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ABSTRACT

Bottom friction plays an important role in propagation and damping of long waves in shallow
water. A perturbation method, well adapted to the importance of this bottom stress, is presented
and applied for channels with constant mean depth and mean cross-section area. The main idea
results from a development of quadratic bottom friction in a Fourier series up to the third order
of approximation. A quasi-linearization of the damping effect of bottom stress is deduced from
this expansion, which allows one to introduce the second-order damping effects of friction into
the first-order system defining the fundamental component of the spectrum, and the main part of
the third-order damping terms into the computation of the second-order harmonic components.
From this expansion, the generating role of the harmonic played by friction is also identified and
taken into account in the second-order approximation. Analytical and analytico-numerical
solutions are presented and compared to numerical solutions of the full nonlinear equations
obtained by the Lax-Wendroff finite-difference integration technique. These comparisons show
that the analytical solutions limited to the second-order approximation fit very well with the L.W.

solutions.

1. Introduction

The existence of nonlinear distortions of long
waves in shallow water is a well-known
phenomenon. In the ocean, tides can be repre-
sented with a limited number of frequencies,
corresponding to those contained in the tidal
potential (in islands such as Oahu about 20
components are sufficient). However, on continen-
tal shelves tidal spectra appear to be more compli-
cated. Along the European coasts, for instance, the
semi-diurnal astronomical constituents of the tides
are accompanied by quarter-diurnal, sixth-diurnal
and eighth-diurnal components of significant ampli-
tude (more than 60 components are required in Le
Havre on the English Channel; at least 100 in
London). The production of these new frequencies
is due to wave distortions associated with non-
linearities of tidal motions in shallow water.

! Present affiliation: University of Rabat, Morocco.
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Several models have been developed in the past
for the understanding of the basic mechanisms of
this phenomenon. The models investigate separ-
ately the two important causes of nonlinear
behaviour: wave steepening due to small depth;
damping and asymmetry due to friction. All these
models are based upon perturbation methods.
Lamb (1932), neglecting friction, presented an
analytical solution for a long wave propagating in a
channel of constant depth. This solution is the
familiar Airy solution, showing the steepening of
the wave front and leading to bore formation. The
corresponding second-order perturbation approxi-
mation consists of a constant term and the first
even harmonic, which increases in amplitude as it
propagates together with the incident wave.
However, tidal bore formation seems unrealistic
since it has never been observed in situ. One
possible explanation is certainly connected with the
existence of friction in the real phenomenon.

In order to study this possibility, Kreiss (1957)
took into account the damping effect of friction. He
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investigated the propagation of an incident mono-
periodic wave in a channel closed at one end by a
vertical wall. He introduced in the classical non-
linear equations used by Lamb a linear friction
term proportional to the velocity, and gave analy-
tical solutions for the first- and second-order
perturbation approximations. The first-order
solution gives the fundamental oscillation, strongly
influenced by the damping effect of friction. The
second-order solution is compounded of a cons-
tant term and a first even harmonic, just like
Lamb’s solution, but here strongly influenced by
friction. With this model, the damping effect of
friction is well represented, but odd frequencies are
still missing in the second-order perturbation
approximation. More recently, Gallagher and
Munk (1971) looked at the same problem, but took
a quadratic friction term, which is more accurate,
to represent bottom stress. In this way odd
harmonics appear in the second-order solution.
However, because of the quadratic formulation of a
friction law, the perturbation method introduced
friction effects only at the second order of approxi-
mation, and thus the analytical solution limited to
the second order is rather far from the corres-
ponding numerical solution, used as a check.

In this paper, we shall present and apply to this
classical problem a perturbation method well
adapted to the important role played by friction in
the real phenomenon. The solutions will be deve-
loped to the second order of approximation and the
results will be compared with a complete computer
solution in order to. check these analytical solu-
tions.

2. Basic equations and boundary con-
ditions. Definition of the problem

2.1. The shallow-water equations

In theoretical study of tidal motions in channels,
one usually assumes that the mean depth and the
mean cross-section area are constant. Thus, neg-
lecting the Coriolis force, the hydrodynamic equa-
tions, written in the long-wave approximation,
reduce to a set of two equations in two functions: u,
the velocity, and {, the sea surface elevation, of two
variables: time 7, and abscissa x along the channel:

~ -C

2.1
G+ [(h + D)=
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Here f,, f . f o €tc., are defined by:

of of &*f
fi=mi fom o fu= o
ox; oxot

We suppose that the channel is connected with the
open sea at one end and is closed at the other end
by a vertical wall; we use consequently the boun-
dary conditions derived from the theory of char-
acteristics:

=0 at X=1L 2.2)

T+2gh+D=2+24dcosvt at x=0(23)

Condition (2.3) corresponds to the data at X = 0 of
an incident wave of frequency @ coming in from
deep water where nonlinearities are assumed negli-
gible (4 characterizes the order of magnitude of
this incident wave). We shall verify in the following
that such a formulation of the open boundary con-
dition corresponds to a kind of radiation condition
for waves coming out of the channel through this
limit.

It is convenient to write (2.1), (2.2) and (2.3)in a
nondimensional form with the dimensionless vari-
ables

z r . /4 i =
X==, t=—01), =z, U=-, €=
L L/é h ¢ g(24)
= &) /I f )
=~ == K=C -
é/L é 1

In these variables the equations of motion and the
boundary conditions become:

Lru + (Qu),=0
l2el
1+¢

ut+uu, +{=—k
ok G (2.5)

u=0 and x=1

u+2\/1+{=24coswt+2 at x=0

2.2. The perturbation method

Theoretically, it is not possible to represent the
solution of (2.5) by a finite number of elementary
functions. But, if the parameter A4 is small com-
pared with unity, the solution of (2.5) can be ap-
proximated by means of a limited number of solu-
tions of linearized equations deduced from (2.5)
with the aid of a perturbation method.
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Solutions u and { are supposed to be developed
as follows:
C(XJ) = Z Ai Ci(x’t)
withi=1,2,...,n (2.6)
u(x,0) =2 A' ufxt)
The classical perturbation method consists of intro-
ducing these expansions in (2.5). However, given
the nonanalytical formulation of the quadratic fric-
tion term
lulu

1+¢

it is necessary to expand it beforehand with an
approximate polynomial development in powers of
A:

