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ABSTRACT

A two-level spherical linear primitive-equation model is used to discuss the atmosphere’s winter
geopotential response to a localized heating in middle latitudes. It is shown that the response in
the surface geopotential and potential temperature is largest for wave number one and decreases
as the inverse of the zonal wave number for the next few waves. The response to heating has
downstream warm lows and upstream cold highs and can be described simply as having zonal
advection of temperature balancing the perturbation heating. Next, several low-order
general-circulation-model anomaly experiments are run and compared to the linear model. It is
shown that if the noise in the system is not too much larger than the linear solution or if the zonal
state of the general circulation model is not close to linear resonance, linear theory can describe

the time averaged results of the GCM.

1. Introduction

Long-lasting perturbations in the earth’s surface
conditions have been hypothesized by many
researchers (see e.g. Namias, 1962) to force,
through heating, anomalous responses in the at-
mospheric climate. The two major effects that have
been studied are those due to anomalous snow
and ice cover and sea-surface temperature anom-
alies (SSTAs). These hypotheses have spawned
numerous studies with general-circulation models
(GCMs). For example Spar (1973a), Williams and
Washington (1974), Williams (1975), and Herman
and Johnson (1978) studied the GCM response to
anomalous snow and ice cover. Rowntree (1972,
1976a, 1976b), Spar (19732, 1973b, 1973c),
Houghton et al. (1974), Simpson and Downey
(1975), Spar and Atlas (1975), Shukla (1975),
Salmon and Hendershott (1975), Kutzbach et al.
(1977), Huang (1978), and Julian and Chervin
(1978) studied the GCM response to SSTAs. In
addition, Washington (1972) has studied the effects
due to thermal pollution produced by man.

Since the GCMs attempt to model the complex
behaviour of the atmosphere, the response to
certain simple forcings is complex. One of the
major complexities is that the atmosphere and the
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GCMs have transient behavior and hence, con-
siderable noise exists in time-averaged or ensemble-
averaged solutions. Leith (1973), Chervin and
Schneider (1976a, b) and Chervin et al. (1976)
have suggested methods for determining the sig-
nificance of GCM experiments in terms of in-
dividual grid points. However, since the effects of
surface boundary conditions are usually small, the
response in a GCM experiment is usually just
barely significant. Moreover, it has recently been
pointed out by Hasselmann (1978) that the
response to these anomaly studies is typically what
one might expect to occur by chance, namely 5%
of the total grid points with a significance greater
than 95%.

Hasselmann suggested that one way to increase
the significance of the multivariate response was to
have a reasonable first guess at the solution and
that stationary linear theory might be used for this
purpose. Egger (1977) also suggested that station-
ary linear theory might be used to physically
understand the response, which, unless one has
complete faith in the verisimilitude of the GCM, is
all that one can really ask of these experiments. The
response in these stationary models is easier to
understand since there are no transient effects.
Also, such models can be simplified to a point that
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analytic understanding can be achieved through
quasigeostrophic theory.

Stationary linear models linearize the time-
averaged hydrodynamical equations about a basic
zonal state and then solve for the stationary
perturbations by standard algebraic techniques.
Saltzmann (1968) presented a review on the subject
and since then there have been studies by Sankar
Rao (1970), Derome and Wiin-Nielsen (1971),
Webster (1972), Egger (1976a, b), Vernekar and
Chang (1978) and Ashe (1979) concerned mainly
with explaining the observed stationary eddies in
terms of orography and heating. In comparing the
solutions of these models with the observed
stationary eddies, one can conclude that the linear
models are quite good and contain within them
many of the mechanisms present in the general
circulation.

Egger (1977) suggested that since the anomalous
forcing due to anomalous boundary conditions was
smaller than the average climatic forcing of the
large-scale standing eddies, linear theory might
even be more appropriate to anomaly studies. He
then compared local responses between various
GCM anomaly studies and his linear model.

In an attempt to make a more rigorous com-
parison, this study takes a non-linear semi-spectral
spherical model and compares its time averaged
solutions to a linear model. The forcing and friction
are kept constant in both models, with the only
difference between the models being that the
non-linear and transient terms are absent from the
linear model. It is shown that the stationary linear
model can diagnose the time-averaged results of the
time-dependent non-linear model except when the
noise is much larger than the linear solution or
when the GCM moves toward a state of linear
resonance.

The models used in this study are described in
Section 2. Section 3 discusses the response to an
idealized heating source using the observed zonal
averages. Section 4 discusses the results of some
GCM experiments.

2. Models

The models are based upon the primitive
equations of motion in spherical and pressure
coordinates. The boundary conditions are that w =
0 at p = 200 mb and w, = v,- VH. In the following
equations:
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u = zonal wind

v = meridional wind

v = vector wind (subscript s for surface)
6 = potential temperature

. . 1 96
¢ = static stability = ——— Ap
2 0p

@ = geopotential (subscript s for surface)

a, = specific volume of air at surface

g = gravity

H = orographical heights

T, = surface temperature

C, = surface heat capacity

a = radius of sphere

dx = a cos dA (A is the longitude)

y = latitude

p =pressure (2Ap is the increment of pressure
over which integral is taken)

t =time

F, = potential temperature forcing

F_ = static stability forcing

F, = surface temperature forcing

t = frictional stress
b1 3

A= L AdA
2nJo
A =A-A
The equations are divided into the zonal mean
equations and the perturbation equations and may
be written as:

