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ABSTRACT

Earlier investigations of internal solitary waves in stable, stratified shear flows are generalized on
the hypothesis that cubic and quadratic nonlinearity may be of comparable significance—or,
equivalently, that 8 = O(a?), where ¢ = a/h < | and 8 = (h/l)* < 1 for a wave of amplitude a
(which may be positive or negative) and length / in a fluid of depth k. An infinite, discrete set of
internal solitary waves is possible for prescribed density and horizontal velocity in the primary
flow, and to each of these modes there corresponds a relation § = f(a), 0 < lal < la,!. Cubic
nonlinearity is significant vis-d-vis quadratic nonlinearity if and only if &, = O(«), and Ala, | then
appears as a maximum achievable amplitude. The limit &, - O (which corresponds to a critical
combination of the basic flow parameters) implies a » 0 and / — oo if the mass carried by the
wave is fixed.

The corresponding generalization of the Korteweg—deVries (KdV) equation also is determined
and transformed to the normal KdV equation, by virtue of which it admits an infinite number of

integral invariants and can be solved by inverse-scattering theory.

1. Introduction

Solitary waves in shallow, stratified fluids are
considered by Keulegan (1953), Long (1956,
1965), Peters and Stoker (1960), Benjamin (1966),
Benney (1966), Leonov and Miropol’skiy (1975),
Kakutani and Yamasaki (1978) and Weidman
(1978). Benjamin, Benney and Long (1956) also
allow for shear [see also Ter-Krikorov (1962,
1963) and Freeman and Johnson (1970)).
Keulegan (1953), Long (1956) and Kakutani and
Yamasaki (1978) consider only two-layer models,
whilst the other papers consider continuous
stratification. All but Long (1956) and Kakutani
and Yamasaki (1978) include only quadratic
nonlinearity and find, either explicitly or implicitly,
that its effects on solitary waves may vanish for
certain critical combinations of the model
parameters. [Lee and Beardsley (1974) include
cubic nonlinearity in an analysis of internal waves
in a weakly stratified shear flow and obtain a
generalized Korteweg—deVries equation that is
essentially equivalent to (5.2) below. However, they
do not deal explicitly with solitary waves.]
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Let a and ! be a characteristic amplitude and
wavelength and let 4 be the depth of the fluid; then

a=alh, B= /13 (l.1a,b)

both of which are assumed to be small in the
present context, are measures of amplitude and
dispersion. The prototype (Boussinesq) solitary
wave,

Y =al{sech?{ + O(a)}, &= (X +cT)/l, (1.2a,b)

propagates on the free surface of a homogeneous
liquid with the speed and length determined (for
prescribed amplitude) by

A =ct/gh=1+a+ 0(a?) (1.3)
and
B=ta+ O(a¥), (1.4

where X and Y are Cartesian coordinates in a
fixed reference frame, T is the time, ¢ is the wave
speed in the negative-X direction, and . # is the
square of the Froude number. In this classical
example « is an appropriate measure of non-
linearity, and (1.4) reflects the Boussinesq balance
between nonlinearity and dispersion.
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The simplest model that supports an internal
solitary wave is a two-layer liquid with a small dis-
continuity in density. Let £k and (1 —#4)k, 0 < 4 <
1, be the depths of the lower and upper layers and
po and p,(1 — &), 0 < & < 1, the corresponding
densities. The resulting internal solitary wave
(Keulegan, 1953) is approximately independent of
whether the upper boundary is rigid or free, and the
interfacial displacement is described by (1.2) with

sgn @ = sgn(3—4), (L.5)

F o= €el4(1 —4) + a(l — 24) + O(@d)} +
0(e?) (1.6)

and
AU L -4)PF=33—4)a+ O(L, ag) (1.7

and is a surface of elevation/depression for 4 § 4.
The appropriate measure of (quadratic) non-
linearity in this example is (4 — 4 )a, rather than
simply «, and vanishes for Z = 4. Long (1956) finds
that cubic nonlinearity restricts the maximum
amplitude of such an interfacial solitary wave
according to |al < Iy |, where (for € < 1)

@ = A1 — B - AF + 1 —4P1, (1.8)

but he does not comment on this possibility in
dealing with internal waves in a continuously
stratified fluid (Long, 1965).