F=YA'F, i=12,..,n @7

We shall present this expansion later.
In the same way, for condition (2.5.4) one needs:

\/l_:f=l+A—Czi+A2(£l—§)

2 8

+A3(£’_— “G +§-)+
2 4 16

(2.8)

Thus, substituting (2.6) into (2.5), taking account
of (2.7) and (2.8), and arranging according to
powers of 4, we get

( Clt+ulx=—( 2z Ckul)

k+1=1

uy+ Ge=— 2 wuu,+F,
k+1=1

=0 at x=1
L{u,+ =L, at x=0
with
(L, =2 cos wt
_&©y
) T4
_40.950,0 4O, 7
2 8

(2.9)

A

L,

L:
The problem is then to solve (2.9) for each order of
magnitude 7,
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Besides this perturbation method, it is essential
to introduce another hypothesis. It has been shown
by Stokes (Ursell, 1953) that tidal motions are non-
dispersive waves. Thus, knowing that the move-
ment in the channel is produced by the propa-
gation of an incident wave of frequency w, the solu-
tions ¢, and u, can be expressed in the form

G= kz G Gy = G €OS (kX + @)

-0 i

L vt 2.10)
U= kz My fyy = Uy cos (kat + yy)

=0

Using complex notations, one can write (2.10) as
follows:

dy = Gy e + oy eIkt with 4"1:(1 =3, e/
g = g € + iy eIt Ha = Yy €%
@.11)

[* being the conjugate of the complex function f.
Thus, the systems (2.9) can be split up into systems
of differential equations of the single variable x as
soon as the F, friction terms are also expended in a
form similar to (2.10).

2.3. Numerical treatment

This whole development is of use only if the sum
of the first orders of approximation already give a
sufficiently good approximation of the solution.
Our aim is to restrict ourselves to the first and
second orders: 4¢, + A*{; and Au, + A%u,. To exa-
mine the accuracy of this approximation, we shall
compare the second-order analytical solutions, pre-
sented below, with the complete nonlinear solu-
tions of the same problem obtained by numerical
integration of problem (2.5) by means of a second-
order Lax-Wendroff scheme and by development in
a Fourier series of the frequency w.

3. Development of the quadratic friction
term

A complete expansion of the two components of
the quadratic friction force in the general two-
dimensional problem of tidal-wave propagation has
been presented by Le Provost (1973). This develop-
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ment assumes that the velocity field is expressed as

Ne
u= 3 A,u(xy)coslwt+ ylxyl
i=1

. 3.1
v=3Y A ufxy)cos lwt + x{xy)]
i=1

N, being the number of constituents of frequency
w, and of order of magnitude 4, present in the tidal
spectrum. It is valid only in areas where a domi-
nant wave can be found, that is of amplitude much
larger than the others; if one takes index 1 for this
dominant constituent, the characteristic condition
for this dominant wave is

ul+vl£0

2 2 v 212 2 G2
A+ vd)> 3 A}ui+o])

i=2

Thus, f, and f,, the components of vector | VI, are
expanded as follows:

(fe= X A A FXP cos [Q) ¢ + OXP),
0y

n=0,1,2,...
3.3)
f= %A,A,FY{,"’ cos [Qf ¢t + DY {P],

ij=1,2,...N,

with Qf’ = p,(i,j,n)- w p, an integer, k = 1,2,.. .,
N. FX{P, FY{P, @X” and ®Y{" are functions of
u (x,y), ¥(x,»), v/(x,y) and x(x,y); they have been
determined analytically for the orders of approxi-
mation 43, 4,4, and 4}, j = 2, 3, ..., N.. The
identification of frequency QfY corresponding to
these different orders of approximation allows one
in particular to ascertain that the following appear
in (3.3):

(i) at the order A2:
pulsations (2n + 1)w,

(ii) attheorder4, A4,
pulsation 2nw, + ew,

+
0,

1
,2,...+©

As an example, the term of order A? corres-
ponding to the frequency w, is:
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[ FXQ cos (w, t + OX)

_h 7, p2

=5 Ui + V1 | Gygcos (w, t + )
G02

+ —2—cos (w, t+ 20—y,

3.4)
FY® cos (w, t + @YD)

H

ul + v? [Goo cos(w, t+ xy)

L + _Gzo‘z cos (w, t + 29—x,)]
with

1 p*e
Goo=TJ. (1 +J, cos e, t + 20)1'2
Nd-n

X d(w, t+ 6

+x

1
Gy, =— [l +J,cos Qu, t + 20)1'2

2n
X cOS in(cul t+ Old(ws+6)

4u2 v3
Ji=1—-——-——sin*(¢, — x1)
i (u% N v})z ¢ X
u?sin 2y, + v?sin 2
tg 20 = 1 Wi 1 X1

ul cos 2y, + vicos 2y,

Let us notice that these expressions (3.4) can be
written in a slightly different form that corres-
ponds in fact to a quasi linearized expression of
friction for the dominant component:
FX® cos [w, t + ®X®] = R, u, cos(w, t + y,)
+ R} v, sin{w, t +
10 (o, x) (3.5)
FY® coslw, t + @YDl =R, v, cos(w, £ + x1)
—~ R} u, sin (w, t + ;)
with

R ‘TW( w+—)
Goa
Ri= L T (-

)1/2

V2 2J,
e=+1 fO<y,—x <=
6=_1 if7t<W1-xl<27t
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The same formula had been obtained by Dronkers
(1962) in his linearization of the quadratic resis-
tance term for a pure harmonic tide.

As can be seen, the explicit formula giving the
functions FX, FY, X, ®Y are rather complicated
We do not present them here, but they have been
used, in the one-dimensional case, to deduce the ex-
pansion. (2.7) of the friction term, up to the
approximation 4? (the third order of this develop-
ment will be necessary in the following).

As we shall see later, by limiting the solution
(2.6) to the second order of approximation, the
velocity can be written:

u=Au, cos (wt + y ;) + AHug, + uy,
X €os (0t + Yy,) + Ugy 08 20t + y3y)
+ Uy, c0s (Bat + y3y) + Usy €08 (Sat + ¥yy)
ool (3.6)

Given the way in which problem (2.6) has been
formulated, the hypothesis of “dominant wave” is
fully respected for realistic values of the parameter
A. Thus the preceding expansion (3.3) can be used;
taking

A=A,
A, =A%,

4

U=ty 0O,=0,

=0,

Vi=V¥n

Up=Upy W, ¥, =0
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Ay=4% uy=uy wy=w, Y=y,

A,=AY uy=uy,, w,=20, Y=Y,

A;=A4% u;=u;;, w;=3w, Y=y

Ag=A% ug=uy wg=50, Y=Vy

an approximate development of F is deduced:
_T+_Cf—1+ czA A 3.7

x cos [QfPt + ¢M), i, j=1,2,...,6

Let us first look at the different frequencies Qff
that appear:

(i) at the order 43 =
Sw,...

