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ABSTRACT

A study of non-inear internal waves is introduced with the shallow water theory, in two
layers of perfect fluids. After the establishment of a general differential system, the particular
case of progressive waves and standing waves is more completely studied and the development
leads to a Boussinesq equation for the first-order term. A solution is found as a cnoidal
wave in both cases. Laboratory experiments are carried out to test the analytical solution on
a standing internal wave and show that even for highly non-linear internal waves our first-order
solution describes the wave shape with an accuracy better than 5 %.

1. Introduction

1.1. The problem

Since Boussinesq (1871), Rayleigh (1883) and Korteweg and de Vries (1895), a considerable amount of
work has been done on non-linear waves. Free surface waves, both cnoidal (periodic) and solitary, have
been studied. (See, for instance, Whitham (1974) for bibliography.) Keulegan (1953) and Long (1956) did
the initial work on internal waves. They applied Boussinesq’s and Rayleigh’s free surface wave theories,
respectively, to internal waves. After that, most work has been devoted to solitary waves. Studies of
internal solitary waves have been pursued by numerous authors from various points of view. Peters
and Stoker (1960) carried out an original study of internal solitary waves in both two-layer fluid and
a fluid with a continuous stratification. Later, Benjamin (1967) and Davis and Acrivos (1967) did
similar work, but for fluids having a lower layer of infinite depth. Somewhat earlier, Ter-Krikorov (1962)
and Yanovitch (1962) presented a fundamental mathematical confirmation of the expansion used in this
type of theory. The work of Thorpe (1968) allowed very good visualization of both linear and non-
linear internal waves. Later, more specific studies were done on internal solitary waves, for instance
Grimshaw (1972, 1978) who studied the evolution of such a wave propagating in a channel of arbitrary
cross section. Yamasaki and Kakutani (1978), Benney and Ko (1978) and Miles (1979) dealt with the
problem of cubic non-linearity.

In parallel, Lee and Beardsley (1974), Maxworthy (1979) and Djordjevic and Redekopp (1978)
discussed the generation and fission of internal solitary waves connected with bottom topography.
Some of the observations of non-linear internal waves, like those of Hunkins and Fliegel (1973), Apel
et al. (1975) and Farmer (1978), can be interpreted by means of the latter theories. Lee and Beardsley
(1974) and Maxworthy (1976) also carried out some laboratory experiments which confirmed their work.

Although this review is not comprehensive, it is clear that all these investigations are limited to
studies of solitary internal waves which propagate to the right only. This precludes the case of non-linear
internal standing waves. The aim of this paper is to study the problem of non-linear internal standing
waves, which propagate at the interface of a two-layer, immiscible, incompressible perfect fluid, in a
two-dimensional rectangular tank. The flow is assumed to be irrotational. We also present the results
of laboratory experiments which were carried out to verify the mathematical results.

* Permanent address: Department of Mathematics, Cairo University, Egypt.
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NON-LINEAR INTERNAL WAVES IN SHALLOW WATER 489

1.2. Notation
The following notations are used in the text:

fix ty

Wx t)

o

Fig. 1. Notations used in the text.

The coordinate system is defined in Fig. 1.

L = length of the tank.

H,, H, = thickness at rest of the upper and lower layer, respectively.

P1» P2 = constant density of the upper and lower layer, respectively.

P, P, = pressure of the upper and the lower layer, respectively.

u,v = horizontal and vertical components of the velocity, respectively. (The index on each

component defines the layer: 1 for the upper layer, 2 for the lower layer.)

y =f(x, 1) = free surface equation, f being one of the unknown functions of our problem.

y = h(x, ) = interface equation and determination of the interfacial position is the final aim of the
theoretical part.

2. Basic equations

2.1. Hydrodynamic equation

Since we have made the assumption of an irrotational flow, we introduce ¢ (i = 1,2) which is the
velocity potential, ie. u® =g v = ¢, The basic equations can be written (e.g. Kakutani et al.,
1978):

the dynamic equation

. . , pth

VoW + 4o + o) + gy + — |=0 (i=1,2) )
by

the continuity equation

Vip® =0 ®
Equation (1) gives immediately

¥ L@
e —{o + 4ol + o) + gy + COW} (i=1,2) (3)

where C% is an arbitrary function of ¢, and will be fixed by boundary conditions later.

