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ABSTRACT

A low-order barotropic system with Newtonian forcing and dissipation is investigated. The
system has one component in the zonal flow characterized by a Legendre function and two
components in the eddy flow having the same longitudinal wave number, but different meridional
indices and described by two associated Legendre functions. Five real amplitudes characterizing
the system and a system of five ordinary, non-linear differential equations describe the behaviour
of the system.

The steady states of the system can be determined by a numerical solution of a 9th degree
equation for a given intensity of the forcing. Section 3 contains a description of the determination
of the steady states and shows that up to five steady states may exist for a given forcing. The
most complicated of the steady states have energy in all components of the system and the non-
linear exchange of energy among the components is essential for maintaining the state. Other
steady states are either zonal or contain energy in one component only.

A general procedure for the determination of the stability of a given steady state is outlined in
Section 4 together with a determination of the stability of all steady states within a given
parameter range in the forcing. It turns out that among the steady states which have energy in
the wave components we find both stable and unstable configurations. It would thus appear that
this result is in general agreement with the synoptic experience that some wave configurations
can exist in a relatively unchanged form for a long time while others, presumably corresponding
to the unstable configurations, will change rapidly. A close correspondence with real
atmospheric conditions is impossible in a low-order system.

The final part of Section 4 gives the result of some numerical experiments with the simple
system to illustrate that the type of initial disturbance given to a steady, unstable state will

determine the asymptotic steady state in a case where two or more such states exist.

1. Introduction

The present paper reports on an investigation of
a low-order, three-component, non-linear system
based on the barotropic vorticity with forcing and
dissipation. The main purposes of the investigation
are to determine the non-linear steady states of the
system and to explore the stability of these steady
states. In addition, it will be possible to investigate
numerically the behaviour of the system if it has an
initial state close to an unstable steady state.

Most stability investigations of atmospheric flow
have been limited to cases in which the basic flow is
zonal with vertical and/or horizontal gradients.
Many very useful results have been obtained from
these studies. It is, however, of interest to conduct
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stability studies based on the more general situation
where the basic state would have not only a zonal
current but also a wave motion superimposed on
this current. If basic states of this kind can be found
it will be possible to investigate their stability
properties in the usual way by superimposing infini-
tesimally small perturbations on the basic state and
determining if these disturbances will grow or
decline. The main difficulty with this approach is
that it is normally very difficult to determine the
basic steady states because such a state by defini-
tion has to satisfy the non-linear equations with all
time derivatives equal to zero.

It has been instructive in many investigations to
start with a relatively simple system which in some
ways can be treated from an analytical point of
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view. The low-order systems proposed by Lorenz
(1960) have been particularly useful. With maxi-
mum simplification it is even possible to find analy-
tical solutions in terms of elliptic functions. A very
detailed investigation of these solutions has been
carried out by Pitcher (1974). These solutions are
based on trigonometric representations on a plane
but they can be carried over to equally simple
systems on the sphere as shown by Baer (1970).

We shall adopt a so-called three-component
system on the sphere in this investigation. Legendre
and associated Legendre functions will be used to
represent the various meteorological components.
The three components will be (o, n), the zonal com-
ponent, and (/, n,)), (I, n,), the wave components
having the same longitudinal wave number / and
the meridional scales characterized by n, and n,.

The system can be considered with and without
forcing and dissipation. Most of this investigation is
devoted to the former case because it permits the
determination of a number of steady states which
can be investigated for stability. It is thus possible
to isolate the stable steady states which may be
asymptotic states.

After formulation of the model we shall first
determine the possible steady state. Each of these
will be investigated for stability. We shall finally
show some examples of long term integrations illus-
trating how the system will approach an asymptotic
steady state.

2. The model

As a first model to explore steady states and
their stability we shall adopt an equivalent baro-
tropic model with forcing and dissipation. While it
is relatively easy to formulate a dissipation mechan-
ism based on the classical incorporation of the
effect of the planetary boundary layer it is much
more difficult to prescribe a realistic forcing
because the main forcing in the atmosphere is
through heat sources and sinks to be specified in
the thermodynamic equation. Since thermo-
dynamic effects cannot be incorporated directly in
an equivalent barotropic model it is unavoidable
that the forcing will be of an artificial nature. As we
shall see later the adopted forcing will be of a
Newtonian nature. It is known that a heating
function of this kind depicts the gross aspects of
atmospheric heating and since the mean tem-
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perature in the troposphere is closely related to the
500 mb height it is felt that the forcing should be a
reasonable first approximation.

The second aspect of the model to be used here is
its low order in the sense that only a few
components will be included. If more components
were permitted it would be difficult or impossible to
determine the steady states. The non-linear nature
of the model will, however, be preserved in the
determination of the steady states.

