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ABSTRACT 
Frictional influence on free intexnal Kelvin waves is studied theoretically. For continuous 
stratification the friction enters as an eddy viscosity, and the solutions are written in terms of 
normal modes. This approach implies a stress-free bottom. To obtain an analytical solution, we 
have assumed that the vertical variation of the eddy viscosity is inversely proportional to the 
square of the Brunt-Vaisiila frequency. Coastal as well as equatorial Kelvin waves are 
considered. The effects of bottom friction and frictional drag at an interface are studied explicitly 
in a vertically integrated two-layer model, taking the shear stress at a boundary to be 
proportional to the velocity difference across it. Formally, the continuously stratified case and 
the two-layer model result in the same set of equations. Explicit formulae for the frictional 
damping in time, the Rossby radius of deformation, the frequency, the phase difference between 
velocity and elevation, and the tilting of the internal co-phase lines backwards from the coast are 
given. In particular, the latter effect is shown to be much stronger for baroclinic waves than for 
the barotropic mode of the same wavelength. 

1. Introduction 

The fact that friction significantly modifies long 
barotropic waves in a shallow sea has been known 
for a long time. Sverdrup (1927) and Fjeldstad 
(1929) analyzed the semi-diurnal tides on the 
North Siberian Shelf as barotropic inertial-gravity 
waves subject to eddy viscosity. Features such as 
reduced phase speed, decreasing amplitude as the 
waves progress and phase lag between maximum 
current and high water were found to result from 
the effect of friction. Also vertical variation of the 
tidal currents due to Ekman layers at the bottom 
(and top, when ice covered) was demonstrated. 

Fjeldstad ( 1929) considered barotropic Kelvin 
waves as well, assuming that the bottom friction 
was proportional to the mean velocity. In par- 
ticular he demonstrated that friction makes the 
co-tidal lines slant backwards from the coast. Brink 
and Allen (1978) find a similar effect for baro- 
tropic vorticity waves on a sloping continental 
shelf. Recently Mofjeld (1980) has applied Sver- 
drup’s (1927) solution to barotropic Kelvin waves, 
assuming a constant eddy viscosity and a no-slip 
bottom. 

It is clear that friction affects internal waves 
more strongly than barotropic waves (Fjeldstad, 
1964). However, it appears that a discussion of 
frictional effects on internal Kelvin waves is 
lacking, and this has motivated the present study. 

First we consider a model with continuous 
stratification. The solutions are written in terms of 
normal modes (Lighthill, 1969). This approach 
implies a stress-free bottom. Accordingly, the 
formulation is most applicable to  a relatively deep 
ocean. Analytical solutions for the internal Kelvin 
modes are presented, and explicit formulae for the 
frictional damping, Rossby radius of deformation, 
frequency, phase difference, and tilting of internal 
co-phase lines are given. Also equatorial internal 
Kelvin waves are considered. 

To study the effects of bottom friction and 
frictional drag at an interface, we choose a 
vertically integrated two-layer model. Since our 
primary interest is the qualitative influence of 
friction on free waves, and not the detailed structure 
of the motion within a thin Ekman layer at the 
bottom, we take the bottom stress to be pro- 
portional to the mean velocity. However, a 
numerical analysis for the barotropic mode with a 
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bottom stress proportional to the square of the 
velocity is shown to yield quantitatively the same 
results as those obtained with a linear bottom 
stress. The same assumption is made at the 
interface where the drag is taken to be pro- 
portional to the velocity difference. By utilizing the 
formal identity between the continuously stratified 
case and the two-layer model, analytical solutions 
are presented also for the latter problem. 

2. Effect of internal friction 

2.1. Coastal waves 
Consider a semi-infinite ocean of constant depth 

H and bounded by a straight coast line. We choose 
a Cartesian coordinate system (x,y,z) such that the 
origin is situated at the undisturbed surface, the 
x-axis points along the coast, with the sea at y 2 0. 
The z-axis is positive upwards. Consider the theory 
of internal waves in a rotating frame of reference. 
The fluid is incompressible, and the waves result 
from small perturbations from a state of rest 
characterized by a horizontally-uniform, stable 
stratification, p(z). We assume that the typical 
wavelengths are much larger than the depth of the 
layer, so that the pressure to a good approximation 
can be taken as hydrostatic. Along the surface 
there is no variation of pressure. With the aid of the 
Boussinesq approximation, the governing equations 
are those of Gill and Clarke (1 974). 