I consider here the effects of cubic nonlinearity,
in that parametric régime in which they are
comparable with those of quadratic nonlinearity,
on a solitary wave in a continuously stratified,
incompressible shear flow (which comprises the
two-layer model as a limiting case). The flow is
steady in a reference frame moving with the wave
speed ¢ and is governed by a nonlinear partial
differential equation that is commonly known as
Long’s equation [Long (1953); it appears to have
been derived originally by Dubreil-Jacotin (1937)].
This equation may be derived from a variational
integral (Long, 1953), which I choose as the basis
of the present analysis (see Section 2). The required
solution then may be expanded in powers of a and
B, qua independent parameters, and the governing
perturbation equations may be deduced directly
from the variational integral, after which the
requirements of consistency determine § = f(a). A
particular advantage of this procedure [due essen-
tially to Benjamin (1966)] is that the dominant per-
turbation equations for the solitary wave follow
directly from the first approximation, whereas they
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appear only in the third approximation if the
perturbation solution is based on Long’s equation.
Moreover, both quadratic and cubic nonlinearity
may be incorporated in this first approximation,
even though cubic nonlinearity proves to be
significant if and only if 8 = O(a?).

I develop this first variational approximation (in
Section 3) in the form § = ad(&)¢,(n), where: hd is
the vertical displacement of the streamline that
originates at X = —~woand Y = hp; &= (X +
cT)/1, as in (1.2); A(&) satisfies a first-order, non-
linear differential equation in which the coefficients
are functionals of @,(n); ¢, is the solution of a linear
eigenvalue problem for a certain critical value, c,,
of the wave speed (only the dominant internal
mode, ¢ = ¢,, where ¢, > ¢, > ..., is likely to
correspond to a physically significant internal
solitary wave; the subscript zero is reserved for the
free-surface mode, if any, for which ¢, > ¢,). The
eigenvalue problem is essentially identical with that
which appears in the formulations of Benjamin
(1966) and Benney (1966), whilst the differential
equation for A4(£) reduces to that derived by
Benjamin if cubic nonlinearity is neglected. I find
that solutions for A(¢), subject to the hypothesis
A(—o0) = 0, are possible if and only if lal < Ia,l,
where a,, which is explicitly determined by ¢,(#), is
a measure of the importance of quadratic relative
to cubic nonlinearity and may vanish for certain
critical configurations; e.g. a; is given by (1.8) for
Keulegan’s two-layer model. A($) reduces to
sech’*¢ if la,! > lal; it is qualitatively similar to
sech? {, but falls away less sharply from the peak, if
a, = O(a); it tends to the plateau 4 = l as @, -
(where a is prescribed). An isolated solution, 4 =
#(1 + tanh{), is possible for @ = a, but implies
infinite perturbations of mass and energy and there-
fore is of limited physical significance.

These last results may be placed in somewhat
clearer perspective by prescribing the mass M
associated with, rather than the amplitude of, the
wave. The limit @, - athen corresponds to the limit
M - o, whilst the limit a, - 0 for fixed M implies
a—~0and/ - oo

I apply the preceding results to a weakly
stratified fluid and determine the corresponding
generalizations of (1.6)-(1.8) in Section 4. The end
results are sensitive to details of the density profile,
as anticipated by Long’s (1965) and Benjamin’s
(1966) comments on the failure of the Boussinesq
approximation in the present context. My results
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for a linear profile disagree with those obtained by
Weidman (1978). [Dr Weidman (personal com-
munication) informs me that his 1978 results are in
error and that his corrected results agree with those
presented here.]

The incorporation of cubic nonlinearity also is of
interest in the more general context of Korteweg—
deVries (KdV) theory. The required generalization
may be obtained by carrying Benney's (1966)
formulation through to higher order, and I merely
state (in Section 5) the resulting evolution equation.
This generalized KdV equation may be reduced to
the basic KdV equation through a transformation
that was used originally by Gardner (Gardner et
al., 1974) to prove the existence of an infinite
number of integral invariants for the KdV equation.
It follows that the present generalized KdV
equation also admits an infinite number of integral
invariants and that it may be solved by inverse-
scattering theory.

