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ABSTRACT

The topographically bound, balanced motion of an incompressible, inviscid, and stratified fluid
on the f-plane is studied. The potential vorticity of the fluid is specified as a positive function of
its density.

For an infinite, straight bottom ridge, it is shown that a solution with constant density along
the entire bottom surface is possible only when the crest height is less than a critical value, which
depends on the shape of the ridge profile and on its width in comparison with the deformation
radius. If the crest height exceeds the critical value, the upper part of the ridge must protrude into
less dense layers above, disrupting the lowest isopycnic surfaces. The critical crest height is
calculated for certain simple ridge profiles.

The situation seems to be qualitatively similar for a circular bottom topography. In this case,
the critical summit height must be determined from the non-linear gradient wind equation, since
the geostrophic approximation fails when the critical height is approached. Although no explicit
expression for the critical height is offered, it seems plausible that its value will be smaller than

for a ridge of similar profile.

1. Introduction

Stratified flow past obstacles on the rotating
earth presents an important problem both in
meteorology and oceanography. Leaving out of
consideration the various kinds of mountain waves,
the effect of the obstacle is to force the current to
‘bend partly over, partly around it. The
characteristics of the flow depend upon the shape
and height of the obstacle and the velocity and
stratification of the oncoming current. The problem
may be studied either for a gas where the specific
entropy is conserved for every particle, or for an
incompressible fluid where the density is con-
served. In either case, the potential vorticity is also
conserved for every particle.

In recent years there has been much discussion
about to what extent the fluid flows “around”,
respectively “over” the obstacle. The meaning of
these expressions is not quite clear, however, and it
may be useful to consider the following
classification of flows, assuming that the lowest
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isentropic (or, for an incompressible fluid, iso-
pycnic) surface coincides with the bottom
boundary in the far upstream region.

First we classify the flows according to the
continuity of the isentropic surfaces: the obstacle
surface may either coincide with the lowest
isentropic surface, or its summit may protrude into
potentially warmer (less dense) fluid. We shall refer
to these two contingencies as “isentropic obstacle”
and “warm obstacle”, respectively. The two cases
are topologically different; in the “warm obstacle”
case, the lower isentropic surfaces form doubly
connected regions.

Another classification concerns the non-
occurrence or occurrence of closed streamlines
without stagnation points. We shall refer to these
two cases as “‘open streamlines” and “closed
streamlines”.

The two classifications above are independent,
so that there are four combined contingencies, all of
which may occur: “isentropic-open”, “isentropic-
closed”, “warm-open” and “warm-closed”.
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If the flow is steady, then every streamline is
confined to an isentropic surface, and the lowest
fluid layers must clearly flow around the obstacle in
the “warm” cases. But also in the “isentropic-
closed” case the flow may be said to go around,
only in the “isentropic-open” case is there a
clear-cut flow over the obstacle.

In the steady-state problem, information about
the entropy and potential vorticity is carried along
the streamline characteristics from a far upstream
inflow boundary where these properties are
prescribed. In the closed streamline case, the region
of closed streamlines without stagnation points
does not receive this information, so that the
problem is indeterminate, as has been pointed out
by Merkine and Kalnay-Rivas (1976) and others.
But also in the open streamline case, the steady-
state problem may not have a unique solution,
since one does not know in advance whether the
obstacle will be “isentropic™ or “warm”, and in the
latter case, how warm. However, we cannot be sure
that the steady flow problem is not unique until it
has been demonstrated that two or more solutions
exist with the same far-field properties.

Steady flow past a circular obstacle with a
uniform far-field current has been studied by
Huppert (1975), Merkine and Kalnay-Rivas (1976)
and Buzzi and Speranza (1979). They all make use
of the geostrophic approximation in some form,
thus excluding gravity waves. In the first and the
last of the papers mentioned, the quasi-geostrophic
equations in Charney’s formulations are used (e.g.
Charney, 1973), whereas Merkine and Kalnay-
Rivas make use of the geostrophic momentum
approximation. To make the problem determinate,
they all assume that the obstacle is “isentropic”.