The variables may be separated into normal 
modes (Lighthill, 1969), and the reader is referred 
to Gill and Clarke (1974) for details. We assume 
that 

m -  o'= 2 Un(X7YJ)#AZ) 

P =  1 Pn(WJ)&t(Z)  

n=O 

m 

n=O 

where V'(=U,U) is the horizontal perturbation 
velocity, p the perturbation pressure and C the 
vertical displacement of the isopycnals. The prime 
denotes derivative with respect to z. The eigen- 
functions 4, are solutions of 

N =  
&+--#,=O 

cf, 

403 

subject to the boundary conditions 

+--###=O, g z = o  

" 4  
#,=O, z=-H. (2.3) 

Here N is the Brunt-Vaisiila frequency defined by 

g aP(4 p=--- 
Po az 

where g is the acceleration due to gravity, and po is 
a constant reference density. Accordingly, for a 
specified N = N(z), (2.2) and (2.3) yield the 
eigenvalues c,. Furthermore we have that pn = 
c', Cn. It is easily shown that the functions #; form 
an orthogonal set, and they are conveniently 
normalized by 

Utilizing the orthogonality property, the govern- 
ing equations may be written 

ac,, au, av, 
at ax ay 

where n = 0,1,2 . . .. Furthermore, f is the constant 
Coriolis parameter, t denotes time and 

+) = - ' so E / : d z  
' p o H  -n az 

where 7(x) and r ( Y )  are the stress components in the 
x- and y-directions, respectively. 

The boundary condition at the coast is 

o,=O, aty=O. (2.7) 

The above formulation has been applied to 
investigate the response of a stratified ocean to 
atmospheric forcing (Lighthill, 1969; Csanady, 
1972; Gill and Clarke, 1974; Roed; 1979). In such 
cases the stress distribution is usually taken to be a 
known function of depth. In the present paper we 
are concerned with the effect of friction on free 
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waves. To model this, we use the concept of eddy 
viscosity. Assuming the vertical variation to  be 
much larger than the horizontal, we take 

where p is the dynamic eddy coefficient. By 
inserting from (2.1) into (2.8) and applying (2.2) 
and (2.3), we see that the present formulation leads 
to rCx) = r(y) = 0 at x = -H, i.e. a stress-free 
bottom. However, with reference to the two-layer 
model to be discussed in the next section, it is seen 
that the effect of bottom friction tends to vanish 
when the depth of the lower layer becomes large. 
Accordingly, the formulation in this section prob- 
ably is most applicable to a relatively deep ocean. 

Since the density difference between the atmos- 
phere and the ocean is so much greater than density 
differences within the ocean, one mode has quite a 
different character from all the others. This is the 
barotropic mode (n = 0), for which, to a good 
approximation (Gill and Clarke, 1974) 

# , , = r + H  

co= m (2.9) 

and accordingly, 26") = = 0. From (2.5) and 
(2.7) we then see that the barotropic mode, in the 
absence of bottom friction, propagates as an 
undamped Kelvin wave with the coast to  the right 
(on the Northern hemisphere) with the velocity c, = 

For the remaining baroclinic modes (n = 1, 2, 3 
. . .). the boundary condition at the surface can, to a 
good approximation, be taken as C = 0, or #,(O) = 
0 (the rigid lid approximation). In general, with a 
variable kinematic eddy viscosity v = p / p o  and a 
variable Brunt-Viisala-frequency N ,  the equations 
(2.5) do not decouple, since, from (2.6), r?) = 5:) 

(u,, u2, . ..) and = 7kY) (v , ,  v2 ,  ...). To simplify 
the problem, however, we assume that vN2 = 
constant, which in many cases seem to be a 
reasonable assumption (Fjeldstad, 1964). Then the 
system of equations for the baroclinic modes (n = 
1,2,3 . . .) do decouple, and we obtain 

m. 