2. Variational formulation

Following Long (1953, 1965) and Benjamin
(1966), I consider a wave of permanent form
moving upstream with speed ¢ in an in-
compressible, inviscid, stratified shear flow of
quiescent depth A, density p(n) and primary
velocity U(#) with a rigid lower boundary, n = 0,
and an upper boundary, n = 1, that is either rigid or
free; stability of this primary flow is ensured by the
restrictions —ghp'/p > $U’* and U’ > O (unless U
= 0), where, here and subsequently, ' = d/dn. The
complete (primary plus wave-induced) flow is
steady in a reference frame moving with the speed ¢
and may be described by!

y=n+6(x,n), Q.1

where x, # and ¢ are dimensionless, with % as the
unit of length, and hd is the displacement of the
streamline that originates at x = —oo and y = 5 (so
that § = 0 at x = —o0). The local velocity in the
moving reference frame then is given by

q=[u,v]=(U + o)1 +8,)'1,8,], (2.2)

where the subscripts imply partial differentiation.

!'The coordinates x and # are not orthogonal. It is
possible to write x = x( #) and y = n + &(& #) and
choose x; and x, such that { and 5 are orthogonal;
however, the resulting formulation is more complicated
than that considered here.
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Density and stagnation pressure are conserved
along streamlines, so that p = p(#) and the local
gauge pressure p is determined by

P+10q* + Ry=P +3Q + Ry, 2.3)
where
Q(m = p(U +c)’, R(y) = pgh=—P'(n), (2.4a,b)

and P’ = —R follows from hydrostatic equilibrium.

The nonlinear partial differential equation
satisfied by 4,
o o, + 382 — 182
o2 ) 4|t BRI s,
1+4,], (1+4,)? "

(2.5

may be deduced from the variational integral (cf.
Long 1953)

L:f_ dxfo {(p+pg*)y,— (P+Qldn (2.6a)

) Jd %+ 9, 00, | dn (2.6b)
_Jioodx 0 10 l+5n — Roo, [ an (2
[(2.6b) follows from (2.6a) through (2.1)—(2.4) and
P§ = 0 at 5 =0, 1] in conjunction with the natural

boundary conditions
5 (6, + 48, — 160
(1+6,)?
which are satisfied at either rigid (6 = 0) or free
(p = P = 0) boundaries. It follows from (2.6),
through Noether’s theorem and the invariance of

the Lagrangian density under a translation of x,
that Benjamin’s (1966) ‘flow-force’ integral

- Ré} =0 (7=0,1),(2.7)

I= f {(p+ pud)y, — (P + Q)} dn (2.8)

:fl 10 5% pss dn=0  (2.8b)
o|? 1+6 K

n

is an invariant of the flow (/A = § — §; in
Benjamin’s notation). Alternatively, (2.8b) may be

! This is equivalent to (what is commonly known as)
Long’s equation, which expresses the conservation of
V2 y + p(dp~'/dy) along streamlines, where w = y(#) is
the stream function and U = —dy/dn. 1t is not required
for the subsequent analysis, which is based on (2.8) or,
less directly, on (2.6).
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derived by multiplying (2.5) through by J, and inte-
grating over 0 < n < 1 and indefinitely with respect
to x from —co.

3. Solitary waves

Following Benjamin (1966), I seek an approx-
imate solution for a solitary wave in the form

d=adQ¢m, &=pYx, (3.1a,b)

where: a and B are the amplitude and dispersion
parameters [see (1.1)]; ¢ = ¢, is determined by

(@,¢)Y —R¢=0 (0O<n<]), 3.2)

$=0 (n=0), Q¢ —Rp=0 (n=1)
(3.3a,b)

and

Prnax = 1 (3.4)

wherein Q, = p(U + ¢,) c,, the “critical speed”, is
the eigenvalue, and % = 0/1 for a rigid/free upper
boundary. The substitution of (3.1) into (2.8b)
followed by the expansion of the integrand in
powers of a and f on the hypothesis that ¢ =
c, i1 + O(f)} yields

(dA/d§)? = (B{Q, #* ) {(@ — Q)¢
- a<Qn ¢'3 >A +d <Qn ¢" >A2}AZE AZF(A)a
' (3.5)

where O(ap, o®) is neglected within {}, and ()
implies averaging over n—e.g.

