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used in ocean models 
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ABSTRACT 
As a guide for the choice of finite-difference schemes for use in ocean modding, different 
distributions of variables over the horizontal array of grid points in an ocean circulation model 
are investigated using the shallow water equations. Numerical and analytical techniques are used 
to study the types of computational noise present in each grid system. It is shown that the 
B-scheme (in which the horizontal velocity is carried at the center and the height field is carried 
at each corner of a rectangular grid) with diffusive dissipation successively suppresses numerical 
noise in a coarse grid (>I00  km) ocean model. For fine-scale resolution (<SO km), as in 
mesoscale ocean eddy models, it is shown that the C-scheme (in which the zonal velocity is 
carried at points to the east and west of the point of a rectangular grid where the height is carried, 
with the meridional velocity carried to the north and south of the height point) can be free of 
noise for the gravest mode (as in a two-layer model). 

1. Introduction 

Geostrophic motions in both the atmosphere and 
the ocean are possible because of geostrophic 
adjustment in which the dispersive propet%y of the 
inertia-gravity waves is essential for restoring 
geostrophic balance whenever a local imbalance 
occurs (Rossby, 1938; Cahn, 1945; Mihaljan, 
1963; Blumen, 1972). Clearly when numerical 
models are used for the simulation of geostrophic 
motions, the finite-difference schemes must be 
properly designed so that the dispersive properties 
of the inertia-gravity waves can be reasonably 
preserved in the models. 

Studies by Winninghoff (1968), Arakawa and 
Lamb (1977) and Schoenstadt (1978) have 
examined the effect of different finitedifference 
schemes on the dispersive characteristics of inertia- 
gravity waves. These studies have shown that the 
simulation of the geostrophic adjustment process is 
highly dependent on both the choice of grid scheme 
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(i.e., of the allocation of the pressure and horizontal 
velocity components over the points of a horizontal 
grid domain) and the ratio of the horizontal grid 
size to the Rossby radius of deformation, defined as 
the scale distance over which the gravitational 
tendency to render the free surface flat is balanced 
by the tendency of the Coriolis acceleration to 
deform the surface (Pedlosky, 1979). Arakawa and 
Lamb (1977), in particular, have recommended for 
atmospheric general circulation models (AGCMs) 
the use of the C-scheme (in which the zonal 
velocity is carried at points to the east and west of 
the point of a rectangular grid where the height is 
carried, with the meridional velocity carried to the 
north and south of the height point), since this 
scheme simulated geostrophic adjustment 
accurately when the grid size is smaller than the 
Rossby radius of deformation (-lo00 km in the 
atmosphere). In global ocean general circulation 
models (OGCMs), however, horizontal grid sizes 
(> 100 km), for practical reasons, are usually larger 
than the Rossby radius of deformation (-50 to 100 
km for the first baroclinic mode in the ocean) and 
the choice of grid scheme in this case is not 
obvious. 
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The purpose of this study is to further examine 
the effect of different grid schemes on the geo- 
strophic adjustment process with ocean modeling in 
mind. Since the shallow water equations govern the 
simplest fluid in which geostrophic adjustment can 
take place, we have utilized these equations for our 
study. The initial schemes considered are the A-, 
B-, C- and E-schemes, using Arakawa’s (1972) 
nomenclature. However, detailed numerical tests 
are made only for the B- and C-schemes, since they 
are the only grid schemes currently in use in 
OGCMs (Bryan, 1969; Haney, 1974; Holland and 
Lin, 1975; Kim, 1979). 

2. Finite-difference schemes and their 
frequency equations 

The simplest fluid system in which geostrophic 
adjustment can take place is the two-dimensional, 
divergent, horizontal motion of an inviscid, incom- 
pressible fluid with a flat bottom and a free surface. 
The linearized shallow water equations in a 
Cartesian coordinate system which govern such 
motions are: 

auiat - f i  + gah/ax = o 
w a t  + fu + g a m y  = o 

ahfa t  + H(auiax + w a y )  = o 

(1) 

(2) 

(3) 

where u is the zonal velocity, v is the meridional 
velocity, h is the height of the free surface, f is the 
Coriolis parameter (assumed constant), H is the 
mean depth of the fluid, and g is gravity. 