A% (2n + Dw, ie.: w, 3w,

(i) atthe order 4, A;= A3, withj=2,.
+ €w), cf. Table 1.

- 6: 2nw

In Table 1 we limit ourselves to the frequency 5w,
because we know from numerical computation (cf.
Saenz, 1978) that no further significant energy
exists in the spectrum for numerical values of
realistic tidal waves.

The expressions for the functions f§ and ¢{ are

Table 1. Frequencies £ appearing in development (3.7) at the order A, A; = A® and values of the

corresponding coefficients {7

n 0 1 2 3 4 5
------- ISR it Sttt Rl S et Attt Rt St Bt S
p N +1 S IS W IS TS U IS W RS ) RS G Y|

— : : ] 1 ]
2 0 2w 1 2w 40 ' 40 V6 | w v 1
‘ : : i :
: ] R 1 '
3 ) o | 3w 3w ': 5w Sw | 1 VW
' t ' 1
¢ ! D )
4 2w 0 :. 40 2w': 4w :. :' W au:I ©
f e — e :
5 3w 0 | Sw w E 3o 5w | U :' w
: 3 : ! :
6 5w 3w ! w w | Lo 3w | Pw :'/da)/
' ! ' | '
12u,u
o duu/n 4uu,/3n —4u,u,/157 du,u,/35n 189‘”1
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considerably simplified in the monoperiodic case
because, v, being zero, J, = 1, tg 260 =tg 2y, and

(1 +J,cos Qot + 2612
= \/2 lcos (wt + yp)l

One obtains
(i) at the order A2

D= (Go,2n + Go,2042)

2\/2
: V2 [t
with G, ,, =— f Icos al cos 2nada
i1 —n
#7 = 2n+ Dy,
(ii) atthe order A3

f(°)= \/ (G|o+Gz+Goo)

** cos 2na
it Gran= \/ZJ‘, lcosai
¢ =y
p= :1\/“; [2Gy 20 + 2G 20 + Gy 2n-2
+Gyapid

o0 = 2ny, +ey,

Values of f{7 and f{} are presented in Tables 1
and 2.

Table 2. Values of the coefficients {1

n 0 1 2
|
r ----------------------------------------
w 3w Sw
o 8u? 8u} 8u?
3n 157 1057

In summary, fis expanded in the form:

cos (wt + yyy)

(—Az 8us,
3n

8
+ —E— u?, cos Quwt + 3y,,)
.4

8
- —I-E— u?, cos (Swt + Sy, +. ]

, 4 4
+4 —“n“oz*;“n Uz
4

4
+ A’{— Uy, Uyy €08 (0t + ¥i3)
n

+ ™ uy, luey, cos (@t + 2y, —w,)
n

+ Uy cos(wt + 2y, — wy)l
- E uy; luy, cos (wt + 4y, — ys)
+ Uy, cos (wt + 6y, — )]

4
+ 35a Uy, Ug, cos (wt + 6y, —u/,,)} +
(3.8)

A

4
+ 43 {—- Uy, Uy, cOS 2wt + yyp)
T
+ —uy, 2uy, cos Quwt + 2y,,)
n

4
— == Uy Uy, €OS (200 + Ay — Yy)
157

4
+ 43 {; Uy U3y €08 3wt + y,)

4
+§- uy, luy, cos Qat + 2y, + wy,)
n

+ gy c0s (Bt + 2y, — wyy)]

- E‘ Uy Uy cos Gat + 4y, — ;)
4

+ — Uy, Uy cos Bt + 6y, — vyy)

35z

— —— U, ug, cos 3wt + 8y, —

1897 V) )+

L o+
Several points must be noticed concerning (3.8):

(i) The terms of second order can be divided in
two classes. The first class corresponds to the

Tellus 32 (1980), 2



(ii)

(iii)
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damping of the dominant component by fric-
tion:

8
3—Aull x Auy, cos (wt + wy,) 3.9
n

The damping is proportional to the coefficient
(8/3m) Au,,, so that this expression gives a
kind of linearization of quadratic bottom
stress. The same result has been given by
Lorentz (1926) and Proudman (1923).

The second class of terms corresponds to
the role played by friction in the generation of
harmonics:

8 24,2 8 2,2
—— A?u}, cos Bwt + 3y,,) ——— A% u]|

157 1057

xcos (Swt + Sy, ) +... (3.10)

To the second order of approximation, only
odd harmonics are generated.

For the third order it is possible to derive the
same conclusions. From (3.8) some terms can
be selected that correspond to a linearization
of the damping of the second-order harmonic
components:-

4
—Auy, X [A% ug, + A2 uyyc0s (wt + yyy)
7[

+ A% u,, cos Qwt + y,,)
+ A% uy, cos Bt + yyy)

+ A%ug cos(Swt + wg) + ... (3.11)

This damping is proportional to the coefficient
(4/m) Au,,, i.e. depends on the dominant wave.
These conclusions are in agreement with the
results given by Bowden (1953) for a residual
current and by Jeffreys (1970) for a secondary
oscillation propagating together with a domi-
nant wave. The role of the other terms of third
order in (3.8) is not so easy to understand as
for the second order. But it must be noticed
that their amplitudes are of less importance.

These conclusions give an idea of how to com-
bine the results of Kreiss with those of
Gallagher and Munk. Knowing the essential
importance of damping effects, the corres-
ponding terms of (3.8) must be taken into
account in the systems describing the propa-
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gation of each wave of the spectrum, though
they are of a higher order of approximation:
the damping term of second order (3.9) must
be introduced in the first-order system corres-
ponding to the dominant wave, the damping
terms of third order (3.11) are to be taken in
the different systems (2.9) defining the com-
ponents of second-order approximation. Thus,
the results of Kreiss (1957) for the dominant
wave must be found with a better accuracy,
because of the more precise definition of the
“quasi-linear” friction coefficient 84u,,/3m.
The results for the constant solution and the
first even harmonic will also be much more
accurate because their damping will be taken
into account. On the other hand, odd har-
monics will be present in the second-order
solution as in the solution of Gallagher and
Munk (1971). They will be obtained with good
accuracy resulting from the accurate defini-
tion of the dominant solution of the first-order
approximation and the presence of damping in
the second-order corresponding systems.

