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ABSTRACT 

A study of the advection equation with Newtonian forcing and dissipation is presented. Only a 
few components in a spectral expansion of the simple advection equation are retained, and no 
rotation is included. Without forcing and dissipation the equation is thus only energy conserving. 

A two component system is analysed in detail with respect to the number of steady states, 
their stability and the non-linear behaviour around the steady states. Depending on the forcing 
we obtain one or three steady states and their stability properties are forcing dependent. For 
some forcing values an unstable limit cycle develops around one of the steady states. 

For a three component system the properties mentioned above are investigated for the 
conservative case and for the forced and dissipative case. Forcing on the largest scale, only, gives 
rise to one stable steady state. A more complicated behaviour is obtained when forcing is 
introduced on the smaller scales. Stable limit cycles may develop, as well as “catastrophes”, i.e. a 
sudden change of the number of steady states for only a small parameter variation. 

Generalizations from the behaviour of these simple systems to that of the atmosphere are 
difficult if not impossible. It is nevertheless believed that an analysis such as the one presented 
here may increase our understanding of the behaviour of multi-component systems. 

1. Introduction 

During recent years there has been a renewed 
interest in the non-linear behaviour of simple fluid 
dynamic systems. Low order spectral models of 
atmospheric flows have been used by Lorenz 
(1960) to obtain a maximum simplification of 
atmospheric models, and these models have been 
used to study specific behaviours in fluid systems 
such as the transition from Hadley to Rossby 
regimes in rotating flows (Lorenz, 1962). The same 
type of model has also been useful in studying some 
basic aspects of stochastic-dynamic predictions 
(Epstein, 1969; Fleming, 197 la,b; Pitcher, 1974) 
as well as the asymptotic behaviour of such 
systems (Wiin-Nielsen, 1976; 1979b). Most recen- 
tly, low order systems with forcing and dissipation 
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have been used by Charney and DeVore (1979), 
Vickroy and Dutton (1979) and Wiin-Nielsen 
(1979a) to determine the multiple steady states and 
their stability to suggest mechanisms for the 
establishment of certain stable flow regimes such as 
blocking. 

The importance of non-linear processes in 
atmospheric flow through interactions among 
various scales has been well documented by several 
studies using atmospheric data (Yang, 1967; 
Saltzman, 1970; Steinberg et al., 1971; Chen and 
Wiin-Nielsen, 1978). These studies confirm the 
theoretical deductions by Fjertoft (1 953). 

In this paper we will study a highly simplified 
version of the atmospheric equations of motion. 
The governing equation includes only one dimen- 
sional advection of wind and ’simple forcing and 
dissipation. From a meteorological point of view it 
would be more realistic to study the quasi-geo- 
strophic, barotropic vorticity equation as was done 
by Lorenz (1960) and Vickroy and Dutton (1979). 
Our main object, however, is to investigate the 
advective non-linearity present in the equations 
governing atmospheric flow in its simplest form. 
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The simplest equation containing this non-linearity 
is the scalar advective equation. Platzman (1964) 
discussed how the advective equation could be 
solved analytically and by an expansion in the 
spectral domain, but he did not include dissipation 
and forcing. Our study will concentrate on how the 
interplay between dissipation, forcing and advective 
non-linearities can give rise to a very interesting 
behaviour of the solutions. In order to make an 
analytical treatment tractable, we will work only 
with a spectral representation containing two or 
three components. The steady states, their stability 
and the asymptotic behaviour of trajectories as 
time goes to infinity will be investigated as 
functions of the scale and intensity of the forcing. A 
first attempt at such an analysis was made by 
Wiin-Nielsen (1975). The present paper is a 
continuation of that study. 

2. A two component model 

The basic equation is the advective equation with 
forcing and dissipation, i.e. 

au, au, - + U+ - = -EU,  + B(UF - u,) 
at, ax, (2.1) 

Without forcing and dissipation this equation is 
energy but not enstrophy conserving. 

After the following non-dimensionalization 
7c 

u =- 
L ( E  + B )  '* 

t = ( E  + B)t,  

7c r=- 
L x* 

u E =  ZB 
L ( E  + B)* 

where L is the lengthscale, equation (2.1) takes the 
form 

au au 
- + u-  = -u + u 
at a t  
Consider a distance 0 < t < 7c and define the 
boundary values by setting u = 0 for 5 = 0 and 
< = n. An expansion in the spectral domain can 
now be made with sinefunctions, only giving 

N 
u = 2 u(k)  sin kc, 

k =  I 

N 

u E =  u,(k)sink< 
k= 1 

Inserting these expansions in (2.2) and reducing it 
to a two-component system we have the equations 

dx 
dt 
- = txy - x + X E  

where u(1) = x, 4 2 )  = y ,  u E ( l )  = x, and uE(2) = 
y,. Non-trivial interactions in the two-component 
system are possible, because the basic system has 
only one conservative property. 

