 
are of the same order as a,, the turbulent-patch 
size. 

This list of arguments is followed by two inde- 
pendent constraints intrinsic to  the system. Firstly, 
the buoyancy flux in the interfacial layer is related 
to the rate of entrainment by: 

q - i A b  036) 

and, secondly, the global energy budget of the 
system requires that the rate of increase of 
potential energy is equal to the rate of input of 
turbulent kinetic energy at the surface, as expressed 
by (97): 

h i A b  - u:. (B7) 

Instead of using this last argument, Long (1978) 
invokes experimental observation to show that 6 is 
proportional to h, the mixed-layer depth, in the case 
of turbulence generation by an oscillating grid. 

From (Bl) to (B6) and 6 - h, Long concludes 
that : 

q - u+ Ab Ri-”‘, w,,, - u+ Ri-ll4, 
h - u+ Rit7l4, b,,, - Ab Ri-314, 

Z - Ri-314, 6 - h, 6, - hRi-3/4. 

In the present case, from (BI) to (B7), one 
concludes that : 

q - Uk AbRi-’, w,,, - u+ R i- 114 3 

b,,, - AbRi-,I4, h - u+ Ri-I, Z - 1, 
6 - h Rt3I4 ,  

These last results are entirely consistent with 
(102) and (103). Moreover, it is worth noting that, 
in both cases, Z - 6,/6, which is internally con- 
sistent with the definition of intermittency in the 
interfacial layer as the ratio of the volume occupied 
by turbulent patches to the volume of the layer. 
This definition could have been stated a priori as 
an alternate argument in replacement of any other 
(independent) argument. The result that the turbu- 
lence intermittency is of the order of unity for the 
present application is entirely compatible with the 
concept of a two-fluid system, Le., that the flow is 
either downward or upward but always contributes 
to turbulent fluxes. 

6, - hRi-3”. 
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YrJlYGJlEHME CJlOR BETPOBOrO IIEPEMEIIIMBAHMR: MOAEJIb 
BEPTMKAJIbHOfi CTPYKTYPbI 

Hoean HensHefiHan Monenb nepeMeurmaHwn w 
KOHBeKllUH, OCHOBaHHafl H a  MOnenWpOBaHBR nByX 
B3aHMO~efiCTByWWbiX XHLlKOCTefi C IlJIaBy YecTblo, 
IlpHMeHXeTCR K OnHCaHUW yrny6ne~ufl CJlOfl BeT- 

YeCKWX COOTHOlUeHElfi MOnenb OAHOMepHa, He 

BOjlCTBOM TYp6YneHTHOCTH C n B H r O M  CpenHerO no- 
TOKa B TePMOKJlWHe. YBeJlHYeHRe IlOTeHUKWlbHOfi 

IlpH 3TOM BBOnOM TYp6YJIeHTHOCTR Ha nOBepXHOCTH 
(Typ6yneHTHaR 3pO3HOHHaR MOnenb). B CJIyYae 

pomro  nepeMemweaHwn. BBHny npocTbix anregpan- 

o6nanae~  TpeHseM w B Hefi flpeHe6peraeTCR npow3- 

3~eprar i ,  ~ p e 6 y e ~ o e  nns ymy6ne~us ,  nocTaBnneTcn 

xopouro nepeMeuraHHoro cnon, orpaHmeHHoro 
CHH3Y Pe3KHM TePMOKnHHOM, TPaKTYeMblM KBK 
IlOrpaHHYHbIfi CnOfi, HafineHO HeaBTOMOAenbHOe 
aHarrwTwYecKoe pemeHwe.  TO pemeHwe CnpaBennwBo, 
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