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ABSTRACT

The linear properties of eddies growing in a mean flow that is oriented in any horizontal direction
are analyzed. The mean flow only varies with height. The growth rate, phase speed and structure
of the waves change dramatically with different orientations of the mean flow and the waves.
These properties are related to the vertical profile of the mean total interior potential vorticity
gradient, Q. Q is largest for those orientations where the Coriolis terms are most positive; it
is smallest when those terms are most negative. When Q is maximized; the growth rates are
largest, the propagation speed is least, the upper level eddy amplitude is enhanced and the
sharpest vertical tilts of the trough and ridge axes occur at lower levels. The opposite properties
result when Q is minimized. Limiting the horizontal extent of the wave (by using side-wall
boundaries) causes cross-flow asymmetry in the wave structure and induces horizontal tilts

to the wave axes.

1. Introduction

Geophysical fluid flows are characterized by
complicated spatial structure. The local variations
in the flow might be categorized according to mean
direction, curvature and turning as well as straight
horizontal and vertical shear. It would be useful to
be able to examine the stability properties of small
regions of a complex flow, instead of restricting
analysis to larger scale, highly idealized mean flows.
Such a “local stability analysis” would not only tell
us about the nature and evolution of waves
imbedded in a more typical flow, but it could also
describe variations in the predictability of that flow.
In baroclinic and barotropic instability studies it
has been convenient to restrict the analysis to mean
flows without curvature or turning. In addition, it is
common practice to orient the prescribed flow in
the zonal direction. These constraints result in a
considerable simplification of the mathematics.
However, actual geophysical flows are rarely
confined to the zonal direction. This is true in the
atmosphere and especially in the ocean, where the
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basin shape exerts an important influence. This
study removes the restraint upon the orientation of
a prescribed flow which only varies with height. In
this narrow sense, this work constitutes a further
step toward a local stability analysis of complex
geophysical flows.

Not all previous studies were restricted to zonal
flows with zonally propagating eddies. Miles (1964)
allowed the waves in his baroclinic instability study
to propagate in any horizontal direction, but he
required his mean flow to be zonal. Robinson and
McWilliams (1974) used a two-layer model that
allowed mean currents of any compass direction in
their study of mesoscale oceanic eddies. Both
works found that the wave propagating parallel to
the mean flow grew the fastest. This result is not
necessarily general. The following experiments
indicate that there can be wavelengths at special
orientations of the mean flow where the waves
propagating at an angle to that flow amplify
fastest. Brode and Mak (1978) examined the
stability of flows with turning but the important
variation of the Coriolis parameter was neglected in
their model. Killworth (1979) examined the prop-
agation of neutral Rossby waves in mean flows of
various orientations and shear. The stability of a
plane wave propagating in any direction to a mean
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flow of arbitrary orientation was briefly discussed
by Pedlosky (1979) using a two-layer model. He
showed that, for nonzonal mean flows, there may
be no minimum shear required for instability
despite the linearly variable Coriolis parameter. He
also found that the most unstable wave does not
necessarily propagate parallel to the mean flow,
especially when the mean shear is weak. In this
report, analogous plane wave solutions are exam-
ined in more detail and without the restriction of
two layers. Also, some wave-like solutions of finite
horizontal extent are considered here.

Eigenvalue problems which include a wave
in the basic state (and hence, curvature} were
examined by Frederiksen (1979, and its refer-
ences) and Niehaus (1980). It is not clear what
role, if any, is played by curvature, since those
authors found preferred regions of growth could be
related to regions of greatest vertical shear.

This article examines the linear stability proper-
ties of waves growing in a prescribed mean flow that
can be oriented in any compass direction. The only
anisotropy in the mathematical model arises from
the linearly variable Coriolis parameter. The
growth rate, phase speed and structure of the wave
vary significantly with its direction of propagation
and the direction of the mean flow. These variations
can be partly traced to the mean flow potential
vorticity gradient.

2. Model description

The mathematical model used in this study is
similar to the model developed in Grotjahn (1979,
1980). Modifications have been introduced in order
to handle the variable orientation of the mean flow.