The first problem is to find the steady states, i.e. 
those states where dxldt = dyldt = 0. Denoting a 
steady state by (x ,  y,) we find that all steady states 
are solutions to the equations 

+x,(v* - 2) + x, = 0 

-4.: - y, + y, = 0 
(2.4) 

leading to the equation 

X I -  2cv, - 2)x,- 4x, = o  (2.5) 

The equations (2.4) may be considered as curves in 
the (xs, y,) plane. The steady states are given by the 
intersections of these curves. The parabola in Fig. 1 
represents the curve dyldf = 0, while the hyper- 
bola corresponds to dxldt = 0. The value of yE 
determines the maximum of the parabola while x, 
determines the shape of the hyperbola. It is thus 
seen that when yE is smaller than a certain critical 
value there is only one intersection between the 
curves, i.e. one steady state. Three intersections 
(three steady states) will exist when y ,  is larger than 
the critical value. The critical value is dependent on 
x, and we must thus investigate the number of real 
roots in (2.5). They are determined by the quantity 

according to the classical theory of the cubic 
equation. When A < 0 we have three real roots. 
For A > 0 we have the case of one real and two 
complex roots. Three steady states exist thus when 
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10 101 

Fig. I .  Representation of the steady states P,, P, and P,. 
The parabola is the curve on which dy/df = 0, while 
dxldt = 0 on the hyperbola. The horizontal line through 
(0,2) is an asymptote for the hyperbola. The intersec- 
tions are the steady states. The arrows indicate the 
direction of the trajectory at points on the parabola or 
the hyperbola as deduced from the basic equations. 

b E l  < [AbE - 2)311’2 (2.7) 

Equation (2.7) can be satisfied only if y, > 2. 
The values of the three real roots are 

j =  0, 1,  2 

where 4 is evaluated from the expression 

x.5 cos 4 = 
mi3F (2.9) 

Returning to Fig. 1 which corresponds to the case 
of three steady states we may investigate the 
trajectories in the immediate neighbourhood of the 
three intersections P,, P ,  and P,. Using the basic 
equations for the system and the facts that dxldt = 
0 on the hyperbola and dyldt = 0 on the parabola 
we may deduce the direction of the trajectory in 
four points surrounding the steady state. In this 

way we find that P, and P, are so-called spiral 
points, while P, is a saddle point. The point P, is 
therefore an unstable steady state, while P, and P, 
may be stable or unstable depending on whether 
the spiral approaches the steady state or goes away 
from it. This question can be settled by a linear 
stability analysis. 

We consider therefore an arbitrary steady state 
(xsr  ys). Linearizing the basic equations we get 

dx’ 

dt 
- = j x y ’  + )ysx’ - x ’  

- -X,X’ - y‘ 
dY ’ 
dt 
-- 

(2.10) 

where perturbation quantities are denoted by 
primes. We seek solutions of the form 

( x ’ , ~ ’ )  = (x,,yo)euf (2.1 1) 

where u is the eigenvalue. a, > 0 indicates 
instability. Using the usual procedure of sub- 
stituting (2.1 1) in (2.10) and finding the conditions 
for non-trivial solutions by setting the determinant 
to zero we find that 

u = + [(Y, - 4) (Yf - 8~:)”*1 (2.12) 

” 

1 2 3 4 . p  

Fig. 2. The stability diagram in the (x,, y,) plane. The 
straight lines through the origin are ys = k 2 &x,.U and 
S indicate unstable and stable regions, respectively. 
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Considering first the region in which yf < 8x: we 
find that u, > 0 if y ,  > 4. On the other hand, if y: > 
8x:, then u is real. The eigenvalue u will certainly 
be positive if y, > 4. In addition, u will be positive 
for y,  < 4 if 

y: - 8 ~ :  > (4 - y,), 

or 

y, > x: + 2 (2.14) 

Fig. 2 shows the stable and unstable regions in the 
(x,, y,) plane. It is naturally preferable to express 
the stability criteria 

x: + 2 < y, < 4andy,  > 4 (2.15) 

in terms of x, and y, and to derive a stability 
diagram in the (x,, yE) plane. Such an analysis is 

(2.13) 

zu.1s 

2 3  

Fig. 3.  The stability diagram in the (xE,yE)  plane. The 
lower curve separates the region of one stable steady 
state below and three steady states above. The other full 
curve from (d2, 5 )  upwards separates the region to the 
left of one unstable and two stable steady states and the 
region to the right of two unstable and one stable steady 
state. The dashed curve, determined by numerical 
experiments, separates the regions with and without 
“limit cycles” within the region of one unstable and two 
stable steady states. 

presented in appendix I, and the results are given in 
Fig. 3. 

Fig. 3 shows that in the region of three steady 
states there are two very different sub-regions. The 
region to the right-hand side, i.e. for large values of 
x, and y,, is characterized by two unstable and one 
stable steady state. It is to be expected and 
numerical experiments have confirmed that the 
single stable steady state is the asymptotic state, or, 
in other words, all trajectories wherever they start 
will eventually approach the stable steady state. 
The remaining part of the region is characterized 
by one unstable and two stable steady states. In 
this case we know only that if we start a trajectory 
close to the unstable steady state it will move away 
from the state, but the linear stability analysis 
cannot tell us which steady state will be the 
asymptotic state. For all the points in the region 
with one unstable and two stable steady states we 
carried out a numerical experiment. We selected 36 
initial states on a small circle with the unstable 
steady state as centre. For each initial state we 
carried out a numerical integration until a steady 
state was reached. Based upon the results of these 
numerical experiments it is possible to sub-divide 
the region of one unstable and two stable steady 
states in two sub-regions sub-divided by the dashed 
line entered in Fig. 3. 