2.2. Boundary conditions

We assume that all the boundaries of the domain are impermeable, including the free surface and
the interface. For the latter two, we also impose a pressure condition.

(a) Atthe ends
p?=0 forx=0,Land (i=1,2) 4)
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490 M. A. HELAL AND J. M. MOLINES

(b) At the bottom
¢ =0 fory=0 (5)

(¢) On the free surface

PN =f, 00 +f, fory=[(x1) (6)
The pressure is assumed to be constant and equal to zero. Then from eq. (3),
o + 4@ + o) + gf + CON =0 fory=1(x,1) ™M

CY(¢) can be determined from the solution at rest: C¥ = —g(H, + H,).

(d) On the interface

¢ =h @0 +h, fory=h(x,0) (i=12) ®
And since the fluid is perfect we ignore surface tension for y = h(x, ), p, = p,. From (3) we have
PO + 4@ + @) + gh + CO} = p{ef? + 4@ + 97) + gh + C@} for y = h(x, 1) ©

C® can also be determined from the solution at rest: C® = —g(p, H, + p, H,).

3. The shallow water theory

3.1. Coordinate stretching and expansion

In this type of problem, the horizontal dimensions are much greater than the vertical dimensions.
We introduce the coordinate stretching defined as:

X=¢x; Y=y, t=c¢t (10)

where ¢ is a small but unknown parameter. We expand the dependent variables around the undisturbed
uniform state as an asymptotic series of the same parameter.

a
e =3 "o (X,Y,7)

n=0

f= E e fou(X, Y, 7)

h= Y eh, (X, 7,7). (11
n=0

with
0,=0; fo=H,+H,; hy=H,.

The boundary conditions on the free surface and on the interface are expanded with a Taylor expansion
of the type:

(e4) (e4)
[H]."=Avo+€A = [H]_vo + EA[Hy]yo + '2—‘ [Hyy],Vu + —"3"’" [Hyyy]y., + e (12)

Introducing (10) and (11) using the expansion (12) in egs. (1)-(9), we can apply the standard procedure
of this method to obtain an ordered set of equations to be solved.

Tellus 33 (1981), 5
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4. Orders of approximations
4.1. First-order approximation
0 _ P
(pl_\-{ﬁ - 0 (l - 17 2)
o\)=0 for Y=H,+Hy; ¢)=0 forY=H,; =0 for¥=0

which finally gives:
o’ =BO(X,7) (i=1,2)
and

BP=0 forX=0 and X=eL=I

4.2. The second-order approximation
From eqs. (7) and (9) we have the following relations:

- 1
fz(x’ T) = (p(]l"
g

ko X, 1) = L (0,61 = P, 0)
&P, —py)
4.3. The third-order approximation
Wi+ 9 =0 (=12
(a’;l)'l ~_flr)i’=1=1. vH, 0
(o) — hz,);,=H’ =0 (=12
@y =0
@Dy o=@z, =0 (=12
which finally gives
o =B Y2+ COX, DY + DX, ) (i=1,2)

where C? and DV are arbitrary functions which satisfy the following boundary conditions:

COX,1)=0; CP=0 forX=0,I; DP=0 forX=0,l
Introducing eq. (18) in the boundary conditions eq. (17), we get:

1
—(H; + H)BY) + C® + - BY =0
g

1
“H,BY + CW 4 —— (p, B® — p, B®)= 0
2R g —p) :

Hy B o B 1, B =0
and by elimination one obtains

O, BV =p,B®

0,B® =p, BY

Tellus 33 (1981), 5
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492 M. A. HELAL AND J. M. MOLINES

where 0, and 0, are the following differential operators:

o2 &2

O0,=gH s
1 =gH(p, —py) — oK’ + P o
d? &

0O,=gH — _— —_—
, = gH,(p,— p) P P a2

The elimination of B (for example) in (20) gives:

o? o? o? o @
6X2 ﬂl 3X2 Bz B®=0 (21)

where

a,=2g" H, Hy(p, — py)

By =gp,(H, + H,) + glpi(H, + Hy? — 4H,H p)(p, — p)I"*
B:=gp,(H, + H,) — glpi(H, + H,)* — 4H, H, py(p, — p))I"”?
Equation (21) has the following general solution:
BP=T,() + To(&) + T(&) + To(&) (22)
with

& =X—ar; &=X+var; &=X-bty &=X+bt
and

a=—ay/B; b=-—ay/p,

and T, (i = 1,2, 3, 4) are arbitrary functions of the variable £,.