The fluid motion satisfies the quasi-geostrophic
potential vorticity equation expressed on a mid-
latitude f-plane. Periodic boundary conditions are
used in the along-mean-flow (x) direction. (The
Appendix contains a list of symbols.) The vertical
velocity vanishes at the top (z = 5) and bottom
(z = 0) surfaces. The z boundary conditions are
formulated from the adiabatic equation. An upper
rigid lid is reasonable for this type of study because
of its high placement (50 km). Both periodic and
Dirichlet cross-mean-flow (y) boundary conditions
are investigated. Periodic boundary conditions in y
made the equations separable while allowing plane
wave solutions. Dirichlet boundary conditions in
y left nonseparable equations with wave-like
solutions of finite horizontal width.

Tellus 33 (1981), 2

189

The prescribed fields identified as the Narrow
tropopause case and lowest-order mean flow in
Grotjahn (1980) are used here. The equations are
linearized about this mean flow which only varies
with height. The basic current U vanishes at z = 0
and reaches a maximum near the tropopause (Fig.
1). The stratosphere and troposphere are modelled
by vertical variations in the static stability and in
the log derivative of density.

The vorticity equation can be written

g,+ Ug, + UBcos y + ¢.q,= ¢,Bcos y §))
where nonlinear terms are neglected, subscripts
denote differentiation,

q= £¢zz +(Qe + sz)¢z + ¢yy + ¢xx

g,=—¢eU,, — (Qe+¢e)U, + Bsiny

U is the prescribed mean flow and y is the
orientation angle of the mean flow, measured
clockwise from the northward direction (Fig. 2).
Coefficients ¢, Q and U are functions of z, § is a
constant.

In order to handle the nonperturbation
(UB cos y) term, eq. (1) is partitioned into mean
flow and nonzero wavenumber equations:

(ep.. + (Qe + £))9, + 8,,),= (9, — U) Bcosy (2a)
and

9+ Uq, + 9.9,=¢,fcosy

with

$.,+Ug,—U,9,=0 at z=0and$

(3a)
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Fig. 1. Vertical profiles of ¢, Q and U for the Narrow
tropopause case.
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Fig. 2. Schematic illustration of the coordinate axes x

and y for orientation angle y. The mean flow U is directed
as shown.

Assume a wave-like dependence in y as well as for
xand ¢

¢ = ¢(2) exp (ilkx — wt + my))

and that m = rk where r is a finite constant. For r >
0, the plane waves move left across the flow as one
looks downstream; for r < 0 the waves are
right-moving. Then the mean flow equation
becomes (since k =0 = m)

(e, + (Qe + £,)9,), = —UB cos y (2b)

and the nonzero wavenumber equation becomes

(—iw + ikU)(eg,, + (Qe + €,)¢, — a’ §) + ikgq,

= im@f cos y (3b)
with a> = m? + k* and
(—iw + kU@, — ikU,9=0 at z=0and5

If (2a) is solved as is, it may have oscillatory or
steady-state solutions depending upon the bound-
ary conditions. If the ¢ dependence is left
unprescribed, (2b) may have linearly growing
solutions. Typically, the problem is not derived in
quite this way. Instead, an external forcing is
introduced to balance the infinite source of
planetary vorticity advected by the UB cos y term
(e.g., Pedlosky, 1979). However, both approaches
accomplish the same result; namely this forcing is
removed from the perturbation stability analysis.
Both approaches derive equivalent versions of the
perturbation equations (3). We are not interested in
the solutions of (2). Instead, this article focusses
upon solutions of the eigenvalue problem posed by
(3). The eigenvalue is the phase frequency w and
the eigenfunction is the quasi-geostrophic pressure

¢

The separable eigenvalue problem (3b) yields
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plane wave solutions. These solutions are obtained
by finite differencing (3b) and utilizing a highly
accurate matrix eigenvalue routine. Several differ-
ent values of r were considered. For m = 0, the
plane waves propagate in the direction of the basic
flow. For m = k, the waves propagate at a 45°
angle to the mean flow.

The nonseparable eigenvalue problem (3a) is
used for a channel domain oriented in the basic
current direction. The boundary conditions ¢ = 0
are imposed along the y = constant side-walls. The
wave-like solutions have finite horizontal width and
propagate in the x direction. Neither an eigenvalue
nor a direct Poisson solving routine that could
accurately handle a nonseparable two-dimensional
equation with complex coefficients was available.
Instead, (3a) was solved using perturbation
methods. The mathematical procedure is presented
in Mclntyre (1970) along with some discussion of
its validity. The numerical formulation of this
approach is described in Grotjahn (1979). To
properly solve (3a), this method requires the
right-hand side term to be formally small. This is
accomplished by restricting the range of y. At
lowest order in the small parameter expansion this
term is neglected. At higher orders this term is a
known forcing function. Both w and ¢ are
expanded in powers of the small parameter. The
lowest-order w and ¢ are the eigensolutions of the
homogeneous equations. At each higher order, the
forcing function must satisfy an orthogonality
condition that specifies a corresponding term in the
w series. At lowest order ¢ is symmetric in y, so the
forcing function at second order is antisymmetric.
The orthogonality condition involves a symmetric
integral of the forcing function, making the second-
order term in the phase frequency series zero. Ergo,
the phase frequencies of channel solutions are
equivalent, to second order, with those of the m =0
plane waves. However, the structures of the channel
and plane wave solutions are significantly different.