The region to the right of the dashed line in Fig. 
3 consists of points where all the trajectories 
surrounding the point P ,  in Fig. 1 will have the 
point P I  as the asymptotic steady state. 

The region to the left of the dashed line, on the 
other hand, are those points where some of the 
trajectories will have P I  as the asymptotic state 
while others approach P ,  for large times. 

To illustrate the behaviour in some of the cases 
mentioned above, we have prepared the following 
figures. Fig. 4 shows a case of two unstable and one 
stable steady state. The dashed lines in Fig. 4 show 
the parabola and the hyperbola used in Fig. 1. In 
this case both P, and P,  are unstable steady states 
although P ,  is an unstable saddle point and P ,  is an 
unstable spiral point. A trajectory starting close to 
P ,  will either go to the right and approach P I  in a 
spiral for large times or it will go to the left, go 
around P ,  and then approach P ,  in a spiral. On the 
other hand, a trajectory starting close to P, will 
spiral out, approach P,, but since this state is 
unstable it will eventually deviate from P ,  and will 
finally approach P, .  All these trajectories are 
indicated in Fig. 4. 
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Fig. 4. Trajectories in the case: two unstable steady states (P, and Pn) and one stable steady state (P,). The dashed 
curves are the parabola and the hyperbola from Fig. 1. 

Fig. 5. Trajectories for the case x, = 3, y ,  = 20 with one unstable steady state P, and two stable steady states P, and 
PI. The dashed curves are again the parabola and the hyperbola from Fig. 1. PI is a stable spiral point surrounded by 
an unstable limit cycle determined by a backward numerical integration. 
Tellus 32 (1980), 5 
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2 

Fig. 6. Trajectories in the case of two stable steady 
states (P, and P , )  and one unstable ( P J  with x, = 1 and 
Y E =  10. 

Fig. 5 shows a case of one unstable and two 
stable steady states. The unstable steady state is as 
usual marked by P, and the two stable states as P, 
and P,. It is seen that any trajectory starting close 
to P, will eventually approach P i .  The behaviour in 
the region surrounding P, can be explored by 
numerical integrations in which the time is rever- 
sed. An initial state close to P, is selected, and an 
integration of the basic non-linear equations with t 
replaced by -t is carried out. It turns out that the 
“reversed” trajectory is a spiral which at large 
times approaches a curve, normally called an 
unstable “limit cycle”. This means that any 
trajectory starting inside the “limit cycle” will 
approach P, for large positive times. On the other 
hand, a trajectory starting just outside the “limit 
cycle” will first depart from the limit curve, then 
approach P, and eventually come to P, as indicated 
in Fig. 5 .  The area in Fig. 3 inside which we have 
an unstable “limit cycle” around P, is limited by 
the dashed curve and the curve separating the 
regions with one unstable, two stable and two 
unstable, one stable steady states. 

Fig. 6 also shows a case of one unstable and two 
stable steady states. This case is, however, in the 
region of the (xE, YE)-plane (Fig. 3) where no “limit 
cycle” exists. The trajectories separating the 

5.0 - 

4 5 -  . 

40 

35 ~ 

30 - 

2 5  - 

.O 
0 2 4 b 8 1 0 7 . 2 1 . 4 1 . 6 1 ~ 2 6 2 2 2 . ~ 2 6  

Fig. 7. “Limit cycles for xE = 1.9, y, = 6.0 with the initial condition xo = -2.1, yo = 3.8 and to the right for xE = 
- 1 . 9 , ~ ~  = 6.0, with the initial condition xo = 2.1, yo = 3.8. 
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regions containing all trajectories ending up in P, 
and P, respectively are called separatrices of the 
saddle point P,. Separatrices directed towards the 
saddle point thus divide the (x, y)-plane into two 
regions, one containing all trajectories having P, as 
their limit point and the other containing all 
trajectories having P, as their limit point. These 
ingoing separatrices are unstable with respect to 
small perturbations around them. Therefore, to find 
them numerically we integrated eq. (2.3) back- 
wards in time with initial values close to P,. 

We remarked earlier in connection with Fig. 3 

that the stability diagram is symmetric around the 
y,-axis. The non-linear trajectories are also sym- 
metrical around the y-axis. An example is shown in 
Fig. 7 in which the left side shows a “limit cycle” 
calculated for xE = 1.9 and y ,  = 6.0 with the initial 
condition xo = - 2 . 1 , ~ ~  = 3.8 and t replaced by --t. 
The right-hand side of Fig. 7 shows the correspond- 
ing calculation for x E  = - 1.9, y ,  = 6.0, xo = 2.1, yo 
= 3.8. It is seen that there exists symmetry around 
the y-axis. 

