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ABSTRACT

We present an attempt at a unified theoretical approach to both the four-dimensional
assimilation of asynoptic data and the initialization problem. This approach relies on the
derivation of certain relationships between geopotential tendencies and tendencies of the
horizontal velocity field in primitive-equation models of atmospheric flow. The approach is
worked out and analyzed in detail for some simple barotropic models. Certain independent
results of numerical experiments for the time-continuous assimilation of real asynoptic
meterological data into a complex, baroclinic weather prediction model are discussed in the
context of the present approach. Tentative inferences are drawn for practical assimilation

procedures.

1. Introduction

The initialization problem, which has been with
dynamic meteorology since the beginning of the use
of primitive-equation systems for numerical
weather prediction (NWP), has met with renewed
interest in the last few years. The problem can be
briefly described as follows: the initial data required
to solve a baroclinic system of primitive equations
in cartesian coordinates (x, y, z), say, are the
horizontal velocity components u, v, the temper-
ature T and the density p. These data are not
available at the same time, either with sufficient
accuracy, or with a density and spatial distribution
comparable to that of the grid points in numerical
prediction models currently used, over all regions
of interest in numerical forecasting.

The initialization problem consists in finding
ways to compensate for the lack of (i) accuracy and
(ii) completeness in the data. The lack of complete-
ness in the initial data will manifest itself in an
erroneous specification of the large-scale structure
of the atmosphere. It thus leads to an incorrect
forecast of the slow, synoptic and planetary-scale
waves which carry most of the meterologically
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significant information; their forecasting will
deteriorate with simulated time due to predict-
ability decay in the atmosphere itself, as well as due
to physical and numerical inaccuracies in the model.

The lack of accuracy in the initial data manifests
itself in the generation of fast inertia-gravity waves
(Hinkelmann, 1951; Charney, 1955). The latter
will not affect the forecast of the slow, metero-
logically significant waves, but do affect the vertical
motion field and hence precipitation forecasts.

In the atmosphere inertia-gravity waves are
present only with small amplitudes: in the process
of geostrophic adjustment such waves are dispersed
and eventually dissipated. Geostrophic adjustment
results in a so-called balanced state, in which slow,
meterologically significant motions are pre-
dominant.

The question of accuracy, tied with the concept
of balanced, slow evolution, is at the basis of a
number of recent approaches to the initialization
problem, which bear considerable similarity to each
other. Results were published by Baer (1977), Baer
and Tribbia (1977), Browning et al. (1979), Daley
(1978), Leith (1978), Machenhauer (1977), and
Tribbia (1979). Some of these approaches require
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the computation of the normal modes of a
linearized problem (Baer, 1977; Daley, 1978;
Machenhauer, 1977), others do not (Kreiss, 1979,
1980). For lack of a better term, we shall call these
approaches collectively “initial adjustment”.

Initial adjustment consists in assuming the
instantaneous availability of initial data corres-
ponding only to the slow modes of the prognostic
system, and in determining the remaining initial
data necessary for solving the full system by a
method which guarantees that the solution will
only contain slow modes, at least for a certain time.
The diagnostic system obtained thus requires as
data only a subset of the complete initial data
apparently required by the prognostic system; this
seems to solve in a certain way also the question
of completeness of data.

The procedure most widely used in current
practice to address the completeness question is
updating. This procedure is very well suited to the
presently available asynoptic observational sys-
tems, in particular to satellite-borne temperature
sounding instrumentation. In it, the NWP model is
furnished additional data, specifically temperature
data, as they become available, in order to
compensate for the incompleteness of the initial
data, especially for the lack of velocity field data
(Charney et al., 1969). The theoretical justification
for updating is the conjecture (Charney et al.,
1969) that the time history of the mass field
determines the velocity field for large-scale at-
mospheric flows. Many versions of the basic
procedure above are known coilectively as four-
dimensional (4-D) data assimilation; they are
reviewed in Bengtsson (1975).