(iv) Thus, the expansion of the friction term will be

taken as:

1
F= [Adu, + A’ A%u,
1+¢

+ Ay, A%ul, cos 3wt + yyyp)

+ Agy AUl cos S(wt + w Dl + O(43)

1 8K p 1 4K y 1 8K

=—AlU,,, '=—Au ] =,
3” 11 - 11 32 15”
_ 8K

2 105n

i.e. using the development

1
_ =1 = 2
. 1— AL, + 0(4?)

one finds
F=Au,— A?u, {, + YAy,
+ Ay, A2ul, cos 3(wt + wyy)

+ A3 A%ul cos S(wt + w) + ... + O(4%)
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4. Determination of the first-order

solution

4.1. Analytical solution

According to the preceding section, the system
giving the first-order solution is deduced from (2.9):

-
Gt u,=0

8K
P uy, + C1x=_‘37(’4uu)“1 @.1)

;=0 and x=1

4+ G =2coswt at x=0

Motion in the channel is due only to the boun-
dary condition at x = Q. Thus, the solution of first-
order approximation reduces to the monoperiodic
oscillation:

§ =&, cos (wt + y,,)
u, =u,, cos (wt + y,,)

Consequently, the first-order solution is given by
the differential system:

[ . du,,
Joa,+——=0
dx

. da 8K
J Jwuy, + d):l =- ; (Auyy)py, 4.2)
Uy (D=0

L a,; (0 + 4y, (0)=1

(4.2) is nonlinear, because the coefficient (8K/37)
X Au,, depends upon the solution u,,. We shall
admit in this section that this coefficient is constant
for all x by choosing a mean value of Au,,. In a
following section we shall present an iterative
numerical procedure in order to solve (4.2) exactly.
Thus, with

— (Au,,) = A = const.
n

(4.2) becomes a linear differential system that can
be written:
i d,
1) a,= J G
w

dx 4.3)

d? A
@ 2y wrf1—jl =0
dx? w

A. KABBAJ AND C. LE PROVOST

(4.3.2) has the following general solution:

l 172
#1=Mexp| jw |l —j;) (x-1

A 172
+Nexp[—jw(l—j—) (x-—l)]
w

that obeys the boundary condition g,, (1) = 0, so
that

1 1\
u,=B sin[w(l -J ——) (x— I)J
w

l 172
Ja,=jBl1-j—
w

[ ( 1)1/2 ]
xcos|wl 1—j—} (x-=1)
L )

The constant B is fixed by the open boundary con-
dition
@, 0) + 4, (0)=1.

Let us separate the real and imaginary parts of
a,, and #,, and introduce the notations

r A 172
1—j—] =a-—jb
w
1 12 172112
=—|1+{1 +—
¢ \/2 o?

1 l '12 1721 -172
b=—-—|1+|1+—
ﬁw[ ( d)]

\B=B,+JB,

We find

(Re (4,,) = B, sin wa(x — 1) ch wb(x — 1)
+ B, cos wa (x — 1) sh wb(x — 1)

(4.49)

(4.5)

Im (g,,) = B, sin wa(x — 1) chwb(x — 1) — B,
x cos wa(x — 1) sh wb(x — 1)

J Re (a,,) = (B,b — B,a) cos wa(x — 1)

x ¢h whb(x — 1) — (B,b + B,a)

x sin wa(x — 1) sh wb(x — 1)

(4.6)

Im(a,,) = (B,b + B,a) cos wa(x — 1)
x ch wb(x — 1) + (B,b — B,a)
x sin wa(x — 1) sh wb(x — 1)

Tellus 32 (1980), 2
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The constant B is therefore with

b cos wa chwbd —
a sin wa shwb — sin wa ch wb
D

< a cos wa ch wb +
[ b sin wa sh wb + cos wa sh wb
D
D = (b cos wa ch wb — a sin wa sh wb
— sin wa ch wb)? + (a cos wa ch wb

}(4.7)

L+ bsin wa sh wb + cos wa sh wh)?

151

Thus, the first-order approximation of the solu-
tion of the fundamental is given by:

{Cl = a,, = {; cos (! + ¢y)) (4.8)
Uy = jt;, =ty cos (wt + y,,)
with
(Cn = 2[Re(a;,)* + Im(a,))*]"?,
u;; = 2[Re(y,,)* + Im(u,,)*"?
Im(a,,)
< 6,1 = Arc tg ——2 4.9)
$u rctg Re(a,,) s
Im(y,,)
=A
Lw" ot Re(u,y)

2
n'w-o-#-o.'k.o:_o_«p oo,
~u,
- .,
“o.
n_ *\°+*°""°"'-o~¢-o.*-o».o.¢.o.+o
- (b)
0
T T T T LA | T T T T T T T T T T T
’331\
+ +
X,
] \4' ;} ot
] S
2 7
A () /
. //
17 /’
b W,
0 T T L} L] T T T T L} ]lel T Ll L] T 1 T IL

Fig. 1. Fundamental oscillation (frequency w). Distribution of amplitude (a) and phase (b) for the sea surface
elevation along a channel of constant depth and of length L = half the wave length. Fuli line: analytical solution;
circles: analytical-numerical solution; plus: numerical Lax-Wendroff solution.
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If one takes 4 = O in this solution, we find the
classical linear solution given by Gallagher and
Munk:

= —Jje @ sinw(x— 1)

&, =e*cos w(x~1)

4.2. Numerical illustration

As an example, we consider a semi-diurnal wave
over a broad shallow shelf that schematically
corresponds to the tidal wave in the English
Channel L =495km, H=50m, T= 12 h 25 min,

A=1m/s, C=3.10"? Sl-units. With these
numerical values it follows that

L o=I, K=C 29.7
w=—w= s = —_— .