It is convenient to work with non-dimensional
quantities. With a as the radius of the earth and Q
its angular velocity we may write

ty =1t 2.1

where the asterisk denotes the dimensional quan-
tity. With 4 = sin ¢ where ¢ is latitude we may write
the governing equation in the form

X _sgw-2Y
70 eV 2 Bly— v — el

Ye=Qa'y,

(2.2)

where { = V2 y is the vorticity, J the Jacobian with
respect to A, the longitude, and u, v is the non-
dimensional streamfunction, and y; is a specified
streamfunction in the forcing. The two coefficients
B and & are non-dimensional empirical factors
measuring the intensity of the forcing and the dissi-
pation, respectively. They are related to the
dimensional quantities by the expressions

ﬂt =Qa? .B’

The last term in (2.2) measures the dissipation
which has been selected proportional to {=V2y.
This formulation has been chosen because it depicts
the way in which the influence of the planetary
boundary layer normally is introduced in an equiva-
lent barotropic model. It would have been possible
to select a dissipation proportional to V2 { but it is
believed that horizontal diffusion in the atmosphere
is of less importance than the dissipation in the
boundary layer.

The numerical values of £ and ¢ will be discussed
later. Equation (2.2) can be converted into a set of
equations for the amplitudes of the associated
Legendre polynomials when y, and thus ¢, is
written as a series of these functions. The general
aspects of this problem were considered in detail by
Platzman (1960). In our case we shall include one
zonal component described by the Legendre func-
tion P,(u). One longitudinal wave number ! will be

£, = Qe (2.3)
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permitted in the wave components, but two
meridional indices, n, and n,, will be included. The
wave components are thus described by the two
associated Legendre functions P! (u) and P! (u).
With these preliminary remarks we may write the
streamfunction in the form

w(A, ) = win, 1) P(u) + wny, ©) Pl (u) cos (1A)
+ w(ny, 8) Ph(u) sin (I2)
+ y(ny ) PL(u) cos (12)
+ y(ny, 1) Pl (u) sin (I12)

The expression (2.4) is inserted in (2.2) and we
derive 5 equations for the rate of change of the
coefficients. These equations are:

(2.4)

d
Zin) = a(Wc(n l) Ws(n?) - Ws(nl) Wc(nZ))
.—(e + E) w(n) + f w,(ny)
¢ ¢
d l
veln) 1) v + — ylny)
dt ‘1

—(6 + £) w(n) + ﬁ Wec(ny)
[+ (4

1 1

d I
) _ =1y () y (1) — — y(ny)
dt ¢,

- (5 + E) w(n,) + £ V/Es(nl)
c c

1 1

(2.5)

dwc(nz)
dt

!
=7, ¢(n) y(n,) + = y(ny)

2 2

- (6 + ﬁ) we(ny) + ﬁ Yec(ny)
C [

d !
i) == y(n) y (1) — — y(n)
dt c,

B B
- (3 +— |y () + — wgs(ny
C €2
The following notations have been introduced in

(2.5)

c=nn+1), c,=nm+1), c,=nn,+1

- ap,
I=1(ny nyn) = f PP "y 2.6)
-1 du

Tellus 31 (1979), 5

a=3}

3717

c,— €y c,—¢

I, n=4 1,

¢ ¢

Cy—

c
=1l I
(2}

Among these quantities we note that 7 is the
interaction integral among the three components in
the system. The quantities « y, and p, are
important for the energy and enstrophy properties
of the system. These properties have been investi-
gated in detail by Platzman (1960), by Baer and
Platzman (1961) and by Baer (1970) where the last
investigation deals with the highly truncated
spectral vorticity equation. A similar analysis has
been carried out by Galin and Kurbatkin (1975).

The system (2.5) can naturally be integrated
numerically. In such integrations it may be con-
venient to keep track of the energetics of the
system. The kinetic energy of the three components
of the system is

K(n)=1}c y(n)?
K(nl) = % (o5 (Wc(nl)z + Ws(n1)z)
K(n) =4c, (y(n)? + y(n))

Using these definitions it is possible to derive the
three energy equations which may be written in the
following symbolic form

2.7

dK(n)
=KEX(n) + G(n) — D(n)
dK(n,)
=KEX(n,)) + G(n,) — D(n) 2.8)
dK(n,)

=KEX(n,) + G(ny) — D(n)

where KEX is the symbol for the kinetic energy
exchange, G the generation due to the forcing and
D the dissipation. For the sake of completeness we
list all of these quantities:

G(n) = By(n) (yz(n) — y(n)

G(ny) = B(w(n,) (wgcln) — yc(ny)
+ ys(ny) (wes(n,) — we(n,))

G(ny) = By (ny) (Wec(ny) — we(ny)
+ wg(ny) (wes(ny) — ws(n,))
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D(n) = ecy(n)?

D(n,) = ec,(w(n,)* + y(n)?) (2.9

D(n,) = ecy(y (n)? + y,(n)?)
KEX(n) = acy(n)- B

KEX(n)=yc,yn)-B; B=y/n)wn)
—w(n) w(ny)

KEX(n))=—~y,c,y(n)-B

We note that the sum of the three values of KEX
vanishes because

(2.10)

The above statement expresses the well known
fact that the total kinetic energy of the three
components is constant if there is no generation
(8 = 0) and no dissipation (¢ = 0). It is equally
straightforward to derive the three equations for the
rate of change of the enstrophy of the three
components. The definitions are:

E(m) =4c* y(ny

ac+y;6,~y,6,=0

E(n) =4ct (w(n)* + y,(n)H .11
E(ny) =4 ¢} (w(n)* + y,(n,))
and it is found that
dE(n)
=cKEX(n) + ¢cG(n) — cD(n) (2.12)

with corresponding expressions for the other two
components (#, and n,). In the absence of forcing
and dissipation we find that the total enstrophy is
conserved because

cda+cy, —cly,=0 (2.13)

3. Steady states

In this section we shall do some preparatory
work to permit a stability analysis to be carried out
in a later section. Most stability analyses of the
barotropic type have been carried out using a basic
state which is a zonal current. Important criteria
for the instability of the westerlies have been
derived in this way, notably by Kuo (1949).