The difficulties with updating are well known (cf.
Ghit et al., 1977, for a summary and references). It
suggests, however, a different approach to the
initialization problem. In this approach, we assume
the instantaneous availability of data on the mass
field and on its time history; the time history in our
analysis will be expressed mathematically as data
on the first and second time derivatives of the
mass field at the initial time. Such an assumption
is a reasonable idealization of the data provided by
presently available observational systems and data
analysis procedures (e.g., Ghil et al., 1979a). Time
derivatives could be interpreted in an operational
context as time differences between suitably
analyzed fields at successive synoptic or sub-
synoptic times (e.g., Bolin and Charney, 1951). An
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operationally feasible assimilation procedure cap-
able of providing the required mass field history in
a time-continuous form from asynoptic temper-
ature data appears in Ghil et al. (1979a,b). Time
derivatives, although not necessary to the practical
procedure itself, can be computed from the time
history a posteriori, by suitable difference formulae
and for suitable time intervals.

We call the theoretical approach outlined in the
previous paragraph compatible balancing (Ghil,
1975; Ghil et al, 1977). It leads to diagnostic
systems which differ from those produced by the
initial adjustment approach. Further mathematical
results related to this approach have also been
obtained by Bube and Oliger (1977) and by Bube
(1978).

The purpose of the present article is to show that
the velocity field obtained by solving such a
diagnostic system, together with the given mass
field, will aiso lead to a solution to the prognostic
system which is free of fast modes; the necessary
assumptions are similar to those required in the
initial adjustment approach. This result will enable
us to establish a connection between the practice of
4-D assimilation of asynoptic data and the theory
of initialization.

In Section 2 we develop the theoretical approach
for a linear shallow-fluid model. The diagnostic
system compatible with the model is derived, and
error estimates for the solution in terms of the data
are outlined. In Section 3 we examine the
diagnostic system compatible with a nonlinear
shallow-fluid prognostic system (cf. Ghil et al.,
1977). Again it is shown that the solution of the
prognostic system will contain only slow modes
under suitable assumptions on the mass field data.!
Practical considerations are brought in and a
comparison with the initial adjustment approach is
made in Section 4.

2. Diagnostic equations for a linear shal-
low-fluid model

We develop the compatible balancing approach
first for a model governed by the shallow-fluid
equations linearized around a state of rest. The
present section serves mostly to introduce in as

! Some results on baroclinic primitive-equation models
appear in Ghil (1975) and will be omitted here.
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simple a context as possible the concepts which will
be used in Section 3; the latter contains our main
results.

In a rotating Cartesian x,y-coordinate system the
equations we study in this section are

u+¢.—fo=0 (2.1a)
v+ ¢, + fu=0 (2.1b)
p+ O, +v,)=0 (2.1c)

Here u,v are the velocity components in the x,y
directions respectively and f is the Coriolis
parameter, For convenience the geopotential ¢ is
introduced instead of the height of the free surface
h by ¢ = gh, with g the acceleration of gravity; the
equilibrium value of the geopotential is ® =
constant. )

In this model the assumption of the mass field
history being known is equivalent simply to
assuming that we know ¢ = ¢ (x,y,£), and hence in
particular ¢, and ¢,, at any given instant.

2.1. Derivation of the diagnostic system

Our purpose with respect to system (2.1) is to
obtain two equations in which u,, v, are absent,
although ¢,, ¢, may appear. Clearly (2.1c) itself is
such an equation, and only one additional equation
satisfying the requirements has to be derived. We
proceed to do so by differentiating (2.1c) with
respect to £, (2.1a) and (2.1b) with respect to x and
». This yields

Uy + ¢xx "fux =0 (22&)
Uy + By, + fu,=0 (2.2b)
¢tt + (D(uxt + vyl) = 0 (2.2(:)

