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ABSTRACT 
Earlier investigations of internal solitary waves in stable, stratified shear flows are generalized on 
the hypothesis that cubic and quadratic nonlinearity may be of comparable significance-or, 
equivalently, that p = 0(u2), where u = u/h < 1 and = (h/1)2 < 1 for a wave of amplitude a 
(which may be positive or negative) and length I in a fluid of depth h. An infinite, discrete set of 
internal solitary waves is possible for prescribed density and horizontal velocity in the primary 
flow, and to each of these modes there corresponds a relation p = p(d), 0 < lul < laal. Cubic 
nonlinearity is significant vis-a-vis quadratic nonlinearity if and only if a,, = O(a), and hlu,, I then 
appears as a maximum achievable amplitude. The limit a, + 0 (which corresponds to a critical 
combination of the basic flow parameters) implies u + 0 and 1 + co if the mass carried by the 
wave is fixed. 

The corresponding generalization of the Korteweg-deVries (KdV) equation also is determined 
and transformed to the normal KdV equation, by virtue of which it admits an infinite number of 
integral invariants and can be solved by inverse-scattering theory. 

1. Introduction 

Solitary waves in shallow, stratified fluids are 
considered by Keulegan (1953), Long (1956, 
1965), Peters and Stoker (1960), Benjamin (1966), 
Benney (1966), Leonov and Miropol'skiy (1979, 
Kakutani and Yamasaki (1978) and Weidman 
(1978). Benjamin, Benney and Long (1956) also 
allow for shear [see also Ter-Krikorov (1962, 
1963) and Freeman and Johnson (1970)l. 
Keulegan (1953), Long (1956) and Kakutani and 
Yamasaki (1978) consider only two-layer models, 
whilst the other papers consider continuous 
stratification. All but Long (1956) and Kakutani 
and Yamasaki (1978) include only quadratic 
nonlinearity and find, either explicitly or implicitly, 
that its effects on solitary waves may vanish for 
certain critical combinations of the model 
parameters. [Lee and Beardsley (1974) include 
cubic nonlinearity in an analysis of internal waves 
in a weakly stratified shear flow and obtain a 
generalized Korteweg-deVries equation that is 
essentially equivalent to (5.2) below. However, they 
do not deal explicitly with solitary waves.] 

Let a and I be a characteristic amplitude and 
wavelength and let h be the depth of the fluid; then 

a = a/h, /l= (h/1)2, (1.1 a,b) 
both of which are assumed to be small in the 
present context, are measures of amplitude and 
dispersion. The prototype (Boussinesq) solitary 
wave, 

Y=a{sech2 t'+ O(a)I, t'= ( X +  cT)/l, (1.2a,b) 

propagates on the free surface of a homogeneous 
liquid with the speed and length determined (for 
prescribed amplitude) by 

(1.3) F 3 c2/gh = I + a + O(a2) 

B = a. + O(&), 

and 

( 1.4) 
where X and Y are Cartesian coordinates in a 
fixed reference frame, T is the time, c is the wave 
speed in the negative-X direction, and .F is the 
square of the Froude number. In this classical 
example a is an appropriate measure of non- 
linearity, and (1.4) reflects the Boussinesq balance 
between nonlinearity and dispersion. 
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The simplest model that supports an internal 
solitary wave is a two-layer liquid with a small dis- 
continuity in density. Let Ah and (1 - A)h, 0 < k < 
I ,  be the depths of the lower and upper layers and 
p,, and p,(l - E), 0 < E < 1, the corresponding 
densities. The resulting internal solitary wave 
(Keulegan, 1953) is approximately independent of 
whether the upper boundary is rigid or free, and the 
interfacial displacement is described by (1.2) with 

sgn a= sgn(f-A), (1.5) 

3- = &{&(I - A )  + a(l - 2A) + O(a5)I + 
0 ( E 2 )  (1.6) 
and 

A*( 1 -A  )z/? = $(f - A  )a + O(a5, a&) (1.7) 
and is a surface of elevation/depression for A >< 4. 
The appropriate measure of (quadratic) non- 
linearity in this example is (4 - A )a, rather than 
simply a, and vanishes for A = f. Long (1956) finds 
that cubic nonlinearity restricts the maximum 
amplitude of such an interfacial solitary wave 
according to I al < I a, I ,  where (for E < 1) 
al=A(l - k ) ( f - A ) [ A 3  + (1 - A Y - l ,  (1.8) 
but he does not comment on this possibility in 
dealing with internal waves in a continuously 
stratified fluid (Long, 1965). 