A. WIIN-NIELSEN

The system described in Section 2 has both
forcing and dissipation. It is therefore likely that it
will possess one or several steady states. The
forcing is determined by the five components of v,
ie. yg(n), Vec(ny), wgs(ny), WEc(nz) and Wgs(nz)- In
addition to these values which imply a choice of /,
n, n, and n, we must also select values of § and ¢.
Provided all steady states can be determined by
some procedure we are therefore in a position te
investigate the stability of each of the steady states.
Since some of these steady states will have both
zonal current and a wave characterized by [, n, and
n, we can investigate if some wave configurations
are stable or unstable to small perturbations.

A steady state is defined as a solution to the
system (2.5) if all time derivatives are zero, i.c.
d/dt =0 for all five variables. Under these con-
ditions we find five equations from (2.5) and the
unknowns are w(n), w.(n), w,n,), y(n) and
w,(n,). The last four equations forming a set of four
linear inhomogeneous equations in the last four
unknowns can be solved for y(n,), v (n), v (n,)
and y(n,) in terms of w(n) and the other para-
meters in the problem. When these solutions are
substituted in the first equation we obtain a single
equation in the unknown y(n). It turns out that this
final equation is of the 9th degree and it must thus
be solved by numerical methods. Only the solutions
resulting in a real value of w(n) have a physical
meaning. To express the results of these lengthy
calculations it is necessary to introduce some
notations. They are:

B
P=¢+—, py=E+—, Py=E+—,
c ¢ c,
! !
qi=—, g=—
(4} C,y
R=p,p,— 9,90 S=n%, @=D1d2+D1 4,

A,= ‘L"ﬂ_ (P2 Weclny) — q; wes(ny)
1

A,= ‘cﬂ_ (pl WEC("z) — 4, '/’Es(ny))

2

B,=y c£ ves(ny) 3.1

2

B
B, =y, — ygs(ny)
¢
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D, = ;ﬂ; (2, wes(n) + g, wec(ny)
1

D,= cﬁ (P vgs(ny) + q, Wec(ny)
2

E,= chﬂ Vecny

2

B
E,=y, c— Vecln)

1

The steady state solutions will in the following
be denoted by a bar and we will in particular set
w(n) = X. The final equation for X is:

—pS‘X’+EwE(n)S‘X3—p4RS3X"
c

+ (g we(n) 4RS® + aS*B,E, — B, EQ)X‘

+ (@SB, D,— B, D, + A, E, — A, E,)
—p2S*3R*+ Q*) X°+| a(2RS(B, E,
—B,E,)+SYA4,D,—A4,D))

+ g w(n) 2S*(3R? + Q’))X‘ + (a(2RS(B, D,
—B,D,+A,E,— A, E))-pdRS(R* + Q) X?
+ (a(ZRS(A, D,—A4,D)

+(Q@*+R)(B,E, ~B,E)

+ /—: wg(n) 4RS(R? + Qz))X 2

+ (a(R? + Q*)(B, D, — B, D,
+4,E -4 E)—p(R*+ Q) X

+(a(R’+Q’) (4,D,~4,D)

N ve(n) (R? + Q’)z) =0 3-2)
¢
When (3.2) has been solved by numerical
methods for X = y(n) we can for each value of X
obtain the corresponding values of the remaining
steady state parameters. With the notation

N=S2X*+2RSX?+ R*+ Q? 3.3
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it is found that the remaining values are:
v .(n)=N"1(A4,+ B, X)(R +SX?
+Q(D,~ E, X))

y,(n)=N"(D,—E, X) (R + SX?

—Q(4, + B, X))
3.49)
Veln) = N-1((4, + B, X) (R + 5X?)

+ Q(D,—E, X))

y,(n)=N"((D,— E, X)(R + §X?)
— 04, + B, X))

Equations (3.2) and (3.4) are the general
equations for the steady states for arbitrary forcing.
It is interesting to consider a number of special
cases. The most simple case is the one where the
forcing is entirely in the zonal motion. If so we have
wg(m)#0,but4, =B, =D =E,=4,=B,=D,=
E, = 0. Under these conditions we find that (3.2)
becomes much simpler. It turns out that we may
write (3.2) in the form

(pX-— /_3 WE("))' (S2X*+2RSX?*+ R2+ Q@2 =0

¢ (3.5)

It is easily seen that this equation has one and
only one real root, i.e.