We assume for simplicity in the sequel that f =
constant. Substituting u,, and v, from (2.2a) and
(2.2b) into (2.2c¢) yields

Of (v, —u,)— O(P,, + 4,,) + 9, =0 .3)

Hence (2.3) together with (2.1c) form a system of
two first-order partial differential equations for u, v,

U, +v,=—¢,/® (2.4a)
u,—v,= <f"Y(Vgi—g¢,/®) (2.4b)
here V2 is the two-dimensional Laplacian operator,

Vi =4, + ¢yy
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Eqs. (2.4) are the required set of diagnostic
equations for the model whose time evolution is
given by the prognostic equations (2.1). We
immediately notice that the instantaneous (synop-
tic) determination of u, v at t = £, from (2.4)
actually requires only knowledge of ¢,, ¢, at t = ¢,
rather than the whole time history of ¢ from some ¢
= t_, < ty until ¢+ = t;: knowledge of the time
history over t_, < t < t, would imply a knowledge
of all the time derivatives of ¢ at ¢ = ¢,, not just the
first two.

The linear system (2.4) is elliptic, i.e., it has no
real characteristics (e.g., Ghil et al., 1977, p. 1225).
In fact it is just a set of inhomogeneous Cauchy-
Riemann equations for the functions v, u; by
cross-differentiation these equations lead to a
Poisson equation for either u or v. A bound-
ary-value problem (BVP) having a unique solution
for (2.4) would be the Dirichlet problem. This
means prescribing u say on a closed contour éD.
These boundary conditions determine # com-
pletely and v up to an additive constant in the
domain D bounded by the contour dD; the value of
this constant can be given by prescribing v at some
point in D (e.g., Miranda, 1970, p. 265 ff.).
Alternatively, one can prescribe v on éD and u at
one point. Also u can be given on one part of 4D
and v on the rest. Hence, within the framework of
model (2.1), solving the Dirichlet problem for
system (2.4) solves the completeness-of-data
problem. An efficient algorithm for the numerical
solution of (2.4) appears in Ghil and Balgovind
(1979).

We turn now to discussing the accuracy problem
for the model at hand. The accuracy problem in
our formulation can be handled in two ways. In one
approach, one shows first that the solution (u, v) of
system (2.4) in D depends continuously on the data
of (2.4), i.e., on the mass field data ¢, ¢,, ¢, in D,
and on the boundary data u, v on éD. Second, one
shows that the solution of (2.1) depends smoothly
on the initial data (g, u, v) with ‘¢ given and u, v
computed as the solution of (2.4). This approach
has been carried out by Ghil {(1975) and by Bube
(1978). It has the disadvantage that it does not
seem to generalize easily to the nonlinear problem
of Section 3 or to baroclinic primitive-equation
models. Hence we shall proceed here with another
approach.

First, we shall show that for (2.1) the smallness
of the geopotential tendencies ¢, and ¢, at an
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instant ¢t = ¢, implies the smallness of the wind
tendencies u,, v, at the same instant as well.
Second, we shall show that the smallness of initial
tendencies ¢,, u, v, at t = , guarantees their
smallness over a finite time interval £, < ¢ < ¢,.

We shall consider here the systems (2.1) and
(2.4) in the entire plane, avoiding thus for the
moment questions related to boundary conditions.
The latter have been considered in Ghil (1975) and
will be omitted here for the sake of simplicity.

It is well known (Hinkelmann, 1951; William-
son and Dickinson, 1972) that the linearized
shallow-fluid equations have three independent
plane-wave solutions, one corresponding to slow,
geostrophic Rossby waves, the other two to rapid
inertia-gravity waves propagating in opposite direc-
tions. In the case we treat, in which the un-
perturbed velocity is zero, the Rossby mode is
actually stationary and the inertia-gravity waves
have phase velocity

c=1(krd+ f)?/k

where k = (k,,k,) is the wave vector and k* = k? +
k. Any solution of (2.1) in the entire x,y-plane
can be represented by a series expansion with
respect to k in these plane waves. Thus small ¢, u,,
v, are equivalent to quasi-geostrophicity of the
solution.