To summarize the results obtained in this section 
a “catastrophe surface” for the model has been 

I 
Y E  

Fig. 8 .  Catastrophe surface for the two-dimensional model. The bifurcation point is denoted @ and the dotted area 
corresponds to an unstable steady state. 
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constructed. Investigation of the number of steady 
states obtained for various values of x, and y,, can 
be seen as a bifurcation problem with respect to the 
two parameters x, and y,. Equation (2.5) gives the 
form of the “catastrophe surface”, and rewriting it 
as 

X I  x, 
, - 4  2 

x ----(y - 2 )  (2.16) 

enables us to plot the surface. Fig. 8 shows this 
surface and it can be seen from the figure that we 
have a cusp catastrophe, the bifurcation point 
occurring at x, = 0, y, = 2. For xE and y, values 
inside the cusp (bounded by the folds on the 
surface) we have three values of x, for each pair of 
x,, y,, outside the cusp only one x, is possible. 
Going back to Fig. 3, the curve separating the 
regions of one and three steady states is a 
projection of the cusp on the x,, yE plane. The only 
difference is that Fig. 8 also involves negative x, 
values. 

Looking at the catastrophe surface in Fig. 8, we 
see the surface from above. The top pleat corres- 
ponds to the x, value of P ,  for a given value of 
(x,, y,). The bottom pleat is P,, while the middle 
pleat (inside the fold) gives the x, of P,. As P,  
always is unstable, the middle pleat represents an’ 
unstable steady-state while the top and bottom 
pleats are unstable near the fold and stable further 
away from it. The unstable part of the surface is 
dotted in Fig. 8. 

3. Three component model 

The model used in section 3 may naturally be 
applied with an arbitrary number of components. 
The two component model analysed in the previous 
section will in this section be replaced with a three 
component model. The purpose is to show the 
variety of solutions obtained even in this simple 
case. 

The equations for the model are basically 
reproduced from Wiin-Nielsen (1976) but here 
forcing and dissipation are added. With the scaling 
used in this paper they become 

dx 
dt 
- = fxy + fyz - EX + x, 

- -fx‘ + xz - Ey + y, 
dY _ -  
dt 

(3.1) 

dz 

dt 

where E is a tracer in front of the dissipation terms, 
i.e. E is either equal to zero or one. 

Before investigating the steady states and their 
local stability, we turn to the global stability 
problem. We want to see what happens when 
dx- + co. Define the vectors r = (x, y, z )  
and r, = (x,, YE, 2,). 

Multiplying dxldt by x, dyldt by y and dzldt by 
z in (3.1), summing and setting E = 1 we obtain 

_ -  - -4xy - &I + ZE 

where 6 is the angle between the vectors r and r,. 
For a given Ir,l eq. (3.2) states that it is always 
possible to make d I rl ldt less than zero by taking 1 r 1 
sufficiently large. The system thus always tries to 
return towards the origin when displaced suffici- 
ently far away from it. This does not mean that we 
always have a stable steady state. It only tells us 
that a time dependent solution of (3.1) can never 
“blow up”. 

Returning to the local stability problem, we 
linearize (3.1) around a steady state (x,, ys, zs) 
obtaining 

dx’ 
dt 
- -  - (fY, - E)X’ + f (x ,  + ZJY’ + tysz’  

- (z,-X,)X’ - dY’ -- 
dt 

EY’ + X,Z’ (3.3) 

where the primes indicate infinitesimal deviations 
from the steady state. We seek solutions to (3.3) of 
the form exp (of), where u is the complex eigen- 
value. Substitution of this form of solution in (3.2) 
leads to a set of three homogeneous linear 
equations. They will have nontrivial solutions if 
their determinant is zero. This condition leads to 
the eigenvalue equation 

(a + &)3 - fy,(u + &)* + ay,’ + 2x: - fzf(u + 4 
+ 3x3,(2zs - x,) = 0 (3.4) 
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3.1. Conservative case 
Considering first a conservative system without 

forcing the dissipation we set E = 0 and X, = y E  = 
zE = 0 in (3.1), obtaining 

_ = _  dy f x 2 + x z  (b) 
dt 

(3.5) 

dz 

dt 
It is seen from the last equation in (3.5) that a 

steady state must have either x = 0, y # 0; x # 0, y 
= 0; or x = 0, y = 0. In the first case we note that 
(b) and (c) of (3.5) are satisfied and that (a) 
requires z = 0. 