— 1
X=yn)= ;g ve(n) = . wg(n) (3.6)

e+ f

Equation (3.4) shows that all the wave ampli-
tudes are zero in this case, and (3.6) expresses
therefore the complete steady state in the example.

In our next example we shall assume that the
forcing is on the component (/, n,). We may assume
that yg(n,) # 0 while all the other components of
the forcing are zero. In this case we find from the
definitions in (3.1) that

B
A, = ;_Pz Wec(ny) A,=0
1
B, =0 B,=0
3.7
B
D, = c_qz Wece(n) D,=0

1

B
E,= c_ 2 Wgclny)

1

E, =0
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The general equation for X (3.2) can in this case
be written in the form

X(S?X*+ 2RSX?+ R* + QZ)(p(szx‘

2
+2RSX*+R*+ Q) + a‘(ﬁ) Y2 P2 WEC(nl)z)

€y
=0 (3.8
The only roots which may be real are
X=0; X=
2 1/2\1/2
{2t g
3.9

Considering first X = y/Tn) = 0 we may calculate
from (3.4) that

P B
Wc(nl) = pf-_+—q_f c_l‘ Veclny);
9, B
) = — ——r — n .1
w,(n) i Wec(ny) (3.10)

while (3.4) combined with (3.7) also shows that
v.(ny) = y,(n,) = 0. X = 0 corresponds therefore to
a situation in which the response is on the same
scale as the forcing, i.e. (I, n,). Equation (3.10)
shows that the ridge in the response is less than a
quarter of wave length to the west of the ridge in
Wec(n,) cos (IA). On the other hand, since the
forcing is proportional to the difference between the
given field and the response field we find that the
forcing is

L Wec(ny) {(l — zp’ - E) cos (I3)
¢ pit+aq; ¢

L. LA (1/1)}
pi+aqi ¢

which shows that the ridge in the forcing is less
than a quarter of a wavelength to the east of the
ridge in yg-(n,) cos (/2). The final result is there-
fore that the ridge in the response field is to the west
of the ridge in the forcing field or, in other words,
that a trough in the response field is created to the
east of the maximum forcing.

We consider next the second possibility in (3.9).
These roots will represent a steady state only if they
are real. We may say immediately that X can be
real only if ay, <O. It is easy to see that this

(3.1
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condition is equivalent to ¢ < ¢, < ¢, orn < n; <
n,. For these steady states to exist it is thus
necessary that the forcing takes place on the middle
scale among the three scales included in the model.
This condition is, however, not sufficient because
we must also require that w..(n,) is sufficiently
large so that the radicand in the two square roots in
(3.9) will be positive. It is seen that a necessary
condition is

QZ
Vecm)? > —————— (3.12)
B\ P,
(_ d}’z) R
¢ P
If R > 0, it is required that
RZ + Q2
Yec(m) > —————— (3.13)
B\ p,
(— a?’z) -1
¢/ P

in which case there will be a total of three steady
states. If R < O there will be five steady states if
Wec(n))? is between the values given in (3.12) and
(3.13).

It is of interest to discuss the energetics of the
steady states. We note first of all that if the forcing
is solely on the zonal component we find that only
G(n) and K (n) are different from zero. Correspon-
dingly, if the forcing is in the component (/, n,), and
if we consider the steady state for which
X = y(n) = 0 we find that only G(n,) and D(n,) are
different from zero. However, if we consider any
other steady state with forcing on the component (/,
n,) we will get a more complicated energy diagram
where all quantities are different from zero. To
illustrate this point we have calculated the
energetics in an example. We have selected a case
where / = 3, n = 2, n, = 3 and n, = 4. In addition,
€ =0.04 and g = 0.5. One of the steady states will
then have the following values:

y(n) = —0.0666
v (1) = +0.0671
w,(n) = —0.0822
v (n;) = 0.0386
w,(n,) = —0.0200

(3.19)

when w(n,) = 0.5. The energetics were then
computed using the formulas given in (2.9). The
results are shown in the following diagram which
shows that G(n,) provides the energy for the
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Gin) = ~00022 | n=2 D{n) = 0-0011

00133

* KEX{n} = 0°0033

Giny) = «00M | | _ 5| Diny) = 00054
00676
{ KEX{nq) = —0-0067
Giny) = :o~0009 ny = 4| Dinz) = 00015
0-0189

J KEX(ny) = 0:0024

Fig. 1. The energy diagram for a steady state forced by
Wzc(3) = 0.5. The components in the system are P, P}
and P}. Parameters: § = 0.5, ¢ = 0.04. It is seen that the
energies on the components PS and P} are maintained by
a non-linear transfer of energy from the component P},
while the components P} and P} dissipate energy through
the Newtonian forcing and the frictional dissipation.

system. A part of the energy is dissipated through
D(n)) but the other part leaves the component (/,
n,) through the non-linear exchange process
KEX(n,). The greater part of KEX (n,) is received
by the component {0, n) through KEX {n) which in
the steady state provides the only energy input to
(0, n) which is depleted by both G(n) and D(n). The
component (/, n,) receives energy through the non-
linear exchange KEX(n,) but is depleted by G(n,)
and D(n,). The diagram shows therefore an
example of a three-component system which is in a
steady state and when the non-linear exchange
processes play an important role in the main-
tenance of the steady state.