A. Zonal equations
Zonal momentum

ou y tan V. i Jwu 0
——fo——yud + V-vie + +g—1U
ot a ¥ op gap
tan — — 7
=—yldf - V-Vl —— wil
a op
Meridional momentum
av tan __ 186 .0 __
— +fu+—yut+——+ Vv + — v
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Layer-averaged potential temperature
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Layer static stability

de 1 @ (V-8 7 5 a 0 F
—+——A(V- ¥+ —w —_—
ot 2 ap ap P gap
1 @ é
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2 op op

Surface geopotential
0 o o L o
Py + v, Vg — gH) — @, d, = V- V(g —gf)
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Ground temperature

B. Perturbation equations
Zonal momentum
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Meridional momentum
~
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Layer-averaged potential temperature
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These equations are then finite differenced in the
vertical into two levels with # and v carried at the
upper (1) and lower (2) levels, w carried at the
middle (3/2) and surface level (s), & and o carried
at the middle level and 6, carried at the surface
level. The following interpolation and extra-
polation schemes are used to define model variables
at those levels at which they are not carried.

v,=v,/2
Vi, = (v, + v))/2
6,=86,—20
6=60,+0
6,=6,—0o

The vertical velocities are determined from the
divergence equation.
w=—V-v/Ap
w,=w—V-v,Ap
The geopotentials are determined by the require-
ment that the horizontally averaged equations
conserve total energy plus kinetic energy and are
hydrostatic (see Arakawa and Mintz, 1974).
Therefore,
b=aq,0+po+ ¢, o ~23x102m?sTK"!
b= 0+Po+ ¢, @ ~60x10m2s2K™!
a,=(a, 0+ B, 6)R/pf~—1.0 x 10°m?s2K~!
a ~ 09
By ~—1.9

The heating terms F,, F_ and F; are taken from
Smagorinsky (1962) and are described in more
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detail in Appendix I, along with the friction
parameterization for 7.

These equations are finite differenced in the
meridional direction using Kurihara’s (1967) finite
difference scheme. Only the northern hemisphere is
used and hence mirror-boundary conditions at the
equator are used. By judiciously choosing the grid
points, the northern boundary condition is that
A(y)cosy »0ascosy—0.

All variables are expanded zonally in a Fourier
series of the form A4 = A + 2¥_, a,cos nd + 2%, _,
a,, sin n' A. Since, the major interest in this paper is
a model where N is small, all non-linear com-
binations are calculated via interaction coefficients
(Cpn+p)- For example,

N N N
AEl: Z a, bn' Comry T 07
n=1n'=1
These coefficients are easily evaluated analytically.

The time differencing of the GCM is done with a
leap-frog scheme with periodic insertion of an
Euler-backward step (every twelve steps) in order
to damp the computational mode and gravity
waves (see Kurihara, 1965). As is usual, the forcing
and friction terms are evaluated at a previous time
step.

The time-dependent solution is also smoothed in
the meridional direction every time step by means
of a high-order filter (see Shapiro, 1970; Francis,
1975). This filter is equivalent to a high-order
diffusion operator of the form V™ and acts to
eliminate two grid-point waves, while leaving the
larger waves virtually unaffected. The model
becomes unstable if no smoothing is done, presum-
ably because of the aliasing of two grid-point waves
(see Haltiner, 1971). No smoothing, except for the
removal of the wave numbers greater than six at
the northernmost grid point, is done in the zonal
direction.

The difference between the GCM and the linear
model is represented schematically below. A more
detailed comparison is given in Appendix II. First,
the GCM calculates the zonal solution. This zonal
solution is used in the perturbation equations as a
matrix operator B. The perturbation equation is:
ad =—Bt+ X

N
ot 2

finear heating, non-linear

orography
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Averaging over a long time (the averaging operator
is denoted by overhead ~) gives

a} ~ o~ X

—=—Bf+X -2 26
ot

The linear model is

0= —5)? + /‘;

Thus, the differences in tl;e solutions are due to the
terms —B' %' — LY &% — S & — ofla,
which are composed of the linear and non-linear
transient eddy fluxes and the average time depen-
dence.

For the comparisons in this paper, the models
are run with the heating and friction coefficients
kept constant in order to make the differences
dependent only upon the transient and stationary-
eddy flux terms. To make the comparison as
accurate as possible, all model variables are
averaged continuously; hence, there is no sampling
error.

3. Linear model experiments with
observed zonal state

A theoretical linear response to an idealized
forcing field for the potential temperature is now
studied. The forcing is a point-source cooling
placed in the center of the domain. Only the
mean potential temperature is forced. This function
is expanded into a Fourier cosine series {the sine
series is zero) and is shown in Fig. 1 as a function
of wave number. Of course, the values are
quantized with discrete wave numbers; the con-
tinuous lines are drawn in order to help the reader
easily see the values. The total cooling as a function
of the zonal coordinate for six waves, is shown on
the right. With a point source, all wavelengths are
present with equal amplitudes, albeit with phase
differences of 180°. That is, 4, = (1/7) /** §, cos
nid dl = —1 x 1078 cos nd, K s~ It is assumed
that d, dA - —n x 1078 as A + |dAl » Ay The
reason for showing this Fourier expansion of a
point source is to point out how misleading it is to
assume that a small-scale isolated response is
described only by small-scale waves. In fact, all
wave amplitudes are influenced equally, although
with different phases. The response of a system to a
point source will be isolated only if all waves are
excited equally and have alternating phases. This is
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Fig. 1. The Fourier cosine expansion of a delta
function cooling placed in the center of the domain
(middle latitudes) as a function of wave number b. The
total representation as a function of x is shown on the
right-hand side. The heating wave amplitudes are in
10-¢ K s~ The total heating is in arbitrary units.

not the case for the observed winter zonal state, as
will be discussed in the remainder of this section.