4.4. The fourth-order approximation
From (7) and (9) we have the following relations:

_ 1{ (H,+H))
flXx,n)= ~§{—‘—22— BY, + (H, + H)C® + 4(BYY + Di"}
H2
P B BY) + H,C + §(BY) + DV
1
hy(X,1)=——
(o, —p) H?
gamnit - ZLBg, + 4B + D 23)

4.5. The fifth-order approximation

i - j —
rx * P5yy =0 ((=12)

{(pgl}l_ (pu) fzx —fo t /2 (pJYY}Y—H vH,

{‘9([’ - ﬁ)yhzx h4'{ + hz (93??}?=32 - O o (i = 1’2) (24)
(03 =0
O = @3 = 0. (1= 1,2)
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NON-LINEAR INTERNAL WAVES IN SHALLOW WATER

The above equations lead to
V4 V3 V2

.- Y - - _
(p‘s”(X, Y, T) =—4!—Bg.)xxj,——3r C;&,——z—D%&, + YE“)(X, T) + F”’(X, ‘[) e (i= 1,2)

where EW(X, 7), FP(X, 1) are arbitrary functions which satisfy the following conditions:
E®(X,1)=0

EPg0,=0

(FP)go0,=0--(1=1,2)

Introducing egs. (16)—(25) in the boundary conditions, we have the following relations:

(H, + Hyl (H, + H,) - 2
—— Yy _ (1) (1} — R pH
_T_Bg;;m 5 CY) — (H, + H) DY} + EV (X,7) +g3,; BY
1{ (H, +H 1
+- —(—‘—’)Bg.;;.( +(H + H)C® + DWY 4 ZBW ) — ¢
T T Lad T XX
g 2 g
(173

H3 H2 1
__cn 1) m, Bt Q) _ (o))
—3TBEYI/{’XX 2! CXl;' H2 D;X +E + g(p2 _p‘) BX [pl BXI b BXI]

! H§ (2) (2) H% ) (1) 1)
<+g(pz_p) [ 2] 9 B,Qj'rr+Dtt — P/ ""2_BXX"+H2C17 +Dn
1

1
+0,BY B~ p, BY B%‘r'] * oy k(B =, B = 0
-

L p)
rH% (2) (2) (2) 2) Q)
—:;TBXX’)_('__HzDXX’+ g(pz_pl) BX [szX’r_p' BXT]

+ 1 H} B® +D?|— __H_§BU) H,C® 4+ DO |+ ». pogm
< g(Pz—Pl) P, 2 XXt v Py 5 e T 205 () P 2B

1
~p,BYBD} + ——— B@(p, BP —p, BV)y=0
LT el —p) '

493

2%

(26a)

(26b)

(26¢c)

We have six unknown functions and a system of six partial differential equations (19) and (26).

We now focus attention on progressive waves and standing waves.

5. The progressive wave

We have seen in (22) that BY = 24, T(7({,). We choose a pure progressive wave, i.e. B! = B(¢),
for example, with & =¢ =X — c1, where ¢ can take the two possible values a or b as defined in (22).