I consider here the effects of cubic nonlinearity, 
in that parametric regime in which they are 
comparable with those of quadratic nonlinearity, 
on a solitary wave in a continuously stratified, 
incompressible shear flow (which comprises the 
two-layer model as a limiting case). The flow is 
steady in a reference frame moving with the wave 
speed c and is governed by a nonlinear partial 
differential equation that is commonly known as 
Long’s equation [Long (1953); it appears to have 
been derived originally by Dubreil-Jacotin (1937)l. 
This equation may be derived from a variational 
integral (Long, 1953), which I choose as the basis 
of the present analysis (see Section 2). The required 
solution then may be expanded in powers of a a n d  
8, qua independent parameters, and the governing 
perturbation equations may be deduced directly 
from the variational integral, after which the 
requirements of consistency determine /3 = /3(a). A 
particular advantage of this procedure [due essen- 
tially to Benjamin (1966)l is that the dominant per- 
turbation equations for the solitary wave follow 
directly from the first approximation, whereas they 
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appear only in the third approximation if the 
perturbation solution is based on Long’s equation. 
Moreover, both quadratic and cubic nonlinearity 
may be incorporated in this first approximation, 
even though cubic nonlinearity proves to be 
significant if and only if /3 = O(Q*). 

I develop this first variational approximation (in 
Section 3) in the form 6 = d(r)# , (q) ,  where: hd is 
the vertical displacement of the streamline that 
originates a t  X = --a) and Y = hq; r = (X + 
cT)/l,  as in (1.2); A ( r )  satisfies a first-order, non- 
linear differential equation in which the coefficients 
are functionals of #,,(q); #n is the solution of a linear 
eigenvalue problem for a certain critical value, c,, 
of the wave speed (only the dominant internal 
mode, # = #1,  where cl > c2 > ..., is likely to 
correspond to a physically significant internal 
solitary wave; the subscript zero is reserved for the 
free-surface mode, if any, for which co > c,). The 
eigenvalue problem is essentially identical with that 
which appears in the formulations of Benjamin 
(1966) and Benney (1966), whilst the differential 
equation for A ( ( )  reduces to that derived by 
Benjamin if cubic nonlinearity is neglected. I find 
that solutions for A ( 0 ,  subject to the hypothesis 
A(-co) = 0, are possible if and only if la1 5 la,,l, 
where a,, which is explicitly determined by #,(q), is 
a measure of the importance of quadratic relative 
to cubic nonlinearity and may vanish for certain 
critical configurations; e.g. a, is given by (1.8) for 
Keulegan’s two-layer model. A ( 0  reduces to 
sech2 r if la,l % lal; it is qualitatively similar to 
sechZ 5, but falls away less sharply from the peak, if 
a,, = O(a); it tends to the plateau A = 1 as a,, -* a 
(where a is prescribed). An isolated solution, A = 
$(l + tanh 0, is possible for a = a,, but implies 
infinite perturbations of mass and energy and there- 
fore is of limited physical significance. 

These last results may be placed in somewhat 
clearer perspective by prescribing the mass M 
associated with, rather than the amplitude of, the 
wave. The limit a, + athen corresponds to the limit 
M -* co, whilst the limit a,, + 0 for fixed M implies 
a -0 and 1 + 03. 

I apply the preceding results to a weakly 
stratified fluid and determine the corresponding 
generalizations of (1.6)-(1.8) in Section 4. The end 
results are sensitive to details of the density profile, 
as anticipated by Long’s (1965) and Benjamin’s 
(1966) comments on the failure of the Boussinesq 
approximation in the present context. My results 
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for a linear profile disagree with those obtained by 
Weidman (1978). [Dr Weidman (personal com- 
munication) informs me that his 1978 results are in 
error and that his corrected results agree with those 
presented here.] 

