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On the transient state of wind-driven coastal currents 
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ABSTRACT 
A solution to the transient state of Ekman’s elementary current system is presented. The forcing 
consists of a suddenly imposed wind, directed along an infinite straight coast. The problem is 
identical to that treated by Ekman (1905) and it is shown that Ekman’s solution is valid only at 
very great distance from the coast, or at extended times. The present solution reveals the 
existence of two time scales and shows that the main response is confined to a coastal region 
where it is characterized by the “spin up time”. The width of this region is of the order of the 
Rossby radius of deformation. At increasing distance from the coast, the response time 
approaches the diffusive time scale obtained by Ekman. 

1. Introduction 

Ekman’s elementary current system is the 
notation for the wind-driven currents in water of 
finite depth, including the top and bottom boundary 
layer currents and the midwater current which is 
essentially independent of depth. Here we consider 
the formation of this current system in an homo- 
geneous ocean of constant depth in the presence of 
a straight coast. 

Ekman (1905) made the assumption that the 
transport in the upper Ekman layer, normal to  the 
coast, is at all times exactly balanced by the corre- 
sponding transport in the bottom layer. This is not 
correct since, during the formation, there is a com- 
ponent perpendicular to the coast of the midwater 
current that is not negligible. Taking this into 
account one arrives at a quite different result and 
since the Ekman solution does occur in modern 
textbooks (e.g. Neuman-Pierson, 1966) this presen- 
tation seems to be of some interest. 

2. Formulation of the problem 

We will use Cartesian coordinates (x, y ,  I) with 
velocity components (u, v, w). The region x > 0 is 
occupied by homogeneous water of constant depth 
H. At time t = 0. a uniform and constant wind 

stress along the y axis is imposed. The following 
assumptions will be used: 

(i) The pressure is hydrostatic. 
(ii) The characteristic time scale of the motion is 

large compared to the rotation time R-’ (the 
quasi-geostrophic approximation). 

Subject to the above restrictions, we get the 
following linearized set of equations for the interior 
motion. 

(1) 
1 aP 

2Rv, = - - - 8% 
at P ax  

(2) 
av, - + 2Qu, = 0 

P I =  Pgz + P ( X ,  Y )  (3)  

au aw 
- + - = o  (4) 
ax a2 

where u = u, + u, + u,, w = w, + w, + w, and I, r, 
E denotes contributions from the interior, top and 
bottom boundary layers, respectively. 

The continuity equation (4) for the total velocity 
may be integrated vertically between bottom and 
surface, yielding 

l a p  aM 
at ax 

-- 

at 

+-=o (5) _ -  
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where M = m, + mr + m, denotes the total mass 
transport in the x-direction. 

Since the response time for the upper Ekman 
layer is of the order Q-l, assumption (ii) is the justi- 
fication for taking the values of mz and mE from the 
steady state Ekman theory. 

TO H aP 
2 0  4 0  ax 

m, = - p ( t )  and mE = - - E1/2 - 

where ro is the wind stress, E is the Ekman number 
(v/0H2) and p ( t )  is the Heavyside unit step 
function. m, is found by eliminating uI from eqs. (1) 
and (2), noting that u, is independent of z and 
making use of (ii). 

H a a p  m 
‘-4R2at ax 

The following scales for x, t and p are introduced 

[ x 1 = (gH/4f22)1/2 (Rossby radius of 
deformation) 

[ t l  = (RE”2)-’ 
[ p ]  = ?oE-1/2(g/R2 H)”, 

This puts eq. ( 5 )  into non-dimensional form 

a p  aM -+-=o 
at ax 

(Spin up time) 

aP a aP M = p ( t )  - - - - - 
ax at ax 

The boundary and initial conditions are 

M = O  at x=O 

M < m  as x+co 

p = O  at t = O  

This formulation differs from that of Ekman 
essentially by the presence of the last term in eq. 
(7), which represents the quasigeostrophic part of 
the mass transport perpendicular to the coast. The 
neglect of this term results in a pure diffusion 
problem with the boundary condition 

-= 1 
ax 

a t x = O  
aP 

i.e. the final surface slope is reached instantly at the 
coast and propagates out by way of diffusion. 

3. Discussion of the solution 

The solution of eqs. (6) and (7) may be obtained 
by the use of Laplace transformation, and by 
applying the conditions (8)-( 10). Here we shall 
discuss some interesting properties of the results. 
At the coast ( x  = 0), the solution takes the form 

(1  1) 

(12) 

p(0 ,  t )  = te-f/2(Zo(t/2) + 12(t/2)) 

p,(O, t )  = 1 - e-I 

where Z,,, I ,  are modified Bessel functions of the 
first kind. Expression ( 1  2) is derived by integrating 
the boundary condition (8), and shows that the 
final slope of the surface near the coast is reached 
in the spin up time. The condition (11) gives the 
variation of the water level at the coast and from 
the asymptotic behaviour of this expression it is 
seen that for 

p(0 ,  t )  - t 
p ( 0 ,  t )  - t l / ,  

Thus the adjustment of the water level, Fig. 1, is 
rapid during the spin up time before the bottom 
Ekman layer is fully developed. 

for t < 1 

for t + 1 

The complete solution is found to be 

I 

:;:I/ , , , , , , , I 

1 2 3 4 5 6 7 8 9 1 0  1 

Fig. 1. Plot of p(0, t ) / 2  d(f/n) showing the rapid change 
of the water level at the coast during the spin up time. 
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Fig. 2. Plot of the time scale as a function of distance 
from the coast. The dashed line represents the diffusive 
time scale of Ekman’s solution. 

It is interesting to investigate Eq. (14) for f < 1, in 
which case 

dtt 

and evaluating the integral this becomes 

- z t e-x 
ax  
aP 

showing that the initial response is restricted to a 
coastal region, the width of which equals the 
Rossby radius of deformation. It may be shown 

that Eq. (14) formally approaches Ekman’s 
solution as x co 

Finally the results are summarized in Fig. 2, which 
gives the time scale as a function of distance from 
the coast. Here the time scale is chosen to be the 
time required for the surface inclination to attain 
60% of its final value. It is seen that the departure 
from Ekman’s result is considerable within the 
Rossby radius of deformation, and this regime 
appears to be the only one of geophysical impor- 
tance, considering the great magnitude of the 
Rossby radius of deformation, which is 1000 km or 
more. 

Thus we can conclude that in most real cases the 
response time of the geostrophic and bottom 
transports with respect to variations of the wind 
field is of the order of the spin up time. 
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