Let a < b so that a will describe the baroclinic mode and b the barotropic. We let
BW(X,1)=B"(X — ct)=BO(¢)

Tellus 33 (1981), 5
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494 M. A. HELAL AND J. M. MOLINES

and substituting this in eq. (19) leads to

mwa=%mwa

cW = yBY (28)
with
1o ¢t —gH, c?

and =H, +H,——
oH, 14 1 2 e

The elimination of E'V in egs. (26) gives the following system of differential equations:

clp, c p,
(H —)Dﬁ’ * oy DB =Bl QB BY

Y og(p,—py) gp,—p)
czpl ) czpl 2) ) a r(D

g 8\ gy | P T P P G B B 29)
2 1 2 1

Coefficients P,, P,, Q, and Q, are given in Appendix A,. This system is a linear system for the functions
D' and the homogeneous part of eq. (29) is similar to (20). In (20), since we choose the correct
value of ¢ (a or b), the principal determinant is zero as is the principal determinant of (29). Since we
require a non-trivial solution for (29), the secondary determinant must be zero, which leads to the
following differential equation for BM™):

cZ cz cz CZ
(e ) P ot [ (o s o sy o vt o
g, —py) g(p,—py) g, —py) g(p,—p))

By changing the variables ¥ = B{" eq. (30) becomes the following Boussinesq equation:
A YY"+ #,YY' =0 where Y'=Y, Y'=Y,, - (3D

Coeflicients .#, and .#, are given in Appendix A,. After two integrations eq. (31) becomes
(Y'P =AY} +pY + g=P,(Y) (32)

where A = —#,/3.#, and p, g are arbitrary constants. As 4 is always different from zero, P,(Y) is a
polynomial function of the third order. In our physical problem, ¥ must be a bounded function for
—o0 < & < +o0. This imposes that the poles of P, must be real. Therefore

Py(Y)=Al(Y — Y )(Y = Y, )(Y — ¥3)]

and Y,, Y,;, Y, are chosen such as Y, > Y, > Y;. The general solution of eq. (32) can be found in
Byrd and Friedmann (1954) in terms of Jacobi elliptic function sn{(x, k?).

3k 4
y=v, |t - sn? (2K —, k2 (33)
1+k A

with the wavelength A defined by:

A =4K (kY ——(l + kD (34
- —34Y,

where K(k?) is the complete elliptic integral of the first kind, and B(" can be found by integrating eq. (33):

N G 6 Z(zké kz) 35)
T k(4R VoY, a+k) \ A

Tellus 33 (1981), 5



NON-LINEAR INTERNAL WAVES IN SHALLOW WATER 495

where Z(u,k?) is the Zeta Jacobi elliptic function and E(k) is the complete elliptic integral of the
second kind, but is of less interest than ¥ = B{" because from (16)

AED) =§B§"(¢)

] =4
ha(X, ) = ("——”) B (36)
Pr—P2 ] &

and from (11), k, and f, are the first terms in the expansion of / and f.

6. The standing wave
We return to the initial problem, an internal wave in a rectangular tank.
6.1. Introduction of the boundary conditions at the end of the tank
For a standing wave we impose the boundary conditions
@Dy, =0+ (=12 37)

Using (37) and the principle of symmetry, we can extend the solution to the domain —o0 < X < +00
and obtain the new relations:

9K, 1) = (X +20,7) -+ —0 < X < 0 (38)

Equation (38) implies that (o‘& is a spatial periodic function of period 2/. As we have seen in (22),
the general solution is of the form

PP(X,7) = BN(X,1) = i T
k=1

We now focus our attention on the case where the baroclinic and barotropic mode do not interact, i.e.
2l/a #+ n(2i/b) (this condition raises some mathematical difficulties and will not be pursued further).
In this case the standing wave will be described by:

BYX,D)=TOX —ct) + T(X +¢c7) .-+ (i=1,2) 39)

where ¢ can take the values a or b. Here,

O_ T () ; &=X—ct
BR=Ti3¢) + Tiy(&) -~ (i=1.2) =X +ect (40)
From (37)
Tl‘;(u) = —Tg%(—u) e (i=1,2)
50 (40) leads to
BO=THE) -TH-&)...(=1,2) 10
Integrating (41) we obtain:
BO(X,7)=T®(¢) + TM=&)...(1=1,2) 42)

Considering that in this case we also have BY, =(1/c*)BY, we arrive at the same relations as
(28), i.e.

