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ABSTRACT

The analysis error of the 500 mb height is estimated as a function of time. The parameters
are the observation error, the forecasting error and the network of radiosonde stations from
which the analysis centre received observations. With certain assumptions, the average analysis
error north of 20° N was found to be 45 m, 22 m, 18 m and 18 m for certain periods in 1946,
1952, 1957 and 1969, respectively. The corresponding maximum errors are 108 m, 76 m,
73 m and 76 m. Areas with possible systematic errors introduced by forecasts and wind

observations are determined.

1. Introduction

In a study dealing with a long series of 500 mb
analyses, it proved necessary to estimate the
analysis error as a function of time. The results
may be of more general interest and are therefore
reported in this paper. Hence, the aim of this paper
is to describe the development of the analysis error
in 1946-69. The analysis process is simulated using
the method of optimum linear interpolation
(Gandin, 1963). The parameters of the analysis
process are the observation error of the height
of the 500 mb surface, the observation error of
the wind, the forecasting error and the station
network.

K. Frisk is mainly responsible for Sections 2.3
and 3, and for the running of the programs; most of
the remaining part of the paper was written by
J. Rinne.

2. Basic formulae

In Gandin’s method the analyzed value is found
as a weighted mean of the observed anomalies so
that the average difference between the true value
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The following symbols are used:

zie  the true anomaly, i.e. the true departure of
the height from the corresponding climato-
logical value, at grid point 0

z8a!  the analyzed anomaly at grid point 0

zlore  the forecast anomaly, ie. the forecast
departure of the height from the climato-
logical value of the height, at grid point O

z; the observed anomaly at station i

z the anomaly of the height

) the anomalous wind (will be defined later);

“anomalous” means that in the geostrophic
approximation the wind is related to the
height anomaly

N the number of stations used in the analysis

Py the weights to be determined

E, the variance of the analysis error at grid
point 0

I the height group
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II the wind group
1 the forecast group

The bar refers to averaging with respect to time.

The weights p, are determined by setting

oE,
—=0 (=1,2,..,2N+1) )
op,
It is not necessary to know the actual values of the
meteorological variables in order to estimate the
variance of the analysis error (cf. Appendix). The
covariance functions of these variables are the
only parameters in (1). This is seen by solving
€q. (2) and applying the result in (1).

Some of the covariance terms, scaled by m,,, are
listed below:

1) Z,z;/moy = (28 + 02925 )(28e + 62§ )/mgy

R(n),
=“@+m

2) zive z8r /mg, = R(0)

3) z(l;ore zf(;ore/mm - R(O) + ﬂf

i#)
i=j

where

my, is the variance of the anomaly of the
500 mb height, m, = z§"e z{rue

0z¢ is the observation error of the height at
station i

o is the relative height observation error

":=W/moo

n’ is the relative forecast error nf =
(52{0")2/”100
R(r) is the correlation of the height anomaly at

two points separated by a distance r

is the relative variance of the true height
anomaly, R(0) = 1. The relative variance
of the observed anomaty wili be 1 + #*

R(0)

Certain assumptions usually made when apply-
ing Gandin’s method are implicit in the present
analysis system. We have assumed that

—the observation error is not correlated with
the observation

— the observation errors of different stations are
not correlated

— my, does not vary across the study region
(homogeneity)

— the climatological values are given exactly so
that the observation error of the height anomaly
equals the observation error of the height.
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Fig. 1. Three different autocorrelation functions of the
height anomaly (500 mb). Legend: ———— Gandin, 1963;
Julian and Thiebaux, 1975; ——— Helminen, 1972.

2.1. The autocorrelation of the height

Three autocorrelation functions are shown in
Fig. 1. The one presented in Julian and Thiebaux
(1975) and in Thiebaux (1975) is

R(r) = lacos(wr) + BI1 + (AN?1" 3)

They define m,, using the variance of the observed
anomaly, whereas we have defined it using the true
anomaly. Consequently, we have to take =1 — a,
because by definition we have R(0) = 1. We take
a=0.714, f = 0.286, k = —0.34, » = 0.0009418
km~!, 4 = 0.0009418 km~!, r = distance in
1000 km. Unfortunately, there is an obvious print-
ing error in Thiebaux (1975): the variable A has
been replaced by w. This is why we have used
A = 0.0009418 km~! instead of 4 = 0.0007055
given in the paper referred to. As a result of this
error, our autocorrelation function is slightly more
dampened than that of Julian and Thiebaux.
This kind of difference is small in comparison with
the variation between the different versions of
R(r)in Fig. 1.