A steady state is therefore (0, y,, 0). In the 
second case we satisfy (a) and (c), while (b) leads 
to x, = 22,. Another steady state is therefore (2zs, 
0, 2,). In the third case we find that all equations in 
(3.5) are satisfied for an arbitrary value of z,. The 
final steady state is (0, 0, 2,). From (3.5) we can 
furthermore derive the result that x 2  + y2 + z2 is a 
conservative quantity for the system (3.5), i.e. the 
kinetic energy is constant along the trajectory. 
Without loss of generality we shall in the following 
select an initial state for which x i  + y t  + zz0 = 1 .  In 
this case we find that the steady states are 

_ -  - - 3 X Y  (c) 

Applying the eigenvalue equation (3.4) with E = 0 
we get the following stability results for these 
steady states: 

1 1  

4 4  
: u1 = 0, u2, = - - i fl 

1 
:u* = 0, u2,3 = * - d2 

1 

From these results we observe that the only stable 
steady state is (0, - 1 ,  0). The steady states (0, 1, 
0), (0, 0, 1) and (0, 0, -1) are unstable, while the 
states ( 2 / d S ,  0, l / d 5 )  and ( - 2 I d 5 ,  0, - l / d 5 )  
are neutral. The non-zero imaginary part in the 
states (0, 1,O) and (0, - 1,O) indicates that the first 
state is an unstable spiral point while the second is 
a stable spiral point. The two neutral states are 
characterized by closed trajectories in the linear 
case because the real part is zero. The two unstable 
states (0, 0, 1) and (0, 0, -1) are saddle points. 
These types apply naturally to the solutions of the 
linearized equations (3.3), and they are therefore 
only applicable in the immediate vicinity of the 
steady state. 

The nature of the solutions to the non-linear 
equations (3.5) is found by numerical integrations 
of these equations. The general behaviour of the 
solutions is shown in Fig. 9. The trajectories shown 
in this figure are on the unit sphere. The spiral point 
in the lower right hand side of the figure is the 
unstable state (0, 1, 0). Trajectories starting close 
to this point will eventually end up in the stable 
spiral point (0, - 1, 0) as indicated by the dashed 
curve (on the backside of the sphere). The saddle 
point (0, 0, 1) is also seen on the figure. The 
separatrices have been constructed by numerical 
procedures. Note, in particular, the region to the 
lower left of the point (0, 0, I).  Within this region 
all trajectories are closed curves on the sphere 
around the neutral point ( 2 / d 5 ,  0, l/d5). The 
region is limited by the closed curve which is made 
up by a pair of separatrices to the saddle point (0, 
0, 1). A corresponding region surrounds the neutral 
point ( - 2 / d 5 ,  0, - l / d 5 ) ,  but this point is not 
indicated on the figure. It is thus seen that the 
surface of the sphere can be divided in three 
regions: one region surrounds the neutral point 
( 2 / d 5 ,  0, l / d 5 )  and this region comes infinite- 
simally close to (0, 0, 1). All trajectories inside the 
region are closed curves on the surface of the 
sphere. The second region is analogous to the first, 
but surrounds the neutral point ( - 2 / d 5 ,  0, 
- l/d5). This region comes infinitesimally close to 
the unstable saddle point (0, 0, -1). The third 
region is the remaining part of the unit sphere. All 
trajectories in this region will eventually end in the 
stable point (0, - I ,  0). 

We have thus seen that the solutions to the three 
component system without forcing and dissipation 
are either periodic solutions of an oscillatory nature 

Tellus 32 (1980), 5 



402 E. KALLEN AND A. c.  WIIN-NIELSEN 

in the two regions surrounding the neutral points or 
non-periodic solutions which have the same 
asymptotic state (0, - 1, 0). The type of solution is 
determined entirely by the initial conditions. 

3.2. Forced and dissipative case 
We consider next the system with forcing and 

dissipation ( E  = 1). First we take x, # 0, but keep 
y ,  = 2, = 0 (forcing only on the large scale 
component). This changes the behaviour of the 
system drastically when compared to the con- 
servative case. It can be shown that the system has 
one steady state only, and a numerical investi- 
gation of the eigenvalue equation (3.4) indicates 
that this single steady state is always stable. 

Keeping E = 1 but taking yE # 0, and x, = z, = 
0 we have forcing only on the middle scale 
component. In this case there is also only one 
steady state with x, = 0, y,  = y,  and z,  = 0. The 
stability of this steady state is given by eq. (3.4), 

and the eigenvalues are 

u, = - 1, u2,3 = 4bE - 4) f iay, f l l  

For y ,  < 4 the steady state is thus stable, but for y ,  
> 4 the system is locally unstable as the real part of 
u2,3 > 0. Going back to the discussion of the global 
stability, this local instability around the single 
steady state indicates that we have a limiting 
trajectory around the steady state. Numerical 
experiments show that this is the case. An example 
is shown in Fig. 10 for yE = 5 .  

In the case where zE # 0, x, = yE = 0 and E = 1, 
we have a slightly more complicated situation. The 
steady state(s) (x,, y, ,  z,) must satisfy 

t x , ~ ,  + fu, z, - x, = 0 (a) 

-4.; + X,Z, - y ,  = 0 (b) 

-$x,y, - z ,  + ZE = 0 (c) 
(3.6) 
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x , = o  Y E =  5 Z E = O  

Fig. 10. Three-dimensional perspective view of the stable 
limit behaviour obtained in the three component cases for 
xE = 0, yE = 5 andz, = 0. 