The example above was calculated for y.(n) =
0.5. We shall next explore the number of steady
states as a function of yg(n,). In an example we
had n = 2,/ = 3, n, = 3 and n, = 4. Using again
&€= 0.04 and = 0.5 we find that R < 0. According
to the analysis resulting in (3.12) and (3.13) we
have then the result that one steady state will exist
if wge(n,) < 0.44, five steady states are present for
0.44 < yy(n,) < 0.67 and three steady states exist
when yg(n,) > 0.67. These results have been
confirmed by a calculation of the steady state for
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selected values of y;.(n,) as we shall see in the next
section.

4. Stability analysis

The steady states of the system derived in the
last section may be stable, neutral or unstable. In
this section we shall investigate the stability of the
steady states to small perturbations. We shall first
consider the general problem. In this case we have
as the basic state any steady state computed by the
procedures given in Section 3. In addition to the
parameters (& B, 1, n, n, and n,) we have the ampli-
tudes w(n), w.(n), w,(n), w(n,y) and y(n,) of the
components included in the system. The pertur-
bation equations are obtained from (2.5). Denoting
the perturbation quantities by a prime we get:

dy'(n)
dt
— w,(ny) wi(n)— y (n) wi(n)) — py'(n)

= a(@n) v} () + y,(ny wiln,)

4.1)

dyi(n,)
dt

= 1) yi(ny) + y,(n) y'()

I
+— W;(nl) — P W:-(nl)
41
dys'(n,)

PR (@) yi(ny) + v (n) w'(n)

l
- wi(n) —p, wi(n,)
1

dyl(n, i .
W;in ) =y (w(n) wi(n,) + wny) y' ()
i
+—y;(n) — p, yi(ny)
Cy
d 1
W) ) iy
dt

l
+ y(ny) y'(m) — = ve(ny) — py wi(ny)
2
To perform the stability analysis we look for
solutions to (4.1) of the type {r exp(wf). A given
steady state will thus be unstable if the real part of
w is positive and stable if it is negative. It is seen
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that this procedure leads to a normal eigenvalue

problem of the form
{4} —wi{I}=0 4.2)

where {1} is the identity matrix and {A} is the
following matrix

P ayln) —ayln)
Y1 m —P l/c,
{4} = —nwln) -l —p,
Y2 *//:(_”1) 0 7, w(n)

—7%2 W —" W 0

_au—,s_(_nl) au,c(nl)

0 N WT")
w0 (4.3)
—D; le,
—lfe, —p,

In the general case where all of the steady state
amplitudes are different from zero it is most
convenient to solve the eigenvalue problem by
numerical methods. It is for this reason that it has
been preferred to express (4.1) in the real domain.
Another procedure which can be used in special
cases is to use the complex domain by defining

wn) = (n,) + iy (n)
(4.4)

wi(n,) = wi(n) + iyl(n)

Yl = w(ny) + iyy(ny)  yln,) = ylny) + iy (n,)

Using (4.4) we may write the last four equations
in (4.1) in the form:
dy'(n,)

dt =iy ‘/’(—”) wl(ny) —3.71'#(_”2) y'(m)

i
—i = y'(n) —p, y'(n)

(4.5)

dy'(n,) — -
WTtnz = —iy, w(n) y'(ny) —iy, y(n,) y'(n)

i
—i— y'(ny) —p, y'(ny)

(&)
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Equation (4.5) is used to consider the important
special case where the steady state is characterized
by w(n) # O while all the other amplitudes in the
steady state are zero. In this case we see from the
first equation in (4.1} that one value of w is —p
while the remaining values are determined from
(4.5). Using perturbations of the same type as
before we get from (4.5):

(P, + ig, + @) P(n,) + iy, w(n) ¥(ny)) =0
(4.6)

iy, w(n) lny) + (py + igy + @) P(n) =0

The frequency equation is obtained from (4.6) by
noting that the determinant must vanish in order to
get non-trivial solutions. It is seen that this
procedure leads to a quadratic equation in w with
complex coefficients. The steady state () # 0 will
be unstable if the equation has a solution in which
the real part of w is positive. The solution may be
written in the form

w =4(—(p, + p) — i(g, + g;) + D'?) 4.7
where
2
D=(p,—p)*—(q,—q)* — 4y, , w(n)
+2(p, —p) (9, — q) (4.8)
Let us write the discreminant in the form
D = p(cos @ + i sin ) 4.9)
leading to
(4.10)

4 a
DV2 = pV% [ cos — + i sin —
2 2

It is then seen that the steady state will be
unstable if

g
p cosz<£) > (p, +p)? .11
Equation (4.11) can be evaluated using the
definition (4.9) which together with (4.8) deter-
mines p and cos 6. After considerable reductions it
turns out that (4.11) leads to the inequality

DDy . B (ey—c)
(=9 7) ciei (p,+p)
where it has been assumed that y, y, < 0. It is easy

to show that if y, y, > O then the basic state is
always stable. Equation (4.12) shows that the basic

anz) > ) 4.12)
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Fig. 2. The degree of instability, measured by w, as a
function of the forcing yg.(3), i.e. zonal forcing. The
components are P}, P and P}. f=0.5, ¢ = 0.04.

state is unstable for small perturbations if | y(n)| is
sufficiently large. Since w{(n) is closely related to
w;(n) according to (3.6) we find that a sufficiently
strong forcing will create instability. Fig. 2 shows
w, as a function of y,(n) for the case where the
three components are (0, 3), (2, 2) and (2, 4), 8 =
0.5, ¢ = 0.04 and y(3) # 0, while . (2) = w(2)
= ypc(4) = yg5(4) = 0. It is seen that w, increases
almost linearly with y(3).