The total response to the point source in a
truncated linear model (5 meridional grid points, 6
zonal waves) which uses the observed winter zonal
state (see Fig. 5) is shown in Fig. 2. At the lower
level the delta cooling induces downstream highs
and upstream lows. At the upper level, the situation
is reversed with downstream lows and upstream
highs. The solution predominantly affects middle
latitudes. The amplitude is strongest at the surface,
with a maximum on the order of 13 m; the ampli-
tude decreases with elevation and then increases
once again in the high altitudes to a maximum
of around 11 m, with a change of phase of 180°.

To understand this response, asymptotic
solutions from frictionless linear quasigeostrophic
theory are considered. A linear two-level model
taken from Holton (1972) is shown below.

ik(ﬂ—u1al)W1=Z%w

ik(ﬂ—uzaz)%:__f—w

A u, + i
—w+—£/12ik( L
fo 2 2

a4
(v, — wy) + (—w (uy, — “1)) = A¥a, — az)p —;’i

J. 0. ROADS

Fig. 2. The total response for the midlatitude & cooling
for ¢,, ¢, and ¢ The contours are every 2.5 gpm. The
solid lines are the positive values, the dashed lines the
negative values and the heavy line is the zero line.

where
aof
o
A= f(o(a, — @)
P
dt

a® = k?* + [* vector wave number squared

a=23x102m?s2K™!

@ ="6x10'm?s2K™!

Substituting the relations

Svi=a,0+ ¢,

Jv=a 0+ ¢,

results in the model equations

Nap—u,day— A} + ¢g{f—u,a®—A'}
= il¥a, — a) Fk!

Ny f—u, @ ay + A} + ¢ i —uy & + A’}

= —iA¥(a, — o) Fk!

0
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where
A=Ru,q—u, a)
A =2 u,—u,)

The solution for § and ¢, is

712

P LLD (a,— @) F(2p — a¥(u, + u,))

and

112

D (aq)— @) F(ﬂ(al + @)

$, =
—a(u, a, + uy ay)
where

D=(qf—u ada—-A)(f-ua+A)
—(B—u - A fay—u, o @, + A)

Although this gives relatively simple formulas for
determining the response, the values are still not
readily apparent. Therefore, assymptotic values are
derived for the ultralong waves (§ > ua®) and for
the long waves (8 < uca?). Salzman (1968)
discusses these waves.

Case |: ua® < f (ultralong wave approximation)

The ratio

2
— - —_069x 10°°
g, (a, + ay)

That is, 8 is 180° out of phase with ¢,. Also, 1 gpm
in ¢, occurs for every 0.07 K in 6. Since ¢, = ¢, 8 +
¢, and ¢, = @, 0 + ¢, ¢, is out of phase with ¢, and
¢, is in phase with g, but reduced in amplitude.
Calculating the amplitudes

x iAMa, — ay) 28F
ki@ B— B+ A) — (B— A")(Ba, + A)}

The asymptotic solution is

4.9 x 105 F
kl

O~ —ix
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where k' is the integral zonal wave number. Since
A*u > B, the solution is approximately

ix2F

- k(u, + u,)

That is, the heating is balanced mainly by the mean
zonal advection; the mean meridional advection is
zero and the adiabatic heating is small.

Case 2: ua? » f§ (long wave approximation)

7 (uy + uy)

—_—— —

— Y _57x 107
é; (U, @ + u, @)

Again § and ¢, are 180° out of phase, and 1 gpm in
¢, occurs for every 0.06 K in 6. Calculating the
amplitude for this case gives

_ ARF (u, + u)(q, — @)
ka¥  u uy(aq + @)

Physically, the response of the system can be
understood through the thermodynamic equation:

wA? 2(ﬂ—um(tz)
w— u
B-uyad\ " (B—u, @
w—nwj £
+uy———\)=——NAp
(ﬂ“uza'z) g

The first w term on the left-hand side is the
adiabatic heating and cooling and the second term
is the horizontal advection.

For the ultralong waves (¢a® < f), the dominant
term is the advection term, since A>u > B. This
advection term is large since small changes in the
vertical velocity induce large changes in the
geopotentials through the divergence term. Thus
for the ultralong waves in middle latitudes, advec-
tion balances the diabatic and adiabatic heating.
There is a k! dependence for the amplitudes of the
pressure and temperature on the heating and a k
dependence of the vertical velocity with respect to
temperature and pressure. For the long waves (ua®
> f), the dominant term is the adiabatic term which
balances the advection and the diabatic heating.
There is a k~! a2 dependence for the amplitudes of
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pressure and temperature on heating and a k' a?
dependence of vertical velocity on pressure and
temperature for this case.

In each of these limits, the pressure con-
figuration is the same—warm lows downstream
and cold highs upstream of the heating. The
vertical velocity is downward over the heating for
the ultralong waves and upward over the heating
for the long waves.