Eliminating z, from eq. (3.6) we get the following 
equations in y, and x, 

(a) 
Yf x; = f- 

4 - Y ,  

(3.7) 

From (3.7a) it follows that ys  < 9, and combining 
(3.7a) and (3.7b) we obtain 

4 Y f  (4 - Y 3  = 4y;Cv: - fu, + 4)’ (3.8) 

One steady state is thus always y ,  = 0 (implying x, 
= 0 and z, = zE), but for some values of zE 
additional steady states are obtained. Rewriting 
(3.8) as 

3 Cvf - fY, + 4) 
z E =  - 9 Y , < 3  J 2 f i  

(3.9) 

we can investigate this graphically. Differentiating 
(3.9) with respect toy,. we find that Z,(JJ,) only has 
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one extremum, for y, = 1 -a In Fig. 11 a plot of 
z (y ) is shown. For z,-values larger than zE( 1 - 3 = z ~ , ~ ~ ~ ~  = 1.4073 we thus have a total of 
three steady states, one with y ,  = 0 and the two 
others given by the intersection of a line zE = 
constant with the curve in Fig. 11. 

i 

t Y s  
i i 

-005 000 mln 010 0 20 

1 - d23I27 

Fig. 11. zE as a function of yn the steady state 
y-coordinate, in the case x, = 0 and y ,  = 0. Solid curves 
for stable steady states, dashed curves for unstable 
steady states. 

The eigenvalue equation for the steady state (0, 
0, zE) reduces to 

(a + 113 - fz;(u + 1) = o 
giving 

Z E  
(I, = - 1, = -1 f- - 

fi 
This steady state is always stable for zE < d2, and 
unstable for zE > 4. Numerical investigations for 
the other steady states show the stability properties 
indicated along the curve in Fig. 11. We note from 
Fig. 11 that for zE > zE, er,t we obtain three steady 



404 E. KALLEN AND A. c. WIN-NIELSEN 

states. The stability properties are always such that 
an unstable steady state is surrounded by two 
stable ones even though the stability properties of 
(0, 0, z,) shift when zE = fi ( > z , , ~ ~ ~ ) .  The 
unstable steady state always has purely real 
eigenvalues, while the two stable ones may have 
imaginary parts. A numerical integration with zE = 

3 is shown in Fig. 12. The initial values were 
chosen close to the unstable steady state, and 
integrations both backwards and forward in time 
were performed. For integrations forward in time 
the trajectories end up in one of the stable steady 
states. The asymptotic steady state depends on the 
initial value. 

Through the unstable steady state there must be a 
surface separating two regions, one region contain- 
ing all trajectories ending up in one of the stable 
steady states and the other region containing all 
trajectories ending up in the other stable steady 
state. All trajectories on the surface score a direct 
hit on the unstable steady state, and the surface is 
thus a three-dimensional analogy to the separatrices 
discussed in section 2. 

In Fig. 12 the trajectory coming from the right 
hand side of the figure where y is large and 
positive, approaches the unstable steady-state P, 
and having passed close to P, it asymptotes 
towards P,. This trajectory has been found 
numerically by choosing an initial state close to P, 
and integrating both backward and forward in 
time. The part of the trajectory spiralling around 
the y-axis is thus very close to the separating 
surface discussed earlier, and it suggests that the 
separating surface is pear shaped with the bottom 
of the pear at (0, 0, z,) and the symmetry axis of 
the pear along the y-axis. It seems likely that the 
region containing all trajectories having P, as their 
asymptotic steady state comes asymptotically close 
to the y-axis as y goes to infinity, and in appendix I1 
an analytical argument for this is presented. 

Finally we have also briefly considered the case 
when there is forcing both y ,  and zE but x, = 0. 
Dissipation is also included. The steady states (x,, 
y,, z,) of this system are given by 

f x , ~ ,  + f~,z, - x, = 0 ( 4  

- t x , y ,  - 2, + 2, = 0 (c) 

- 4 ~ :  + X,Z, - y ,  + y, = 0 (b) (3.10) 

Eliminating x, and z, between these equations, we 
obtain a single equation in y,. Writing this equation 
as yECys, z,), we can plot a “catastrophe” surface, 

z 

x E -  - 0  y E = o  Z E = 3  

Fig. l,?. Three dimensional perspective view of tra- 
jectories when x ,  = 0, y ,  = 0 and zE = 3.  P ,  and P, are 
stable steady states while Px,  is unstable. 

just as was done for the two-component system in 
section 3. The equation for the surface is 

(3.1 1) 

and a plot of the surface is given in Fig. 13. As 
(3.1 1) is a quintic equation in y ,  a maximum of five 
steady states for given values of (y,,z,) is 
expected. Fig. 14 shows cross-sections of the 
surface for some different values of z,. We see 
from the figures that for sufficiently large L, values 
we have one fold in the surface giving rise to a cusp 
catastrophe. For even larger z, values a second 
fold occurs giving rise to a second cusp catas- 
trophe. In Fig. 14 an example of five steady states 
is shown for y ,  = 7.5 and zE = 10.0. The line y ,  = 
7.5 intersects the curve for z, = 10.0 five times. 