B — AW
CO = HTHE) + TS = yBY 43)

Tellus 33 (1981), 5



496 M. A. HELAL AND J. M. MOLINES

Introducing these new relations in (26), we arrive at
0,0,DM —p,p, DV =0,(F,— F)) + p, F., (44)

TITT

where 0O,, 0, are the differential operators defined in (20), and F,, F,, F, are defined in Appendix A,.
Integration of eq. (44) leads to the following relation:

w(é,, &) = 62{4/1 Tlv(él) + ALT"(ENT(E) + (T{'(é1))2]}
+ = A\ TV (=&) — AT (=ETI(=E) + (T (&N + Gy(&) + G(&)
+ A5 =T(E)T"(=&) — TW(=ET" G + A (=T E)T{(=&,) — TI(E)IT! (&) 45)

where

I &?
= | —— - —|D,
v éxr oz*
#, and .#, are defined in Appendix A, (they are the same as for progressive waves). .#; and .# are
constants and G,(,) G,(&,) are arbitrary functions. The transition from eq. (44) to eq. (45) involves
tedious calculus which has not been reproduced in this paper. It can be found in Helal (1979).

Since were required y to be a bound function, we may assume that the secular terms are null. This
leads to the following equations:

{I, TY(&) + AT EDTIE)) =0

ATV (=8) + AT (—E)TI(=E)' =0 (46)
By successive integrations eq. (46) leads to

ALY+ Y] Y, =0

A Y]+ H,Y]Y,=0 Co)]

where Y, = T{({)) and Y, = T{(—¢,). This is the Boussinesq equation found in (31). We have already
found the general solution of this equation, and from (4), using (41), we arrive at the final form

- 1
SoX,7)=—=BY
g

- 1{p,—4
hy(X,7)=—— Pr= 2 BY
E\Pr— P

and
B =T(¢) + Ty (=¢) (48)

which describe the system of standing waves.

Some details on the computation, for the physical problem, of the different parameters which appear
in the Jacobi elliptic function are given in Appendix A,.

Fig. 2 gives the general features of the solutions described by (48). Also of note is the fact that in the
baroclinic mode the ratio between the surface wave amplitude and internal wave amplitude is of the
order of
H M 4
H +H, p 4
which is always less than Ap/p, (in our experiments Ap/p, never exceeds 1.5%). In Fig. 2a, the vertical
scale is exaggerated by about 100-fold for the surface wave. For the barotropic mode, 4,/4, is of the
order of 1.
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- A

Fig. 2. Theoretical solution calculated for H#, =25 cm,
H,=5 cm, Ap/p,=1.3%. Internal wave amplitude
T —— A,;=3 cm. (A) Baroclinic mode. Note that the surface
wave amplitude had been emphasized to about 100,
compare with the internal wave amplitude. (B) Baro-
c=b tropic mode. Same scale for internal and surface wave.

7. Experimental apparatus

We have performed laboratory experiments to test the theoretical results on the wave shape with
respect to ¢. Figs. 3, 4 and 5 describe the different apparatus involved in the experiment.

The apparatus (Fig. 3) consists of a 2.03 m long, glass-walled rectangular tank (C), 0.40 m high
and 0.50 m wide. The tank can be rotated around an horizontal axis (D) at any period between 10 s
and 150 s. This period will be called T,,. The oscillations of the tank are generated by an eccentric
drive system (E) consisting of an electric motor, a group of reduction gears and a magnetic clutch.
The precision of the period is better than 1% It is the oscillation of the tank at the eigen period of
the internal wave which generates the internal wave. The maximum angle of tilt of the tank can be
adjusted from 0 to 0.5 rd but generally we use angles of less than 0.002 rd in order to avoid the effect
of a bottom slope which has not been taken into consideration in the theory. The tank is filled with
two layers of fluids which are: (4) fresh water, (B) brine which is dyed for good visualization of the wave.

B(L)

(E)
(A) _o)
’ {B)

Fig. 3. General scheme of the experimental device.
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498 M. A. HELAL AND J. M. MOLINES

The tank is first filled with fresh water of depth H,, controlled by a point gauge (L) (precision 0.1 mm)
and is then immobilized with the brine inlet at the low point (Fig. 4).