We start with a mathematical fact which is
needed in the sequel:

(2.5)

Proposition PI. The solution (u, v) of the
inhomogeneous Cauchy—Riemann equations

(2.6a)
(2.6b)

u,+v,=F(x,y)
u,— v, =K(x,p)

in the entire x, y-plane depends continuously on the
right-hand sides F, K, provided F, K, u and v
satisfy suitable conditions at infinity.?

In particular, if F and K satisfy certain smallness
conditions in the sense of asymptotic theory, F =
O(g) = K, then u and v have the same order of
magnitude of smallness, u = O(g) = v.

This means that errors in the solution can be
bounded by errors in the data, when using suitable
error measures, or norms. For a more precise

2This proposition holds and our whole discussion
could be conducted also for F, K, u and v periodic, in x
as well as in y (compare Bube, 1978). )
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formulation and further details, we refer to the vast
modern literature on elliptic partial differential
equations (e.g., Miranda, 1970).

2.2. Dimensional analysis and smoothness proof

1t is convenient to carry out our argument on the
nondimensional form of the equations. The under-
lying concept is that of two time scales (Blumen,
1972; Baer and Tribbia, 1977).

Let L be the characteristic length scale of the
flow, U its characteristic velocity. The slow time
scale is then

T=L/U (2.7a)

Let f, be the characteristic value of the Coriolis
parameter f. Then (2.5) shows that either §, = 1/f,
or§, =L/ \/<_D could be used as a fast time scale.
For simplicity we shall assume that these two
scales are equal, 8, = 8, = 6, or

LY f3/®=0(1) (2.8)
This assumption is equivalent to
L/A=0(1) (2.8

where A is the Rossby radius of deformation
(Blumen, 1972),

1=/3/f, 29
Then we can take

6=1/f, (2.7b)
and the ratio of the two time scales is
0/T=U/Lfy=R, (2.10)

i.e. the Rossby number R,.: We will be con-
centrating on mid-latitude synoptic motions, for
which the Rossby number is .‘small, R, = 0(1071);
we will denote it therefore in the sequel by ¢. This is
a reasonable approach since areas of sparse
coverage for winds are in middle and high latitudes;
tropical wind coverage is provided by geo-
stationary satellites (Bengtsson, 1975; Ghil et al.,
1977).

We introduce a non-dimensional fas? time * and
a non-dimensional slow time 7 by

t*=ft
t=(U/L}=¢et*

(2.11a)
(2.11b)

The other variables are non-dimensionalized by

x=Lx', y=Ly', u=Uu, v=Uv (2.12)
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It is also useful to introduce (cf. Phillips, 1963)
¢o=Lf, U (2.13a)

as a characteristic deviation of the geopotential ¢
from its equilibrium value @, with
=0+ g, ¢ (2.13b)

After substituting the non-dimensional variables
into (2.1) and dropping primes, we obtain

up + eu_+ ¢, —v=>0 (2.14a)
vatev, +¢4,+u=0 (2.14b)
go + ed, + AYLY) (u, +v,)=0 (2.14¢)
Let ‘

G=¢,—v (2.15a)
H=¢,+u (2.15b)
Then

G, +H, =Vigp+u,—v, (2.162)
G,—H,=—(u,+v,) (2.16b)

The procedure of cross-differentiation which ap-
plied to (2.1) led to (2.4) yields in non-dimensional
form, starting with (2.14), the equations

u, + v, =—(LYA2)(gp + ¢¢,)
U, — U, + V2 = (LY 1) (P + 28, + €2 621)

(2.17a)

Combining (2.17) and (2.16) we obtain (2.17b)
G, + H,= (L/})a/or* + €d/dv)*¢ (2.18a)
G,~H, = (L/)¢p + £4,) (2.18b)

If ¢» = O(e), gpp = O(e), and ¢, = 0(1), ¢,, =
0(1), it follows from (2.8"), (2.18) and Proposition
Pl that G = O(g), H = O(¢). Hence, by the
definition (2.15) of G, H, and by (2.14a,b), we have
up = 0(6), vp = Oe), 4, = O(1), 5, = O(1).