3. Plane wave solutions

In this section the stability, motion and structure
of the plane wave solutions are analyzed. The
stability of similar plane wave solutions for a
two-layer model are briefly described by Pedlosky
(1979). Complex phase frequency spectra are
plotted versus « and y, where a is the absolute
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wavenumber and y is the angle of mean-flow
orientation. At y = 90 the mean flow is from the
west; at y = 180 it is from the north. The Rossby
radius of deformation (~1100 km) is used for the
horizontal length scale. The dimensional wave-
length for a@ = 2.0 is about 4500 km. The solutions
for 1.5 < a < 2.5 will be referred to as the
intermediate waves and are emphasized in this
report. The solutions for smaller or larger « are
termed the long and short waves respectively. It will
be useful to define a total potential vorticity
gradient

0 =d,~ rBoosy

which sums both components of the basic state
potential vorticity gradient. The characteristic
structures of the intermediate and short waves are
represented by the @ = 2.0 and a = 3.0 solutions.
The desired solutions were distinguished from the
unwanted continuum or critical layer modes by
selecting the solution with the largest growth rate.
This procedure worked well for the intermediate
and most short waves, but it was unsatisfactory for
the nearly neutral long waves.

Growth rate spectra for three definitions of m are
presented in Fig. 3. It is immediately clear that the
stability of a wave varies a great deal depending
upon its orientation to the mean flow and the
planetary vorticity gradient. The most unstable
wave occurs at an intermediate wavelength which
also varies with y. For flows with an easterly
component, the plane waves have much smaller
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growth rates than for flows with a westerly
component. Between these two extremes are two
angles at which large growth rates extend into the
long wavelengths. These intrusions of instability are
centered at the values of y satisfying r = tan(y),
where the two terms containing § in (3b) cancel.
Whether they are positive or negative, the presence
of fterms always reduces the long waves instability.
These intrusions may correspond to the tongues of
longer wave instability found by Robinson and
McWilliams (1974, see their Fig. 9). They also
found a sharp short-wave, instability cut-off which
may be due to their limitation of two vertical layers.

For most values of aand y, the fastest amplifying
waves are those that propagate paraliel to the mean
flow. That is, those for m = 0. A similar pattern of
growth rate variation occurs for each choice of r.
And, different r values translate this characteristic
pattern along the y axis. As r increases, the overall
magnitude of the growth rates become less. But,
because the pattern has large variation with y, there
are small bands of wavelengths at certain angles for
which the most unstable waves propagate at an
angle to the mean flow. These properties are seen in
Fig. 3. For example, some of the m = k long waves
at y = 225 and 45 grow faster than the correspond-
ing m = 0 waves. From the symmetry of (3a), a
similar statement can be made for m = —k and y =
315 and 135.

Phase speed spectra for three choices of r are
displayed in Fig. 4. The chaotic regions occur
where the selection procedure for obtaining the
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Fig. 3. Growth rate spectra versus a and y for the Narrow tropopause case where r = 0 (left plot), r = 1 (middle plot)

and r = 2 (right plot).
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Fig. 4. Phase speed spectra for the plane waves depicted in Fig. 3.

desired eigenvalue is unsuitable. The solutions in
these regions are ignored. The phase speed also
changes significantly with y. In general, the faster
moving waves are those waves imbedded in
easterly-type flows. For an intermediate or short
wavenumber a, waves propagating fastest grow the
slowest and vice versa. The intermediate waves for
r = tan(}y) are nearly nondispersive.

If one considers an incompressible fluid and a
basic current that linearly varies with height, then O
is uniform and comprises solely the two § terms.
When the rigid lid is placed at z = 1, the problem

reduces to that examined by Eady (1949) when r =
tan(y). At other angles the problem becomes
analogous to that studied by Green (1960). Flows
from the south and east induce upper trapped short
waves; north and west induce lower. In this
Eady—Green problem, the phase speed also reaches
a maximum at a single value of y and a minimum
for basic flow in the opposite direction (Fig. 5).
However, the pattern of the growth rate spectra is
somewhat different for this problem. These growth
rate and phase speed results can be better under-
stood after examining the amplitude profiles.