Diabatic and adiabatic heating are balanced by
advection for the ultralong waves. Diabatic
heating and advection of temperature are balanced
by adiabatic cooling for the long waves. Resonance
in the system, that is all amplitudes approach
infinity, occurs when adiabatic cooling balances the
advection of temperature and the system is unable
to balance the diabatic heating. It is near the
resonance point that linear theory is probably least
valid, but where the amplitude can be very large
and so one should have clear idea where it occurs
for a particular model. Resonance occurs when:

0=(B—u a)(B—u,a)— Au(f—u,a’)
— A2 uy(B—u, a?)

Solutions for this have been discussed extensively
by Egger (1976). For the winter parameters for 12,
u,, u,, this gives a value at 45° latitude for a® of 9
x 10717 em~2 For [ = 0, this falls between zonal
wave numbers 4 and 5, and as [ increases the
resonant zonal wavenumber decreases. A suitable
approximation to resonance in this model is a® =
Blu, ~ 1 x 107 cm~2, since A*u,(B — u, a?) is the
dominant term for the ultralong waves. At
resonance the model response is determined by the
damping terms in the equation. Thermal damping
coefficients are presumably the largest dampers;
this is due mainly to sensible and latent heat
transfer from the surface. These thermal damping
coefficients were not included in the frictionless
quasigeostrophic theory in order to facilitate the
analysis. However, at resonance, the solutions are
particularly simple and can be obtained by omitting
the dynamical terms and substituting the frictional
and thermal damping terms. Near-resonant
solutions, in which all terms become important, are
more complicated and will be discussed in sub-
sequent papers.

The linear primitive equation model response in
middle latitudes as a function of wave number is
compared to quasigeostrophic theory and is shown
in Fig. 3. The cosine response is shown on the

J. 0. ROADS
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Fig. 3. The response in middle latitudes of the potential
temperature, solid line, and the surface geopotential,
dashed line, to the delta function as a function of k. The
cosine response is shown on the left-hand side and the
sine response on the right-hand side. The ordinate values
are plotted in 0.1 K for the temperature and 1 gpm for
surface geopotential. Quasigeostrophic theory for the
ultralong waves gives the envelope curves (labeled U) to
the linear model response. The curves labeled L are the
longwave approximations which assume that the
meridional wavelength is 90°. The solid lines are the
potential temperature response and the dashed lines are
the surface geopotential response. The phases are not
drawn for quasigeotrophic theory but are the same as
for the primitive equation model.

left-hand side and the sine response on the
right-hand side. The cosine response is induced in
quasigeostrophic theory from friction which is
usually small for the ultralong waves compared to
the other terms. In the primitive equations, the
cosine response is also induced due to terms like
9(80/8y), etc. The decreasing sine wave is taken
from the linear primitive equation model whereas
the envelope lines are taken from frictionless
quasigeostrophic theory for the ultralong wave
approximation. The other envelope lines are the
longwave approximation. The phases are not noted
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from quasigeostrophic theory on the figure
although the previous case studies indicated that
the same phases are present; that is, the positive
potential temperature is upstream from the heating
by 90°. Note that for the most part, the solution
can be described by the ultralong waves. This is
verified by looking at the vertical velocity response.
There is also a decrease in 6 and ¢, proportional to
k1. Similar results were obtained by Derome and
Wiin-Nielsen (1971) for the largest waves. Also
note that the only sign of resonance in the system is
the larger amplitude surface pressure response near
wave number 5.

Comparing Fig. 3 with Fig. 2 one sees that for
the values of the parameters in the system, a
middle-latitude point cooling will induce down-
stream highs and upstream lows at the lower levels,
a reversal at high altitudes, and a node in the
middle levels of the atmosphere. Essentially, the
wave response has warm lows ahead and cold
highs behind a middle latitude heating, with the
total response dependent upon the configuration of
the imposed heating.

4. GCM runs

In the subsequent sections, three major GCM
runs are described. Each run consists of several
experiments of 1 month and each run compares its
monthly averages to the linear primitive equation
model. These runs differ either in the number of
waves and meridional grid points or in the values of
the perturbation heating that are used.

4.1. First GCM run

In the first GCM run, the number of grid points
and the number of zonal waves were kept the same
as that in Section 3. In order to make the
comparison between the linear model and the
GCM as accurate as possible, it was decided to run
the GCM for a sufficiently long, fixed winter
simulation. It was also decided to make the heat
capacity of the surface constant and appropriate to
a 10 cm swamp. Also, the heating and friction
coefficients were kept constant. It was not expected
that this model would necessarily produce com-
pletely realistic features, but rather features that
would be produced by a circulation near to the
parameter range of a winter climate and that couid
be easily compared to the linear model.
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Fig. 4. Time series for the GCM run of six months.
Points are plotted from two-week averages and four
weeks are denoted as one unit. The upper line shows
the total potential energy (TPE) in units of 10’ J m~2%;
the next two lines show the conversion from TPE to
eddy kinetic energy (—wa) and from TPE to zonal
kinetic energy (—@a) in units of 1 J m~2 s7!; the
bottom two lines show the eddy kinetic energy (EKE)
on the dashed curve and zonal kinetic energy (ZKE)
on the solid line in units of 10°J m~2

Time series of the total potential energy, kinetic
energies and conversion time for the last six months
of the control run (no perturbation heating) are
shown in Fig. 4 (noints are plotted from two-week
averages). The values tend to be somewhat realistic
although the eddy kinetic energy and conversion
term tended to be larger than the observed
averages. Also, there tends to be a direct con-
version of zonal-available-potential energy to zon-
al-kinetic energy.