é J24

2ny

n_|
{ (b)
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and, taking 1 m/s as a mean value of the velocity in
the Channel (in order to satisfy the simplifying
hypothesis under which (4.9) is valid we find

8
A=—KAu,, = 1.14
k4

The corresponding analytical solution is presented
in Figs. 1a and 2a for the distribution of ampli-
tudes and in Figs. 1b and 2b for the phases. These
results are compared to those deduced from the
numerical integration of problem (2.5) by the Lax-
Wendroff scheme, using Af = £/40 and AFf =
T/84, i.e. AX = 12,375 km, Af = 8.87 min. Agree-
ment is within a few per cent; even with the simpli-
fying hypothesis A = const. the method used gives
us a good representation of the fundamental all
along the channel. Starting from this excellent
approximation of the dominant oscillation, let us
now look at the second-order approximation.

+-o.
o, o
O~ ~OA0ut ot
— OO A H ot O+ + O OO OOt O

0
— — — . T
mis _
Wo-o.“+
10_- // \\\'
e X,

) #y ’ \+

*Ko_ﬁ/ \\’
05_| @ \\

T T Y T T T T

0 W7

L

Fig. 2. Fundamental oscillation. Distribution of amplitude (a) and phase (b) for the velocity. For explanation of

symbols, see Fig. 1.
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5. Determination of the second-order
solution

From (2.9) and (3.8) one finds the following
equations for the second-order solution:

Czt + Uy =— (CI ul)x

Uy + e =—$ ()~ F,

u,=0 atx=1 .1)
uz+£2=—4l atx=0
with

F,=Auy,— du, §, + Asul, cos 3 (wt + y,,)
+ Agy 43, cos S(wt + yyy)

Knowing the solution (u,, {,) from (4.8), one can
write the right side of (5.1) as follows:

r( )= d (a, 1} ) a [ et
cn“xx—a a, 4t + +E (cy 1y0) €

+ c.c.] (complex conjugate)

H — i i 2 ) oAt
(ul)x zdx(/‘u.‘dl)"'dx[(.”")e +C.C.]

3=2a,d, + & e¥t +ccl (5.2

Fy=Aug — May, uh+ )

+ [A" 4y, € + c.c.]

+ [ gy — Ay @) €9 + e

+ [(Wptgy + 24, 43, &11) e + c.c.]
L + [(A gy + 244, 422, e¥o) ¥ 4 c.c.]

since (5.1} is a linear system of equations, it can
therefore be split up into differential systems of the
variable x only.

5.1. Terms of zero frequency
From eq. (5.1) and expressions (5.2), one finds:

d
(ug) = — Z (o, 4%y + oy 1yy)

d
(&)=~ o (s 130 — Vtgy + May,y 1}y (5.3)

um:o at x=1
Q1+u01=‘i(ana:1) atx=0
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From (4.4) we have:
(@, 4t + & 4y = (B3 + BY) [bsin 2wa(x — 1)
—ash2wh (x—1)]

(B + B)
2

Bt = [ch2wb (x—1)

+ cos 2wa(x — 1))

(@, @),-o= (B} + BY) (@® + b7)
L X (cos® wa ch? wb + sin? wa sh? wbh)
Therefore

Uy, = — (B} + B3) [bsin 2wa(x ~ 1)
—ash2wb(x—1)] +¢

from the boundary condition at the wall u,, (1) =0
it follows that ¢ = 0.
Thus, from (5.3) we have:

la=—tuth— A+ l’)f“ozdx +D
i.e.
ba =~ (B} + Bj)

X{ch 2wh(x — 1) + cos 2wa(x — 1)

(5.4.1)

2

@+

+ (6% cos 2wa(x — 1)

+ a? ch 2wb(x — 1)l }+ D (5.4.2)

with the constant D fixed by the open boundary
condition:

ch 2wb — cos 2wa

D=(B}+B§){ > — bsin 2wa
A+ A
+ach2wh + (b? cos 2wa
a2 2

+ atch 2wb) + (cos? wa ch? wb

+ sin? wa sh? wb)}

Formulas (5.4) are applied in the numerical
example already used in order to check the first-
order solution. Results are presented in Figs. 3a
and 3b. Agreement is satisfactory for the mean
Eulerian velocity. A slight discrepancy occurs for
the mean level, but it must be noticed that this solu-
tion is not the exact second-order solution because
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Fig. 3. Distribution of amplitude for the mean sea surface (a) and the mean velocity (b). For explanation of symbols,

see Fig, 1.

of the approximation A = const. introduced in the
solution (4.3). A numerical integration of the exact
equations will bring a better agreement with the
Lax-Wendroff solution (see next section).

5.2. Terms of frequency w
Collecting terms of frequency w, we find:

Dwm LI
P odx
. da,, ,
JWiy, o Ay, (5.5)
Hy=0 at x=1

bp+a,=0 atx=0

The solution is &;, = #,, = 0.

5.3. Terms of frequency 2w
From egs. (5.1) and (5.2) we find:

f

. duy,
2jway, +

dx

d
=— ; (e 110

. dan 1 2 ]
2jwuy, + I =— 2 dx Wi) — Ny + Aay, pyy

Un=0 atx=1

@,
L”n + ='4— atx=0 (5.6)

Knowing the first-order solution (a,;, #,,) from
(4.4), we can combine egs. (5.6) into:

rdz’u T
dx;‘ +4w? (1 - jz—w) thyy = 3B @
A 372 l 1/2
1 x(l—j —) sinl:Zw(l—j——) (x—l)]
w w
j d
@, =Za (@ myy + )

.

Given the boundary condition ), = 0 at x = 1,
the solution is

( . l’ 172
= E sin 2«»(1—'——) (x—1)
2w
A

3
+ —
2

21
1 172
X sin [2(9 l—j—) (x-—l)]

w
A'I 12 7
%2 =JE l—j—) .7
2w
l’ 172
X COS 2(1 —j—) {(x—-1)
2w
i 3 A+X
T\ e

x| 1—j—}cos|2w|l —j— (x—1)
L w w
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Fig. 4. Harmonic of frequency 2w. Distribution of amplitude (a) and phase (b) for the sea-surface elevation. For
explanation of symbols, see Fig. 1.
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Fig. 5. Harmonic of frequency 2w. Distribution of amplitude (a) and phase (b) for the velocity. For explanation of

symbols, see Fig. 1.
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The constant E is fixed by the open boundary
condition.