(2.10) 

where K, = vN'/c:. The boundary conditions are 

v ,=O,  y = o  (2.1 la) 

u,=v ,=C,+O,  y+0O (2.11b) 

We note that the system of equations (2.10) 
formally is identical to that obtained for long 
inertial-gravity waves in a homogeneous layer 
where the bottom friction is proportional to  the 
mean velocity; see also sec. 3 of the present paper. 

u,, v., C,, = { u , W  0.0, MY)} exp (ikx + w,O 

We assume wave solutions of the form 

(2.12) 

where k is a real wave number in the x-direction 
and w, is the complex growth rate. From (2.10) we 
then obtain for v,,: 
v,b) = C, e*Y + C, e-KY. 

Here C,, C, are constants and 

+ 20,  K, + c i  kZ K, /w,  1 
which is generally complex and non-zero. From 
(2.11a) we obtain C2 = -C, = C, while (2.11b) 
implies C = 0. Hence v,  vanishes everywhere. 

Utilizing this fact, and also that the governing 
equations for the internal modes are formally 
identical to those for the barotropic surface mode, 
we may proceed as Fjeldstad (1929). We shall, 
however, adopt a slightly different approach. In 
particular we shall avoid using a wave component 
with an amplitude that varies exponentially in x,  
since the ocean is assumed unlimited in the 
direction along the coast. Therefore solutions of the 
type (2.12) will be considered. By introducing 
(2.12) into (2.10), and utilizing that v,  = 0, we find 
for the growth rate 

w, = -Kn/2 - kc,( 1 - K2,/4k2 c;)"'i, (2.13) 

where only the minus sign is kept in the imaginary 
part. This is done in order that the solutions shall 
remain finite when y -+ 00. We note that (2.13) 
formally is identical to that obtained for long waves 
in a non-rotating channel (Defant, 1951, p. 156). 
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We observe from (2.13) that the mode in 
questions will be purely damped in time if K, > 
2kc,. Hence, in terms of the wavelength 1 = 2n/k, 
the nth internal mode will lose its character as a 
travelling wave if 1 > A,, where 

4 7 4  1, = - 
vN1 * 

(2.14) 

Letting the real part represent the physical solution, 
we obtain from (2.10) 

u, =A, exp (-K,, t/2 - y/a,) cos (kx + Z, y - u, t )  

C, = (A,,/c,) exp ( 4 ,  t12 - yla,) 
x cos(kx+ z,y-o,t+ y,) (2.15) 

where A, is a real constant. Furthermore, the 
Rossby radius of deformation a,, the wavenumber 
in the y-direction I,, the Frequency 6, and the phase 
difference y, are defined by 

C. 
a, = 

f (1 - KiI4C1, k2)1’2 

f K n  1, = - 
2 4  k 

u,, = kC,(l - KiI4C1, k2)’” 
yn = arctan (K,/2un) (2.16) 

Each internal mode is seen to constitute a 
progressive wave, trapped to the coast, with an 
amplitude that decreases exponentially in time. The 
alongshore wave component propagates with the 
coast to the right (on the northern hemisphere) like 
barotropic Kelvin waves in the absence of friction. 
We note, however, that effect of friction introduces 
an additional wave component normal to the coast, 
such that the wave vector, or the direction of 
propagation of the wave, forms an angle a, = 
arctan(Z,/k) with the coast. By insertion from 
(2.16), we obtain 

(2.17) 

This means that the lines of constant phase, or the 
internal co-phase lines, are not normal to the coast, 
but slope backwards. We note that this effect 
becomes progressively stronger for higher internal 
modes. The tilting of co-phase lines due to friction 
has been noted by Fjeldstad (1929) and Mofjeld 
(1980) for barotropic Kelvin waves. A similar 
effect was found by Brink and Allen (1978) for 
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a,, = arctan ( J N 2  v/2c‘, k2) 

barotropic vorticity waves on a sloping continental 
shelf. 

Since K, = vN2/4, we see, as expected, that 
higher modes become progressively more damped. 
We also find that friction leads to an increase of the 
Rossby radius of deformation and a decrease of 
wave frequency for the internal modes. 