The next example has again § = 0.5 and ¢ =
0.04. The components are (2, 2), (2, 3) and (0, 4),
and it is assumed that y.(3) # 0 while y(4) =
Wis(3) = Wrc(2) = ygs(2) = 0. In this case, which is
analogous to the case considered in Section 3, there
are either 1, 3 or 5 steady states depending on the
value of yg-(3). It is found that | steady state is
present when 0 < w,.(3) < 0.6, 5 steady states exist
when 0.7 < w(3) < 0.9 and 3 steady states will be
possible when 1.0 < y(3) < 1.5. In the first case
(1 steady state) it is found from the stability
analysis that this state is always stable. The next
case having 5 steady states is characterized by 2
unstable and 3 stable steady states. Finally, in the
third case with 3 steady states we find that one state
is unstable while 2 of them are stable.

Fig. 3 shows w, as a function of wg.(3). The
minimum between 0.9 and 1.0 in w, coincides with
the transition from 5 to 3 steady states. It is to be
expected that the instability mechanisms are differ-
ent in the two regimes. This can be demonstrated
by considering the unstable steady states in the two
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cases. In the first case (5 steady states of which 2
are unstable) we find that the unstable steady states
are composed of all three components included in
the systems while the second case (3 steady states
of which 1 is unstable) has energy on the middle
scale only. These cases are illustrated in Fig. 4
which shows the energetics for y;(3) = 0.8 and
Vec(3)=1.5.

The arrows for each box have the following
interpretations. G(n) is on the left side, D(n) on the
right side, while KEX (n) is below the box. In the

wr

02F

0Ol a1

Y A S R
o0 05 10

s Vecld
Fig. 3. The degree of instability, measured by w,, as a
function of the forcing w,.(3), i.e. wave forcing. The
components are P2, P2 and P§.
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Fig. 4. Energy diagrams for two different unstable
steady states. The components are in both cases P, P}
and P4. The forcing is yg(3) = 0.8 on the left side and
Wgc(3) = 1.5 on the right side of the diagram.
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first case we find that the unstable steady state is a
truly non-linear state while in the second case the
energetics is restricted to the middle scale. The
numbers in Fig. 4 are non-dimensional.

If we start a numerical integration of the model
equations in the immediate vicinity of an unstable
steady state we know from the stability analysis
that the model will move away from the steady
state in phase space, i.e. in this model a five-dimen-
sional space with the amplitudes w(n), y.(n),
w(n), w.(n) and w(n,) along the axes. It is
possible that the asymptotic state for such an inte-
gration is one of the other steady states unless the
model goes into an oscillatory mode in phase-
space. Some test calculations have been made. In
each case it was found that the asymptotic state
was another stable steady state. In our examples we
have found that 2 or 3 stable steady states may be
present. It would be important to know the con-
ditions that determine which of the possible steady
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states is the asymptotic state from the given initial
conditions. So far it has not been possible to solve
this problem.

We shall illustrate the asymptotic cases by some
example. Referring to Fig. 3 we noticed that the
stability properties are divided in two separate
regions. Similar properties are found in other cases.
We consider a case in which the components are
0, 2), (3, 3) and (3, 4). With #=10.5, ¢ = 0.04 and
the forcing specified by w;(3) while all other
components of the forcing were zero the steady
states were determined using the procedures out-
lined in Section 3. Based upon these results the
stability analysis of Section 4 was carried out. The
results of these calculations are summarized in
Table 1. For 0.1 < wg(3) < 0.4 there is only one
steady state consisting of the component (3, 3).
This steady state is stable. When 0.5 < y;.(3) <
0.6 we have § steady states. The first consists of (3,
3) only and is stable. The remaining four steady

Table 1. Steady states and stability for a system consisting of (0,2), (3;3) and (3,4) with = 0.5, ¢ = 0.04
and A, {3) + 0. All other components of the forcing vanish