This solution has been used in the numerical
example already considered earlier. In Figs. 4a and
5a the distribution of the amplitude of {,, and u,, is
presented. These values are in good agreement with
the results obtained by harmonic analysis of the
numerical solution obtained by the Lax-Wendroff
finite-difference scheme; the elevations are a little
too small but this discrepancy occurs because of
the simplifying hypothesis introduced in the analy-
tical calculation of the first-order solution (A =
const.). It will be shown later that with a numerical
integration of the exact systems (4.2) and (5.6) the
agreement is much improved. Distribution of
phases is presented in Figs. 4b and 5b; they agree
with the Lax-Wendroff solution.

5.4. Terms of frequency 3w
Collecting terms of frequency 3w, we find:

, du
r?ljcua,,2 + d: =0

. day
3jwus, + de =— Ay, — 205, 4}, &%

—_

(5.8)

=0 atx=1

(G + #2,=0 atx=0

Such a system is difficult to solve. We shall
present its numerical integration in the following
section. However, an analytical integration is still
possible with a rough approximation of the argu-
ment y,,. From the solution (4.4) we know that,
without friction,

v, = Arctan (cot w) = Q
Let us take this approximation of y,,; it follows
that the egs. (5.8) can be combined into:

a4 U3
dx?

yy
+ 9a? (1 —j3—w'),u32 =— 3(1)/132 e/9 B?

x{l —cos[Zw(l —ji)u (x— l)” (5.9)
w

taking into account the solution (4.4) of 4,,. This
has the general solution:

Hp=LetA8 4 Me A4 P

172
+ Q@ cos [ Zw(l —j i) (x — l)jl (5.10.1)
w
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with
r A’ 172
Arg = 3jw(1 —j-——) (x=1)
3w
p Jwe9 aoprls A
= —— + —
¢ 9? + 112 7 J 3w

3e/2
= Ay, B2
2 2502 + (44— 3472
X [Sco—j (44 — 31

.

Then

lt 172
@ ={1—j——] [~Ler+Meru|
3w

l 172
—J?Q(l —j—)
[
) [ ( . ,1)1/2 ]
xsin|2w|l —j— (x-1)
w

where the constants L and M are fixed by the boun-
dary conditions at x=0and x= 1.

As for the solutions of frequency zero and 2w,
the solution (5.10) is applied to the numerical
example considered in this paper. Results are pre-
sented in Figs. 6a and 7a for the distribution of
amplitudes of {;, and u;,, and in Figs. 6b and 7b for
their phases. A notable discrepancy appears for
this analytical solution when compared with the
L.W. solution, but we must remember that (5.8)
has been integrated under two approximations: 4 =
const. and y,, = const. The question is to know if
these discrepancies result from the analytical sim-
plifications. We shall therefore consider in the
following section the numerical integration of the
exact systems (4.2), (5.3), (5.6) and (5.8).

(5.10.2)

6. Numerical integration of the first- and
second-order approximate solutions
(Analytical-numerical solutions)

From the preceding sections we have seen that
the application of the method requires us to solve
the differential system (4.2) for the fundamental,
(5.3) for the constant terms of second order, (5.6)
for the second harmonic, and (5.8) for the third
harmonic. Except for (5.3), the three other systems

Tellus 32 (1980), 2
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Fig. 6. Harmonic of frequency 3w. Distribution of amplitude (a) and phase (b) for the sea-surface elevation. For
explanation of symbols, see Fig. 1.
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Fig. 7. Harmonic of frequency 3w. Distribution of amplitude (a) and phase (b) for the velocity. For explanation of
symbols, see Fig. 1.
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are of the same form, and can be written as follows:

du,, d
kaau + i ox Ty
day, d

< Vkw + lkl)ﬂkt'*zz—askl*'}?kl

=0 atx=1

L‘Iki+ﬂk1=le atx=0
Or, for k+0:

() a=— T+
kl—kwdx ki T My

d
2 —— + (K w? — jkwd )y =jkow = Su
< . d*T,
—jkwF,; — o

(6.2)

3G (=0

duy

4) — — jkeou,, = atx=0
\() . JRWy

For k =0, (5.3) can be written:

dT,,

(du
T2 U =—Tg,

dx dx

(because ug, (1) =0)
(6.3
) dty, dSy, )
+ Foy + A Ty,

o _
o

L with (, (0)=Gy, + Ty,

Let us denote by Rf and If the real and imaginary
parts of any function f. Except for the constant
second-order solution, the problem is thus essen-
tially to solve a second-order differential system
(6.2.2) in two functions, Rz and Iy of the variable
x, with boundary conditions (6.2.3) and (6.2.4).
This can be done with a classical finite-difference
scheme by developing the finite-difference analog of
(6.2) at the different grid points of a net along the
channel: x; = (i — 1) Axwithi=1,2,.. ., n, and
Ax = 1(n — 1). In the following subscripts k and i

6.1)

A. KABBAJ AND C. LE PROVOST

are omitted. From (6.2.4) we obtain:

3 2 1
— — Ru(1) + — Ru(2) — —— Ru(3
> Ax xt()+A u(2) > Ax #(3)

2
+kw1y(1)_iAR,(1)- Ry (2)

1
+——R,(3) + kwl; (1)

2 Ax (6.4.1)

3 2 1
3 Ax Iu(1) - Ar Iu(2) + I Ax Iu(3) + kwRu(1)

3 2
=——1, (1)+

T3 Ax I (2)—————1 3)

2Ax

+ kwR; (1)

and from (6.2.2),fori=2ton— 1:

2
2 )Rﬂ(2)

1) + kA wlu(i)

[ 1
— o Ruti— 1)+ (k’

kw . ,
=—2—Ax-[15(1+ 1)~ I, — D] + kol ()

AD+R G+ 1)
(6.4.2)

B Ax?

X

1 . , 2 .
_A 5 I/l(l - 1) + (kz w"— _A7) I/J(l)
1
+ —— Iu(i + 1) — kA(DwRu(i)
Ax?

=2'% [R, (i + 1D —R, (i— D] — kR, ()

1
—Fllr(i+ D=2, )+ 1. G+ 1)
L X
with condition (6.4.3): Ru(n) = 0 and Iu(n) = 0.
When A(i) is known, the problem is reduced to
the solution of a linear system of 2(n — 1)
equations of the form
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which can easily be solved by a “forward—
backward” alogorithm coupling equations i and i +
n — 1 at each step of the forward sweep.