As noted by Sverdrup (1927) for barotropic 
waves in the open ocean, and by Fjeldstad (1929) 
for barotropic Kelvin waves, we find that friction 
also in the baroclinic case causes a phase lag 
between the current and the vertical displacement 
of the isopycnals (maximum elevation occurs after 
maximum current for the mode in question). From 
(2.16) we observe that this phase difference 
becomes progressively larger for higher modes. 

The above results have been derived under the 
assumption vN2 = const. However, the present 
approach also works for more general cases, but 
then eqs. (2.5) must be solved numerically. 

As a simple example we may take N = constant 
and v = constant throughout the layer. It is then 
straightforward to show from (2.2), with boundary 
conditions 1, = 0 at z = 0, which is a very good 
approximation for baroclinic modes (Gill and 
Clarke, 1974), and 1, = 0 at I = -H, that c, = 
NH/nn, n = 1,2, . . .. Hence 

a,, = arctan (:;E4 - - n4 ) (2.18) 

Taking N = lo-’ s-l, v = lo-’ m2/s, f = lo4 s-l, 
H = 700 m and 1 = lo3 km, we obtain for the first 
four modes 

a, = 27.2O, cc, = 83.1°, a, = 88.6O, 
a4 = 89.6O. (2.19) 

We thus see that the baroclinic modes from the 
second on propagate in a direction almost normal 
to the coast. 

By utilizing (2.16), we find that the phase 
difference y, between maximum current and maxi- 
mum elevation for these modes are quite small, 
being 0.002n, 0.02% 0.06s and 0.2n, respectively. 

In the same example the characteristic decay 
time, T,, is 

1 2H2 
K,/2 vn2 z’ 

T,,=--  -- (2.20) 
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which yields 

TI = 1149 days, T2 = 287 days T3 = 128 days, 

T, = 72 days (2.21) 

From this we note the interesting fact that, 
although the damping in time due to internal 
friction may be quite small for baroclinic Kelvin 
waves, the direction of propagation of the waves is 
significantly altered by the presence of friction. 

From the discussion of the growth rate (2.13) we 
find that the nth baroclinic mode will be purely 
damped in time, and hence lose its character as a 
progressive wave, if n > (4NH3/x2 ~ 4 ” ~ .  With the 
values of the parameters used in the present 
example, this occurs for n > 5. For these modes 
also the Rossby radius of deformation is purely 
imaginary, so there is no trapping to the coast. 

2.2. Equatorial waves 
Results for baroclinic equatorial Kelvin waves 

follow readily from the analysis in sec. 2.1. We let 
the x-axis be directed eastwards along the equator 
with the y-axis pointing northwards and the origin 
at the equator. Let f = By in (2.10), where /3 > 0. 
The dispersion relation (2.13) is independent of f 
and becomes the same as before. By utilizing the 
definition of the frequency u, in (2.16), the solution 
for the baroclinic velocity modes may be written 

u, = A n  exp (-K, t/2 - fl/a’,> cos kx + - y’ ( :; 
- 0, t )  (2.22) 

being valid at both sides of the equator. A similar 
expression with a phase lag, may be derived for the 
vertical displacement C. 

The Rossby radius of deformation is now 

2k4 w2 
a,= - 

Pull 
(2.23) 

while the form of the internal co-phase lines is 
governed by 

-PKn 
4k2 4 x = - y’ + const. (2.24) 

This equation describes parabolas with axes along 
the equator. We thus see that internal friction 
makes the co-phase lines curve westwards on both 
sides of the equator. 