If the first time derivatives of ¢, u, v are O(¢) at ¢
= {,, they will stay so for any finite O(1) time
interval £, < ¢ < t, (Kreiss, 1980). This completes
our proof that small geopotential tendencies ¢,, ¢,
at ¢t = ¢, will guarantee a slowly evolving solution to
(2.1) with initial data at t = ¢, computed from (2.4).
Furthermore it shows that small errors in the data
é,> ¢, for (2.4) will only lead to small changes in the
solution to (2.1).

The observation that initial smallness of tenden-
cies in system (2.1) is preserved over finite time
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intervals is at the core of the initial adjustment
approach as well. It is called sometimes the
bounded derivative principle (Browning et al.,
1979; Kreiss, 1980). We shall use another form of
it in the next section and comment further on
differences in its application and interpretation in
Section 4.

At this point we observe that differentiating
(2.18) with respect to ¢ will yield (8/80)*(u,v) =
O(¢), provided also ¢, = Of(e). By induction,
(8/80)7* '¢ = O(e) implies (8/01) (u,v) = O(e) at ¢
= g, and hence for ¢, < ¢ < t,. Thus increased
smoothness of the solution (¢,%,v) to (2.1) over ¢,
<t < t, can be obtained, given greater smoothness
of the initial geopotential data for (2.4) at t = ¢,. In
other words, if the past history of the geopotential
for t < tyis such that the one-sided derivatives of ¢
at t = t, satisfy (8/01)"*'¢ = O(e), this will imply
certain conditions on the data of systems (2.4) and
(2.18). These conditions in turn will imply that the
solution to these systems will satisfy certain
relations which lead to the additional smoothness
of the solution to (2.1) for ¢ > ¢,. The connection
between spatial smoothness in (2.4) and smooth-
ness in time for solutions of (2.1) results from the
hyperbolic character of system (2.1) (John, 1975,
pp. 48-86) in general, and from its special
properties analyzed here in particular.

3. Diagnostic equations for a nonlinear
shallow-fluid model

The nonlinear shallow-fluid equations are given
by

u +uu, +ovu,+ ¢, —fo=0 (3.1a)
v, +uv, +ov, + @, + fu=0 (3.1v)
¢, + ug, +vo, + dlu, +v,)=0 3.1¢)

The notation is the same as in Section 2. The
corresponding diagnostic system was derived in
Ghil et al. (1977). The derivation is similar to that
of (2.4) from (2.1) and will not be repeated here.
The diagnostic system corresponding to (3.1) is

Uy +v,=—Yu-—-¥,— ¥ (3.2a)

ui+2u, v, + v} + f(u,—v,) =f(¥,0 — ¥,u)
dy, d¥y 2 + ¢2
— 4 v___z _.¢_—¢Zv_ - V2 ¢
dt dt dt ¢
(3.2b)
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Here we introduced ¥ = log ¢ (since ¢ > 0), and
d/dt = /ot + ud/déx + vd/oy. System (3.2)
reduces to the classical balance equation when d =
0 = dd/dt, with § = u, + v,. Furthermore, the
diagnostic system corresponding to a baroclinic
primitive-equation model in isentropic coordinates
(Ghil et al., 1977) has exactly the same form as
3.2).3

In Ghil et al. (1977) it was shown that system
(3.2) can be solved numerically in most situations
of meterological interest. The solution is com-
putationally much more efficient than initial data
determination by dynamic initialization methods
(e.g., Morel and Talagrand, 1974).