As shown in Fig. 5, the magnitudes of the
various zonal variables seem to compare
qualitatively to the earth’s winter parameters. It is
important to remember that the simulation is run
for a fixed winter on a hemisphere, whereas the
natural circulation goes through a seasonal cycle
on the sphere. For example, the zonal wind at the
upper level tends to be of the same magnitude as
the observed in middle latitudes; however, it is too
large and the maximum is further north than the
observed. This is related to the stronger tem-



418

20"//’~\\\\

-10+

320+
- | \
%0 \ \
260
2+
Gr 1} //.\\-—//
oL

1 1
y—

-

Fig. 5. Zonal averages for the GCM are plotted on the
left-hand side of the figure and the observed values for
winter are plotted on the right-hand side of the figure.
The first two lines are the upper (u,) and lower (u,) level
zonal wind plotted in ms-!; the next two lines are the
upper (v,) and lower (v,) level meridional wind in ms™*;
the third set of lines are the potential temperature (6)
and ground temperature (7',) in K: the next line is the
1000 mb geopotential (¢) in values of 10 gpm; the next
line is the pressure velocity at 600 (w) in units of
10-2 kg m~15~3; the final line shows the zonally averaged
perturbatio_n_. meridional transport of potential tem-
perature (#8) in units of m K s~ The observed is the
meridional transport of sensible heat ST which is almost
the same as 76.

perature and surface geopotential gradients. The
presence of the more regular Hadley cells is due to
confining the circulation to the hemisphere. Finally,
Fig. 5 shows that the fixed winter simulation has an

J. 0. ROADS

Fig. 6. A typical instant in the GCM run for §,, gz, and
@.. The contours are drawn every 100 gpm for §,, and
every 50 gpm for 8, and g,. The solid, dashed and heavy
lines have the same meaning as in Fig. 2.

increased eddy transport of a sensible heat. There
are no indications that the level of truncation has
drastically affected the zonal averages.

A “typical” synoptic situation is shown in Fig. 6
for this model for the upper and lower levels and
surface. The model tends to be dominated by wave
number six in middle latitudes and wave number
three in high latitudes and, as in the stationary
model, has warm lows and cold highs. There is a
pronounced westward tilt of the eddies and the
amplitudes are quite strong (i.e. at 400 mb the
amplitudes approach 300 m). The amplitudes are
weaker at the surface although surface pressure
variations are still on the order 10—20 mb.

The GCM has instabilities in middle latitudes at
the high wave numbers and less instability at the
low wave numbers and thus should be well
described by linear theory. The dominance of the
high wave numbers is a major defect in the model if
its solutions are to be compared to the observed,
but an asset in that it allows a good test as to how
well the linear mode! can diagnose the linear state
in the GCM.

The experiment that will next be discussed is
concerned with the point-source cooling described
in Section 3. This cooling is first inserted into the
linear model at the midpoint; only the perturbation
cooling is included. Fig. 7 shows the total response
in the primitive-equation linear model to this
forcing. The zonal state for the linear model was

Tellus 32 (1980), 5
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Fig. 7. Same as Fig. 2 except that the linear model,
which is the counterpart to the GCM, is used along with
the zonal state of the GCM.

taken from the GCM control run. Also, the
horizontal smoothing term from the GCM was
incorporated into the linear model. The response is
reduced considerably compared to that in Fig. 2,
due to the inclusion of the horizontal smoothing
and the heating feedback terms and the larger mean
zonal wind that the GCM produces. Also, note that
the response is not so isolated in middle latitudes;
this is also due to the horizontal smoothing which
eliminates two grid-point waves. Still, the response
is qualitatively similar to the response in Section
3——cold highs downstream and warm lows up-
stream from the cooling.

The GCM anomaly run is now compared to this
linear model. The anomaly run was initialized two
weeks after the start of the control run, the
anomalous heating inserted, and the model run for
8 days. The model was then run for an additional 4
weeks. The six-month average of the control run
was subtracted from this anomalous four-week
average and the differences are shown in Fig. 8.
The anomalous heating for each wave in middle
latitudes was increased to 3 x 107¢ K in order to
make sure that the result would be easily detected
above the noise.

This type of heating can easily be associated
with anomalous sea-surface temperatures. For
example, the transfer of heat from the surface is p,
Cplv,l (T, — Ty (1 + (L/C,)(éq*/éT)) = F, and
the heating of the troposphere d@/dt is (g/
2Ap)(p,/ p)“F,. A “typical” value is 7 x 10-° (T,
— T,); therefore changes of less than a degree
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Fig. 8. Same as Fig. 7 except for the difference between
the anomaly run and the control run of the GCM.
Also, the contours are drawn every 7.5 gpm since a
point source three times as large as that for Fig. 7 was
used.

Celsius in ocean temperatures are appropriate to
these heating values.

Fig. 8 shows the response in the GCM to the
anomalous heating. The response is quite similar to
the linear model. There are cold highs downstream
and warm lows upstream from the cooling; the
amplitudes are about the same and the phases are
qualitatively similar. Note that the contours are
every 7.5 gpm instead of 2.5 gpm since the heating
was three times as strong in the GCM as it was in
the linear model. For the linear model, the
amplitudes would, of course, increase three times as
much for a heating three times as strong.