The brine is introduced through a perforated pipe (P), below a plastic-made rule (R) which is placed
1 mm from the bottom of the tank. This rule allows laminar brine flow. Filling is completed when a
height of H, + H, is measured by the point gauge (L). The smallest relative density difference can be
about 0.5% but for all experiments presented here Ap/p, = 1.38% + 0.05%. With such a difference
the interface thickness is 0.60 cm + 0.1 c¢m at the end of the filling operation.

The internal waves are measured with an interface follower. This apparatus is able to follow the
movement of a layer of given conductivity with great accuracy. A more precise description of this
apparatus can be found in Suberville (1974). Basically, the principle of this apparatus is to measure the
conductivity and to compare it with a given reference (chosen by the experimenter) (Fig. 5a).

A small electric motor is slaved to move the conductivity probe in order to make the difference
between the measured and reference conductivity as small as possible. With this system we are able to
follow the interface with a precision of 0.1 mm in height, and response time of about 0.5 s. The
conductivity probe is a small tube (Fig. 5b) through which the fluid is drawn. Three electrodes allow
the measurement of the resistance and the capacity of the column of the fluid which has been drawn
off (the fluid discharge is very small, about 0.05 cm? s~'). With this kind of probe we avoid the adverse
effects introduced by the inner sides of the tank and by other conductivity probes in the same fluid.

The recording can be made in two ways.

(i) Analogue recording from a rotary potentiometer, fitted on the same axis as the motor.
(i) A digital optical coder (10,000 points per revolution), fitted on the same axis as the motor, allows
direct data acquisition on a micro-computer HP 9845B with a sample of 152 points per period of the

/

wave.

P
Fig. 4. Detail of the filling apparatus. The angle of tilt has been exaggerated.
pot.

.

motor |¢—uR_°f down

cod.

3
:

e F R A T XY SRR i

B

R.C
/ comparison
reference

probe
R,C

0.5 mm

a b
Fig. 5. (a) Synoptic scheme of the interface follower. (b) Detail of the probe.

Tellus 33 (1981), 5



NON-LINEAR INTERNAL WAVES IN SHALLOW WATER 499

Data acquisition is synchronized with tank movement and this allows good spatial coverage of the
experiments and enables experiments to be repeated and probes to be moved. Each experiment is
performed with H, + H, = 30 cm; only the ratio H,/H, changes. As previously mentioned, the density
difference is made constant with Ap/p, = 1.38% + 0.05%. Consequently, we can make a good com-
parison between different experiments.

8. Experimental results

8.1. Periods

The period of the internal waves depends on several parameters, some of which have not been taken
into consideration in the theory:

(i) interface thickness,

(ii) viscosity (dissipation),
(iii) wave reflection at the end of the tank,
(iv) wave amplitude.

Let us see what are the effects of these parameters on the period of the internal standing wave.
Suberville (1974) showed that when the interface thickness increases, the period also increases.
Physically, the dissipation (which comes from friction) decreases the celerity of the waves and thus
increases the wave period in our case. The effect of wave reflection has been studied both theoretically
and experimentally for free surface waves by Temperville (1975) and Maxworthy (1976). They found
that, for non-linear waves, the wave reflection introduces a phase-shift, so that the period must increase.
For non-linear internal waves, although no calculations are available, the phenomenon should have
the same tendency. Lastly, several authors have shown numerically (e.g. Meiss and Pereira, 1978) and
theoretically (Lee and Beardsley, 1974) that the celerity of non-linear internal waves increases as its
amplitude increases. It has also been observed in the ocean (e.g. Apel et al., 1980).

It is therefore difficult to make any comparison between the theoretical period and the physical
period. It is also difficult to measure the eigen period (T,) of the wave in highly non-linear cases (H,
very different from H,) because of the dissipation, as the period increases when the wave amplitude
decreases. We have thus chosen a very sensitive parameter, the phase-shift between the wave and the
oscillation of the tank, to describe whether or not the excitation period corresponds to the eigen period
of the wave. Since we have seen in previous experiments that in the case of a linear sine shape wave
(H, = H, =15 cm) the excitation period and the eigen period correspond when the phase-shift is equal
to 90°, then we have assumed that this phase-shift (90°) gives the condition of equality between the
two periods even for highly non-linear internal waves.