The different distributions of the dependent 
variables for the A-, B-, C- and E-grids, along with 
the finite-difference versions of eqs. (1)-(3) which 
were used, can be found in Mesinger and Arakawa 
(1976) or Arakawa and Lamb (1977). The dis- 
tributions of the dependent variables h, u, and v on 
a rectangular grid for these schemes are repro- 
duced in Fig. 1 for the reader’s convenience. For 
schemes A, B and C, d is the grid size; in scheme E, 
d* = \/z times d (which makes scheme E have the 
same number of points per unit area as any other 
scheme). 

It should be noted that all of the schemes 
considered in the following analysis are semi- 
discrete, i.e., only space-differencing is used, so that 
the effect of space- rather than time- finite- 
difference schemes on the behavior of inertia- 

gravity waves can be examined. Due to the 
particular allocation of variables in each grid 
scheme, some spatial averaging is required in order 
to compute either the components of the pressure 
gradient or Coriolis force except in the E-scheme. 
Averaging is introduced in the pressure gradient 
force for both the A- and B-schemes and in the 
Coriolis force for the C-scheme. As shown in 
previous studies (Arakawa, 1972; Arakawa and 
Lamb, 1977; Schoenstadt, 1978), the use of spatial 
averaging can result in distortions of the exact 
dispersion relations and introduce computational 
noise. 

To analyze the distortions of inertia-gravity wave 
frequency associated with each grid scheme, the 
frequency relations were derived for the linear 
differential eqs. (1)-(3) and for each of the grids 
considered. The results for a plane wave of the form 
exp(i(kx + ly - a t ) )  are: 

Exact frequency equation: 

Scheme A: (:! = (+r [sin2 kd + sin2 Id] + 1 

Scheme B: 

+ (COS’ )kd sin2 4/41 + 1 

(4) 

Scheme C: (:r = 4;)’ [(sin2 fkd + sin2 jkf)] + 

+ cos2 fkd cos’ fld (7) 

Scheme E: 

Here w is the frequency, I the  Rossby radius of 
deformation = (gH)1‘2 f-‘, k t h  zonal wave 
number and 1 the meridional wave nu&er. 

A comparison between the exact frequency eq. 
(4) and finite-difference analogues (5)-(8$ shows 
the manner in which the finite-difference sdemes  
distort the exact frequency equation. When the first 
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Fig. 1 .  Spatial distributions of the dependent variables on a rectangular grid. Here h is height, u 
eastward and northward velocity components, respectively, d is the grid size, d* = \/z times d, and 
indices of the grid points in the x and y directions respectively. 

1 + 1/2 

1-1 I - 1/2 
i - l  i i+l i - l/2 i i+V2 

-d- -d*- 

Fig. 1 .  Spatial distributions of the dependent variables on a rectangular grid. Here h is height, u 
eastward and northward velocity components, respectively, d is the grid size, d* = \/z times d, and 
indices of the grid points in the x and y directions respectively. 

and v are the 
i and j are the 

terms of each numerical scheme (i.e., those involv- 
ing I) are compared with the first term of the exact 
frequency equation, it is seen that whereas the 
non-dimensional frequency (win depends only on 
the parameters k, 1, and I in the continuous 
equation, the frequency (w l s )  depends also on the 
grid size d in all the finite-difference equations. 
Furthermore, the last term of each frequency 
equation (4>-(8) is unity except in the C-scheme (7). 

The choice of grid size d will therefore influence 
the behavior of w as a function of k and I, while the 
ratio of the Rossby radius of deformation to the 
grid size (Aid) will determine whether the first or 
second term will dominate in the frequency 
equations: if the ratio is small, the second term will 
dominate, whereas if the ratio is large, the first term 
will dominate. 
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To illustrate this dependence, plots of the 
frequency (win obtained from the exact frequency 
equation and from the B-, C-, and E-grids are 
shown in Fig. 2 for Ild = 2 and in Fig. 3 for Ild = 
114. The plot for the A-grid is not shown, since the 
frequency equation for this scheme is the same as 
that for the E-scheme. Since the Rossby radius of 
deformation for the first baroclinic mode in the 
ocean is of the order of 100 km, the ( I ld)  ratios of 
2 and 114 used in Figs. 2 and 3 correspond to grid 
sizes of 50 km and 400 km, respectively. 