However, Buzzi and Speranza also treat one
case (a vertical disk) where the obstacle may be
more or less “warm”, and obtain in this case an
infinite number of solutions, indicating non-
uniqueness of the steady flow problem. The vertical
disk is a rather special type of obstacle, however,
and it is perhaps premature to conclude that the
steady flow problem is ambiguous for other
obstacle shapes.

When the obstacle is assumed to be “isentropic”,
the results of the papers referred to are in good
agreement as to the general features of the steady
flow. Compressed isentropic (or isopycnic) layers
and anticyclonic vorticity are found over the
obstacle, whereas vertically expanded isentropic

A. ELIASSEN

layers and cyclonic vorticity appear in the
surroundings. The motion may be viewed as a
uniform current with a superimposed topo-
graphically bound anticyclonic vortex over the
obstacle. From Charney’s quasi-geostrophic
equations it follows that the topographically bound
vortex is independent of the far-field current
velocity, and may be studied in the absence of such
a current.

When the maximum velocity of the topo-
graphically bound vortex exceeds the far-field

current velocity, closed streamlines appear;
Huppert (1975) has studied the conditions for this
to happen.

Huppert and Bryan (1976) have performed
numerical integrations for a temporally variable
stratified current past a circular obstacle. Starting
from rest, they studied the evolution of the flow as
the impressed current grew to a constant value.
Thus the obstacle was initially “warm”, and they
found that it would remain “warm” provided the
final current velocity did not exceed a certain
critical value; but if the current velocity grew
stronger, the warm fluid would blow off the
obstacle, which would become “isentropic”. Thus it
seems that the question of whether the obstacle is
“isentropic” or “warm” (and how “warm”) can
possibly be solved by resorting to the initial value
problem.

There is a difficulty, however. Suppose, in an
integration experiment with a supercritical current
velocity and an “isentropic” obstacle, that the
current velocity is again reduced to a subcritical
value; would then the warm obstacle reappear? It
would clearly not be possible by a mere advection
of entropy along the lower boundary, nor by
diffusion along the boundary. Thus it is not quite
clear to what extent the final state, for a given
current velocity, depends on the previous history. If
it does, then there would be more than one solution
to the steady flow problem.

The present paper deals with the topo-
graphically bound motion without a general
current, assuming the density and potential
vorticity for every particle to be the same as in a
hypothetical state of rest over a level bottom
surface. This is an adjustment problem, where the
state of rest over the level bottom is the initial
state, and we ask for a steady state after the bottom
topography has grown to its final shape, and
transient wave motions have dispersed.
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For a topography of arbitrary shape, a possible
steady flow will be three-dimensional, and the
problem is quite involved. We shall here consider
only the special case when the bottom contours are
either straight and parallel, or concentric circles. In
these cases a steady state is possible where the
motion is strictly horizontal, following the bottom
contours. Such a motion is horizontally non-
divergent, and therefore determined by its vorticity.
Moreover, the flow is in strict hydrostatic and
geostrophic (or gradient wind) balance, so that the
theory is exact.

For an infinite ridge, the theory shows that a
solution with an “isentropic” crest is possible only
when the crest height does not exceed a critical
value which depends on the ridge profile and the
properties of the undisturbed fluid layer. Higher
ridges must necessarily be “warm”. The solution is
clearly not unique if the ridge profile contains

- minor valleys, where pockets of heavy fluid may or
may not be trapped. However, for smooth profiles
like the Gaussian, it seems likely that the solution is
unique whether the ridge height is subcritical or
supercritical, although no proof of uniqueness is
offered.

The situation seems to be similar for a circular
topography, although the analysis is complicated
by the non-linearity of the gradient wind equation.

The case of a bottom mount growing in an
initially resting fluid is admittedly different from
flow past an obstacle, but may still not be entirely
irrelevant. For an obstacle of finite extent (e.g.
circular), it seems likely that the criterion for
whether the obstacle is “isentropic” or “warm” in
the absence of a general current should be
approximately valid also in the presence of a
current, provided the current is weak compared to
the topographically bound flow.

The matter is different for an infinite ridge,
however. In the absence of a cross-ridge current, a
supercritical ridge will cleave the lower isentropical
surfaces into two separate parts; and with this
configuration no steady cross-ridge flow is possible,
no matter how weak. Thus the problem of the
infinite ridge with a current across seems rather
different from that of a ridge without such a
current. The infinite ridge is also physically
unrealistic; it is dealt with in this paper solely for
reasons of simplicity.