The incorporation of cubic nonlinearity also is of 
interest in the more general context of Korteweg- 
deVries (KdV) theory. The required generalization 
may be obtained by carrying Benney's (1966) 
formulation through to higher order, and I merely 
state (in Section 5) the resulting evolution equation. 
This generalized KdV equation may be reduced to 
the basic KdV equation through a transformation 
that was used originally by Gardner (Gardner et 
al., 1974) to prove the existence of an infinite 
number of integral invariants for the KdV equation. 
It follows that the present generalized KdV 
equation also admits an infinite number of integral 
invariants and that it may be solved by inverse- 
scattering theory. 

2. Variational formulation 
Following Long (1953, 1965) and Benjamin 

(1966), I consider a wave of permanent form 
moving upstream with speed c in an in- 
compressible, inviscid, stratified shear flow of 
quiescent depth h, density p(q) and primary 
velocity U(q)  with a rigid lower boundary, q = 0, 
and an upper boundary, q = 1, that is either rigid or 
free; stability of this primary flow is ensured by the 
restrictions -ghp'lp 2 SUt2 and U' > 0 (unless U 
= 0), where, here and subsequently, ' = dldq. The 
complete (primary plus wave-induced) flow is 
steady in a reference frame moving with the speed c 
and may be described by' 

Y = v + &x, v), (2.1) 
where x, q and 6 are dimensionless, with h as the 
unit of length, and hS is the displacement of the 
streamline that originates at x = -a and y = q (so 
that 6 = 0 at x = -a). The local velocity in the 
moving reference frame then is given by 

(2.2) q = [u, ul = (U + c)(l + 6,)-' [ I ,  41, 
where the subscripts imply partial differentiation. 

'The coordinates x and q are not orthogonal. It is 
possible to write x = x ( &  q) and y = q + S(5, q) and 
choose xI and x,  such that and I] are orthogonal; 
however, the resulting formulation is more complicated 
than that considered here. 

Density and stagnation pressure are conserved 
along streamlines, so that p = p(q) and the local 
gauge pressure p is determined by 

p + f p q 2 +  R y = P + t Q + R q ,  (2.3) 
where 

Q(v)  = P(U + c)', R ( v )  = pgh = -P'(q), (2.4a,b) 

and P' = -R follows from hydrostatic equilibrium. 
The nonlinear partial differential equation 

satisfied by 6, 

(2.5)' 

may be deduced from the variational integral (cf. 
Long 1953) 

[(2.6b) follows from (2.6a) through (2. l t (2 .4)  and 
P6 = 0 at q = 0, 11 in conjunction with the natural 
boundary conditions 

which are satisfied at either rigid (6 = 0) or free 
( p  = P = 0) boundaries. It follows from (2.6), 
through Noether's theorem and the invariance of 
the Lagrangian density under a translation of x, 
that Benjamin's (1966) 'flow-force' integral 

+ pu2)y,, - ( P  + Q)) dq (2.8a) 

is an invariant of the flow (Zh = S - So in 
Benjamin's notation). Alternatively, (2.8b) may be 

This is equivalent to (what is commonly known as) 
Long's equation, which expresses the conservation of 
Vz y + p(&-' /ay) along streamlines, where y = y(q) is 
the stream function and U = -dy/dq. It is not required 
for the subsequent analysis, which is based on (2.8) or, 
less directly, on (2.6). 

Tellus 3 1 (1979), 5 



ON INTERNAL SOLITARY WAVES 459 

derived by multiplying (2.5) through by 8, and inte- 
grating over 0 < q < 1 and indefinitely with respect 
to x from -a. 