3. A two-layer model 

To investigate the effect of bottom friction and 
frictional drag at an interface on internal Kelvin 
waves in the simplest way, we let the density 
distribution be approximated by a two-layer model 
with upper and lower layers of depths HI, H2, and 
uniform densities p l ,  p2, respectively. We assume 
again that the typical wave-lengths are much larger 
than the depth of the layers, so that the pressure to 
a good approximation can be taken as hydrostatic. 
Instead of proceeding as in the previous section, we 
now integrate the linearized equations vertically in 
each layer, assuming that there is no atmospheric 
forcing at the surface. When the density difference 
between the layers, Ap = p 2  - p l ,  is sufficiently 
small, the equations governing the internal mode 
may be written 

ay au av 
at ax  ay 

(3.1) 

where U, V are the vertically integrated velocities in 
the lower layer. (The fluxes in the upper layer have 
equal magnitude, but opposite signs). C denotes the 
vertical displacement of the interface. The 
parameter c1 is the velocity of free internal waves in 
the absence of rotation and friction, i.e. 

g b p H , H ,  

P 2 W I  + H2) 
(3.2) 

The friction parameter K contains bottom 
friction as well as drag from the upper layer. We 
have assumed for simplicity that the stress compo- 
nents 7(x), r ( Y )  at a boundary are proportional to the 
relative velocity across it. At the interface; r(x) = p 2  
r’(ul - u2), while at the bottom 7(’) = p2rul, where 
u1 and u2 are the mean velocities in the upper and 
lower layers, respectively; see also Bennett (1978). 
Similar expressions are assumed for the y- 
components. With these assumptions, it follows 
that K for the internal mode may be written 

(3.3) 
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where the first part represents bottom friction and 
the second internal friction. We observe that the 
effect of bottom friction on the internal mode tends 
to vanish when H ,  + co, which justifies the previous 
assumption of a stress-free bottom in the con- 
tinuously stratified deep ocean case. We also note, 
as pointed out before, that eqs. (3.1) formally are 
identical to those for the barotropic mode, pro- 
vided c,  + co = d-) and K + KO = 
ro/(Hl + H 3 .  

Eqs. (3.1) also have the same form as those for 
the baroclinic modes (2.10). With V = 0 every- 
where, which follows from the proof in the sec. 2.1, 
the solution for the internal Kelvin mode may be 
written 

U = A exp (-Kt/2 - y/a) cos (kx + ly - at) 
C = ( d c , )  exp (-Kt/2 - y/a) cos (kx + ly - at + y) 

where (3.4) 

a = c,/  f (1 - K2/44 k2)1/2 
1 = JK/2C: k 

y = arctan (KI2a) 

and where K is given by (3.3). 

from the direction normal to the coast is given by 

u = kc,( 1 - K2/44 k’)”’ 

The tilt of the internal co-phase lines backwards 

a= arctan(fKI2a:) (3.6) 

where a, = kc, is the frequency of internal Kelvin 
waves in the absence of friction. 

Proper values for the friction coefficients r, r‘ in 
(3.3) are not easy to assess. For the barotropic 
surge in a shallow sea like the North Sea, the 
friction coefficient ro has been estimated to 0.0024 
m/s in computations by Heaps (1969) and Tim- 
merman (1977). This results in good agreement 
between theory and observations (Timmerman, 
1977). Now, values for the coefficients in the 
internal case are more difficult to estimate, and in 
the following attempt we use hydrographic data 
which may be typical for a coastal shelf area. First, 
by using the fact that the fluxes in the two layers 
are of equal magnitude and of opposite signs, the 
magnitude of the maximum velocity difference 
across the interface, Au, may be written 

(3.7) 

where b(=A/c,  in 3.4) is the amplitude of the 
internal elevation. By taking H I  = 20 m, H2 = 200 
m, b = 10 m and A p l p  = we find that A u  = 
0.2 m/s. Accordingly perturbations of sufficiently 
small wavelength, here less than 17 m, will grow 
(Kelvin-Helmholtz instability), leading to a turbu- 
lent interfacial layer. Taking the thickness of this 
layer to be Az, we assume that the shear-stress at 
the interface can be written 

T(=) = &/Az = pr‘ AU (3.8) 

Introducing the gradient Richardson number, Ri = 
( g / p ) ( A p / A z ) / ( A ~ / A z ) ~ ,  we obtain from (3.7) and 
(3.8) that 

(3.9) 

where v is the kinematic eddy viscosity. Assuming 
the interfacial layer to be in a marginal turbulent 
state, i.e. Ri of order unity, and taking Y - 
m2/s, we obtain r’ = 1.8. lo-‘ m/s. This is more 
than a factor 10 higher than the value used by 
Bennett (1978) for numerical simulations in Lake 
Ontario. However, the uncertainty in this sort of 
estimate is quite large, and we stick to the value 
derived here. 