Flow across an infinite ridge has been treated by
Merkine (1975). Using a verison of the geo-
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strophic approximation, he found that his solution
would break down when the ridge is too steep. This
break-down may correspond to the transition from
an “isentropic” to a “warm’” ridge in the absence of
a cross-ridge current.

2. Fluid model

We consider an incompressible, inviscid, and
stratified fluid and its motion relative to a Cartesian
coordinate frame xyz, which rotates in the absolute
sense around the z-axis with the constant angular
velocity f/2. The field of apparent gravity is
uniform, with potential gz (g constant).

In such a fluid there are two conservative
properties which remain unchanged for every fluid
particle, viz. the specific volume «a (inverse density)
and the potential vorticity g, defined as

.1)

Here v denotes fluid velocity and V the three-
dimensional gradient operator. The constant factor
g~ ! is attached for convenience. In the quasi-static
approximation, Vv is to be interpreted as the
horizontal velocity.

We assume that the fluid is stably stratified. Thus
a increases monotonically with height, and we may
use a as vertical coordinate instead of z. The
dependent variables: ¢q, z, pressure p, and
horizontal velocity components uz, v may all be
regarded as functions of x, y, ¢ and time t.
Assuming further that the motion may be
considered as hydrostatic, the potential vorticity
(2.1) may be expressed as

g=g"'(fVz + Vx V)-aVa

(2.2)

where 8/0x and 0/dy are taken at constant a.
Moreover, the horizontal pressure gradient force
may be written (—dm/dx, —dm/dy), where

m=gz+ap (2.3)
is the Montgomery potential, and
om/ba=p 24

expresses hydrostatic equilibrium.

We shall restrict our consideration to cases
where the fields of a and g are homotropic, i.e.
where g is constant in every isopycnic surface.
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Then in all points and at all times, g and asatisfy a
relation

q=0(a) (2.5)

As a consequence, there is no advection of
potential vorticity in isopycnic surfaces. As a
further consequence, a possible state of the fluid is
the state of rest, which we shall take as reference
state.

Since the fluid layer is assumed to be statically
stable, a necessary requirement is Q > 0.

3. The reference state of rest

In the state of rest, the isobaric and isopycnic
surfaces are level, and hence, p, z and m are
functions of aonly; these will be denoted by capital
letters: P(a), Z(a), M(a). The specific volume is
assumed to vary from g at the bottom of the layer
to a, at the top. The fluid layer rests upon a level
surface z = 0 so that

8Z(ay) = M(ap) — oy P(ag) = 0 3.0

The top surface is supposed to be a free surface at
constant pressure pr:

P(a;) = p; = constant. (3.2

Equation (2.2) takes the form:

M 3.3)
da* - '
When Q(a) and the constants a,, ar, and p,
are specified, the functions P(a), M(a), and Z(a)
can be obtained from the above equations, and the

reference state is thus completely defined.
For later reference, we note the relation

Q/f= (Na/g)? (3.9

where N is the buoyancy frequency (gd1n a/dz)2
As specific examples, we now consider two fluid
layer models.

1. Fluid layer of finite depth with constant potential
vorticity
With Q = constant, N ~a~!, we find from the
preceding equations:

Pla)=pr+ —é (¢ —a) (3.5)
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M@= (pr + —g— a,) a— % @+@) (36
The depth of the layer is
S
Z,=—"—(—a}) 3.7
220 (af— a3 (3.7

IL. Fluid later of infinite depth with constant
buoyancy frequency
N = constant, @ ~ o, &, = o, p;, = 0. In this
case:

P(@®)=gH/a (3.8)
M(a)=gHI1 + In (a/ ap)] 3.9)
where H is the density scale height

H=g/N? (3.10)

4. Motion induced by an infinite bottom
ridge

Consider a fluid layer initially in the reference
state of rest, and suppose that the bottom boundary
rises and assumes the shape

2y = hF(x) = hf*% Fexp (ikx) dk @.1

In principle, F(x) may be any function, but we
shall here assume that the function represents a
symmetric ridge, centred at x = 0, and with F(0) =
1 so that & represents the crest height. If the fluid
layer is confined within walls at x = t+a, say, then
the integral should be replaced by a Fourier sum.