Helminen’s (1972) graph (Fig. 1) has been com-
puted from independent data and seems to support
formula (3). This formula is the basis for the
present computation. However, some comparisons
will be made with the traditional formula given
by Gandin:

R(r) = 01987 c05(0.54 1) @

2.2. The wind covariances

The wind is resolved into two components
respectively parallel and perpendicular to the line
connecting the observation point to the grid point.
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Fig. 2. Illustration of the derivation of the -cross co-
variance between height and wind. t, is the distance of
grid point O from station i, #, is the wind component used
in computations and V is the wind observed at the
station.

010 ”l

1945 50 55 60 65 0

Fig. 3. The assumed relative observation error. The
years 1946, 1952, 1957 and 1969 are indicated.

The correlation between the parallel component
and the height at the grid point is poor (see e.g.
Schlatter, 1975). Therefore only the transverse
component (#) will be utilized. As an example,
the relative cross covariance zi® #,/mgy, will be
derived in the following.

Using the geostrophic approximation we obtain
(Fig. 2)

true
zgve 8, _

Mg

g lz(z, + dt) — z(t,— dr)lzire 1
S 207,

My

We omit the local variation of the coriolis param-
eter and replace f, by f = f, (value at the grid
point). Then

5 8 g R+ dt)— R(r—dt)
Mye f 241,
Letting ot, - O results in

zf,'“‘ﬂ,_ g _ai
ot |,

Mo S
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The other wind covariances are derived in the same

manner (cf. Buell, 1972; Julian and Thiebaux,
1975). For instance,

_ g 2 92R
& 0/myp=—|=) —, fi#j
1 Uy Moo ( f) o J

When i = j, we have an extra term due to the
observation error of the wind:

2 aZR 0xme !9lnle
8,0/m=—| ) |22 + 2T
f ar 2 r=0 moo
where the relative wind error is
,’0 — (B?bs _ 197“")2/!97“" O’rue
Throughout this paper, f(¢) = [f(30°), if
@ < 30°.

2.3. The observation error

Our estimations of the observation error (Fig. 3)
are based on Harrison (1962), McInturff (1968),
WMO (1971), Hooper (1975) and Vockeroth
(1975). Furthermore, we assume ({following
Schlatter, 1975) that the relative error in the height
and wind is equal, ie. 7 = n® This assump-
tion is a crude one. However, it makes the
computations easier.

Thus, if the variance of the height anomaly
(myy = ZIue ZTue) s 20,000 m? the standard
deviations of the observation error associated with
the height are estimated to be 45 m, 29 m, 24 m
and 20 m, for the years 1945, 1952, 1957 and
1969, respectively. At 45° N the corresponding
wind errors will be approximately 5 m/s, 3 m/s,
2.5m/s and 2 m/s.

2.4. The forecasting errors

The forecasting errors at adjacent points
are normally correlated, so that little is lost by
using only the forecast value of the grid point.
The variance of the forecasting error at the grid
point is estimated from

(zgore — zgue)z =3. (zanll — zarue)z + 1600 m?

)

The first term on the right-hand side represents
inaccuracies in the initial conditions amplified
threefold during, say, a 24-h forecast. If the initial
analyses are accurate, the first term vanishes and
the variance of the forecasting error is 1600 m2
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The square root of this constant (40 m) thus
estimates the standard deviation of the model error
accumulated during 24 forecast hours. If £, =
(zanal eyl equals, say, (24 m)? then the
standard deviation of the forecasting error is
estimated to be 59 m.

Assuming that my, = 20,000 m? we have from

()
nf =3.Eg/my, + 0.08 ©®

Hence E, must be known in order to estimate #/,
which is then used to compute E,. This problem
is solved by computing a preliminary field of E,
using wind and height terms only. Then #/ can be
estimated at every grid point and a final field
of Ey will be computed (cf. 4.3). Eq. 6 is associated
with the 24-h forecasts. However, we can let it
represent more generally all “predicted” values such
as those extrapolated from the actual surface
analysis or derived by experience.