Figs. 13 and 14 indicate the existence of up to 
five steady states for a certain parameter range. A 
detailed investigation of the stability properties of 
all these steady states is possible, but it is not 
expected that such an analysis would add signi- 
ficantly to the types of behaviour discussed earlier. 

4. Conclusions 
The purpose of this paper was to study the 

behaviour of solutions to an equation containing 
the advective non-linearity, and the restrictions 
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T 

Fig. 13. Catastrophe surface for the three component case with forcing in they- and z-component. 

imposed upon the solutions by the interplay 
between forcing, dissipation and the non-linearity. 

The behaviour of the atmosphere on medium 
and large time scales is of a non-linear nature. It is 
likely that the atmosphere for a given forcing and 
dissipation has a multitude of steady states. The 
determination of these states is a difficult problem, 
and it is significant that all general circulation 
models result in a climatic state which resembles 
the present climate. In an attempt to illustrate this 
problem by particularly simple examples we have 
analysed the behaviour of some extremely simple 
non-linear systems restricted to a few spectral 
components. For these systems it is relatively 
straightforward to determine the steady states and 
to explore the linear stability of these states. The 
non-linear behaviour of the systems can be deter- 
mined by numerical experimentation. Sections 2 
and 3 describe the main result of such an analysis. 
It can be argued that qualitatively we obtain the 
same results in the two- and three-component 
cases. Forcing on the largest scale only results in 
only one stable steady state, while forcing on the 
Tellus 32 (1980), 5 

smaller scale components gives rise to cusp 
catastrophes and “limit cycle” behaviour. 

Comparing our analysis with the one by Vickroy 
and Dutton (l979), (hereafter denoted V&D), one 
find a striking similarity between our two-compo- 
nent system and their three-component one. They 
have the same type of bifurcation surface as the 
one given in Fig. 8, the main difference lies in the 
stability of the limit cycle. V&D obtain a stable 
limit cycle whereas ours is unstable. Even though 
V&D have three components in their system, it 
does not contain more than two scales of motion. 
Three equations are still needed in order to obtain 
non-trivial non-linear interactions (Lorenz, 1960). 
Our three component system may thus correspond 
to a quasi-geostrophic low order system involving 
three scales of motion. 

A distinct feature of the systems studied here is 
the relatively regular behaviour of the phase space 
orbits. We have not found any strange attractors as 
described by Lorenz (1963) in connection with an 
investigation of a low order convective system. 
Lorenz argued that if the non-periodicity displayed 
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Fig. 14. Cross sections with zE = constant of the surface given in Fig. 13. The straight h e y ,  = 7.5 is drawn to give 
an example of the number of intersections with the cross section curve zE = 10, thus giving the number of steady 
states. 

by his low order system could be carried over to the 
atmosphere it would imply that unless the initial 
state is known exactly the atmosphere would be 
essentially unpredictable. Our results indicate that 
it is only within certain subsets of phase space that 
the initial conditon has to be known exactly in 
order for the trajectory to arrive at the correct 
asymptotic state. Other subsets of phase space can 
be seen as “attractor basins” of one of the stable 
steady states. Within these “attractor basins” an 
uncertainty in the initial state will not affect the 
asymptotic state. If, however, the forcing also 
varies in time it may be that a trajectory in the 
“attractor basin” of one stable steady state may 
suddenly find itself in the “attractor basin” of 
another stable steady state. Within certain regions 
of the forcing phase space it is thus also important 
to know the forcing exactly while uncertainties in 

other regions do not have such a drastic effect on 
the asymptotic states. 

It is unfortunately not possible to use the same 
procedures as the ones used here for multi-compo- 
nent systems because the determination of all the 
steady states becomes impossible. The results of the 
analysis of simple low-order systems should there- 
fore be considered as indicating certain mechan- 
isms which may or may not be present in systems 
with many components. The behaviour of the 
low-order systems indicates that multiple steady 
states may exist, that two or more steady states 
may be stable, and that the total behaviour of the 
system is determined by the nature of the forcing. It 
is thus believed that the analysis of the simple 
low-order systems is worthwhile because such an 
analysis may guide more general studies of systems 
with a large number of degrees of freedom. 
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6. Appendix I 6 < j # + j -  < n -  8 (AI.9) 

Transformation from the (x,, y,) to the (xE, yE) 
plane for  the two-component case 

We consider first the region 

n 

2n 
3 

or 

II + 8 < i# + j -  < 271- 0 
2n 

(AI. 10) 
x:+ 2 < y, < 4 (AI. 1) 3 

Since yE = y, + fx :  we find that 2 < yE < 5 and 
furthermore that 

x: < 3 b E  - 2) (AI.2) 

Using the expression (2.8) for x, we find that (AI.2) 
is equivalent to 

(AI.3) 

Since xE > 0 it follows that 0 < < )n and thus 0 < 
j# < in. It is thus easy to see that the roots 
corresponding to j = 0 and j = 1 do not satisfy 
(AI.3) and consequently are stable steady states 
while the root corresponding to j = 2 does satisfy 
(AI.3) and therefore is the only unstable steady 
state. From 
O < c o s # <  1 

we find that 

XE < [hbB - 2)311/*, 2 < Y E  < 5 (AI.4) 

as a region with one unstable and two stable steady 
states. 