We seek a stationary motion with ¥ = 0 and
where the other variables v, z, and p, and m are
functions of x and a Since there is no pressure
gradient in the y-direction, the velocities in this
direction are produced solely by the Coriolis
forces:

v(x, @) =—f¢&(x, a) 4.2)

where ¢ is the particle displacements, such that a
particle which in the final state is located at x was
initially at x — &(x, a). The final motion is strictly
geostrophic and hydrostatic:

v=/f"10m/dx
p=0m/oa

4.3)
4.9
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When these expressions are entered into (2.2) we
find, on account of (2.5)

’Arm 70 *m s
+fQ——=—
ox? da?

4.5)

This equation is the two-dimensional and
incompressible version of the expression for geo-
strophic potential vorticity for a compressible
atmosphere in isentropic coordinates, presented by
Charney and Phillips (1953). They proposed a
method of numerical integration based on this
equation, together with geostrophic advection of
potential vorticity. Their method was not tested
until 20 years later, when Bleck (1973, 1974)
showed results of numerical integration experi-
ments, using essentially the same method.

In the present problem, (4.5) is exact. The
boundary condition at the top is

(4.6)

The bottom boundary condition is, under the
assumption that the ridge is “isentropic”, i.e. the
isopycnic surface @ = g is still continuous and in
contact with the bottom boundary over its entire
extent,

plx, ap) = (ém/dd),,, = pr

gz(x, ag) = (m — adm/ dd)a, = ghF(x) 4.7

Equations (4.5-4.7) is a a linear boundary value
problem which defines m(x, a) uniquely when F(x)
is prescribed. In particular, for F(x) = 0 the
solution is the reference field m = M (a).

It is convenient to express m as a deviation from
M(q):

m(x, @) = M(a) + ghu(x, a)
= M(a) + ghS*2 v,(a) Fyexp (ikx) dk 4.8)
Since M(a) satisfies (4.5), u(x, a) satisfies the

corresponding homogeneous equation, and v(a)
satisfies

k2
vy ——— =0

fe

where primes denote differentiation with respect to
a. The boundary conditions (4.6) and (4.7) become

vidary) =0 4.10)
Vil ag) — ag vilay) = 1 4.11)

When Q(a) is a specified, positive function, the last
three questions define v, (a) uniquely. It can be

4.9
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Fig. 1. The function v,(a).

seen directly from these equations that v,(a) must
behave as shown in Fig. 1. For constant k, it
decreases monotonically with height, and its
tangent in the lowest point (a,) intersects the line
a=0in the point v, = 1.

For constant «, v, is a monotonically decreasing
function of |kl. For small values of |kl

p=1-0(k?), k-0 (4.12)

For large (kI, we have the asymptotic formula

vk(a-) zfl/Z dﬂ_l Q(a-B)llnt Q(a-)l/-i‘kl—l
x exp [kl {2 (fQ)"*dal
valid for @, < a < a;. (The author is indebted to

Dr Eyvind Riis for this expression.) In particular,
the value at the bottom is

vlap) = ag ' fO (o121 kI, 4.14)

For the two fluid layer models defined in Section
3, egs. (4.9)—(4.11) are readily solved. For model I
(Q = const.) with

(4.13)

Ikl — o0

Kk=k(fQ)V*=gk/(fNa) (4.15)
the solution is
cosh k(a; — @)
v(a) = v(ag)————— (4.16)
cosh k(e — ay)
with the bottom value
vilag) = [1 + kay tanh x(ay — a)]~! 4.17)
For model II we write
gk 2 1 172
A=+ 122} £ 2 (4.18)
Nf] 4
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The solution is

vl a) = vi(ag)(ay/ay* ~ V2 (4.19)
where
v(ay) = (A + 1/2) = (Nf/gl)*(4 — 1/2) (4.20)

Note that (4.17) and (4.20) are both in agreement
with (4.12) and (4.14).