Later objective analysis systems have had pre-
liminary fields based on better forecasts. On the
other hand, the earlier analysts, who worked with-
out computers, used surface analysis and all their
experience and knowledge. Therefore it is difficult
to decide which analyses, the objective or the sub-
jective, have been based on the better “prediction”
methods. This is why the very same formula (6) has
been applied during the whole period 1946-1969.

3. Station network

The number of observations received is smaller
than the number of observation stations. Accord-
ing to Huovila (personal communication, see also
WMO (1976), p. 8) it may even be possible that
although most of the stations in a region work
and send in their observations regularly, they are
not received because of breaks in the telecommuni-
cation system. Generally, the breaks in the data
flow depend on the transmitting centre, on the
receiving centre and on the connections between
them. Thus the analysis error is specific for each
analyzing centre. In the present study, a specific
analysis centre is chosen and its analysis error is
computed for certain periods or moments: 1969,
whole year; 1957, December; 1952, September;
1946, January 13 and January 21.

An exception is 1969, for which no analysis
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centre was chosen. In other words, it was assumed
that the observations from the standard stations
were regularly available everywhere. A “standard
station” was defined as one listed by WMO (1968)
and which observed the height every day at
00 GMT + 2 h. The coordinates of the stations
were checked against a network map (U.S.
Weather Bureau, 1963). From the same map the
coordinates of the stations in China (+ one station
in North Vietnam) were picked up. The regularity
of the observational work of these latter stations
was checked from Daily Synoptic Weather Maps
(U.S. Weather Bureau, 1967). Over the area given
in Fig. 12, we found a total of 560 ‘“standard

stations”.
In the case of December 1957, the analyzing

centre is defined as the one that produced the
Synoptic Weather Maps (US.W.B.,, 1957). A
working station is now defined as one which regu-
larly had plotted height observations (12 GMT + 2
h) on Synoptic Weather Maps during December
1957. However, for stations south of 20°N the
source map was that of January 1, 1959 (U.S.W.B,,
1959). Plotting is defined as regular if the station
has, on average, plotted values in three analyses
out of four. For instance, ship K has been removed
from the station list because it had no observations
plotted for an 8-day period. On the other hand,
there are two stations which were not found in
WMO lists: 86° N 165° W and 83° N 165° W. The
total number of stations accepted is 365 (Fig. 11).

In September 1952 there was a total of 265
stations which had regularly plotted height observa-
tions on Synoptic Weather Maps (U.S.W.B., 1952)
at 15 GMT + 3 h (Fig. 10).

In 1946 the variation in the amount of observed
and transmitted data was large, and it was therefore
impossible to collect a usable list of regular
stations. Instead, 2 days were chosen to represent
typical conditions. 130 stations had plotted height
observations on the Historical Weather Map
(Headquarters, AAF 1946) on January 13, 1946 at
04 GMT (Fig. 8). The other day chosen was
January 21, 1946, with 143 accepted stations
(Fig. 9). If we had chosen extreme days, the
number of stations would have been either well
below 100 or above 200.

4. Preliminary computations

The effect of the different terms of (1) is studied
stepwise. The relative analysis error E,/mg, is

Tellus 31 (1979), §
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estimated using only the terms of group (I) in (1).
In the next step both groups (I) and (II) have been
used. These preliminary steps will be presented
only for 1969. The third step is the final one,
applying all the terms of I, II and III.

4.1. Step 1: only height observations available

The error of the analyses based only on the
height observations is computed using the auto-
correlation functions of both Gandin (Fig. 4) and
Julian and Thiebaux (Fig. 5). In areas with a sparse
network Gandin’s function is more optimistic, i.e.
the estimated analysis error is smaller. The largest
differences are found at about 40° N, 170° E, where
-the estimate based on Gandin’s function is 0.3
smaller than that in Fig. 5. Later on, only the
autocorrelation of Julian and Thiebaux will be
applied.

An increase in the relative observation error
variance from 0.02 to 0.04 caused no marked
changes. Most essential is the difference over a
dense network; the increase in the observation
error was followed by an increase in the minimum
of the analysis error from 0.004 to 0.007, in terms
of the relative variance.

The differences discussed above illustrate the
accuracy of the present computations because
these differences are due to the different basic
assumptions.