Fig. 5. Growth rate (left) and phase speed (right) spectra versus a and y for the m = 0, Eady—Green waves. Q = 0,

1, U = z, and the upper rigid lid is at z = 1.
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The vertical structure of the m = 0 intermediate arbitrary complex constant. This constant was
waves for six different orientation angles y is chosen so that the amplitude equals one and the
depicted in Fig. 6. Figs. 7 and 8 show the phase is zero at the bottom.
corresponding profiles for m = k and m = 2k. The The amplitude is characterized by two relative
structure is presented in terms of the wave maxima; one near z = 0.8 and the other at the
amplitude and phase. In an eigenvector problem the bottom surface. The lower maximum is fixed by the
amplitude and phase are specified up to an normalization, while the upper maximum changes
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Fig. 6. Vertical profiles of amplitude (A4) and one-half phase angle (P) of ¢ for the m = 0, intermediate (¢ = 2.0), plane
wave at six orientation angles. (The phase angle is divided in half.) Vertical profiles of the mean to eddy available

potential energy conversion (E) are also shown.
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Fig. 7. Same as Fig. 6 except m = k.
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Fig. 8. Same as Fig. 6 except m = 2k.

for different y. The upper maximum appears to be
associated with the maximum value of the total
interior potential vorticity gradient, @ shown in Fig.
9. For m = 0, the profiles are symmetric about the
east and west directions. For example, the profiles
for y = 45 and 135 are the same. For m = k, the
profiles are symmetric about the y = 135 and 315
directions, making the profiles for y = 90 and 180
identical, for example. The symmetry angles are
those y which satisfy r = tan(y + 90) and are where
the § terms in @ are largest or smallest. For the
waves propagating along the flow (m = 0), the
upper level amplitude is least for easterly flow. The
upper level maximum is largest for westerly flow.
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Fig. 9. Vertical profiles of Q for the Narrow tropopause
for several values of y and r. In (A) m = k and y = 315;
in(Bym=korm=0and y=270;in (C)m=kand y=
45 or 225, orm =0 and y=0or 180;in (D) m =k or
m=0and y=90;in (E) m=k and y= 135.

Hence, the upper level maximum is largest where
the B terms in Q are largest and conversely. For the
waves moving at an angle to the mean flow, the
upper level amplitude changes by a greater amount
over the range of . The magnitude of this
amplitude variation increases with » as does the
range of the f terms in Q. The height of the
low-level relative minimum varies with y as well.
The height is lowest for westerly flow and highest
for easterly flow. The range of the heights as y is
varied increases with r also. This range appears to
be tied not only to 0, but also to the phase speed of
the wave. That is, the height of the relative
minimum is related to the steering level. Clearly the
amplitude structure of the wave is strongly influ-
enced by the distribution and magnitude of Q.

In the Eady-Green problem there are relative
maxima in the amplitude at the top and bottom
surfaces. @ is uniform with height, being merely the
sum of the two B terms. The upper surface
amplitude changes in analogous fashion to the
Narrow tropopause case. It is largest when Q is
largest and vice versa. The height of the minimum
amplitude also shifts in accordance with Q and the
steering level.

The phase angle is measured positive down the
direction of wave propagation. Thus, the trough and
ridge axes of the intermediate waves tilt back with
height in the lower part of the domain. The most
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rapid shift of phase (the strongest tilt with height)
occurs near the low-level relative minimum in the
amplitude. The height of the region of strongest
tilt seems to be inversely correlated with the growth
rate. When the rapid phase shift occurs at the
jowest levels the growth rates are largest. When the
phase shift occurs mainly at higher levels the
growth rate is less. This result is consistent with the
energetics.

The available potential energy conversion is the
primary source of energy for these waves. This
energy conversion from the mean flow to the eddy
is shown in Figs. 6-8. It depends upon the wave
amplitude and vertical derivative, the mean density
and the vertical shear of the basic wind. The
vertical derivative of the wave eigenvector will be
partly proportional to the strength of the phase tilt
and partly proportional to the amplitude. The other
three quantities decrease as the level of greatest tilt
becomes higher. It follows that the maximum
baroclinic energy conversion is also less, thus
corroborating the smaller growth rates. (The
volume-integrated energy conversion must be nor-
malized by the volume-integrated eddy energy in
order to precisely compare it with the growth
rates.) In the Eady-Green problem, the mean
density and vertical shear are independent of height
and the structure of the wave dictates the vertical
structure of baroclinic energy conversion.