We shall show here that for initial data ¢ given
and u, v computed from (3.2), the solution to (3.1)
will be quasi-geostrophic, provided the initial
geopotential tendencies ¢,, ¢, are small. It is again
convenient to work with the equations in non-
dimensional form.

We introduce non-dimensional variables by
(2.11-2.13), dropping primes again. In the sequel
all variables will be understood to be non-dimen-
sional, without carrying primes. For brevity, we
shall also use the symbol &,, to denote

8,=o/or* + €d/or 3.3)
Assurﬁe now tilat: (A1) the non-dimensional
geopotential data satisfy, for ¢ .1,

$. 9,=0(1) 7 (3.4a)
b Oy = Ofe) (3.4b)
and (A2) that the solution (,v) of (3.2) with such

data has a characteristic length L, , which equals
that of the data L),

Lun=Lp=L (3.52)
and a characteristic magnitude U such that the
corresponding Rossby number is small,

Ry=U/fyL=¢<1 (3.5b)

Given (A1), it follows from the extensive numerical
experiments of Ghil et al. (1977) that (A2) is a
reasonable assumption.

Let the non-dimensional G, H be defined as
before by

G=¢,—v

(u,v

(3.6a)

H=¢,+u (3.6b)

3 A baroclinic primitive-equation model in pressure
coordinates has also been treated in Ghil (1975).
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By cross-differentiation of (3.6) one obtains again

G, +H,=V¢+u,—v, (3.73)
G,—H,=—(u,+v,) (3.7b)
Rewriting now (3.2) in non-dimensional form yields
U
_?(ux+ vQ:% {0, 6+ e(ug, + vg,) + ...}
(3.82)
Uf, ] u
TD w,—v,)+ L—:VZ ¢= —Ef(u,v)
So Ug S5
P W)+ = G
- s (2 + @2 (3.8b)
o @+ ) -

where higher-order terms appear as dots in the curly
brackets. In writing (3.8) we used the fact that a
characteristic magnitude for ¢ is ®, while for
derivatives of ¢, e.g., 9,, #o/L is characteristic; this
further implies that g,/®L is characteristic for ¥,,
and so on. In writing (3.8a) we also used
assumptions (A1) and (A2), in particular (3.4a)
and (3.5b), to non-dimensionalize the matérial
derivative dg/dt. They are further used in (3.8b),
both to write d/dt = &, + €(ud/ 8, + v9/8,), and to
compare dimensionally ¥, with u'¥,, v'¥,; as a
result, the term of lowest order in the curly
brackets is & ¥, dnd higher-order terms have been
replaced by dots. The quantity

A (u,vy=ul + 2u, v, + vl (3.8¢)

has been nof-dimensionalized using (3.5a).
Use of (2.9) and of (2.13a) to express @ and ¢, in
(3.8) gives

(4 0,) = (LG, + .. )
Uy — U, + V2 §=— e (u,0) + (LAY

X {(P¥+..)+ e(¥w— Pu+ ¢+ )}
(3.9b)
with (3.4a) and (3.5b) again being used as needed
and dots replacing O(s) terms in (3.9a). Finally,
combining (3.9) with (3.7) and using (Al), i.e.,
(3.4b), we obtain

G+ H,= {1 + O(L*A»} O(e)
G,— H,=(L/})*0(e)

(3.9a)

(3.10a)
{3.10b)
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From (2.8') and Proposition P1 it follows then that
G, H = 0(¢), and hence (3.1) and (3.6) yield

du/dt = Oy + e(udu/dx + vou/oy) = 0(g) (3.11a)
du/dt = dp + e(udv/ox + vov/dy) = O(e) (3.11b)

This in turn implies du = O(g) = dp at t = 1,.