(Qu#*) =100, # dn.

The A* term in (3.5), which is neglected in the
first approximations of Benney (1966), Benjamin
(1966) and Long (1965), is significant if and only if
B = O(a®) or, equivalently, (@, ¢*) = O(a).
[Benjamin (1966) recognizes the possibility that the
A* term might be significant if (Q, ¢’ > = O(a) but
then decides, on the basis of an argument that is
not developed in detail but which appears to be
flawed by the a priori assumption that § = o, that
the difficulty is only apparent.] That this integral
may be small for internal waves if both the
stratification and shear are weak is evident from the
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identity (wherein Q = Q,)

(Q¢*) = (IR —§R(Q'/Q) + }(Q"/Q%)
-4Q'Q"/Q) +1Q"1#) + FI(RYQ)
+4R(Q'/Q) 3R + Q'Y Q) —1Q"1F) _,,

3.6)

which may be derived through integration by parts
with the aid of (3.2) and (3.3).

Real, bounded solutions of (3.5), subject to the
null hypothesis (which rules out cnoidal waves)

A-0 ({-—w), 3.7

exist if and only if F(0) > 0 and the zeros of F(A),
say A, and 4,, A, < A,, are real. I proceed on the
hypothesis that these conditions are satisfied and
choose @ and fsuch that 4, = 1 and F(0) = 4 (this
scaling simplifies the subsequent results) or,
equivalently,

B=KQ,#) (KQ,¢°)—aQ,¢*)) (3.8
and
(Q—Q)¢7%) =4B(Q, ), (3.9)

the latter of which determines c. It then follows that
A, and A4, are real, as assumed, if and only if

0<B<ph,
(3.10a,b,c)

sgna=sgna, 0<lal <lg,l,

where

@ =K@, ¢')7(Qu 9",
B =%{Qu $")(Qu #'*)7<Q, ¢*)"  (3.11a)

If la,| > lal (lal < 1is implicit) the O(a?)terms
in (3.5) and (3.8) are negligible, and the solution of
(3.5) and (3.7) then is given by

A=sech’¢ (la,l > lal), (3.12)

which is identical in form with the Boussinesq
solitary wave and corresponds to the solutions
obtained by Benjamin (1966), Benney (1966) and
Long (1965).

If ¢, = O(a), which implies la,| < 1, it is
expedient to introduce the parameter # such that

a/a,=2u/(1 + p), B/B,=4u/(1 + p)?

O<u<ly ¢ (3.13a,b)
(3.5) then reduces to
(dA/dE? = 4421 — A)1 — uAd), 3.14)
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the only bounded solution of which, subject to
(3.7), is given by either

A=(cosh?&— usinh2&)~! (O<u<l) (3.15
or
A=4( +tanh &) (u=1). (3.16)

The solution (3.15) is symmetrical about ¢ = 0 and
qualitatively similar in form to the Boussinesq
solitary wave (3.12). The solution (3.16), which
corresponds to the critical case of equal zeros of
F(A), is anti-symmetrical with respect to 4 = } and
implies an internal wave of infinite mass and
energy, in consequence of which it cannot represent
a uniformly valid solution to a real physical
problem; however, it might represent an inner
approximation to such a solution.!

It follows from (3.1), (3.4) and (3.13) that Ia,|h
is an upper bound to the amplitude of an internal
solitary wave (within the present approximations).
This limitation appears in somewhat clearer
perspective if u is regarded as a measure of the
mass associated with the wave, MAh? per unit span,
where

M=% dx o p(, — V) dn =" dx opddn

(3.17a)

=af(pp' ) [7, A d¢ (3.17b)

and (3.17b) follows from (3.17a) through (3.1). It
then follows from (3.13) and (3.15) that

# = tanh? {({Q, ¢"* >/ Q, #* )" (M/{p¢' )}
(3.18)

and hence that 4 increases monotonically with | M|
and that u 1 | only for IM| 1 co.