The resulting field of m(x, @) is obtained by
entering the solution for v(a) into the Fourier
integral (4.8). The corresponding distributions of v
and p are then obtained from (4.3) and (4.4), and z
from gz =m — adém/da

Note that

I [ p(x, @) — P(@)) dx = ghvj(@) Fy =0 (4.21)

on account of (4.12). This equation expresses that
the total mass above any isopycnic surface is the
same as in the reference state, and is an obvious
consequence of mass continuity. It also follows
that

[*2 1 z(x, @) — Z(@®)) dx = hivga) — avi(DF,
= hFy=J*T z,dx (4.22)

Thus, for any isopycnic surface, the displaced area
in the xz-plane equals the area of the bottom
profile.

5. The critical crest height

In order that the solution of the preceding section
shall be physically meaningful, we must require
that a increases, and p decreases with height
everywhere. It suffices to require 8> m/da* < 0; on
account of (2.2)-(2.5), we then have

S+ ov/ox goz 3m
0  ada od

op

oa

>0 (5.1

From (2.4) and (4.8) we find, on account of (3.3)

and (4.9):

—fQ op/da=f?— ghl*® k2 v,(a) F exp (tkx) dk
(5.2)

Therefore, in order to satisfy (5.1), A must be less
than a critical height &, defined by

' = max {gf~? 7% k2 v(a) Fyexp (ikx) dk}
(5.3)

A, ELIASSEN

For many bell-shaped ridge profiles, this
expression will assume its maximum value at x = 0
and @ = g In particular, this is the case for
profiles whose Fourier transform (F,) is positive
for all £, as e.g. the Gaussian profile, because v,(q)
is positive and largest at a = @,. For such profiles,

h'=gf? Iffs k vi(ay) Fr dk 5.4)
On account of (4.14),

kv(ag) ~ 1kl, 1kl >0 (5.5)
so that the integral (5.4) converges provided
F,=o0(k™?), lkl->w (5.6)

It follows from the Riemann—Lebesque lemma that
this condition is fulfilled for a ridge profile F(x)
whose second derivative exists in all points. Hence,
for such bottom profiles, 4, has a finite positive
value.

However, if we consider a ridge with a sharp
edge at the crest, as e.g. F(x) = exp (—!x(/a), then
F, ~ k72 for large 1k|, and the integral (5.4) does
not converge. Consequently, 7, = 0O such ridges,
and the lowest isopycnic surfaces will break for all
h>0.

If the crest height h approaches h_, (5.2) shows
that —dp/da becomes small over the crest, i.e.
isopycnic layers become very thin (Fig. 2a). If h =
h., &z/dais zero just at the crest, and when h > h,,
the solution of Section 4 gives dz/6ax < 0 in a
region above the crest, as shown in Fig. 2b. This, of
course, is not physically possible. The only way to
obtain a realistic solution in this case is to drop the
assumption that the isopycnic surface a = a5 is
continuous. Instead, we must assume that the crest
is “warm”, i.e. it has broken through some of the
lowest isopycnic layer, as shown in Fig. 2c. This
means that the lower boundary condition (4.7,
4.11) must be reformulated. This will be dealt with
in Section 6.

The critical crest height is easily calculated for a

cosine bottom profile:
F(x)=cos Kx 5.7

In this case, we could place lateral boundaries at
x = +7/K. Equation (5.4) now becomes

h.=gK? vi(ap)] ™! (5.8)

In the model I, Q(a) = const., this becomes on
account of (4.17),

h/Zp=29(KLY* + (1 — y)(KL) ! tanh (KL)(5.9)
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Fig. 2. Isopycnics and ridge profile in the xz-plane. a:
h < h. b: h > h, erroneous boundary condition. c:

h > h, correct boundary condition.

where Z, (eq. (3.7)) is the depth of the undisturbed
fluid layer,

a N N
Le———Z,=—7Z,
g +ap) f S

is the Rossby deformation radius for a stratified
fluid layer, and

(5.10)

y=(ar—ag)ar+ ap), 0<y<I 5.11)

measures the heterogeneity of the fluid layer.
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Fig. 3. Critical height of a cosine ridge in fluid layer
model I (constant potential vorticity), as a function of
wave length.
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Fig. 4. Critical height of a ridge in fluid fayer model II
(constant buoyancy frequency), as a function of the ridge
half-width. Dashed line: cosine ridge. Solid line:
Gaussian ridge.