From (3.3) we note that r must be a factor of 
100 greater than r’ for the bottom term to be 
comparable with that arising from the drag at the 
interface in this example. Even with the small value 
of r’ (=1.0. m/s ) used by Bennett (1978), this 
would imply that r had to be of the same order of 
magnitude as ro for the barotropic mode, which we 
consider as highly unrealistic. Hence the con- 
tribution from bottom friction to K in (3.3) can be 
neglected in this case. With the values above, we 
find a critical wavelength in the x-direction of about 
540 km. For wavelengths larger than this, the 
motion will be purely damped in time. In the 
present example, we choose .I = 2n/k = 100 km 
and f = 1.2. lo4 s-,. We then obtain for the 
tilting of the internal co-phase lines that a = 40°. 
The phase difference, y, between current and 
elevation is 0.06 71 and the Rossby radius of 
deformation, a = 3.6 km. The corresponding values 
for the barotropic surface mode of the same 
wavelength are found to be a z y z 0, and a = 392 
km. This again emphasizes the strong frictional 
effect on the direction of propagation of internal 
Kelvin waves. As pointed out before one should 
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keep in mind that there is quite a lot of uncertainty 
involved in these estimates. If one, for example, 
applies the value of the friction coefficient r' at the 
interface used by Bennett (1978), the tilt angle 
would be reduced to 3O. If one considers the 
semi-diurnal barotropic tide as a generating mech- 
anism, i.e. take a, = 2x412 h) in (3.6), we obtain, 
with r' = 1.8 - lo-' m/s, a tilt angle of 2O. 

Finally we note that the decay time in this case is 
about 56 h. This is very much smaller than the 
decay time for the first modes in a continuously 
stratified ocean; see (2.21). One should bear in 
mind, however, that the density stratification in the 
two cases is completely different so they cannot 
really be compared. 

4. A numerical example 

Since the equations for the free internal mode in 
a two-layer model formally are identical to those 
for the barotropic mode in a homogeneous sea, we 
have chosen to demonstrate numerically the effect 
of bottom friction in the latter case. The geometry 
is given in Fig. 1. The numerical finite-difference 
scheme is described elsewhere (Martinsen et al. 
1979), where also the boundary conditions at the 
coast as well as in the open sea are discussed. As a 
simplified model for the meteorological forcing, we 
take into consideration only the wind stress acting 
parallel to the coast. This situation is in fact most 
efficient in generating Kelvin waves; see Gjevik and 
Rwd (1976). Assuming a steady wind field, we 
take the wind-stress components as 

r(*) = r, exp ( -pz(x - x,)~ - qy) 

t ( Y )  = 0 (4.1) 
Here (x,,O) is the position of the wind-stress 

Sea 

I I 
0' X o  Coast c1 X 

200 km 

Fig. 1. The geometry of the numerical model. Broken 
lines are boundaries in the open-sea. The origin is at 0, 
and x,, denotes the position of the wind-stress maximum. 

maximum r,, while p and q give the decay in the x- 
and y-direction, respectively. In the numerical 
simulation we used p-I = 540 km, q-' = 180 km, x, 
= 600 km and r, = 2.3 kg/ms2, corresponding to a 
maximum wind of about 25 m/s. The other 
parameters are the depth, H = 50 m, the Coriolis 
parameter, f = 1.2 - lo-' s-'; the acceleration of 
gravity, g = 9.8 m/sz and the friction coefficient, K 
= r,/H = 4.8 - lo-' s-l. The space and time steps in 
the computations were 20 km and 240 s, 
respectively. 