For Ild = 2 (which was examined by Arakawa 
and Lamb, 1977), the frequency for the exact 
solution increases monotonically with wave- 
number. The frequencies for both the B- and 
E-schemes agree with the frequency for the exact 
solution only in the third quadrant of the wave- 
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Fig. 2. Graphs of variation of (df) as a function of the dimensionless wavenumbers for the exact frequency 
equation (a), the B-scheme (b), the C-scheme (c), and the E-scheme (d) for the case Md = 2. Here and in later 
figures H = 4 km,f= lo-* s-’, and g = 9.80 m s - ~ .  

number domain; in the first quadrant, unlike the 
exact solution, the frequency decreases with 
increasing wavenumber. As a result, the pro- 
pagation of two-dimensional short waves for these 
schemes is much slower than that for the exact 
solution. Furthermore, both schemes show an 
artificial frequency maximum at the mid-point 
resulting in zero group velocity and a consequent 
lack of energy propagation for this wavenumber. 
Unlike the other schemes, the C-scheme shows the 
same monotonic increase of frequency with 
increasing wavenumber as the exact solution so 
that proper simulation of the whole spectrum of 
waves occurs. Hence, an examination of the plots 
of each grid scheme show that the C-scheme best 
simulates the exact solution for Ald = 2. 

For A/d = 1/4, both the 8- and E-schemes show 
the same distortion as for L/d = 2. The C-scheme, 
however, now shows a monotonic decrease of 
frequency with increasing wavenumber. As a result, 
contrary to the exact solution, the phase speed at 
high wavenumbers for this scheme is much slower 
than that for low wavenumbers; furthermore, the 
direction of group velocity reverses resulting in the 
greatest distortion of the exact solution. 

3. Numerical results 

Based on the results in the previous section, 
proper dispersion of high frequency waves, i.e., 
inertia-gravity waves, occurs only €OT the C-scheme 
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Fig. 3. Same as Fig. 2 except for d/d = 114. 

(b) 

1.1 1.1 1.1 1.0 1.0 1.0 

1 1 . 1  1.1 1.1 1.0 1.0 1.0 

11.0 1.0 1.0 1.1 1.1 1.1 

0 I;;;\ 1.0 1.0 1.1 1.1 1.1 

1.1 1.1 1.0 1.0 

l t 1.0 1.1 1.1 1.1 1.1 L I . 0  

when l / d  = 2. For all other schemes and for U d  = 
1/4, distortion is always present in the high 
wavenumber region, precisely where dispersion 
should occur for proper simulation of the geo- 
strophic adjustment process. 

To examine the consequences of this distortion 
of wave frequency, a series of numerical initial- 
value problems was run using both space- and 
timedfierencing schemes for the shallow water 
eqs. ( l t ( 3 ) .  Only the B- and C-schemes were used 
since they are the grid schemes currently used in 
OGCMs. In each experiment the fluid was initially 
at rest and was contained in a rectangular basin 
with zero normal velocity at the lateral boundaries. 
A point mass source and a point mass sink of 1 0  
cm and -10 cm respectively, were prescribed at 
fixed locations 12-grid intervals apart at each time 
step; otherwise the initial height field was uniform. 

The shallow water equations were integrated using 
time steps of 450 seconds for one day, which is 
approximately the time required for geostrophic 
adjustment to occur. A cycle of an Euler-back- 
ward step and five subsequent integrations with the 
conventional leapfrog scheme was used for time 
integrations. The integrations were performed over 
a region of approximately 5500 km by 5500 km 
(25 x 25 grid intervals) for each scheme. The space 
and time increments satisfied the Courant- 
Friedrichs-Lewy condition. 

Since, as shown in (3), the behavior of the height 
field delineates the divergent component of the flow 
associated with the dispersive inertia-gravity waves, 
only solutions for the height field are presented. 
These solutions at the 205th time step (- the 
geostrophic adjustment time) are shown in Figs. 4 
and 5 for the B- and C-schemes with equal spatial 

Tellus 33 (1981),4 





COMPUTATIONAL NOISE OF PMITE-DIFFERENCE SCHEMES USED IN OCEAN MODELS 393 

energy, resulting in the observed two-grid interval 
noise pattern. 