Fig. 3 shows h/Z, as a function of (KL)™*
according to (5.9) for some values of y.

The dashed curve in Fig. 4 shows h./H as a
function of (KL)™! for the model II with N =
constant, according to the formula

H/h = (K*L*+ 1/4)"*—1/2 (5.12)
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which follows from (5.8) and (4.20). H is the scale
height (3.10)and L = NH/ f = g/(fN).

Calculation of the critical crest height for other
ridge profiles gives results which are qualitatively
similar. As an example, the fully drawn curve of
Fig. 4 gives the result of a calculation from (5.4) for
a Gaussian ridge F(x) = exp (—x?/2b%) with fluid
model IT (N = constant).

The curves show that a narrow ridge will break
through the lowest isopycnic surfaces more easily

than a broad ridge. For instance, a Gaussian ridge
of half width b = 0.2L will become “warm” when

h > 0.22H, whereas a ridge of half width b6 = L
must grow to a height & < 1.6 H in order to acquire
a warm crest.

In his treatment of stratified flow over an infinite
ridge, Merkine (1975), for reasons of consistency
of his approximations, imposed the condition that
the ridge slope should not be steeper than O(f/N).
When this condition (6 < 0(1) in his notation} was
violated, he noted that the isentropic stream
surfaces would collapse over the crest of the ridge,
in much the same way as found in the present
paper. Merkine also found that this collapse would
be accompanied by an indefinite increase of the
vertical shear just over the crest, and pointed out
that the inviscid model would be unrealistic in this
case. The situation is not quite the same in the
present case without a cross-ridge flow, since the
velocity is always zero over the crest itself.

6. The supercritical ridge

Fig. 5 gives a schematic picture of the isopycnic
surfaces for a symmetric ridge with & > h_.. The
highest part of the ridge (Ix! < a, say) has broken
through the isopycnic a = «a; into higher a-values.

2z

e > U —

_— A A

N/ S ]
LN N

-a 0 +q

X —

Fig. 5. Isopycnics and displacements for a supercritical
ridge.
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Accordingly, along the lower boundary a assumes
values which may be written

o(x)>ay; whenlxi<a

ay when |x| > a

a(z = hF(x)) =

6.1)

In terms of u(x,a) defined by (4.8), the lower
boundary condition becomes:

[u— adu/da+ Z(a)/h) =F(x), Ixl<a

a=ap(x)

(u— adu/da),_,, = F(x),

Here we encounter the difficulty that the function
a,(x) is unknown, and so is the value of a.

The displacement vectors, connecting the initial
and final position in the xz-plane, are shown in Fig.
5 for some particles at the lower boundary.
Particles with Ix| > a originate from the level
bottom surface z = 0, whereas particles with [x| <
a originate from positions above the level bottom
surface; for reasons of symmetry their initial
positions were on the line x = 0. It follows that the
particles with (x| < a have had displacements £ =
x; hence from (4.2), (4.3), and (4.8),

Ixl =za

6.2)

Ixl<a

gh {ou
v(x, ag(x)) = 7 (-a;) " =—fx,

(6.3)

This gives an additional boundary condition which
makes up for the lack of knowledge of the function
ay(x).

The author has not been able to solve
analytically the problem for a supercritical ridge,
not even for the simplest case of a cosine ridge.
However, it is possible to turn the problem around
and ask for the particular bottom profile F,(x)
which corresponds to

6.4

for a particular X, when 2 > h_. Equation (6.3)
then gives

ve(a(x)) sin Kx/Kx = f*/ghK? = v(ay) h./h (6.5)

The last expression follows from (5.8).
Since a,(a) = a, a is defined by

u(x, @) = vy(a) cos Kx

sin Ka/Ka=h,/h, Ka<n (6.6)

When v,(a) is known, (6.5) determines g,(x), and
it can be readily shown that —dp/da > O when

Tellus 32 (1980), 6
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a > ax), so that the solution is physically
meaningful. The corresponding bottom profile
F (x) can be obtained from (6.2). Clearly we have