Figs. 9 and 10 show the comparison as a function
of wave number in middle latitudes. First, Fig. 9
shows the linear-model response for a heating of 3
x 107¢ Ks! for each wave. The results are
comparable to those in Fig. 3, with a large
amplitude wave number 1 response and a sub-
sequent reduction in amplitude with increasing
wave number. However, there seems to be a much
stronger (i.e. resonant) response in the temperature
field near wave number 5 than was present in the
model in Section 3. Also, the amplitudes are
reduced by factors of 2 or 3, again because of
heating feedbacks and horizontal smoothing.

The difference response is shown in Fig. 10.
Note that for the most part the response compares
well with Fig. 9, with the exception of wave number
6. Even the response near resonance is well
represented. The error bars, which indicate plus or
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Fig. 9. Same as Fig. 3 except for the linear counterpart
to the GCM and a point source three times as large.

minus 1 standard deviation of monthly averages,
show why the total comparison can be worse.
Because of strong temporal changes in wave
number 6, presumably due to baroclinic instability,
the averages in the smallest scale show strong
deviations and meaningful comparisons cannot be
made between stationary linear theory and monthly
differences for the high wave numbers. However,
the comparison seems quite good for the low wave
numbers. Thus for low-order time-dependent
models, stationary linear theory can predict
anomalous responses for the largest waves.
However, since the model is so highly truncated,
non-linear influences of the smaller-scale waves are
absent.

4.2. Second GCM run

It was for this reason that the general circulation
model was made more realistic by increasing the
number of meridional grid points and the number
of horizontal waves. Fig. 11 shows a time series of
the zonal and eddy kinetic energies (plotted every
10 days) for a state initialized with a zonal state
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Fig. 10. Same as Fig. 9 except that this is the difference
between the anomaly run and the control run with the
GCM. Also, the standard deviations of monthly averages
(+1 standard deviation) are shown by the error bars for
wave number.

consisting of a zonal wind and a meridional
temperature gradient. The meridional grid distance
was 11.25° and only waves 3 and 6 were allowed
initially. The perturbation heating was changed to
give an amplitude in the cosine wave of —2.4 X
10~ K s~! for wave 3 and +2.4 x 10~ K s~ for
wave 6 at gridpoints 4 and 5. The perturbation
heating was set to zero elsewhere. After 30 days
wave number 6 had eddy kinetic energies on the
order of 10° ergs cm~2 s~! and wave 3 had kinetic
energies of only 10° ergs cm~? s~ Therefore, the
low kinetic energy in this wave did not seem to be
related to the number of meridional grid points. On
the second 30 days, the number of horizontal
waves was increased to include wavenumbers 9 and
12. Immediately, the eddy kinetic energy in wave 3
increased. Because of the noise that was then
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Fig. 11. Time series (taken from points 10 days apart) of
the zonal kinetic energy, z, and eddy kinetic energy for

wave numbers 3, 6, 9, 12 in units of 10° J m~2 as a
function of time for the second GCM run.

associated with 30-day averages, the perturbation
forcing was increased to —1.2 x 105 K s~! on the
3rd 30 days and then to —2.4 K s~! for the last two
30-day periods for wave number 3. No forcing of
waves 6, 9, and 12 was allowed after 90 days.

Fig. 12 shows the zonal averages for each
successive 30 days. Note that basically the same
zonal state results for this model as for the one with
fewer meridional grid points. The major difference
seems to be that the zonal wind looks qualitatively
more reasonable and the meridional wind less
reasonable. Note also that the zonal state stays
fairly constant until the last 30 days at which point
it becomes less realistic with easterlies appearing in
high latitudes.

Fig. 13 shows the wave amplitudes as a function
of latitude for each of the 30 days as compared to
linear theory. Only wave number 3 is shown since
after day 90 that was the only wave that was
forced. Also, before then the amplitudes of the
stationary waves from the linear model were much
smaller for wave numbers 6, 9, and 12 than they
were for wave number 3.

For the first 30 days linear theory is fairly

Tellus 32 (1980), 5

421

30
20 A\
> 10 ~
0 /\
-104=~ N

100{
> 0 :><><
-100

L
[N

@

«D 4
<>

o

Fig. 12. Same as Fig. 5 except for second GCM run.
The dashed lines show the initial state.

accurate in describing the response. Basically, the
negative cosine heating has a response in the
negative sine of the potential temperature, meaning
that it is warm downstream from the warm
anomaly. The response is not well described by
linear theory for the second 30 days presumably
because of the additional noise induced in the system
by the addition of more wave numbers. Therefore,
the heating was increased by a factor of 5 for the
third 30 days. Linear theory compares well with the
average response for this third 30-day period.
Increasing the heating to —2.4 x 10~% K s~! for the
fourth 30 days doubles the response, but a wave in
the cosine field is beginning to show up. On the fifth
30 days, when the forcing was the same as for the
fourth 30 days, the linear model reaches a resonant
state. That is, the zonal state of the GCM is such
that the linear model will have large amplitude
responses. The linear model results for this last
period are divided by a factor of 3 in order to fit it
on to the figure. Also note that the cosine wave has
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Fig. 13. Thirty day averages in 2nd GCM run -2
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become extremely large indicating that the model is
in a resonant growth period with positive heating
producing positive temperatures. It was at this
point the integration was stopped.