4. Weakly stratified fluid

It suffices for most applications to assume that
the scale of the density variation is large compared
with A, such that the density admits the expansion

P=Po Z (r,,/n!)(sr])", ry=—1, EE—p{,/po

m=0

(4.1a,b,c)

! The equivalents of (3.15) and (3.16) for a two-layer
model are given by Kakutani and Yamasaki (1978).
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If, in addition, shear is neglected (U = 0), the
solution of (3.2)—(3.4) may be expanded in powers
of e to obtain

g,= () "Usin(o, m) + el + r)(n—1 + 4n7Y)

sin(g, n) + (1 — ry)a, n* cos (o, )}

+ 0D (n=12,..) 4.2)
and
o2=ggh/ct = (nn)*{1 + e(r, — 1)}

+ 287 + 0(€Y) 4.3)

for the internal modes (n = 1, 2, ...; the surface
mode, n = 0, is essentially unaffected by
stratification if € < 1). Note that r, = 1/0 for the
exponential/linear profile p, exp (—en)/py(1 — en).

The substitution of (4.2) and (4.3) into (3.8),
(3.9) and (3.11) yields

B=innacl — 3(3nn)* a?, 4.4
(c/e,—1=(@nm2p 4.5)
and

a,=4(nm3el, (4.6)
where

I = (enmpy) =" (p¢'*) (4.7a)

==+ (& p)'nn{(Gp" —4p7' p')¢), (4.7b)
== + 4l + (=) @Er,—- 1)
+ (&/36)(—15 + 13r, + 20r2 + 16r;), (4.7¢)

error factors of 1 + O(g) are implicit for each of the
terms on the right-hand sides of (4.4)-(4.7), and
(4.7b) follows from (4.7a) with the aid of (3.6). The
O(€) term in (4.7c) is significant if and only if n is
even and the upper boundary is rigid (. = 0), in
which case it implies a, = O(&?).

It is evident from (4.6) and (4.7) that sgn a, is
rather sensitive to the upper boundary condition
and the details of the density profile. This is
illustrated by the following comparison between
exponential and linear profiles:

p/py= exp (—&n) 1 —en
7 =0 1 01 (4.8)
sgna, =+ — - =
These results agree with those cited by Weidman
(1978) for an exponential profile, after allowing for
an opposite (in sign) normalization for »n even, but
not for a linear profile,
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5. Evolution equation

The preceding analysis rests on the assumption
of steady flow. The -corresponding evolution
equation for unsteady flow may be obtained from
Benney’s (1966) general formulation by invoking
the hypothesis that cubic and quadratic non-
linearity are of comparable significance. The
resulting first approximation, normalized as in
Section 3, has the form

6= ax/ (& Dg(n),
T = Wgh)2 T/l

E=(X +¢, T,
(5.1a,b,c)

where X is the dimensional horizontal coordinate
in the fixed reference frame, T is the dimensional
time, £ and 7 are dimensionless, stretched variables
in a reference frame moving with the speed c,
(rather than ¢), y = O(f), & satisfies

29(Qu R ¢ ) A, = 3a(Q, ¢ ) S 4,

— 602 (Q, ¢*) A A+ BLQu ) Ay (5.2)
and ¢ and @, are determined by (3.2)-(3.4). The
O(a® term is significant, vis-d-vis the remaining
terms, if and only if (Q, ¢"*>/{Q, ¢'*) = O(a). [1t
is worth noting that (5.2) also may be derived by
differentiating (3.6) with respect to & dividing
by dA/d& differentiating again, and interpreting
(¢ — ¢ )d/dE) as y(gh)V*(9/0r) in a reference
frame moving with the speed c,.]
Equation (5.2) reduces to

A, = 2| A =2, AV + Sy, (5.3)

through the choice
?=16Q, #* ){(Q, R)"?¢'* )~

and the introduction of

#,=4a/BK Q. ) (2n ¢
%2 = *(az/ﬂ)<Qn ¢2 >_I<Qn ¢,‘>‘

#Z, and Z, are measures of quadratic and cubic
nonlinearity, respectively, relative to dispersion; 7,
reduces to Ursell’s parameter, 3al*/4h% for a
homogeneous, quiescent fluid, for which Q, = pc?
= constant and ¢ = n. Equation (5.3) reduces to the
Korteweg—deVries (KdV) equation if Z, - 0 with
#, = 0O(1) and to the modified Korteweg—deVries

5.4)

(5.5a,b)
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(mKdV) equation if , = 0 with Z, = O(1). Z, =
2and #,=1fora=a,and f=B,.