4.2. Step 2: height and wind observations available

The effect of the wind observations has been
computed by assuming that every station given in
the station list has observed both the height and
the wind. The result is given in Fig. 6. Over large
areas the analysis error is now much less than
half of the observation error (0.5 x 0.02 = 0.01).
Over the North Pole the introduction of the wind
observations has changed the situation from
intolerable to nearly acceptable. Large differences
between Figs. 5 and 6 are found over the regions
which are approximately limited by the isolines
0.04 and 0.75 in Fig. 6, the maximal differences
being located between isolines 0.25 and 0.50. These
latter isolines thus give the region where the wind
observations most effectively reduce the relative
analysis error. In this region the analyses with and
without wind observations may be essentially
different. Thus the region is the one where system-
atic errors due to the utilization of wind observa-
tions are most easily incorporated into the analyses.
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4.3. Step 3: effect of the forecasts

In order to simulate the effect of forecasts, the
error of the analyses based on wind and height
(as in Fig. 6) is first advected along an assumed
basic stream for 24 hours; the forecasting error
is then computed from the advected analysing
error using (6). This forecasting error is thus one
of the “24-h” forecasts. If we had used “12-h”
forecasts, the estimated forecasting error would
have been smaller, and, as a consequence, the
estimate of the analysis error would have been
locally smaller. However, by advecting for 24
hours we let the small analysis error of the dense
station net act widely over the regions of a sparse
network. Thus the effect of the forecasts will be
greatest where extra information is most necessary.

The assumed advection speed depends only on
the latitude. The 24-h displacement of the advected
analysis error is illustrated in Fig. 7. In comparison
with Fig. 6, the main area of the influence of the fore-
casts in Fig. 7 seems to be that of Ey/my, > 0.25.
This is thus the region where systematic errors
in the forecasts are most easily incorporated
into the analyses. The relative analysis error over
the North Pole is only a little larger in Fig. 6 than
in Fig. 7. The forecasts have not affected the
analyses because of the assumed weak advection in
the north, i.e. there was only a minimal flow of
information from known areas to unknown.

Finally we briefly compare the effects of the
analysis errors and model errors in the “24-h”
forecasts.

If the prediction error of a numerical model is
given by (6), then the influence of the errors in the
initial analysis dominate the influence of the model
errors if 3 Eo/my, > 0.08 or Ey/myy > 0.03. Hence
the isoline of 0.04 in Fig. 7 divides the area
approximately into two different parts. When
E,/my, > 0.04 the observational system should be
developed, whereas over the areas of E;/mg, < 0.04
an improvement in the prediction model is
recommended.

5. The historical development of the
analysis error

In the following, the error will be given only
north of 20° N, because the present approximations
are not sufficiently valid at southern latitudes.
Absolute error values (= \/E—O) will be presented
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instead of relative ones (E,/m,). The absolute
values are computed by multiplying the relative
ones by m,,, the variance of the height anomaly.
In the south, where m is small, the absolute values
may be misleading. Nevertheless they will be used
because the metric values may be easier to read.
Quantity m, will be a long-term (20 years) mean of
[z(5,5) — (zm(i) + C,(),()))?, where z(i,t) is the
height at grid point i, zm is its long-term mean
and C,(t)f, is the first empirical orthogonal func-
tion describing the variation associated with the
annual wave. Thus the annual variation is not
included in my,.

In 1946 the analysis error was unacceptable
nearly everywhere (Figs. 8 and 9). “Black holes”
(error over 40 m) cover large areas. The station
nets of January 13, 1946 and January 21, 1946
differ, especially over the Pacific, Europe and
around Greenland and Iceland. The error patterns,
however, are rather similar.

The rapid development from 1946 to 1952 is
indicated by Fig. 10. The area covered by black
holes has become smaller.

A clear improvement is observable from 1952 to
1957. Obviously the analysis error tended to
decrease after 1952, though more slowly than
before. Intensification of the observational work
during the International Geophysical Year
accelerated progress. Perhaps the influence was
most marked at the end of the IGY. Our case,
December 1957, is in the middle of the IGY (Fig.
11). The analysis error is below 20 m over large
areas. The black hole close to the North Pole is
removed thanks to the presence of some extra
stations. Reports from China are still missing.