The changes in the complex phase frequency as y
is varied exhibit a dramatic influence by the interior
potential vorticity gradient Q. One can also express
the forcing by the z boundary conditions as a delta
function in the potential vorticity gradient (Brether-
ton, 1966). The forcing by the boundaries will
depend upon the amplitude of the wave as does the
interior forcing. For the Eady—Green problem the
forcing by the boundaries will be different for
different 7. For the Narrow tropopause model the
upper boundary forcing is immaterial due to the
exponential decay with height of ¢ and mean
density. The lower boundary is made independent
of y by the ¢ normalization, since the mean velocity
field is unaltered by 7. Thus the analysis reduces to
an examination of the projection of Q onto 1412
Recall that the most rapidly amplifying inter-
mediate and short waves are those where Q is most
positive. The slowest growing waves occur when
the § terms in Q are most negative. The phase
speed is slowest where Q is largest and conversely.
This result agrees intuitively with the stability and
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propagation bounds derived by Pedlosky (1964,
see his egs. 4.1.18 and 4.1.9). An analogous bound
upon the phase speed, C,, for the Eady—Green
waves would be

—f(sin y—rcos y)
—_ <

2a? <G =l

The minimum allowable phase speed is decreased
as the B terms become larger. In the Eady—Green
problem, the propagation speed is also a maximum
for the smallest Q and a minimum when Q is
largest. However, the growth rate spectra for these
two extremes in Q are identical in the Eady—Green
problem.

This Eady—Green result can be partially
elucidated by the structure that these waves adopt.
The low rigid lid makes the upper boundary
condition a significant factor in the stability
analysis. The necessary conditions derived by
Pedlosky (1964) or Blumen (1968) involve not only
properties of the mean flow, but also the eddy
amplitude and, for the former, the complex phase
speed. A similar condition can be derived for this
problem:

1912 Q
ol [ S
Lolg P ~
+f_ 1—ci?[,., lei? Mdy}_o ©)

where ¢ is the complex phase speed in the
along-flow direction and / = a/m. Implicit in (5) are
€ = 1, U = z and an incompressible fluid. In the
Eady—Green problem Q has opposite sign at the
two extremes y = 90 and y = 270 (when m = 0).
The vertical structure and propagation speed are
quite different at these two angles, but the growth
rate is not. The result is that the boundary terms
have the same magnitude but opposite sign for y =
90 and y = 270. The first integral in (5) is also
unchanged in magnitude, but opposite in sign
leaving the bracket term in (5) still zero.

The Eady—Green and Narrow tropopause cases
are somewhat complicated to analyze because the
boundary and interior forcing effects intermingle.
In the Eady—Green problem, both vertical bound-
ary conditions are important. The boundary
conditions (4) generally change with y. But the
amplitude normalization makes the lower boundary
term in expressions such as (5) independent of y.
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And allowing for compressibility, limiting the mean
flow vertical shear and placing the upper lid at a
high altitude makes the upper boundary forcing
insignificant in the Narrow tropopause case. The
Eady—Green model can be so modified, making the
upper boundary forcing negligible. Fig. 10 shows
growth rate and phase speed spectra for the case
where U = z, 2 = —0.5, ¢ = 1 and the upper lid is
at z = 5. Now that the influence of the upper
boundary has been removed, the growth rate
spectrum is much more comparable to that found
for the Narrow tropopause case. The growth rates
are largest when the f terms are largest and
positive. Essentially, there is stability when Q is
negative. This result is understandable if the
boundary forcing is redefined as a delta-function
potential vorticity gradient (Bretherton, 1966, p.
330) and is assimilated into Q. A necessary
condition is simply that the new Q change sign
somewhere in the domain. The delta function at the
lower boundary has negative sign. Hence,
instability is possible only when the interior
potential vorticity gradient is positive, as long as
the upper boundary forcing can be neglected. The
Narrow case results are now more perspicuous for
analogous reasons. Once again the delta function 0
at the bottom boundary is of negative sign.
Instability is possible as long as the interior @ has a
positive value somewhere. As the § terms become
smaller (more negative) the range and values of
positive Q diminish as do the growth rates. The
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growth rates are largest where the § terms are
largest since the values of the interior Q are also
positive and greatest. The bottom boundary forcing
can be removed by replacing the lower boundary
condition with ¢, = 0. In the Narrow tropopause
case, instability is now possible only when the
interior 0 changes sign; for m = 0 the most
unstable waves occur where the £ terms are most
negative (curve B in Fig. 9). In the Eady—Green
problem all waves are stabilized since Q is
constant.