The scales a and / presumably are inherent in the
initial data for any particular problem; however,
(5.3) reduces to the normal form

A, =65 (1 — ) + oy (5.6)

through the choices @ = a, and f = 48, or,
equivalently, ', = 4 and #, = § (but note that these
choices imply @ - 0 and ! - oo for (@, ¢'*) - 0).
Finally, (5.6) reduces to the normalized KdV
equation

B, =688, + By (5.1
through the transformation
B=A(1 =)+ 54, (5.8)

which was originally introduced by Gardner
(Gardner et al., 1974) to prove that the KdV
equation admits an infinite number of integral
invariants. It follows from (5.8) that (5.6) also
admits an infinite number of integral invariants and
that it may be solved through inverse-scattering
theory (see Appendix).

6. Appendix

The evolution equation (5.6) falls in the general
category considered by Ablowitz et al. (1974).
Choosing ay=a,=a,=0,a,=4i,
q=oty r=st—1, x=¢& (A1)
in their (2.7) yields (5.6). Substituting (A1) into
their (2.1) yields the eigenvalue problem

t=1

Vi + iuy= A0y Uy — iy = (& — Doy,

(A2a,b)
which provides the basis for the inverse-scattering
solution of (5.6).
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O YVEAWHEHHBIX BHYTPEHHUX BOJIHAX

[IpoBeneHHblE paHee HMCCAEAOBAHKA BHYTPEHHHX
YEOWHEHHBIX BOJIH B YCTOWMMBOM CTpaTH(uun-
POBaHHOM IIOTOKE CO COBHIoM 00OGIAIOTCs HA TOT
cinyyal, xoraa ponH KyGH4YeckoH M XBaapaTHYHOM
HeNMAHENHOCTEH CPABHHUMBI MO 3HAYMEHHIO, WIH, YTO
3KBMBAJIEHTHO, Korma f = O(a?), roe a=alh< 1, n
B=(h/1)* <1, nna BosmHBl ¢ amMnMTYAOK a (KOTO-
pas MoXeT OBITh KaK OTPHUATENLHOM, TaK H IO-
JIOXHTEIBbHOHR), ANUHON ! B XUOKOCTH ¢ IITyOMHO# A,
Jiis 3amaHHOM MIOTHOCTH M TOPH3OHTAJILHOM
CKOPOCTH NEPBHYHOIO MOTOKA BO3MOXHO CyILECT-
BOBaHMe OeCKOHEYHOro OHCKpeTHoro Habopa yenu-
HEHHBIX BOJIH, H KaXJIOH H3 3THX MOJ COOTBETCTBYET

cootHoweHue B = f(a), 0 < |a] < |an. Kybuueckas
HEJIMHEHHOCTD CYLUECTBEHHA HapsAdy ¢ KBaaApaTHYHOH
TOrga H TONBKO TOrga, koraa o, = O(x), u hja,|
MPOSIBIIAETCA KaK MAKCHMAJIbHO JOCTHXHMAas aMILIH-
TyAa. Ilpemen «, -0 (4TO COOTBETCTBYET KpPH-
THYECKO# KOMOMHALMM OCHOBHBIX NapaMeTpPOB MO-
TOKa) O3Ha4aeT, 4T0 g — 0, ¥ | — «, €ClIH NepeHoC
MAcChl BOJTHOH MOCTOSIHEH.

Honyyeno o6o6menHoe ypaBuenue Kopresera-age
®pusa, (KaB), xoropoe IpMBOAHTCA K OOBIMHOMY
ypaBheHnio KaB; ono momyckaeTr GeckoHeyHOE YHCIIO
3aKOHOB COXPAHEHHA H MOXeET OBITh PellleHO METOAOM
o0paTHOM 3axa4¥ TEOPHH PACCEAHMSA.
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