Vec(3) v(2) v.(3) w,(3) v.(4) v,(4) Stability
0.1 0 0.0049 —0.0151 0 0 Yes
0.2 0 0.0098 —0.0301 0 0 Yes
0.3 0 00148 —0.0452 0 0 Yes
0.4 0 0.0197 —0.0602 0 0 Yes
0.5 0 0.0246 —0.0753 0 0 Yes
—0.0666 0.0671 —0.0822 0.0386 —0.0200 No
0.0666 0.0671 —0.0822 -0.0386 0.0200 No
—0.1092 0.1059 0.0072 0.0634 0.0328 Yes
0.1092 0.1059 0.0072 —0.634 —0.0328 Yes
0.6 0 0.0295 —0.0904 0 0 Yes
—0.0400 0.0437 —0.0967 0.0194 -0.0176 No
0.0400 0.0437 —0.0967 -0.0194 0.0176 No
—-0.1214 0.1005 0.0342 0.0587 0.0534 Yes
0.1214 0.1005 0.0342 —0.0587 —0.0534 yes
0.7 0 0.0344 —0.1054 0 0 No
—0.1304 0.0944 0.0485 0.0540 0.0658 Yes
0.1304 0.0944 0.0485 —0.0540 —0.0658 Yes
0.8 0 0.0394 -0.1205 0 0 No
0.1379 0.0892 0.0576 —0.0500 —0.0749 Yes
—0.137¢ 0.0892 0.0576 0.0500 0.0749 Yes
0.9 0 0.0443 —0.1355 0 0 No
0.1447 0.0848 0.0639 —0.0467 —-0.0822 Yes
—0.1447 0.0848 0.0639 0.0467 0.0822 Yes
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Fig. 5. The result of a numerical experiment in which initial states were selected on a small sphere in phase-space with
a steady, unstable state as the centre. The spherical surface was covered by a grid with a grid distance of 10° similar
to longitude (4) and latitude (). The curve on the figure separates the points on the sphere in two classes. All points
above the curve represent initial states for which one asymptotic steady state exists, while the points below the curve

approach another asymptotic steady state.

states have energy on all three components, but two
of these steady states are unstable. A numerical
integration of the model equations was carried out
starting from an initial state very close to one of the
unstable steady states for which we selected the
second steady state listed under y,(3) = 0.6. The
integration was continued until a steady state was
reached. It was found that this asymptotic state
was identical to the first steady state listed under
Vec(3) =0.6.

When 0.7 < yg(3) < 0.9 there are three steady
states. In this case we find that the first one has
energy on the component (3, 3) only and is
unstable while the remaining two steady states have
energy on all three components, but these states are
stable. It is likely that the asymptotic state will
depend on the initial condition. To illustrate this
problem it was decided to perform a number of
numerical experiments. We consider first the steady
state characterized by y,(3) = 0.0443, y,(3) =
—0.1355, while y(2) = v (4) = y,(4) = 0 for y,-(3)
= 0.9. In the phase space we consider next a sphere
with the point (w,(3), ¥,(3)) as centre. Points on the
sphere are characterized by the expressions:

¥(2) = A4 cos ¢ cos 4
y(4)=Acosgsin A
v (4)=Asing

where 4 is the radius of the sphere and — #/2 < ¢ <
n/2, 0 < A < 27 For the experiments we selected
A = 107 and used a 10° interval for A and ¢. By
noting in each integration the asymptotic state we
can divide the surface of the sphere into two regions
where all points in a region have the same
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asymptotic state which is either the second or the
third state listed for yg(3) = 0.9 in Table 1. The
result of these experiments is shown in Fig. 5 where
A and ¢ are used as the linear co-ordinates. All
points above the curve in Fig. 5 will approach the
steady state with p(2) = — 0.1447 while those
below the curve will have w(2) = + 0.1447.
Identical results were obtained for 4 = 10~3 and 4
= 1075 It is therefore conceivable that the region
around the stationary unstable point in the phase
space can be divided in sub-regions which have a
particular asymptotic state. It is beyond the scope
of this investigation to explore what happens if the
initial conditions are on the interface between these
sub-regions.

5. Conclusions

It has been shown that a barotropic, low-order
system with forcing and dissipation may possess
several steady states. In addition to the purely
zonal flow as a steady state it is also possible to
determine steady states which contain waves.
Among these some states have energy on one wave
component only, but others have energy on all
components in the system, and the steady states are
maintained by a non-linear exchange of energy
among the components.

Each steady state may be used as the basic state
for a linear stability analysis. If the basic state is a
zonal flow we find that the flow is unstable for a
sufficiently strong forcing. In the more interesting
case where the basic state contains waves it is
found that there may be 1, 3 or 5 steady states
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depending on the intensity of the forcing. In the
examples treated in the paper it is shown that if
only one steady state exists it is stable. For the case
of 5 steady states it is found that 2 are unstable and
3 are stable. With 3 steady states the result is that
one is unstable and 2 are stable. It has thus been
demonstrated for the low-order system that for a
given intensity of the forcing it is possible to find
stable, steady states which contain energy on all
wave components. This result corresponds to the
general synoptic experience that certain wave confi-
gurations in the atmosphere may persist for a

A. WIIN-NIELSEN

relatively long time while others, presumably
corresponding to the unstable cases, will break
down at a fast rate.