3. Solitary waves 

Following Benjamin (1966), I seek an approx- 
imate solution for a solitary wave in the form 

8 = (OKq), e = p x ,  (3.1 a,b) 

where: a and B are the amplitude and dispersion 
parameters [see (1.111; # = #,,is determined by 

(Q, ,# ’Y-R’ (=O ( O < q <  I), (3.2) 

( = O  ( q = O ) ,  Y Q , , # ‘ - R ( = O  ( q = 1 )  

(3.3a,b) 

and 

4m.x = 1, (3.4) 
wherein Q,, = p(U + c,,),, c,,, the “critical speed”, is 
the eigenvalue, and 9 = O/l for a rigidlfree upper 
boundary. The substitution of (3.1) into (2.8b) 
followed by the expansion of the integrand in 
powers of a and /3 on the hypothesis that c = 
c,,( 1 + O(p)) yields 

(&/do2 = M(Qn 4’ )I-’ {(  (Q - QJ#” ) 
- a( Q,, # I 3  ) A  + $ (Q,, 4” ) A 2  } A 2  A’ F(A) ,  

(3.5) 

where O(aP, d )  is neglected within ( 1, and ( ) 
implies averaging over -.g. 

(Qn 4’) J’i Qn 4 ’ d ~  

The A* term in (3.9, which is neglected in the 
first approximations of Benney (1966), Benjamin 
(1966) and Long (1963, is significant if and only if 
P = O ( d )  or, equivalently, (Q,, q 3 )  = O(a). 
[Benjamin (1966) recognizes the possibility that the 
A 4  term might be significant if (Q,, q 3 )  = O(a) but 
then decides, on the basis of an argument that is 
not developed in detail but which appears to be 
flawed by the a priori assumption that /3 = a, that 
the difficulty is only apparent.) That this integral 
may be small for internal waves if both the 
stratification and shear are weak is evident from the 

identity (wherein Q = Q,,) 

(Q$”) = ({fR” - fR’(Q’/Q) + 4(Qr3/Qz) 

- ) (QQ‘ ’ /Q)  + 4Q”‘If)  + iiY1((R2/Q) 

+ iR(Q‘/Q) - $R’ + $(Q2/Q) - & Q ’ I f I  -=I’ 

(3.6) 
which may be derived through integration by parts 
with the aid of (3.2) and (3.3). 

Real, bounded solutions of (3.5), subject to the 
null hypothesis (which rules out cnoidal waves) 

A + O  (<+-a), 1 (3.7) 

exist if and only if F(0)  > 0 and the zeros of F(A),  
say A,  and A,, A ,  < A,, are real. I proceed on the 
hypothesis that these conditions are satisfied and 
choose a and /3 such that A , = 1 and F(0)  = 4 (this 
scaling simplifies the subsequent results) or, 
equivalently, 

P=,(Qn #’)-‘(a(Qn q 3 )  - #”)I (3.8) 

( ( Q  - Q n W z  ) = 4P( Qn 4’ ), 
and 

(3.9) 

the latter of which determines c. It then follows that 
A ,  and A, are real, as assumed, if and only if 

s g n a = s g n q ,  O < l a l ~ l q l ,  O</?I/?,,, 

(3.lOa,b,c) 

where 

4 = HQ. t4 ) - ‘ (Qn 4” )l 
P,, = Ad Qn (T’( Q, q4 ) - I (  Q,, (’3 )’. (3.1 1 0 )  

If 16, I > I al (I aI Q 1 is implicit) the O(a2)terms 
in (3.5) and (3.8) are negligible, and the solution of 
(3.5) and (3.7) then is given by 

A = sech2 < (la,l s Id) ,  (3.12) 

which is identical in form with the Boussinesq 
solitary wave and corresponds to the solutions 
obtained by Benjamin (1966), Benney (1966) and 
Long (1965). 

If a,, = O(a), which implies la,,l << 1, it is 
expedient to introduce the parameter p such that 

a/a,, = 2p/(l + p), 81’8, = 4 ~ 4 1  + p), 

(0 < P < 1); (3.13a,b) 

(3.5) then reduces to 

(&/do2 = 4A2( 1 - A)( 1 - PA),  (3.14) 
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the only bounded solution of which, subject to 
(3.7), is given by either 

A = (cosh2 {- p sinhZ 0-l (3.15) 

or 

A = f (1  + tanh r)  (p = 1). (3.16) 

The solution (3.15) is symmetrical about = 0 and 
qualitatively similar in form to the Boussinesq 
solitary wave (3.12). The solution (3.16), which 
corresponds to the critical case of equal zeros of 
F(A) ,  is anti-symmetrical with respect to A = f and 
implies an internal wave of infinite mass and 
energy, in consequence of which it cannot represent 
a uniformly valid solution to a real physical 
problem; however, it might represent an inner 
approximation to such a solution.' 