Developments after the IGY require a more
detailed discussion. We have assumed, that the
variance in the observation error of the additional
(additional with respect to the radiosonde network)
data sources can be estimated with the “24-h fore-
cast” error variance. Thus we have omitted flight
reports, for instance. In Synoptic Weather Maps,
a specific plotting symbol of flight reports was
given for the first time in January 1959. Thereafter
some reports are usually plotted on the maps. The
influence of the additional data sources should not
be overestimated. One should first know how
effectively the data were used. The observation
error in the flight reports may have been large,
the number of reports is often small and they often
appear in areas where the error variance in Fig. 12
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is smaller. The additional data obviously have had
an effect and therefore our variance estimates of
the analysis error in 1969 are too large. On the
other hand, the criterion used in collecting the
station list of 1969 differs from other cases. There-
fore the number of stations may be too large and
correspondingly the values in Fig. 12 too small.

Because of these inaccuracies in 1969 and be-
cause of the IGY, developments during the 60s
cannot directly be derived from Figs. 11 and 12.
The change over China is clear; the weather reports
have become available. The differences at the
North Pole are due to the extra IGY stations. Over
the Pacific, the change in the analysis errors de-
pends on changes in the activity of the weather
ship, previously at 34° N, 164° E. The change over
Africa is due to a decrease in the number of
stations. The change may be larger than revealed
by Figs. 11 and 12 because we have omitted
stations observing wind only.

The following figures summarize the history of
the analysis error. The table gives the minimum of
the relative variance of the error, the maximum
of the absolute error, and the standard deviation
of the areal average of the absolute error, all
computed over the region north of 20° N:

min (Eo/my) max(y/Ey) \/mean(E,)

1946 0.01 105-110m 43-46 m
1952 0.006 76 m 22m
1957 0.004 73 m 18m
1969 0.0025 76 m 18m

The first column illustrates changes over the
densest network. The values can be compared with
the assumed observation error, which is 0.02 for
1969. If this corresponds to a metric value of 20 m,
then the minimum of 1969 (= 0.0025) corresponds
to 7 m. Note that even the value for 1946 was
acceptable.

The second column shows that, after 1952, the
analysis error over the worst network has not
changed. The analysis error is large and is com-
parable to the forecasting error for 1-2 day
forecasts.

According to the third column, the average error
decreased rapidly in the 40s. The rate of decrease
then became slower and no change is observable
after 1957.
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Fig. 12. The analysis error for 1969.

6. Critical comments

Some of the error sources of the present com-
putations will be mentioned in the following. The
assumed analysis method was that of optimum
interpolation, which differs from other methods
used in analysis centres, such as the manual
method or the method of successive corrections.

It has been assumed that all the stations men-
tioned in the list observed both wind and height.
Otherwise it would have been necessary to make
separate lists for every day, because the group of
stations observing the wind has varied. This is due
to the use of the optical theodolite. Thus the influ-
ence of optical wind observations is overestimated.
On the other hand, the assumed error (1)
of the earlier wind observations is large, which
reduces the effect of the observations. We have
omitted stations observing wind only, and this
causes an overestimation of the error variance,
especially over Africa and India. After all, the
introduction of the wind into the computations

Tellus 31 (1979), 5

is only approximative because of the assumption
of nﬂ - ,’z.

7. Comparison with results published by
other authors

Bengtsson (1976, his Fig. 4.5) has presented a
map showing the error variance of the 500 mb
height. His station list and analysis method are
more complete, but the computations, like the
present ones, are based on height and wind radio-
sonde observations. Though there are differences
in details, the locations of the maxima are similar.
Our maximum over Africa is stronger. Obviously
differences are due mainly to differences in the
station network.

The estimation of the analysis error depends on
the assumptions concerning the observation and
forecasting errors. Our “forecasts” or “preliminary
fields” have a relatively large error. They do not
include all the extra information available. For
this reason our absolute values may be too large.
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Bengtsson gives values (his Table 5.4) of 5.3 m and
9.5 m in network cases of ‘“conventional dense”
and “like North Atlantic”. In the latter case, flight
reports are included. Our values (case of 1969)
over Europe and the North Atlantic are around
7 m and 20 m. Larsen et al. (1977) have computed
the analysis error of a network which is more
complete than any ever used in routine analysis
systems. The error variance in our cases should
therefore not be smaller than theirs. Larsen et al.
give standard errors of analysis of 15,9 and 14 m
for latitudes 80, 60 and 40° N, respectively. Our
values (1969) are about 20, 10 and 25 m. Thus,
though our absolute values possibly are too large,
they generally are not much overlying.