The primary problem of interest here is the
Narrow tropopause case. This problem allows
compressibility, which, when coupled with the
placement of the upper rigid lid at a high altitude,
makes that boundary’s influence upon the solution
slight. The influence of the lower boundary can be
projected into the interior forcing by an appropriate
normalization. @ is not uniform, instead, it has
important vertical structure. These complexities
probably force both parts of the complex phase
frequency and eigenvector structure to change with
y for less idealized fluids than that described by the
Eady—Green formulation.

4. Channel solutions

In this section some solutions of (3a) are
analyzed for a channel domain that is oriented
along the mean flow. The method of solution is
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Fig. 10. Same as Fig. 5 except for a version of the Eady—Green model that allows compressibility, where 2 = —0.5,

¢ = 1, U = z and the upper rigid lid is as z = 5.
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described at the end of Section 2. The asymptotic
series solutions sought for ¢ and w are truncated
after two terms. Therefore, these results only show
the qualitative features of the channel solutions. It
is reasonable to discuss this approximate solution
given the nature of the assumptions inherent to this
type of study. The complex phase frequency
spectra are the same as those for the m = 0 plane
waves to second order in the expansion parameter.
The channel solutions have finite horizontal width
unlike the plane waves described in the previous
section.

Channel cross sections of the wave amplitude
and phase as well as the mean baroclinic energy
conversions are plotted in Fig. 11 for y = 135 and
a = 2.0. The viewing angle for these cross sections
is upstream; the mean flow is directed out of the
page. The channel width is #/k, meaning that the x
and y wavelengths are essentially equal. The
amplitude has two relative maxima as was found
for the plane waves. The lowest-order amplitude is
symmetric in y with maximum value at y = 0. The
second-order forcing function involves the y
derivative of the lowest-order solution so it is
asymmetric in y. As is evident in Fig. 11, the
amplitude is enhanced for y < 0 and diminished for
¥ > 0 by the second term in the ¢ series. At second
order, the forcing function and solution are both
zero at y = 0. Therefore, the amplitude and phase
structures of the eddy at y = 0 are equivalent to
that found for the corresponding m = 0 plane wave.
This can be verified by inspection of Fig. 6. The
height of the upper level relative maximum has
been slightly lowered as well. The phase angles for
this wave show both vertical and cross-flow
variation. The increasingly negative phase angles
with height indicate that the trough and ridge axes
of the wave tilt back upstream with height in the
lower portion of the domain. Also, in the lower part
of the domain, the phase angles increase with y
indicating horizontal tilts from west to east for y =
135. This tilt makes the solution look similar to the
m = k plane wave at low levels. Above z = 0.4, the
horizontal tilt reverses and the wave axes are tilted
more from south to north. Consistent with the
amplitude structure, the baroclinic energy con-
version is also increased for y < 0 and decreased
for y > 0. It is largest at the bottom surface. The
horizontal phase tilts do not induce barotropic
energy conversion because the mean flow has no
cross-channel variation. However, they do imply

Tellus 33 (1981), 2

197

AMPLITUDE

LN N S b Shn Sun Bu SN SRS SN BN

20—+

2.0 pror—ea ey
. - -
} R Prie
' , , ’
14
:I / // I/ .
.
i ! i HER
\ : \ \
' \ . “
L ‘l ‘\ \\‘ {
\
N \ + s‘ :
P \ ‘\ \‘ .
YAS AN \ . \ [
~ N \ v [
| s. N \ \
~o ~ N '\ 7
L

BAROCLINIC CONVERSION

2.0 AL AL A AN SN S R | T T T T T T
3 4
P- /0.0-'/_3'
:_/0.0 ]
Z 0.0 0.0 —]
0.0% —
-1.1 0 Y 1.1

Fig. 11. Channel cross-sections of eddy pressure ampli-
tude and phase and baroclinic energy conversion, for the
Narrow tropopause case with ¢ = 2.0 The contour
intervals are 0.125, 0.057 and 0.25 respectively.