To see whether or not the noise pattern is 
dependent on the grid size ratio, an asymmetric 
C-grid was examined (i.e., Ax + Ay) for the case 
A/d = 1/4, which corresponds to the usual choice in 
coarse grid,ocean models. The results are shown ih 
Fie. 6 for the crlses Ax > Ay and Ax < hy. When 
Ax > Ay, a predominantly north-south orientation 
of noise oacurs, whereas when Ax < Ay the 
orientation of the noise is more east-west. As 
shown in Fig. 5 ,  both north-south and east-west 

Fig. 6. The height field for unequal grid intervals Ax = 
440 km, Ay =220 km, (top) and Ax = 220 km, Ay = 
440 k q  (bottom) for A/d= 1/4 for the C-scheme. 
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orientations of noise are found when Ax = Ay. 
These results indicate that the choice of Ax and Ay 
influences the alignment of the noise pattern in the 
finite-difference grid. 

To further investigate this effect, the frequency 
equations were found for the B- and C-schemes, 
respectively, for the unequal grid intervals: 

(:rs4( (Ax)’ 
A’ sin’ #kAx cos2 #lAy ~ 

(10) 

Results for the case Ax > Ay for both grids are 
shown in Fig. 7, which shows that the variation of 
( o / k )  is greater in the ydirection than in the 
x-direction. Thus, waves can propagate faster in the 
y-direction. Based on these results, when Ax > h y  
a north-south noise orientation should predominate 
over an orientation in the east-west direction. When 
Ax < Ay, the opposite noise alignment should 

Since we have found that the numerical noise for 
small (Aid) ratios is present in both the B- and 
C-schemes for an inviscid flow, and because we 
must use small (Aid) ratios in global ocean models, 
a successful technique to suppress the noise should 
be sought. In previous shallow water studies the use 
of a time alternating space-uncentered (TASU) 
differencing scheme has been shown by Arakawa 
(1972) to be effective for noise suppression in the 
B-scheme, whereas the use of a divergence- 
corrected scheme has been shown by Mesinger 
(1973) and Janjic (1974) to be effective for noise 
suppression in the E-scheme. However, since 
coarse grid OGCMs usually use a linear Laplacian- 
type dissipation with a large diffusion coefficient 
(-lo4-los m2 s-l), we have considered only the 
effect of this particular dissipation mechanism on 
suppressing the numerical noise found when small 
(Ud) ratios are used. For both schemes second- 
order finite-differencing with no slip lateral bound- 
ary conditions were used. The results for Ald = 
1/4, corresponding to large grid sizes, and, accord- 
ingly, a large diffusion coefficient of los m2 s-l, 
are shown in Fig. 8. A comparison of Figs. 8 and 5 

(;Iz 4r sin’ #kAx A’ sin’ flAy 
- =  + 

(Ax)’ (AY)’ 

+ cos’ #kAx cos2 #lAy 

occur. 
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Ffg. 7. Graphs of variation of (w/n as a function of dimensionless wavenumber for unequal grid intervals 
Ax = 440 km, Ay = 220 km. For Vd = 2, (a) is for the C-scheme, (b) for the B-scheme; for U d  = 1/4, 
(c) is for the C-scheme, (d) for the B-scheme. 

for the C-scheme shows that regions of alternating 
positive and negative areas are still present, along 
with a change in the orientation of the two-grid 
interval noise near the southern and northern 
boundaries. A comparison of the same figures for 
the B-scheme shows that the checkerboard noise 
pattern in Fig. 5 has been replaced by smooth 
concentric height patterns around the source and 
sink regions in Fig. 8. Thus, the computational 
noise is successfully suppressed in the B-scheme 
when diffusion is included, but not in the C-scheme. 

Use of a smaller diffusion coefficient of 10' m2 
s-I for the B-scheme was also investigated; when 
compared with the height field in the case of no 
diffusion in Fig. 5 it was found that the fields were 
less noisy when this level of diffusion was included. 
However, some noise was still present, in contrast 

to the case of the large diffusion coefficient (Fig. 8). 
Hence, the use of a diffusion coefficient -10' m2 
s-I is sufficient for noise suppression in coarse 
B-schemes. 