The simulated motion starts from rest. Then the 
wind stress (4.1) is switched on. In Fig. 2(a) we 
have displayed the isolines for the surface elevation 
after 8 h. The generated surge is a result of the 
divergence of the wind stress and the Ekman 
transport normal to the coast. The wind stress is 
then switched off, and Fig. 2(b) gives the situation 4 
h later. The surge still has some reminiscences of 
the generation process, but also shows features of 
Kelvin wave behaviour. In Figs. 2(c) and 2(d), 
corresponding to 12 and 16 h after the stress was 
switched off, the surge consists mainly of free 
Kelvin waves. The role of bottom friction is clearly 
demonstrated by the twisting of the shape of the 
isolines, and the decay in amplitude as the surge 
progresses. For comparison, and also for present- 
ing a clearer picture of these features, we consider a 
single barotropic Kelvin mode. This is obtained 
from the analytical solution (3.4) by choosing c1 = 
@ and K = ro/H,  where ro and H have the same 
value as in the numerical example. The wavelength 
is taken to be 2 160 km, which roughly equals twice 
the width of the free surge in Figs. 2(c) and 2(d). 
The result is plotted in Fig. 3(a), where the 
maximum amplitude is approximately the same as 
for the surge in Fig. 2(c), while Fig. 3(b) depict the 
situation 4 h later. The striking similarity between 
the isolines of the free surge and the analytical 
Kelvin mode should be noted. In the analytical 
example in Figs. 3(a) and 3(b) the lines of constant 
phase are tilted 35 O backwards from the normal to 
the coast. At a fixed point on the coast maximum 
current will occur 2 h before high water in this case. 

We have also performed numerical computations 
where we assumed that the bottom stress was 
proportional to the square of the mean velocity. 
The results showed backward tilting of the co-tidal 
lines and amplitude decrease, and qualitatively 
agreed with those presented here for linear bottom 
friction. 
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Fig. 2. (a) Isolines for surface elevation alter the wind-stress (4.1) has been acting for 8 h. Equidistance 0.1 m. (b), (c) 
and (d) Isolines for surface elevation 4, 12 and 16 h, respectively, after the wind-stress has been switched off. 
Equidistance 0.1 m. 
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Fig. 3. Isolines for the surface elevation of a Kelvin mode. The wavelength is roughly twice the width of the free surge 
in Figs. 2(c) and 2(d). Equidistance 0.1 m. (a) analytical solution, (b) 4 h later. 

5. Concluding remarks 

The present investigation shows that friction 
affects internal Kelvin waves much more strongly 
than barotropic Kelvin waves. For given wave- 
length along the coast, the tilt of the co-phase lines 
are proportional to the product of the Coriolis 
parameter f and the friction parameter K,, and 
inversely proportional to  the square of the speed of 
free waves in the absence of friction. Since K, may 
be of the same order, or even be larger for 
baroclinic waves than for barotropic, and c, usually 
is much smaller, the difference in slope of the 
co-phase lines in the two cases may be quite 
considerable. 

Concerning the energy of the free baroclinic 
Kelvin modes considered here, we note that there 
is no flux of energy in the direction normal to 
the coast. This is obvious, since u, or Y is zero. 
Equivalently, from (2.10); with u, = 0: 

aE, aFa 
at a x  
-+-=D, 

where En(= fuf, + fci c) is the energy density, 
F,(=< u, c,,) the energy flux along the coast and 
D,(= -K, uf,) the dissipation. A similar equation is 
obtained for the internal mode in the two-layer 
case. 

Internal waves of the type discussed here have 
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been observed in fjords (Fjeldstad, 1964). Tbe 
generation mechanism in that case appears to  be 
pressure perturbations associated with tidal flow 
over a sill in the inlet. Unfortunately Fjeldstad did 
not measure the elevation or the current in the 
direction normal to the shore, so no information 
about the tilting of internal co-phase lines is 
available from his data. 

Krauss (1978) has investigated theoretically the 
response of a stratified viscous sea to  moving meso- 
and small-scale meteorological phenomena such as 
fronts, squall lines, gusts, etc., and concludes that 
these phenomena easily can produce internal 
waves. Although Krauss considers two- 

dimensional motion in an unbounded sea, there is 
no apparant reason why internal Kelvin waves 
should not be generated in the same way. It is also 
obvious that the generation mechanism will be 
particularly effective when the alongshore compo- 
nent of the wind field moves with a speed that is 
close to the speed of an internal mode. 
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