198

transport and convergence of horizontal eddy
momentum. There is transport of momentum from
the left to the right side of the channel at low levels
and much weaker transport the opposite direction
at high levels. Integrated over the volume of the
domain, the net momentum convergence is zero.
The eddy momentum convergence occurs mainly
at low levels where the eddy amplitude is enhanced.
Divergence occurs at low levels where the eddy
amplitude is diminished. Thus at low levels, the
mean flow is accelerated where the eddy amplitude
is decreased and decelerated where the amplitude is
"increased.

The short wave solutions display similar asym-
metry in y. As for the plane waves, the channel
short waves are strongly bottom trapped with
weaker vertical tilts. The horizontal tilts of these
waves are also weaker as is visible in Fig. 12.

There is left—right symmetry in the solutions for
orientation angles greater or less than y = 90. That
is, these cross sections display solutions for y =
135, yet the solutions for y = 45 are the same
except left and right are reversed. In other words,
for y = 45 the amplitude and energy conversion are
enhanced for y > 0 and so forth.

5. Compendium

This study has sought to expatiate the effects of
variable orientation of a mean flow, which only
varies with height, upon the properties of unstable
waves imbedded in that flow. Most previous
stability analyses were restricted to zonal flows;
most geophysical fluids are not. Only the linearly
variable Coriolis (f) terms were changed by
different orientations in this model. The properties
of a prescribed fluid identified as the Narrow
tropopause case (Grotjahn, 1980) were focussed
upon. In addition, an incompressible fluid with
constant linear shear, referred to as the Eady—
Green case, was also examined because of its
simplicity. Plane wave solutions and solutions for a
channel domain were analyzed. Intermediate and
short wavelength solutions were emphasized.

The stability and propagation speed of the wave
is greatly changed for different orientation angles y
of the mean flow. The vertical structure of the
modes is also altered by the choice of y. Changing
the orientation of the plane waves relative to the
mean flow significantly modifies their properties.
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The side walls, in the channel model, have large
effects upon the horizontal structure of the modes.
It was found that the wave properties could be
related to the distribution and magnitude of the
total interior potential vorticity gradient, Q.

More specifically, the instability of the plane
waves was greatest when () was greatest; that is,
where the f§ terms were largest. The slowest
growing waves occurred for angles y where the §
terms were most negative (smallest). When the two
B terms cancelled, some of the long wavelengths
had large growth rates; otherwise, the long waves
were nearly neutral. In general, westerly-type flows
were more unstable than easterly-type flows. The
phase speed varied with y in reciprocal fashion to
the growth rate. The fastest moving waves were
those imbedded in easterly flows where Q was
smallest. The slowest waves were embedded in
westerly flows where Q was largest. A component
of the phase speed was generally directed down the
mean current. For m = 0, the waves propagate in
the precise direction of the mean flow. Assuming
that the B terms in this problem affect the phase
speed in a manner similar to the well-known
retrogression of barotropic Rossby waves in a
uniform westerly flow, then this result seems quite
reasonable. The vertical structure was delineated in
terms of the eigenvector amplitude and phase. The
amplitude profiles for the intermediate waves
typically had two relative maxima, one near z = 0.8
and one at the bottom surface. The bottom surface
amplitude was fixed by a normalization. The upper
maximum was greatest when Q was largest and
vice versa. The position of the upper amplitude
maximum seemed to be tied to the height of the
largest value in the Q profile. The low-level relative
minimum in amplitude was highest in elevation and
least in amplitude for the smallest Q and con-
versely for the largest Q. The plane wave trough
and ridge axes tilted back upstream with height.
This phase shift with height was most rapid at the
low-level minimum in the amplitude profile. This
result is consistent with the smaller growth rates for
smaller ( since potential energy conversion is
increasingly inhibited at higher altitudes by the
exponential decay of mean density and eddy
amplitude. Similar changes with y were found for
the short waves. However, the alterations are less
visible because these waves are strongly bottom
trapped. The Eady—Green formulation reproduced
most, but not all, of these conclusions; the
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differences mainly arise from the low upper rigid lid
and consideration of incompressible fluid. It seems
reasonable to infer that these conclusions epitomize
effects anticipated for less idealized fluids than that
described by the Eady—Green model.