The question of why diffusion is more effective in 
one scheme than in another should be explored. 
Since Fig. 5 showed that the B- and C-schemes had 
different noise patterns, i.e., the B-scheme had 
checkerboard noise patterns while the C-scheme 
had either east-west or north-south noise patterns, 
the possibility that successful noise suppression 
might be related to the orientation of the noise was 
therefore investigated. Fig. 9 shows three hypo- 
thetical noise orientations, namely, east-west, 
north-south, and diagonal (or checkerboard). If the 
diffusion of some quantity ly is taken as pro- 
portional to V21y and is computed for each noise 
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Ffg. 8. The height field for equal (Ax = AJJ = 220 km) 
grid intervals with diffusive dissipation for A/d = 1/4 for 
the C-scheme (top) and B-scheme (bottom). The dif- 
fusion coefficient is 10' m' s-l. 

I -I I . . .  I -I I 
1 . .  

-I -I -I . . .  
-I I -I . . .  I - 1  I ! ! I  . . .  
I -I I . . .  I -I I . . .  -1 -I -I . . .  

( 0 )  (b) ( C )  

Fig. 9. Characteristic orientations of noise: (a) east-west 
oriented, (b) north-south oriented, and (c) diagonal 
(checkerboard pattern). The Laplacian of yt for each 
noise pattern is V' yt = -4/d2 for (a) and (b) and -8/P 
for (c). 

pattern, we find that the same diffusion coefficient 
is twice as effective in suppressing a checkerboard 
noise pattern (Fig. 9c) as it is for an east-west or 
north-south oriented noise pattern (Fig. 9 4  9b). 
However, the use of twice as large a diffusion 
coefficient (i.e., -2 x loJ m2 sdl) did not 
successfully suppress noise in the C-scheme. It is 
therefore suggested that other dSusive dissipation 
formulations such as biharmonic and nonlinear 
dissipations, and higher-order finite-differencing 
schemes, be explored for the C-scheme. However, 
since the main purpose of the present study is to 
examine the intrinsic properties of finite- 
differencing schemes for an inviscid rather than 
viscous fluid, we leave the systematic investigation 
of these techniques for future research. 

4. Conclusions 

The present study has shown that the general 
characteristics of numerical solutions of simple 
fluid flow depend critically upon the choice of 
model parameters as well as on grid schemes. 
Whereas the C-scheme is superior to the B-scheme 
for (A/d) > 2, the B-scheme, if diffusive dissipation 
is included, appears to be a superior choice for 
(Wd) < 2. Based on these results, and with the 
reservation that the present study is only appropri- 
ate for two-layer models (since the Rossby radius 
of deformation can be different for dflerent 
baroclinic modes in multi-layer models), the C- 
scheme is a better choice than the B-scheme for 
fine-scale resolution ((50 km), as in ocean eddy- 
resolving models; the B-scheme with diffusion is 
recommended for coarse-grid models (>lo0 km) 
such as conventional OGCMs. 

Although the present study provides a pre- 
liminary guide for the choice of grid schemes in 
ocean modeling, further research is needed before 
definitive conclusions regarding the best grid 
schemes for ocean modeling and for large-scale 
geophysical flows in general can be drawn. For 
example, further comparison could be made be- 
tween time-dependent analytic solutions and 
numerical solutions. Attention could also be given 
to the evolution and behavior of the velocity field, 
since in the present study the velocity field in the 
B-scheme is nearly geostrophic regardless of (L/d), 
whereas with the C-scheme the velocity field is 
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highly divergent. Whether this is due to the grid 
schemes themselves or to  the prescription of a 
singular mass source and sink in the height field is 
not known. To determine this, an analysis of the 
velocity field for different grid schemes with 
extensive forcing (i.e., wind stress) in place of the 
present singularities could be made. Nevertheless, 
our results indicate that, for coarse grid ocean 
models, the B-scheme with the use of diffusive 
dissipation can successfully suppress computation- 
al noise. 
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