#cosKx, Ixl<a

Fy(x) 6.7

=cos Kx, Ixl=a

For fluid layer model II with v, given by (4.19), eq.
(6.5) gives

a,,(x)_ sin Kx/Kx /49
"\ hh

(6.8)

ag

Fig. 6 shows the isopycnic surfaces and the
modified bottom profile according to egs. (6.4) and
(4.19), with KL = nand h/h, = 2.

e —————
10 2.72
0.8
F~s 2.23
N
0.6 P =
z X 8
H % 1.82
0.4 >
0.2 %
‘f)& T~ 149
0 %
0 T ! T
Kx - I
2 |
\ 1.22

Ka
=1.90

Fig. 6. Isopycnic surfaces in the xz-plane according to
eq. (6.4) with fluid layer model II (constant N), and with
parameter values KL = n, h./H = 0.368, h/h. = 2.
Heavy drawn curves: isopycnics. Thin horizontal lines:
reference state isopycnics. Dashed curve: original super-
critical ridge. Thin curve: modified topography.
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7. The topographically bound vortex for a
circular topography

Finally we consider a circular bottom topo-
graphy of the form

2y =hF(r), r=(x?+y)"? (1.1)

assuming that max {F(r)} = F(0) = 1. The final
motion is a stationary circular vortex. Let the
particle velocity be

(1.2)

reckoned positive when the motion is cyclonic.
Then w is a local Rossby number, and fw the
angular velocity. With (r,a) as coordinates, the
potential vorticity is

u = for

co-sfi+t2e w)]/(—f’i) 3
ror oa
As before, we write
m(r, @) = M(a) + ghu(r, a) (7.4)
The hydrostatic equation holds rigorously:
plr, @) = ém/da= P(a) + gh du/da 1.5)
and (7.3) becomes, on account of (3.3),
0 Qgh *u
7—6';(20)) =i (7-6)

As in the case of an infinite ridge, we must require
—oploa=f/Q—gh &* u/da® >0 .7

in order that the solution shall be physically
possible.

An approximate equation in y may be obtained
by substituting for w its geostrophic value w,,
defined by

SJug,=f*w,r=ghulor (1.8)

This gives the geostrophic potential vorticity
equation

10 fu 3u
- = -0
(’ )+an“2

ror or (7.9)
with boundary conditions (for an isentropic
summit)

oulda=0, a=ay (7.10)
u—adu/da=F(r), a=a (1.11)
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ou

0, r=0
or

(7.12)
In addition, an external boundary condition is
required. For an infinite domain, the radial dis-
placement, and hence, the geostrophic circulation
should tend to zero for large r; this gives

roulor-0, (1.13)

r—oo

The geostrophic boundary value problem (7.9—
7.13) is linear and may be solved by applying the
Hankel transform:

F(N=I?F, Jogkr) kdk (7.14)
u(r, @) =l v(a) F J(kr)k dk (7.15)
Since

1d d

——r—Jykry=— k2 J(kr) (7.16)

rdr dr

it follows that v,(a) must satisfy (4.9-4.11) and is
thus identically the same as the v, (a) appearing in
the Fourier integral (4.8). As in the case of the
infinite ridge, the condition (7.7) gives an
expression for the maximum obstacle height A,
compatible with an isentropic boundary condition,
i.e. with the assumption @ = a; over the entire
bottom surface. In particular, if the topographic
profile is simply F(r) = Jy(kr), then h, determined
from the geostrophic approximation will be just the
same as for an infinite cosine ridge (egs. (5.8),
(5.9) and (5.12)).

It appears, however, that the geostrophic
approximation is not a valid basis for calculation of
h, for a circular topography. The gradient wind
equation, expressing balance of forces in radial
direction, is

w,=w+ o’ .17
As h approaches h,_, then (—dp/éa) tends to zero
at r = 0, @ = qy. Since the potential vorticity (7.3)
is conserved, it follows that the absolute vorticity
tends to zero also; therefore, in this point

w--1/2, w,-»—-1/4 (7.18)

and the geostrophic approximation fails; this was
noted also by Merkine and Kalnay-Rivas (1976). It
follows that the full gradient wind equation (7.17)
must be used in order to determine the critical
height.