We consider next the region 

Y, > 4 (AI.5) 

leading to 

x: < 201, - 4); YE > 4 (AI.6) 

Using again (2.8) for x, we find from (AI.6) that it 
leads to the inequalities 

(AI.7) 

The object is now to investigate if the three roots 
satisfy either (AI.9) or (AI. 10). We start by noting 
from (AM) that the right-hand side will vary 
monotonically between 0 for yE = 4 and f d 3  for yE 
approaching infinity. It follows that 

i n <  8<4n  (AI. 1 1) 

Considering first the case j = 0 we have 

O < j 6 < i n < 8  (AI. 12) 

showing that the first steady state is stable. For 
j =  1 wefind 

2n 5n 
3 6  

@ r < i # +  - <- (AI. 13) 

If j# + 2 6 3  shall be in the interval IS, n - 61 we 
must require that 

+# + f7z < 71- 6 

or 

# < n - 3 8  (AI. 14) 

Since # is positive it is seen that (AI.14) cannot be 
satisfied if 

n - 3 6 < 0  
leading to 
cos 8 < f 

(AI. 15) 

(AI.16) 

and therefore 

YE < (AI. 17) 

The second steady state is therefore stable for yE < 
5. For y, > 5 we find that (AI.14) will be satisfied 

(AI. 18) 
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The second steady state is therefore unstable if y ,  
> 5 and (3.32) is satisfied. 

For xj  = 2 we have 

(AI.19) 

If 40 + 4. shall be in the interval [ n  + 0, 2. - 01 we 
must require 

7c + e <  j#+ 4. 
or 

e > 3 e - .  (AI.20) 

Equation (AI. 20) is always satisfied if 3 0 - n < 0 
leading to 

YE > 5 (AI.21) 

The third steady state is thus unstable if y, > 5 .  
For y, < 5 we must require that (AI.20) is satisfied 
leading to 

xE < -[&(YE - 2)311'2 cos 3 arccos - - ( [ : : : ; ] 1 / 2 )  

(AI.22) 

The results of these analyses are summarized in 
Fig. 3 showing the regions in which the second and 
third steady states are unstable. 

In the calculations above we have considered the 
case of three steady states. We shall finally consider 
the case when only one steady state exists. As 
shown below this state is always stable. The region 
of our steady state in the (x,, y,) plane is given by 

xg > b bE - 'I3 
Since 

Y E = Y , +  

x, = - fx ,b ,  - 2) 

(AI.23) 

(AI.24) 

we find after some calculations that (AI.23) in the 
(x,, y,) plane can be written in the form 

(y, - 2 - x:)~ (8(y, - 2) + x:) < 0 (AI.25) 

(AI.23) corresponds therefore in the (x,, y,) plane 
to the region 
Y ,  < 2 - i x :  (AI.26) 

which is entirely in the stable region of Fig. 2. 
The stability analysis in this section may be 

repeated for x E  < 0. The result is a stability 

diagram symmetrical to the diagram in Fig. 3 
around they, axis. 

7. Appendix I1 

Asymptotic properties for the three component 
system when y -. 03 

We will here examine the asymptotic properties 
of the three-component system with forcing only on 
the smallest scale, i.e. zE # 0 and x, = y, = 0. To 
explain analytically the numerically obtained result 
that the y-axis is a stable limiting trajectory 
backwards in time (see Fig. 12) we note the 
following: 

Replacing t by -t' (t' > 0, backwards in time) in 
(3.1) with x, = y, = 0 and E = 1 we get 

dx - = - fxy  - fyz + x (a) 
dt' 

- fx' - xz + y (b) dY 
dt I 
_-  

dz 

df 
- = t x y  + 2 - ZE (c) 

(AIL 1) 

Considering the motion only in a plane perpen- 
dicular to the y-axis, we combine (AII.la) and 
(AH. lc) regarding y as a parameter. Linearizing 
these two equations around a point (xo, zo) we 
obtain 

dt 

dz' 

dt 
-- - jyx '  + z' 

(AII.2) 

The stability properties of this system of equations 
depend only on y, and it is found that they are 
stable for y > 4. The quasi steady state (xm zo) of 
eqs. (AII.la) and (AII.lc) is given by 

Y 
xo = ZE (4 

4 Y 2 - Y  + 2 
(AII.3) 

Both right-hand sides tend to zero as y approaches 
infinity, so this confirms that the y-axis is a stable 
quasi steady state for the motion in an (x, I) plane 
when y goes to infinity. What remains to be shown 
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is that dyldt’ > 0 for x,, and zo given by (A11.3). 
Inserting x = X, and z = z, in (AILlb) one obtains 

The right-hand side of (A11.4) is always greater 
than zero for y > 4. We have thus shown that all - -  
trajectories backwards in time of eqs. (3.6), having 
an  initial state with y > 4, will asymptotically 
approach the y-axis. 

(~11.4) 
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