4.3, Third GCM run

The experiment was then repeated starting at
day 60 with the forcing constant at —2.4 x 1073 K
s~! for wave 3 (all other waves had zero forcings)
throughout the next 4 months. Basically the same
average values occur for the kinetic energy in the
waves and zonal flow although toward the end (day
16) wave 3 obtains large kinetic energies (10%J m—?
s72) which then decrease once again. Fig. 14 shows
a time series of wave number 3 at grid point 4 for
the potential temperature. Even with constant
forcing, the model has very short time scales and
also long time scales.

Fig. 15 shows the comparison to linear theory
during this time period. During the first two
months, linear theory describes qualitatively the
time averages. However, a similar situation
develops in this third GCM run as was present in
the second GCM run in that at the beginning of the
third month the model moves slowly into a linear
resonant state. The linear model results are divided
by a factor of 3 only for the last experiment and

Fig. 14. Times series of the potential temperature at
gridpoint four (~40° lat) for wave number 3. The upper
curve is the cosine wave and the lower curve is the sine
wave. Ordinate values are in K.

hence it has taken somewhat longer for the third
GCM run to move close to resonance. It should be
noted that for this figure the forcing was kept
constant. The different results occur because the
time averaged zonal state is different for each
30-day run.

Summarizing, the last two GCM runs showed
that in order to get large amounts of kinetic energy
in the low wave numbers, one must include
additional wave numbers beyond the most unstable
wave. Once this was done, the noise in the time
averaged solution for wave number 3 was so large
that the anomalous forcing had to be increased
substantially in order to make the linear solution
stand out of the noise. This larger forcing resulted
in predictability of monthly averages by linear
theory for a while until the model went into linear
resonance. The linear resonant state is charac-
terized by having a large potential temperature
response in phase with or slightly upstream from
the heating, whereas the linear response far away
from resonance is characterized by having a
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Fig. 15. Same as Fig. 13 except for third GCM run.

smaller amplitude response and the temperature
high to the east of the heating by 90° of phase.

5. Conclusions

Stationary linear theory and a simple general-
circulation model (GCM) were used to describe the
atmospheric response in middle latitudes to local
anomalies. The Fourier expansion of a locally
anomalous heating gives equal amplitudes for all
heating waves. However, the atmospheric response
is dominated by the largest scale waves and then
decreases for the smaller waves. In the linear
model, which used the observed zonal state for an
average winter, the response decreases as the
inverse of the zonal wave number and can be
explained by quasigeostrophic theory for the
ultralong waves. That is, the perturbation heating is
balanced by zonal advection of temperature. The
response has warm lows downstream and cold
highs upstream of a point-source heating.

Similar responses were obtained in the GCM
with low truncation which had. in addition, a
time-varying zonal and perturbation state, non-
linear terms, additional heating feedbacks and
horizontal smoothing. It was shown that the
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stationary linear model could be used to predict the
anomalous response in the GCM for at least the
largest scale waves. The waves which were
associated with baroclinic instability had so much
variation in their time-average state (average of 4
weeks) that meaningful comparisons between linear
theory and the GCM could not be made for the
shortest waves.

When the number of waves was increased to
include smaller scale waves, the eddy kinetic energy
and consequently noise in the largest scale waves
increased; hence, the anomalous heating had to be
made much larger in order to obtain a statistically
significant result in short period integrations.
Linear theory was shown to be able to describe the
monthly averages until the model moved to a linear
resonant state. At this point the linear model results
were an order of magnitude larger than, but in
phase with, the time averages of the GCM.

The linear mode! that was used to diagnose the
GCM response in this paper was absolutely the
same as the simple GCM, excepting the non-linear
and transient perturbation fluxes. Further tests are
suggested for GCM’s that model the observed
climate more accurately. Comparisons should be
made with larger models that include orography,
the hydrological processes, and the heating pro-
cesses including the seasonal cycle with more
rigorous parameterizations. Such experiments are
planned for the future in order to understand
complicated GCM answers to simple climatic
questions.
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7. Appendix 1. Heating parameterizations

The heating parameterizations are taken from
simple considerations of processes occurring on the
earth. The relevant equations are:

a6 g Po\ "

-6_122—A7Cp{FS'S+FL'S+Fr'S_FV2}(7;)
=A+BTg+ Cl+Eg

oo =g

Do\ "
EECD {2F3/2_Fs.s_FL.s_Fr.s_Fl/Z}(;)

=A,+B, Tg+C,0+E,0

oTg
7: Cg_l {_Fs.:_FL,s—Fr,s}

=A;+B,Tg+C,0+E 0

The coefficients 4, B, C, E are obtained from
linearizing various heating processes. From
Smagorinsky (1963),

Foi=—(1—-4%%1 -0 —-A)u, S + oTg*
— wot*

Fip=—uS(1—A4) + o6 + (1 - NoTg*

F3/2 = (Fr,s + FI/Z)/Z

A simple bulk aerodynamic model is used to
calculate the sensible heat,

Fs,s =P CD|VS|(Tg— Ts)

Using a simple Bowen ratio
L oq*

Fs == i 5.5
C, oT

J. 0. ROADS

The frictional stress at the surface is
T, =—ps Cblvsl V= _ks Vss ks =4 x 107¢s7!