6.1. First-order solution

For the first-order solution, the problem is
complicated by the presence of the nonlinear
coefficient of bottom friction,

8K

Auy,) = _3;["4“11 = 'T”_ \Y Ryt + Iy,

in eqs. (4.2). The coefficient ¢ in (6.5) is thus
dependent upon the solution, and a direct
resolution of this system is not possible. This diffi-
culty has been bypassed by an iterative process:

(i) As the first step, the solution of (4.2) is calcu-
lated without the friction coefficient (1 = 0);
the corresponding system (6.5) is thus a linear
one without a second member (R,, 1,) except
for R, (1) and I, (1), the boundary condition at
the mouth of the channel.

(ii) This first approximation is used to fix an
approximate set of values A()) = A(u,,).

A new solution of (6.5) is then calculated, giving
a better value of A(i), and this iterative process is
repeated until a stationary solution is obtained.
Convergence of this iterative process has been
demonstrated, and numerically it is verified that the
successive solutions converge towards a stationary
and unique solution. A numerical example is pre-
sented in Figs. 8, 9 and 10 for the particular case
already used as an illustration of the analytical
solution obtained in the preceding section.

Tellus 32 (1980), 2
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p —y -5 ke ["Ru(1) [ RD)
A B 4 ¢ Ru(2) R2)
A B 4 Q0 o) Ry(3) R,(3
) A B A 0] ¢ Ru(n—2) R(n—2)
A B O c Ru(n—1) R, (n—1 6.5)
kw 0 8 y o x | Iu(l) I(1) .
—c A B 4 1u(2) 1(2)
o) A B 4 0 Iu(3) 1,3
o} — o) A B 4 Ip(n—2) I(n—2)
—c A B Iu(n—1) I(n—1)

(i) Fig. 10 shows the rapid convergence of the
iterative process. After five steps, a stationary
solution is obtained.

(ii) In Figs. 8 and 9, we can see how the first-step
solution (frictionless) is quite different from the
exact one, being twice too big.

(iii) The stationary solution (step 6) has been
plotted on Fig. 1 and 2: the agreement with the
L.W. solution is better than the analytical one
presented in Section 4, which confirms that
this solution is certainly the exact one. The
good accuracy of the approximate analytical
solution (4.6) must be noted once more, but
one must remember that such a good fit is in
fact dependent upon the choice of the approxi-
mate constant value of A.

6.2. Second-order solutions

Knowing the values of the first-order solution at
the n points of calculation, one can compute the
forcing terms (5.2) (i.e. the quantities R, (), 1,,,(),
i= 1, n) and the damping coefficients

4K
() = — Au, (i — DAx]
4

We have then to solve one linear system of the
form (6.5) for each harmonic constituent of this
approximation. A numerical application has been
made for the classical example already presented.
The corresponding results have been plotted on
Fig. 3 for the constant component, on Figs. 4 and §
for the second harmonic, and Figs. 6 and 7 for the
third harmonic.
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Fig. 8. Distribution of amplitude for the sea-surface elevation at iteration 1, 2, 3, 4 and 8.

(i) Better results are obtained for the distribution
of mean level, compared with the approxi-
mate analytical solution (5.4). Differences
between this numerical solution and the L.W.
solution are within 2 cm.

(ii) For the second harmonic, this numerical solu-
tion fits almost perfectly with the L.W. solu-
tion. It should be noted that the agreement was
already very good with the analytical solution
..

(iii) The third harmonic solution (5.10) was quite
different from the L.W. one. The numerical
results here presented prove that these discre-
pancies were due to the simplifying approxi-
mations introduced in the analytical solution.
Distributions of amplitudes are now within 2
cm for sea-surface elevations and 1 cm/s for
velocities; the phases also fit perfectly.

7. Conclusions

In order to illustrate how much the solutions are
improved by retaining higher-order terms of the
damping friction, we have carried out several simu-
lations in the same channel as before (H =50m, L
= 495 km) for a fundamental wave of period T =
12 h 25 min, using five different models. The first
one corresponds to the numerical solution obtained
with a Lax-Wendroff scheme, and is taken as a
check. The four other models are perturbation solu-
tions limited to the second-order of approximation,
including (2) quadratic bottom friction introduced
at the 2nd order of approximation, (3) linear
bottom friction, (4) linearized bottom friction
(cf. Section 5), (5) quasi-linearized bottom friction
(cf. Section 6).

The amplitude of the sea-surface elevation ob-
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Fig. 9. Distribution of amplitude for the velocity at iteration 1, 2, 3,4 and 8.
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Fig. 10. Convergence at the iterative method of in-
tegration of (6.5) for the fundamental. Full line: velocity;
dashed line: sea-surface elevation; points: at the mouth of
the channel; crosses: at the middle of the channel; circles:
at the end of the channel; for iteration 1 to 8.
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tained by these methods at the entrance, the middle
and end of the channel are presented in Table 3.
The simulations have been done for several inten-
sities of the fundamental oscillation in order to
characterize how the degree of improvement of the
different methods depends upon the size of the
amplitude A of the movement.

For small wave amplitude (4 = 0.00452,i.e. 4 =
0.1 m/s, { ~ 40 cm, /A ~ 0.8/100), methods (2),
(4) and (5) give correct results. The intensity of the
movement is low enough, so that damping effects
of friction appear to be really second-order correc-
tions. On the other hand, method (3) gives rather
bad results because of the too large value of the
linear bottom friction coefficient used (A = 1.14),
which corresponds in fact only to oscillating move-
ments of the order of magnitude of 1 m/s. We
notice also that for such wave intensities nonlinear
harmonic components are very small.