The bounded derivative principle for (3.1)
(discussed in detail in Browning et al, 1979)
implies that ¢,, u,, v,, if small at # = ¢, will stay so
for a finite O(1) time interval, ¢, < ¢ < ¢,. This
completes the proof that small ¢,, ¢, at ¢ = £, will
guarantee a solution to (3.1) which contains no
high-frequency components for ¢, < ¢ < ¢,, given
initial data computed from (3.2). Also if the errors
in the geopotential data to (3.2) are small, the
resulting errors in the solution to (3.1) will be small.

It is worthwhile commenting at this point op the
requirement (2.8'), necessary in order to derive
(3.11) from (3.10). The difficulties with geo-
strophic adjustment of ultra-long planetary waves,
for which L/A > 1, are well known (e.g., Washing-
ton, 1964); they have been addressed from the
point of view of the initialization problem by
Tribbia (1979). It appears that in practice ultra-
long waves can still be handled by reasonable
initialization procedures, even though less effec-
tively than the shorter waves.

Differentiating (3.9) with respect to ¢ will yield
Uy, Uy = O(€) at t = ¢, provided g, = O(e) initially.
The only difference from the reasoning at the end
of Section 2 is that u,, v, will appear on the
right-hand side of (3.9) after differentiation. But
these were alteady shown to be O(g). Successive
differentiations of (3.9) will yield recursively
&(u,v) = O(e), provided &*' ¢ = O(e). If these
relations hold at ¢ = ¢, they will hold for £, < t < ¢,.
We thus conclude that solutions of (3.1) with initial
data ¢ given and (x,v) computed from (3.2) will
have high smoothness, provided sufficient smooth-
ness of geopotential data is given initially.

4, Discussion and conclusions

The assimilation of asynoptic mass field data is
an important ingredient in the operational deter-
mination of forecast initial states (Bengtsson,
1975). It is usually based on some form of
updating, either time-continuous or intermittent.
The updating approach to four-dimensional (4-D)
assimilation of mass-field data is based on the
conjecture that the history of the mass field
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determines the wind field for large-scale motions of
the atmosphere (Charney et al., 1969). This con-
jecture was given a precise formulation for some
simple atmospheric models (Ghil, 1975; Ghil et al.,
1977) by prescribing the required mass field data to
consist of the mass field itself, together with its first
two time derivatives at the initial time. Within this
formulation, the conjecture was proven analytically
to be correct, namely the required mass field data
do determine the wind field at the initial instant, and
hence the complete initial state.

In the present article, based on the preceding
sections’ theoretical conclusions, we attempt to
make a step in the direction of a unified approach
to both initialization and 4-D data assimilation. In
current practice, 4-D assimilation is used to
construct an initial state from available synoptic
and asynoptic information; this corresponds to
solving what we called the completeness-of-data
problem. Then some initialization procedure is used
to change the previously computed initial state in
such a way as to minimize “noise”, or inertia-
gravity wave activity, in the forecast carried out
from the “initialized” state. The latter corresponds
to solving what we called the accuracy problem.

The two problems are clearly related and it
seems wasteful and inefficient, both theoretically
and computationally, to solve them separately. We
have shown in Sections 2 and 3 theoretically that
for two simple models it is not necessary to do so.
If the observed time history of the mass field is
smooth enough, i.e., has small time derivatives,
then the forecast from an initial state obtained
using this time history will be noise-free. This
statement was proven about the models them-
selves, independently of any practical procedure for
computing and observing model solutions. Within
the framework of the models analyzed here, the
initial state would have to be obtained in practice
by solving our diagnostic equations for the wind
field. The theoretical implication, however, seems to
be that an initial field obtained by any other
reasonable procedure for the 4-D assimilation of
asynoptic mass field data will also have the same
property of leading to a relatively noise-free
forecast. This tentative conclusion is supported by
the preliminary evidence in Ghil et al. (1979a),
where it was shown that time-continuous assimi-
lation by linear-regression methods of remote-
sounding temperature data in the Goddard Labora-
tory for Atmospheric Sciences (GLAS) model
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produced satisfactory initial states; high-frequency
motions present to a certain extent at the beginning
of forecasts were quickly and efficiently damped
out by the model, without any special initialization
procedure being applied. Clearly our conclusion is
model-dependent and might not be supported by
numerical experiments with other models, whose
dispersive and dissipative properties are different.