We have made some experiments in which the excitation period is slightly varied around the period
T, for which the phase-shift was 90°. The following features are brought to attention (Fig. 6):

For T,, > T, we obtain a stable phenomenon with a constant phase-shift greater than 90°, and the
wave shape is considerably altered in comparison with the case where T,=T,. In highly non-
linear cases, one or more (up to four) secondary crests appear and the wave takes the shape of a

multi-soliton wave. In our case this type of wave must be taken up using the periodic solutions of
the Korteweg—de Vries equation.

8.2. The wave shape h(t, x,) where x, is a constant abscissa

The observed wave takes the shape as shown in Fig. 7a.

We have shown experimentally that the wave (Fig. 7a) is a linear superposition of a cnoidal shape
wave (Fig. 7¢) (90° phase-shift), and a sine shape wave (Fig. 7b) (0° phase-shift). The fact that the
sine shape wave has a 0° phase-shift clearly indicates that this sine shape wave is linked with the
oscillation of the tank (some calculations must be made to prove this assumption). As we have seen
in Fig. 6, if we decrease the period of excitation the wave tends to become a 0° phase-shift sine shape

Tellus 33 (1981), 5
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Fig. 6. Evolution of the wave shape according to the excitation period. Experiments have been conducted with
H, = 26 cm, H, = 4 cm, Ap/p, = 1.34%. The eigen period of the wave is 60.9 s. For all figures the amplitude of
the excitation is the same and equal to 0.004 rd. The scales and legend of the figures are indicated in the lower
right corner.

wave, i.e. the cnoidal shape wave (7b) vanishes because it was not excited at its eigen period. We have
shown that if (T, — T,,)/T, > 7% the cnoidal shape wave is less than 1% of the sine shape wave. So
we suppose that the recording done with (T, — T.,)/T, ~ 7% gives us a good enough approximation
of the sine shape wave (7b). Consequently we have made the comparison between the cnoidal shape
wave (obtained by making the difference between (7a) and (7b)) and the theory. As the difference is
made point by point, with 152 points per period, the problem of the difference between the experimental
period and theoretical period has been bypassed. A sample of the most significant results is shown
below (Fig. 8).
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Fig. 7. (a) Observed wave, phase-shift ~ 90°. (b) Sine shape wave, phase-shift = 0°. (¢) Difference between (a) and
(b). Note that the position of the tank in function of time has been drawn schematically. The probe location is
on the left side of the tank.
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1 Fig. 8. Comparison between theory and experiments.
(@) H =20 cm, H,=10 cm Ap/p,=1.34%, 4,=2.5
cm. k* =0.971928; the two graphs are quite similar.
L\/ \/J (b) H,=25 cm, H,=5 cm Ap/p,=134%, 4,=3.5
cm. k2 = 0.999999.

9, Conclusion

In order to have a general viewpoint of the different experiments we have calculated the average
standard deviation ¢ for the amplitudes between theory and experiment, for each experiment. In addition,
the non-linear effects have been estimated with the parameter a= 4,' H, — H,|/(H, + H,)* (Miles, 1979)
(4, is the internal wave amplitude). Fig. 9 shows the graph of 6/4, as a function of a. The graph of
/A, as a function of H,/H, where H, = H, H,/H, + H, has also been plotted (Fig. 10).

These latter graphs show some dispersion of the results. This dispersion is certainly introduced by
experimental difficulties such as interface thickness, but it can be seen that all the experiments give a
ratio /A4, within 5%. From these results and especially from figures such as Fig. 8, we can say that
our solution in eq. (48) represents the main features of a non-linear internal standing wave.
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11. Appendix A,

Equations (30) and (45) introduce the following coefficients:

c? c?
.l,:(Hz— P )P P p,

g —p)] ' gle,—p)
¢’ py ctp
P P P
gp2—py) g(p,—p1)
with
H,+ H,)’— H} H.o+ HYe: (H +H
PIZLL_z]_z[(HI+H2)2_H§]_( 1 2) +( 1 z)yc2
3! 2 2g g
2
+ ————— (H}p,— p,H} + 2H, p,7)
2g(p, — py)
P AH} c? - 1o
= - - +
LAY 20, - p)) 2PV — P i 2017)
3c
O =——((A+2Ap,— 3p,) ——
g, —py) g
and
2, (=322p,+ 24+ 1)p)