It is now obvious how to derive the coefficients
A, B, C, E, k,. Because of the desire to make the
comparisons between the linear and non-linear
models as close as possible, the coefficients were
kept constant during the course of the integrations.
This seemed to be an adequate approximation for
all variables excepting the static stability. Although,
the average effect of the atmospheric motions is to
stabilize the system, local variations in the vertical
velocity can cause large changes in the stability.
Normally, this is taken care of by a convective
adjustment mechanism which seems to be related,
for the most part, to cumulus clouds. This results in
non-constant coefficients in the static stability
equation. Hence, for this study, 4  was set equal to
1073 K s7! and E, was set equal to —10—% s,
Essentially, this results in ¢ being equal to 10 K or
the potential temperature differs, between 400 and
800 mb, by 20 K.

Also, the frictional coefficient k,, in the middle
levels for the equation (6v/0t) = +k (v, — v,), is set
to 107% s. The other constants used in the model
are,

R =287x102)Jkg'K!
C, =996 x 10*Jkg ' K™!
C1=25%x10"°m?J!

g =98lms?

a =637x10'm

Ap =400 mb

For the second and third GCM runs, with 8
meridional grid points, the values are somewhat
similar except C;'=5 x 1075m?J-L

8. Appendix II. Linear and nonlinear
model comparisons

The differences between the GCM and the linear
model can be represented as follows. First, the
GCM can calculate the zonal solution. This zonal
solution is used in the perturbation equation which
is for the leap-frog step
‘fn+l — fn—l —_ym x‘nwl ~

= +(I —v™) {—B" %"
2At 2A¢

+ Ry Y gRn)
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and for the Euler step

Xl gn

At

—ym gn _ —~
= + (1 — V") {—BX* + X"
At

3y e gl

Combining the two equations into a time-average
(denoted by ~) by noting that the leap-frog time
step is applied § times and the Euler-backward step
atimes gives

ﬂ_;{nﬂ _ﬂ§n~1 " zcénﬂ 2=

2A¢

Vm 2afn + pEn!

2A¢

[Ny

—BBF %" — aB* % + fX 1 + a X"

~ — . L S—
—BE SR —ad LR

+ U —-vm

The stationary model is now compared to the
non-linear model by assuming
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2 ~ T~ >
ozw_ VmE+ (1 — V) (—Bf+ X)
2A¢t

One of the assumptions in this comparison is that
BE" + ak* = X"

So far as can be discerned, the solution varies
smoothly through the infrequent Euler-backward
step, and so the above_is assumed to be extremely
accurate. Likewise, fX"*' + aX" = £" is also
assumed accurate. The assumption

ﬁx‘rH-l_ £t 4 dafntl _ Qg
2A¢ -

is valid if the time-averaging is done over a
sufficiently long period of time. The other
assumption of

~

B i +Y3¢# —3S3¢%=0

is not likely to be true, especially if the amplitudes
of the perturbations are large.
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OKCMEPUMEHTHI C KJIMMATUYECKUIMU AHOMAJIUAMU B CPEAHUX HWIUPOTAX
HA OCHOBE TI'JIOBAJIBHOM MOJENU

JIByxypoBeHHas cdepuyeckasi JIMHEHHAas MoneNb,
OCHOBaHHasi Ha TIPUMHMTHBHBIX YpaBHEHHNX, HCHO-
Nb3yeTCA I OB6CYXAeHHs peakunH aTMocdepHOro
NOJIfA TEONOTEHIHAA HA JIOKAJILHBIH HATPEB B CPEAHUX
wunpotax. [lokasano, 4TO Hanbosbllero 3HaYeHUS
peakuus NPU3EMHOro reonoOTEeHLHANA ¥ IOTEHUHATb-
HOM TEMIEPATYpPbl JOCTHIAET IJisl BOJHOBOTO YMCIIa
OAHMH M yObiBaeT 06paTHO NPONOPLUHOHAIBLHO BOJIHO-
BOMY HHCY I0Ji CAEAYIOLUMX HECKOJbKUX BOJH.
Peakuus Ha Harpes IMpPHBOAMT K o0Opa3zoBaHHIO
Temaoi JOXOHHLI BHH3 MO TEYEHHIO M XOJIOOHOTO
rpeGHs BBepX MO TEYEHHIO M MOXET OOBACHATBECA
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30HANILHOM aIBEKLHEl TeMNIEpaTyphl, YpaBHOBEIIHBA~
Iollleif BO3MYILEHMe B Tone Harpesa. [IpoeemeHO
HECKOJIKO  JKCMIEPUMEHTOB C MoOAenblo  obLei
LMPKYJSILHE HU3KOTO NMOPAAKA AJsl U3YYEeHHs aHO-
MaJluii ¥ aHO CpaBHEHHE C JIHHEHHOH MOZEe/bio.
l']oxa3aHo, YTO €CJA 1yM B CHCTEME HE Ha MHOTO
6onblue JHHEHHOTO DEILEHUA WK €C/IH 30HAJIbHOE
COCTOAIHHE MOMEIH OOIER UMPKYJIALMH HE CTUIIKOM
6AM3KO K JIHHEIHOMY pe3OHAHCy, JMHeHHas TeOpus
MOXeET ONUCATb OCPEAHEHHbIE MO BPEMEHH MOMNA B
Moy obLIeH HUPKYIALMH.