In the case where at least two stable steady
states exist it is of interest to determine when the
system from given initial conditions will approach
one or the other symptotic steady states. No
general solution to this problem has been found but
it has been demonstrated by numerical experi-
ments that the type of initial disturbance applied to
a given unstable steady state will determine the final
asymptotic state.
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CTALIMOHAPHLIE COCTOSIHUSA U UX YCTONYUBOCTh B BAPOTPOITHOM CUCTEME
HH3KOTO TIOPAAKA C BO3BYXIAEHUEM U JUCCUNALIMEN

Hccnenyetcs 6apoTponHas CHCTeMa HU3KOTrO IOPAAKa
c Bo30yxneHnemM no HpIOTOHY H JMCCHNALMEH.
CucremMa HMeeT OOHY KOMITOHEHTY B 30HAJILHOM
[IOTOKE, XapakTepHiyeMyr ¢yukuuer JlexaHapa, u
OBe KOMIIOHEHTbHI B BHXPEBOM TEYeHHH, HMEIOLIHE
OOHO H TO Xe HONrOTHOE BOJIHOBOE YHCIIO, HO
pa3Hble MEPHAHOHAJIbHBIE HHACKCHI, U OMHMCHLIBAEMbIE
OBYMSAI NPHCOEAMHEHHBIMH (yHKUHAMM JlexaHapa.
CucteMy  XapaKTepu3ylOT NATb  BeLIECTBEHHBIX
aMILTATY, W NATb OOBIKHOBEHHBIX HEIMHEHHBIX
nuddepeHUNATbHBIX YPaBHEHHU OMUCHIBAIOT [MOBE-
OEHUE CHCTEMBI.

CTaUHOHAPHBIE COCTOSAHUA CHCTEMBI MOTYT ObITh
omnpeneleHbl YUCICHHBIM DPEIIEHHEM YypaBHEHHMS 9-i
CTENCHH INPH 3aJaHHOH HHTEHCHMBHOCTH BO30yX-
meHuss. Pazgen 3 comepXur omMcaHue NpoLELYpbI
HAXOXIEHUS CTAUMOHAPHBIX COCTOSHHIA; IMOKa3aHo,
4YTO MPH 3aAaHHOM BO30YXAEHHH B CHCTEME MOXET
CyUIECTBOBAaTh OO NATH CTALHOHAPHBIX COCTOSHHI.
Haubonee crnoxkHoe M3 CTaUHOHAPHBIX COCTOAHMIA
COOECPXHUT 3HEPrHiO0 BO BCEX KOMIIOHEHTAX CHCTEMBI,
M HenHHeHHbI# OOMeH JHeprueit Mexay KOMIOHEH-
TaMH ABJISETCA CYLIECTBEHHBIM [ANA MOAAEpXaHHA
3TOrO COCTOSIHUA. JIpyrHe cTanuMOHapHBIE COCTOSHUS
ABIAXOTCA WJIH 30HAJIBHBIMH, WJTH CONEPXAT IHEPTHUIO
TOJIbKO B OJHOH KOMITOHEHTE.

B pa3spene 4 onmceiBaerca oOwas npoueaypa
OMpeacJICHHA yCTOﬁHHBOCTH 3aJaHHOro CTalMoOHa-
PHOro COCTOSHHA BMECTC C OIpPEAC/ICHHEM }'CTOH-
YHABOCTH BCEX CTAllHOHAPHBIX COCTOSIHHH BHYTPH
HHTEpBajJa napameTpoB Bo30yxunenusa. Haiineno,
YTO CpPE€aH CTALHOHAPHBIX COCTOS{HHﬁ, oGnanalou.mx
JHEPT! Ueil B BOJIHOBBIX KOMIMIOHCHTAX, MBI HaxXxoanMM
KaK YCTOHYHMBEIE, TAK H HEYCTOUYHBBIE KOHGHUTYPALIHHA.

Takum o6pa3om, mnpeacTaBis€TCs, YTO 3TOT
pe3y bTaT HaxOBHTCS B OOINEM COrjacHM ¢
CHHONTHYECKHMH TPEACTABICHHAMH, YTO HEKO-

TOpbIE BOJIHOBble KOH(QUTypauuH MOTYT CYyLLeCTBO-
BaTh B CPABHHTEILHO HEH3IMEHHOH GOpMe B TeYeHHE
JI0JTrOTO BPEMEHH, TOTIa Kak APYyrue, No-BUAHMOMY,
COOTBETCTBYIOILIHE HEYCTOWYMBBIM KOHPMrypaumsm,
6ynyt OBICTPO MeHATBCS. B CHCTEeMe HH3KOro
nopsiaka OJIM3KOe COOTBETCTBHE C  peasibHBIMH
aTMOC(epHBIMU YCIIOBHAMH HEBO3MOXHO.

B xoHue pa3nena 4 gaHbl Pe3yNbTaTbl YHCIIEHHBIX
IKCIIEPHMEHTOB C MPOCTOH CHCTEMOH, HIIIIOCTPH-
pylollie, YTO OMNpeAeNeHHbli THN HA4aJbLHOTIO
BO3MYILEHUA, HANOXKEHHbIM Ha CTAUHOHApHOE Hey-
CTOMYHBOE COCTOsAHME, OyIeT ompeneNaTb aCHMII-
TOTHYECKOE CTalMOHApHOE COCTOAHHE B cCiydyae,
KOrJa CYLLECTBYIOT ABa WIH Gonee TaKMX COCTOSHMM,
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