Some general conclusions were drawn from
approximate calculations of the channel solutions.
The phase speed and growth rate spectra for the
channel modes are equivalent, to second order in
the asymptotic series, with the corresponding m =
0 plane waves. The structure of the channel modes
is asymmetric in the cross-channel direction, y. The
amplitude and baroclinic energy conversion are
enhanced on one side of the channel and diminished
on the other side. Which side is enhanced depends
upon the value of y relative to 90. For south-
westerly flow (y = 45), the amplitude is increased
on the right, or north side of the channel. For
northwesterly flow (y = 135), the amplitude is
increased on the south side of the channel as shown
in Figs. 11 and 12. To second order, the channel
mode structure at y = O is identical with the
structure of the corresponding m = 0 plane wave.
These modes also tilt back upstream with height
and the sharpest tilts are in the lower part of the
domain. In addition, these waves have horizontal
tilts. For example, when y = 135 and the channel
width is n/k, the axes tilt roughly from west to east
at low levels and approximately from south to
north for z > 0.4. These horizontal tilts imply
horizontal transport and convergence of eddy
momentum. The mean flow is accelerated where
there is divergence and decelerated where there is
convergence of eddy momentum. The divergence is
principally located at low levels where the ampli-
tude was diminished. The convergence mainly
happens at low levels where the amplitude was
increased.
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7. Appendix

SYMBOLS LIST

C complex phase speed, x component
D vertical length scale [= 10 km]
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Jo mean Coriolis parameter y  cross-flow coordinate

g acceleration of gravity z  vertical coordinate

k  xwavenumber a [=(k*+ mHV]

L Rossby radius of deformation at surface: f first meridional derivative of f
Horizontal length scale [~ 1100 km] y  orientation angle clockwise from northward

m y wavenumber ¢ [=f3L%gxD]

Q total interior potential vorticity gradient [= g, 6, horizontal mean potential temperature
~rfcos yl K static stability [= D(In 4,),]

q eddy potential vorticity p, horizontal mean density profile

g, cross-flow interior potential vorticity gradient ¢ eddy pressure

r  aspect ratio [m = rk] Q [=(np),)

x  along-flow coordinate w plane wave phase frequency
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CBOVICTBA YOTbﬂQHBOCTM MPOU3BOJIBHO OPUEHTHUPOBAHHOT'O
CPEOHEI'O TEHEHHA

AHanu3upyIoTCA JIHHEHHbIE CBONCTBA BO3MYILICHHI,
pACTyI{HX B CpeAHEM TedeHHe, OPUEHTHPOBAHHOM B
TOPH3OHTANLHOM HanpaBjICHHH. 30HANIbHOE TEYCHHE
H3MEHAETCA TONMBKO ¢ BhicoTOM. CKOpPOCTH pocTa,
dazosas CKOpOCTL M CTPYKTYpPA BOMH APaMATHYECKH
M3MEHAIOTCA C OPHEHTAUWe CpedHEero TeYeHHMs U
BOJIH, OTH CBOWCTBA CBfi3aHbl C BEPTHKANbHBIM
npoguaeM CpeAHero rpagueHTa IOTEHUHATBLHOrO
puxpa . O mocTHraetT HaHGOJbLIEro 3HAYCHHS IS
TeX HanpamieHHH, s KOTOpbix KOpHONHCOBEHI
YieHsl Han0boliee MOMOXHTENbHbI, H HAHMEHBbIIETO
3HAYEHHA [JIA TeX RanpaBjicHUH, OTPHUATEHbHBI.

Korna 3Hadenne ( MakCMMaJIbHO, CKOPOCTH POCTa
HanOOMbIIKE, CKOPOCTL pPAaCIpOCTPAaHEHHS HaWMe-
HbILAsi, AMIUIMTYABI BO3MYLUCHHH Ha BepXHEM
ypoBHe HaubosbliKe, a HA HIDKHUX YPOBHAX HanGonee
pPe3K0o NPOSABAACTCA BEPTUKANBHLIN HAKIIOH JIOXOHH
u rpebueit. IlpoTHBOomonoxubie CBOACTBA Ha-
6M00a10TCA, KOTOa 3HaveHne () MHHHMAIBHO.
OrpaHu4eHHE TOPH3OHTANBHLIX pPa3MEpPOB BOJHBI
(pBemeHneM OOKOBBIX TpaHHL) BbI3BIBAIOT IIONeE-
PeYHyIO K MOTOKY aCHMMETPHIO B CTPYKTYpPE BOJIHBI
U [PHBOJUT K FOPU3OHTAIILHOMY HaKJIOHY BOJIHOBBIX
ocei.
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