N g, —p)
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Equation (44) introduces the following functions:

2 2
poo S H g, HHDY g 2 g, EH G,
3! XXXX 21 XX g X T Xt 2g XXtr
_H+H) cow_ : - BY) B,
g -4
H} H? BY
Fy=——BY) —Cl+—X(p, BQ)—p, BY)

3! XXXX 2 XX g(P; )

LI fi B2 H; Z2pm L H CW B BY — p, BY BY
+ g(p, — ) xxee 1l ) Xxe T U P B0 P

BU)
— XX (5, BD — p, BD)
gy —p)
and
H} B(z’
Fy=—"lB3 +—X (p, B —p, BY) + ———
} 31 T HREX g(p,— ) g(p,—p,;)

H BY Hz BW H C(l) B(Z)B(z) B(l) B(1)
—P2 T Xxe Pl 2 XXn+ 2 + P X Xr

BQ)
—2XX_(p, B® —p, BY)
gl —py)

12, Appendix A,

In order to calculate numerical values to make the comparison between the theory and experiments,
we must return to the initial variables x, y, £. To the second order we have the relation:

(X, 7)= H, + e2 b, (&) + O(e%) = H(x, 1) + O(e*) (A.D)
$0

H(x,t)=H, + e2h,le(x — cH)]

From (48) and (A.1), the wave amplitude is 4,:

4,= ,,(/:1—_ 'Zz)g Y,e (1 3+ka2) (A2)

with # = 1 for progressive wave, and # = 2 for standing wave. The wavelength is A,:

Ay= A = 4K (k?) _(ﬂz)_ (A.3)
€ —34Y,¢?

By elimination of the product Y, &2 in (A.2) and (A.3), we arrive at the following relation:
A3 Ag(p,—py)
16 uc(Ap, — p,)

All the parameters in this relation are known as soon as the four basic parameters H,, H,, p, and p,
are known. In the case of a standing wave, and for our experiments, the wavelength A, is twice the

KKk =4,
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length of the tank. The function K2k? is monotonic crescent of the variable k2 so that the product K2k’
gives the corresponding value of k? and from eq. (A.2) we can determine the product Y,&2 For the
first-order approximation we have not used the value of ¢, but for higher approximation it must be

arbitrarily chosen (e.g. ¢ = H/L).
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BHYTPEHHME BOJIHbI B MEJIKOI BOJE:
TEOPETUYECKOE U 3KCIIEPUMEHTAJIb HOE UCCIEJOBAHUE

C MmoMOWBI0 TEOPHH MENKOH BOINbl MCCAEAYIOTCA
HeJHHeliHble BHYTPEHHHE BOJIHB B HOEANbLHOM
KHIOKOCTH B NpPHOIMXEHHM MOTEHUMAAbLHOCTH HBH-
xeHust. [Ilocne ycraHoBineHust oO6luelt CHCTEMBE
ypaBHeHH# Oosiee MNONMHO HCCNEAYeTCA HaCTHBIH
ciyyait pacnpoCTPAHAIOLIMXCA M CTOAYMX BOJH, YTO
BeJeT K NpHOAnKEeHHo ByccuHecka B pUOIHXKEHHH

nepBoro nopsika. B o6oux cnydasx HallneHo pelue-
HHE B BHAEC KHOHZA/IBHOM BOJHBI. N npoBepku
aHAJIMTHYECKOTO peIlICcHHA ANA CTONYCH BHYTpeHHe#H
BOJIHBI MPOBEAEHH 1a00paTOPHBIE IKCIIEPUMEHTHI,
KOTOpbIE MNOKA3a/IH, YTO AaXe DJIA CHJIBHO HelHHeH-
HBIX BOJIH Hallle pelieHHE IepBOro NpHGIHXeHHS
onHuceBaeT GOPMY BOMHBI C TOMHOCTLIO Jyymie 5%;.
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