For larger wave amplitudes (4 = 0.01355,i.e. 4
= 0.3 m/s, T ~ 140 cm, /A ~ 2/100), the discre-
pancies for methods (2) and (3) are of the order of
109% for the fundamental oscillation, and 50% for
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Table 3. Amplitude in cm of the different spectral components for the sea-surface elevation in a channel of
constant depth (50 m) calculated from the Lax-Wendroff numerical solution (col. 1), and from

perturbation solutions up to the second order of

approximation under the following assumptions:

quadratic bottom friction introduced at the second-order approximation (col. 2); linear bottom friction
(col. 3); linearized bottom friction (cf. Section 5 (col. 4)); quasi-linear bottom friction (cf. Section 6

(col. 5))
A =0.1m/s (4 =0.00452) A=0.3m/s (4 =0.01355) A=0.5m/s (4 =0.02258)
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5
aq x=0 414 40.7 32.2 41.6 41.5 110.1 958 96.6 110.7 110.3 168.5 115.6 161.1 171.1 169.2
x=L/2 18 22 65 18 18 126 19.5 195 124 126 284 540 327 275 282
x=L 41.4 40.7 29.3 41.5 414 1084 95.8 88.0 1079 108.6 162.5 115.6 146.7 1618 1629
a4, x=0 01 01 01 01 0.1 06 05 0.6 0.6 0.6 1.7 1.3 1.7 1.7 1.7
x=L/2 00 00 01 00 00 0.2 00 0.6 02 0.1 14 00 1.7 1.2 1.0
x=L 01 01 01 0.1 0.1 07 05 L1 08 07 22 1.3 30 26 23
a4, x=0 04 05 03 04 04 2.1 43 24 20 21 41 121 6.8 38 4.2
x=L/2 04 05 05 04 04 28 43 4.1 2.7 2.8 6.3 121 115 6.1 6.5
x=L 04 05 05 04 04 30 43 46 29 30 7.0 121 129 68 1.2
a, x=0 02 02 00 0.1 0.1 10 1.6 00 07 09 22 44 00 1.4 1.8
x=L/2 01 01 00 01 0.l 04 08 00 03 03 07 21 00 05 06
x=1L 02 02 00 02 02 1.7 1.6 00 1.2 1.6 46 44 00 29 4.2

the first harmonic. On the other hand, methods (4)
and (5) fit very well with solution (1).

With increasing wave amplitudes (4 = 0.02258,
ie.d =0.5m/s, T~ 170 cm, T/ H ~ 3/100), solu-
tion (2) appears to be less and less significant,
either for the fundamental or the harmonic compo-
nents; method (3) gives rather good values for the
fundamental wave, but it is not able to represent
correctly the order of magnitude for the harmonic
components (1lst harmonic too big, no 2nd har-
monic). On the other hand, methods (4) and (5)
continue to give very good solutions, except for
method (4) for the 2nd harmonic, as was already
noted in the preceding sections.

We can conclude consequently that the method
proposed in this paper is well adapted for tidal-
wave computations in channels. The method used
to introduce quadratic bottom friction in the pertur-
bation theory is successful from two points of view.
Firstly, the separation of the main damping effects
of bottom stress from its role in generating har-
monics, and the introduction of the damping terms
of higher order in the perturbation systems des-
cribing the propagation of each component appear
to be essential to the success of the method.
Secondly, the integration of the perturbation

systems corresponding to the generating role of
harmonics played by friction allows one to calcu-
late odd harmonics that can reach nonnegligible
amplitudes in shallow-water areas.

This method can be particularly useful for the
understanding of the nonlinear process observed in
the European seas where tidal waves reach ampli-
tudes of several meters. At a rough approximation,
the English Channel can be modelled by a rectan-
gular channel of constant depth (50 m), 500 km
long, closed at one end, and connected to the ocean
at the other end. The amplitudes of the waves pre-
sented in Figs. 1 to 7 correspond to the order of
magnitude of the real tidal components observed in
situ: 3 m for the basic component M,, with velo-
cities of 1 m/s, 15 to 20 cm for the first harmonic
component M,, and 10 to 14 cm for the second one
M. These results illustrate how well adapted our
model is to represent real situations. For the
moment, the method is limited by the hypothesis of
a “dominant wave”, but an extension to a situation
with two dominant constituents is under investi-
gation and will be applied to the case where diurnal
and semi-diurnal tidal components are of the same
order.
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HEJIMHEMHBIE MPWIMBHLIE BOJIHBI B KAHAJIAX: METO/l BO3MVIIEHUN
VUYUTBIBAIOIIUI KBAAPATUYHOE TPEHUE O OHO

TpeHue O OHO HMIpaeT BAXHYIO POb B pacnpoct-
paHEHAM M 3aTYXaHMH ANHHHBIX BOJH B MENKOH
soge. IlpeacraBned MeTOd BO3MYLIEHHMI, XOpOUIO
npHcnocObIeHHBIN K YYeTy HampmXeHWl Ha IHe,
KOTOPHIHl MPHMEHAETCA K KaHalaM C MOCTOSIHHBIMH
CpeNHHMH I'TyOMHaMM U CpeAHel IOAbIo nonepe-
YHOro ceveHus. OCHOBHAs HICA METOAa NMOABIACTCA
MpH PAa3IOKEHHH KBAaAPATHYHOIO TpeHHs B psll
dypre oo Tpervero mpubnuxenus. M3 sroro pain-
XEHMA BO3HMKAeT KBa3WiMHeapu3auua 3¢ddexra
3aTYXaHHUA H3-32 HANPsAXEHHsA HA JHE, YTO O3BOJNAET
BBeCTH 3deKThl 3aTyXaHMsi B CHCTEMY II€PBOIO
NOpAAKa, OnpeAenas I1aBHYI0O KOMIIOHEHTY COEKTpa,
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H y4YeCThb OCHOBHYIO YaCTh 4JIEHOB 3aTyXaHHMs TpeT-
bEro MOPAAKA NMPH BBIYHUCICHUM TapMOHMK BTOPOTO
nopanka. Y3 3Toro pasioxeHHs Takxke yCTaHaBIHBa-~
eTcA TreHepupyloluee JEHCTBHe TapMOHHK M3-3a
TpeHUst, YTO YYHTHIBAETCS B MPUGIHXKEHHH BTOPOTO
MOPANKA. AHANMTH-YECKHE H AHANMTHYECKH-4HCIIE-
HHblE PEILEHHA NPEACTaBICHbl X CPABHEHBI ¢ YHCI/IEH-
HBIMM DEIUCHUSMH MONHBIX HENMMHEUHBIX ypaBHeHHH,
MOJYYEHHBIMH C NIOMOILBIO HHTEIPHPOBAHUSA KOHEYHO~
Pa3sHOCTHRIX cHcTeM MetogoM Jlakca Benapodda.
DTO CpaBHEHME NOKa3biBacT, YTO AHAJIHTHYECKHE
pelleHHs, OrpaHHYeHHbIE BTOPBIM NPHONHXEHHEM,
OYeHb XOPOLIO COTNacyloTCs C YHCIICHHBIMU,