It follows from (3.1), (3.4) and (3.13) that IaJh 
is an upper bound to the amplitude of an internal 
solitary wave (within the present approximations). 
This limitation appears in somewhat clearer 
perspective if p is regarded as a measure of the 
mass associated with the wave, Mha per unit span, 
where 

(0 < p < 1) 

(3.17a) 

= &'I2( PP ) JYm A d t  (3.17b) 
and (3.17b) follows from (3.17a) through (3.1). It 
then follows from (3.13) and (3.15) that 

p = tanh2 {HtQ,, ("Y(Q,, i 2 > ) 1 ' 2 ( M l ( ~ P  ))I 
(3.18) 

and hence that p increases monotonically with IMI 
and that p t 1 only for IMI t a. 

4. Weakly stratified fluid 
It suffices for most applications to assume that 

the scale of the density variation is large compared 
with h, such that the density admits the expansion 

p = po 1 (r , , /n!)(q)",  
m 

rl  = -1, E = -pb/p,. 
m - 0  

(4.1 a,b,c) 

' The equivalents of (3.15) and (3.16) for a two-layer 
model are given by Kakutani and Yamasaki (1978). 

If, in addition, shear is neglected (I/ = 0), the 
solution of (3.2t(3.4) may be expanded in powers 
of E to obtain 
(,=(-)"-'[sin(o,q)+S~((1 + r 2 ) ( q -  1 ++I-') 

sin (0, q) + (1  - r2bn q2 cos (on q)l 

+ O(E2)1 (n = 1,2, ...) (4.2) 
and 

on2 = &gh/ci = ( n d 2 {  1 + fE(r, - 1)) 

+ 2E? + O(E2) (4.3) 
for the internal modes (n = 1, 2, ...; the surface 
mode, n = 0, is essentially unaffected by 
stratification if E < 1). Note that r2 = 1/0 for the 
exponentiaVlinear profile po exp (-eq)/po( 1 - q). 

The substitution of (4.2) and (4.3) into (3.8), 
(3.9) and (3.11) yields 

/?= fnnad - 3(fnn)' az, (4.4) 
(c/c,)2 - 1 = (fnn)-'/? (4.5) 

a,, = $(nn)-, EI, (4.6) 

and 

where 

I = ( & ~ V o ) - ' ( P P 3 )  (4.7a) 

= -.Y + ($p,)-'nn(($p'' - 4p-I P " ) ( ~ ) ,  (4.7b) 

= -.Y + + (-)n-11(jr2 - 1) 

+ (~/36)(-15 + 13r2 + 2 0 4  + 16r3), ( 4 . 7 ~ )  
error factors of 1 + O(E) are implicit for each of the 
terms on the right-hand sides of (4.4)-(4.7), and 
(4.7b) follows from (4.7a) with the aid of (3.6). The 
O(E) term in (4.7~)  is significant if and only if n is 
even and the upper boundary is rigid (. 9' = 0), in 
which case it implies a,, = O(E'). 

It is evident from (4.6) and (4.7) that sgn a,, is 
rather sensitive to the upper boundary condition 
and the details of the density profile. This is 
illustrated by the following comparison between 
exponential and linear profiles: 

I - ~q 

7 = 0  1 0 1  (4.8) 

plp, = exp ( - ~ t l )  

- -  sgn a,, = + - 

These results agree with those cited by Weidman 
(1978) for an exponential profile, after allowing for 
an opposite (in sign) normalization for n even, but 
not for a linear profile. 
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5. Evolution equation (mKdV) equation if P I  -+ 0 with P 2  = O(1). P I  = 
2 and P2 = 1 for a= a,, and /3= 8,. 