A. ELIASSEN

If w = w, — w?is substituted into (7.6) and using
(7.2), we obtain

129 (&y) Pu 10 (uz)
—_ —WN jQ —_— e —
ror\ or da® r or\gh
This exact equation differs from the approximate
equation (7.9) in the appearance of the right-
hand member. This term is unknown, but must
necessarily be positive near the axis. This makes
it plausible that o%/da? is actually larger near
the axis than the geostrophic estimate (obtained
from (7.9)), and hence, by (7.7), that the true A,
must be smaller than the geostrophc estimate for a
circular topography.

No solutions to the non-linear problem can be
offered in this paper. However, eq. (7.19) suggests
a possible iterative method of solution, starting with
the geostrophic value of u(r,a). As another
alternative, an equation in the single variable w is
obtained by differentiating (7.6) with respect to r
and making use of (7.8) and (7.17):

1616(2) 32( -0
rarrﬁrrw+fQ§w+w B

(7.19)

(7.20)

In formulating the lower boundary condition,
distinction must be made between the isentropic
obstacle case (a¢ = ay over the entire lower
boundary) and the “warm” obstacle case (¢ >ay
over part of the obstacle). In the latter case, the
absolute circulation must vanish (w = —1/2, w, =
—1/4) over that part of the boundary where a > a;.

8. Concluding remarks

The use of quasi-Lagrangian isopycnic co-
ordinates appears advantageous in the problem
considered. The theory makes use of the exact
potential vorticity theorem, rather than the quasi-
geostrophic pseudo-potential vorticity. General-
ization to isentropic coordinates in the case of
adiabatic motion of a gas is straightforward.
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CBAJTAHCUPOBAHHOE JABUXEHUWE CTPATU®ULIMPOBAHHOU
BPAIIAIOIMENCS XHUAKOCTH, BO3BYXIAEMOE TOIIOTPA®MEN OHA

H3yyaercs orpanuyenHoe Tonorpadueit c6anancapo-
BaHHOC IBHXKEHHE HECKHMaeMOM, HEBA3KOH M CTpa-
THQUIMPOBAHHONK XHAKOCTH Ha f-miockoctd. IloTe-
HUAQIbHBI BHXPb XHIOKOCTH ONPEACNACTCH Kax
MOJIOXATENbHAS GYHKIMA ec IUIOTHOCTH.

Tlokasaro, 4T0 Uit GeckOHEWHOTO NPAMOro
rpefHA Ha QHE pelICHHE CYIIECTBYET TONBKO KOTAA
BBICOTA IpeOHY MeHbINe KPHTHYECKOrO 3HAYEHHS,
3aBHCALIEro OT GOPMBI rpebHsA W OTHOLIEHHS ero
WHMPUHBL X paauycy aedopmanmn. Ecnm BeicoTa
rpeGHsl NPEBOCXOAMT KPHTHYCCKOE 3HA4EHHE, €ro
BEPXHAA 4aCTh JOJIXHA BKJIIMHATBECA B MEHee IJIOTHBIE
BEPXHHE CIIOM, Pa3pbliBasd HHKHHE H3SHTPOIIMYCCKHE
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MOBEPXHOCTA. N HEKOTOPHIX MPOCTHIX Npodmelt
rpe6HA BRIMIC/IEHA €r0 KPUTHYECKAsA BLICOTA.

IpencrasigeTcs, YTO CHTyaLlMA KAYECTBEHHO Takas
ke Ans KpyroBolt Tonmorpadmu nsa. B 3ToMm ciyuae
KPHTHYECKasi BHICOTA [OJKHA OINpPENeNIATLCA M3
HEJIMHEHHOI0 ypaBHEHHS TDaJAMEHTHOrO BeTpa, Tak
KaK reocrpoduyeckas annpoKCHMalua He AeHCTByeT
BO/IH3H KPHTHYECKOK BLICOTHI. XOTHA SBHOE BhIpa-
JKEeHHe A1 KPMTHYECKOM BRICOTHI HE Ipeasaraercs,
NpeACTaBNAeTCA NPaBRONOJOOHEIM, YTO €€ 3HaYeHHE
OydeT MeHoile, YeM B Ciydae rpeOHA NOKOGHOrO
npoduIs.