8. Summary

From 1946 to 1957 there was, in the Northern
Hemisphere, a rapid decrease in the variance of
the analysis error of the 500 mb height. Thereafter
the variance changed slightly, and even increased
locally. However, the results of this paper are valid
only if it can be assumed that the additional data
{additional with respect to the radiosonde network)
were of minor importance.

In the late 40s, the drop in the analysis error
was due to improvements in instruments and
telecommunications and to an increase in the
number of stations. Later on, the last factor domin-
ated. However, the decrease in the analysis error
was concentrated in regions with a smaller error
so that regions with a large analysis error have
retained this feature. This is true for the Pacific,
the North Pole, the South Atlantic and the oceans
around India.

In the case of a sparse network, the wind obser-
vations and forecasts play a major role. Here the
analysis error may include systematic errors due
to systematic errors in forecasts and in the formula
relating the wind to the height. In 1969, areas
where the systematic prediction error may have
had a stronger effect are given by Ey/mg, > 0.25 in
Fig. 7. Areas of possible systematic errors due to
to the application of wind data are given by 0.75 >
E,/my > 0.04. In addition, it is estimated that,
in order to improve forecasts, the analysis system
should be developed when Ej/mgy, > 0.04 and the
prediction model when Ey/m,, < 0.04.

In order to get a more precise description of
developments during the 60s (and 70s) an analyz-
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ing centre should first be fixed. It should then be
verified how widely it did, in actual fact, apply
modern analysis methods and how effectively it
used data from new observations systems.

9. Appendix

9.1. Expansion of formulae (1) and (2)
Expression (1) can be written as

E() — zgue ztoﬂ.lc

N w
=22 pizizie+ X p Bz
i=1

i=N+1

- N W 2
+ P 202 |+ | X pzi+ X p B,

i=1 i=N+1
N

fore fore fore
+Pwvs1Pavi1 27 2 +2[ZPiP2N+|zlz
i=1

w
+ 2 p1P2N+1012r°“] A(D

i=N+1

The third last term in this expression may be
expanded as

NN L N
2 2Py X opipz ‘91'
i=1j=1 i=1j=N+1

w w R
+ 2 > pipjﬂiaj AQ2)

i=N+1j=N+1

Thus error variance E, is given in terms of co-
variances and variances of height and wind anoma-
lies. Weights p; are solved from equation group (2).
When i < N, for instance, we have

Y w

true

g%z~ 2 pizizi— 2 pidz
i=1 i=N+1

— P12 z,=0 AQ3)

Hence the weights are obtained as functions of the
covariance terms.
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PA3BUTHE OUHIUEKHU AHAJIM3A BBICOTHI ITOBEPXHOCTH 500 MB
3A 1946-1969 T'OObI

Ommbka aHanu3a BBICOTHl MOBEPXHOCTH 500 M6
OuEcHHBaeTC kaK (yukums speMeHu. Ilapamerpamu
ABAAIOTCA OMOKH Habmiopenuit, omnbku NMPOrHo3a
H CeThb PATHO3OHIOBBIX CTAHLMHA, C KOTOPBIX LIEHTP
aHajM3a nonyyaer nAaHHble HaOnronenwit. Ilpu
OnpeAeieHHbIX MPEANONIOKENNAX CpeJHsas oummbka
aHaiM3a K ceBepy OoT 20°c.1u. HaiiileHa paBHO# 45 M,

Teltus 31 (1979), 5

22 M, 18 M 1 18 M n1a onpeneneHHbIX nepuoaos 1946,
1952, 1957 u 1969 romoe, coorsetrcTBeHHo, CoOT-
BETCTBYIOLIHE MaKCHMaJsIbHble OIIMOkH paBHbI 108 M,
76 M, 73 M u 76 M. Onpenenedsl 061acTH C BO3O-
XHbBIMH CHCTEMATHY€CKHMH OIIMGKaMH, NPOH3BO-
JHMBIMH NPH IPOTHO3¢ M NPH HaG/IOOEHHAX BETpA.