The scales a and 1 presumably are inherent in the 
The preceding rests On the assumption initial data for any particular problem; however, 

(5.3) reduces to the normal form of steady flow. The corresponding evolution 
equation for unsteady flow may be obtained from 
Benney’s (1966) general formulation by invoking .< = 6 d (  I - .d).< + .dttt (5.6) _ _ _  
the hypothesis that cubic and quadratic non- through the choices a = a,, and p = 48, or, 
linearity are of comparable significance. The 
resulting first approximation, normalized as in 
Section 3, has the form 

equivalently, P I  = 4 and P, = 4 (but note that these 
choices imply a --t 0 and I -+ co for (Q ,  #”) -+ 0). 
Finally, (5.6) reduces to the normalized KdV 

t = y(gh)1’2 T/I, (5.7) 

where X is the dimensional horizontal coordinate 
in the fixed reference frame, T is the dimensional 
time, ( and t are dimensionless, stretched variables 
in a reference frame moving with the speed c,, which was originally introduced by Gardner 
(rather than c), y = O ( n ,  d satisfies (Gardner et al., 1974) to prove that the KdV 

equation admits an infinite number of integral 
2y( (Qn R P 2  (r2 ).8, = 3 4  Qn f 3  ) -”.”{ invariants. It follows from (5.8) that (5.6) also 

admits an infinite number of integral invariants and 
that it may be solved through inverse-scattering 
theory (see Appendix). 

through the transformation 

= d ( l  - Ld) + L4, (5.8) 

- 6$( Q,, #” )d2-< + B( Q. #’ )J& (5.2) 

and 0 and Q, are determined by (3.2)-(3.4). The 
O ( d )  term is significant, uis-Ci-uis the remaining 
terms, if and only if (Q. # ’” / (en  4“) = O(a). llt 
is worth noting that (5.2) also may be derived by 
differentiating (3.6) with respect to 2, dividing 

6. Appendix 

by &ldt, differentiating again, and interpreting The evolution equation (5.6) falls in the general 
(‘ - c n ) ( d / d a  as &h)”2(a/ar) in a reference 
frame moving with the speed c,.] 

category considered by Ablowitz et al. (1974). 
Choosing a, = a ,  = a2 = 0, a3 = 4i, 

Equation (5.2) reduces to 
q = d ,  r = d - I ,  x = &  f = r  ( A l l  

in their (2.7) yields (5.6). Substituting (Al)  into 
their (2.1) yields the eigenvalue problem 

u , ~  + i[u2 = d u 2 ,  u2{ - i[u2 = (d - 1) u,,  

which provides the basis for the inverse-scattering 
solution of (5.6). 

4 = 12(P1 d - 2 P 2  d 2 ) < +  && (5.3) 

through the choice 

Y = f K Q n  #2 )<(en R)1’21r2)--1 

and the introduction of 

PI =S(a/P)(Qn #2)-1(Qn q 3 > ,  

%2=S(d/f l (Qn #2)-1(Qn q4>. (5.5a,b) 

PI and P 2  are measures of quadratic and cubic 
nonlinearity, respectively, relative to dispersion; P , 
reduces to Ursell’s parameter, 3af2/4h3, for a 
homogeneous, quiescent fluid, for which Q, = pci This work was partially supported by the 
= constant and # = q. Equation (5.3) reduces to the Physical Oceanography Division, National Science 
Korteweg-deVries (KdV) equation if g2 --t 0 with Foundation, NSF Grant OCE77-24005, and by a 
PI = O( 1) and to the modified Korteweg-deVries contract with the Office of Naval Research. 

(5.4) 
b) 

7. Acknowledgements 

Tellus 3 1 (1979), 5 



462 J .  W. MILES 

REFERENCES 

Ablowitz, M. J., Kaup, D. J., Newell, A. C. and Segur, 
H. 1974. The inverse scattering transform-Fourier 
analysis for nonlinear problems. Stud. Appl. Math. 53, 

Benjamin, T. B. 1966. Internal waves of finite amplitude 
and permanent form. J. Fluid Mech. 25,97-I 16. 