In this case, however, a well-matched forecasting

model and assimilation scheme eliminated the need

for a special initialization procedure.

Observed mass field history can be non-smooth
for two reasons:

(a) rapid synoptic and sub-synoptic scale develop-
ments during the observational period preced-
ing initial forecast time, or

(b) observational error.

Initial adjustment approaches consist in projecting

the available data onto the slow manifold of the

prognostic system (Leith, 1978). This projection
can distort the data, unless additional constraints
are imposed and the approach modified (Leith,

1978). Such distortion would appear to be

particularly undesirable in situation (a) above,

leading to large forecast errors within a short
simulated time.

In situation (b), assimilation methods which take
into account the statistical error structure of the
observations should be able to produce the required
amount of smoothing in time, as well as in space.
The detailed synoptic study of the real-data
experiments presented in Ghil et al. (1979a) seems
to provide examples of both situations, and of their
satisfactory handling by the statistical, time-con-
tinuous assimilation methods recommended there
(Atlas et al., 1979): observational errors appear to
be successfully reduced on the average. Further-
more, the assimilation-prediction system developed
at GLAS led to significant improvements in the

205

forecasting of severe weather over the United
States in some synoptic situations occurring over
the North Pacific which had led to major forecast
errors over North America within 48-72 h when
other assimilation methods were used. In any case,
the theoretical analysis in this article, as well as the
practical experience with the GLAS assimilation-
prediction system, suggests that the careful com-
bination of assimilation method and forecast model
is particularly important in situations of rapid
development.

Asynoptic information from satellites and other
non-conventional observing systems is not limited
to mass field data. Many other practical complexi-
ties cannot be handled by the theoretical approach
presented here. A broader framework which can
encompass completeness and accuracy problems,
4-D assimilation and initialization, appears to be
provided by filtering and estimation theory. We are
in the process of applying such an approach to the
simple models treated here, and hope to extend it to
real data and complex models in the near future
(Ghil and Tavantzis, 1978; Ghil et al., 1979c).
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COBMECTHbIN CBAJJAHCUPOBAHHBIN NMOAXOA K MHULMAJIU3ALIMU U
YETBIPEXMEPHOE YCBOEHUE JAHHBIX

MBI nIpencTaBiisieM NMONBITKY €QHHOTO MOAXOAA KakK
K 4YeTHIPEXMEPHOMY YCBOEHHIO aCHHOINITHYECKHX
NaHHBIX, TaK M K npoOaeMe uHHuManw3auuu. [Toaxon
OCHOBaH Ha BBIBOAE OIpPENEJECHHBIX COOTHOLLEHHI
MeXOy TeHACHUWAMH TmoNiell TreonoTeHUMana #u
TOPH30HTANBHOM CKOPOCTH B MOZENAX aTMOC(HEPHBIX
TeYeHHUt ¢ NMpUMMTHBHBIMH YypaBHeHHaAMH. [loaxox

pa3pabarTeiBaeTCs M QHAJIH3HDPYETCs B JETansax Ans
HEKOTOpBIX TPOCTHIX  OapoTPONHBIX  MoAeseH.
IpoBonsTcs CpaBHEHMA ¢ pe3yJ/ibTaTaMH YHCIEHHBIX
IKCMNEPUMEHTOB MNPH HCMOJIb3OBAHHM HAHHBIX M
KOMIJIEKCHON  6apOknMHHOK MoOAenH M[por{Hosa
noroas!, [enaroTCa npeaBapuTenbHbIE BbIBOABI IJIA
MpaxTHYECKUX NMPOLENYp YCBOCHHS .
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