Benney, D. J. 1966. Long non-linear waves in fluid flows. 
J .  Maih. di Phys. 45, 52-63. 

Dubreil-Jacotin, M. L. 1937. Sur les theoremes d’exi- 
stence relatifs aux ondes permanentes periodiques a 
deux dimensions dans les liquides heterogenes. J. 
Math. Pures Appl. (9), 19, 43 (cited by Benjamin 
1966). 

Freeman, N. C. and Johnson, R. S. 1970. Shallow water 
waves on shear flows. J. Fluid Mech. 42,401-409. 

Gardner, C. S., Greene, J. M., Kruskal, M. D., and 
Miura, R. M. 1974. Korteweg-deVries equation and 
generalizations. VI. Methods for exact solution. 
Comm. Pure Appl. Math. 27,97-133. 

Kakutani, T. and Yamasaki, N. 1978. Solitary waves on 
a two-layer fluid. J. Phys. SOC. Japan 45,674-679. 

Keulegan, G. H. 1953. Characteristics of internal 
solitary waves. J. Res. Nut. Bur. Stand. 51,  133-140. 

Lee, C-Y. and Beardsley, R. C. 1974. The generation of 

249-3 15. 

long nonlinear internal waves in a weakly stratitied 
shear flow. J. Geophys. Res. 79,453-462. 

Leonov, A. 1. and Miropol’skiy, Y. Z. 1975. Toward a 
theory of stationary nonlinear internal gravity waves. 
Akad. Nauk. SSSR, Izv., Aimospheric and Oceanic 
Physics 11,298-304. 

Long, R. R. 1953. Some aspects of the flow of stratified 
fluids I. Tellus 5,42-58. 

Long, R. R. 1956. Solitary waves in one- and two-fluid 
systems. Tellus 8, 460-471. 

Long, R. R. 1965. On the Boussinesq approximation and 
its role in the theory of internal waves. Tellus 17,  46- 
52. 

Peters, A. S. and Stoker, J. J. 1960. Solitary waves in 
liquids having non-constant density. Comm. Pure 

Ter-Krikorov, A. M. 1962. The solitary wave on the 
surface of a turbulent liquid. USSR Comp. Maih. and 
Comp. Phys. 1, 1253-1264. 

Ter-Krikorov, A. M. 1963. Theorie exacte des ondes 
longues stationnaires dans un liquide heterogene. J. 
Micanique 2,35 1-376. 

Weidman, P. D. 1978. Internal waves in a linearly 
stratified fluid. Tellus 30, 177-184. 

Appl. Math. 13, 115-164. 

0 YEAWHEHHbIX BHYTPEHHklX BOJIHAX 

npOBeAeHHbIe paHEX HCCnenOBaHWfl BHyTpeHHHX 
YeAUHeHHbIX BOnH B YCTOfiVHBOM CTpaTW@UW- 
POBaHHOM nOTOKe CO CABHTOM 0606maro~cn H a  TOT 
Cn)”Xafi, KOTAa pOnH Ky6H‘ieCKOfi H KBanpaTHqHOfi 

3 K B H W e H T H 0 ,  KOrAa /?= o(a2), rAe U / h <  1, H 

PWI MOXeT 6bITb KBK OTpWUaTWbHOfi, TaK W no- 
JIOXHTeJlbHOfi), mWHOfi / B XHnKOCTH C r r r y 6 ~ ~ 0 8  h. 
Anfl 3WaHHOf i  MOTHOCTH H rOpW3OHTmbHOfi 
CKOPOCTH IIepB€fYHOrO ITOTOKa B03MOXHO CYIUKT- 
BOBaHHe 6ecKOHeYHOrO AHCKPeTHOrO ~ a 6 o p a  YeAH- 
HeHHbIX BOJIH, H KamAOfi W 3  3TWX MOA COOTBeTCTBYeT 

Henmeihiomefi cpaBHHm.1 no ~ H ~ Y ~ H H K ) ,  HIIH, STO 

/k (h/l)’ 1, ma mnHbi c aMnnwTynofi a (KOTO- 
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