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ABSTRACT 

A mathematical model is employed for analysing the structure of the homogeneous ocean 
surface layer. The model is verified against laboratory measurements of the fully developed 
channel flow and the wind-induced channel flow. Turbulence models of different complexities are 
used and discussed. An extension of the k - 6 turbulence model to rotating flows is derived and 
tested. 

The study indicates that a suitably chosen constant eddy viscosity is adequate for predicting 
the velocity and shear stress distributions in the Ekman layer. For transport of different chemical 
and biological species it is, however, necessary to know the detailed transport properties of the 
layer. Non-dimensional vertical distributions of different turbulence quantities, characterizing the 
Ekman layer, are therefore predicted and analysed. Rotational effects in the turbulence model 
are found to somewhat change the shear stress distribution in the deeper parts of the boundary 
layer. 

1. Introduction 

The objective of the present study is to examine 
the turbulent Ekman layer with the aid of a mathe- 
matical model. Interest is focused on the wind- 
induced Ekman boundary layer found in the well- 
mixed ocean surface layer. Special attention is 
given to the effect of the earth's rotation on mean 
flow and turbulent quantities. To be able to analyse 
this effect an idealized stationary boundary layer is 
assumed. A secondary objective is to provide 
general non-dimensional relationships for the mean 
velocities, Reynolds stresses, diffusion coefficients, 
etc. This kind of information is needed in general 
three-dimensional circulation models of the ocean 
and large lakes. 

Earlier studies of the dynamics of the ocean 
surface layer, using advanced turbulence models 
(Mellor and Durbin, 1975; Marchuk et al., 1977), 
concentrate on the effect of density gradients. The 
mathematical formulation used in the present 
model is easily extended to the stratified case, but 
only homogeneous conditions will be treated in the 
present context. The reason for this is simply that 
the non-stratified situation should be fully explored 

I Present affiliation: Division of Water Resources 
Engineering, University of Lulel S-95 187 Lulei, Sweden 

before the stratified case is attempted. As will be 
emphasized later on there are several similarities 
between the considered problem and the Ekman 
layer in the atmosphere. The large body of know- 
ledge gained about the atmospheric boundary layer 
(Mellor and Yamada, 1974, 1977; Zeman and 
Tennekes, 1975; Deardorff, 1970; Wyngaard, 
1975) therefore represents a valuable source of 
information, when constructing mathematical 
models. Some of these studies have even con- 
sidered the effect of rotation on the turbulence 
structure. 

The mathematical formulation of the probfem is 
given in Section 2 together with some basic 
assumptions made. In order to establish con- 
fidence in the model, it is in Section 3 applied to 
some laboratory flows, for which measurements are 
available. Section 4 contains the results concerning 
the ocean surface layer and Section 5 a discussion 
and some conclusions of the study. A derivation of 
a turbulence model with rotational effects is given 
in the Appendix. 

2. The mathematical model 
2.1. Basic assumptions 

The study will restrict attention to horizontally 
homogeneous flows, which means that terms con- 
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THE STRUCTURE OP THE TURBULENT EKMAN LAYER 34 1 

taining gradients in the horizontal plane. are 
neglected. It will also be assumed that no density 
gradients or mean vertical velocities are present. 
These assumptions constitute an idealized boun- 
dary layer. A further assumption is that Reynold’s 
averaging of Navier-Stokes equations is a valid 
procedure. 

2.2. Momentum equations 

equations take the following form: 
Within the assumptions made the momentum 

- au = - a (-.. + 2) + jv 
at az 

- v w + v -  -fu -=-( av a ;r) 
at az 

where z is the vertical, space coordinate, positive 
upward, t the time coordinate, f the Coriolis 
parameter, U and V mean velocities in the x and y 
direction respectively, u% and 17% the Reynolds 
stresses and v the molecular kinematic viscosity. 

The surface wind stress, T, specifies the momen- 
tum flux at the surface, thus: 

where p is the density of water. The present 
analysis assumes an infinitely deep ocean, with zero 
velocities at the lower boundary. To be able to 
apply a numerical model it is, however, necessary 
to specify a depth, D, where zero velocities are pre- 
scribed. Thus: 

( u ( t ) ) z = - D  = ( v ( t ) ) z = - D  = O* ( 5 )  

The depth of vanishing motion must, of course, be 
chosen large enough not to influence the predicted 
results in the region of interest. 

2.3. Turbulence model without rotational effects 
The turbulence model which does not take the 

Coriolis force into account is based on Prandtl’s 
formula: 

v T =  lk”2 (6) 

which states that the kinematic eddy viscosity, v T ,  
can be determined from a length scale, 1, and a 

velocity scale, k1’2. The velocity scale, k112, is the 
root of the turbulent kinetic energy, k. Another 
assumption is that the rate of dissipation of 
turbulent kinetic energy, E, can be related to k and 
1 by the proposal by Chow (1945): 

k3/2 
& = C  - 

” 1  (7) 

where C,  is an empirical constant. 

following expression for vT : 
Eliminating 1 between (6) and (7) gives the 

k2 
VT=Cu- 

E 

which means that vT can be determined if k and E 

are known. These variables are calculated from two 
transport equations, which can be derived in exact 
form from the Navier-Stokes equations and there- 
after “modelled” to the following form: 

Turbulent kinetic energy: 

Dissipation of turbulent kinetic energy: 

(9) 

where 

P =  VT [($I +(;)’I 
and 

Vem= VT + v. (12) 
Since the eddy-viscosity is defined as the ratio be- 
tween the Reynolds stress and the shear it is now 
possible to formulate the following expressions for 
the Reynolds stresses. 

- aU 
-uw = VT - 

a Z  

- aV 
-uw = v,-. 

a Z  

The constants appearing in (8), (9) and (10) are 
given in Table 1. For a detailed discussion of these 
constants and the underlying assumptions of this 
turbulence model see Launder and Spalding (1972, 
1974) and Rodi (1978). 
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342 U. SVENSSON 

Table 1. Constants in the turbulence model 

c, c, c2 ffk ‘t 

0.09 1.44 1.9 1.4 1.3 

2.4. Turbulence model with rotational eflects 
Some of the more recent turbulence models 

(Zeman and Tennekes, 1975; So, 1977) have con- 

3. Application to laboratory flows 

In order to establish confidence in the mathe- 
matical model, predictions of the fully developed 
channel-flow and the wind-induced channel-flow 
are presented. The turbulence model for non- 
rotating flows is used since the earth’s rotation is 
not expected to be of any importance in these flows. 
Further applications of the k - E model to 
boundary layer flows are reported by Singhal and 
Spalding (1975). 

sidered the Coriohs term in the Reynolds-stress 
equation and, in particular, the inclusion into the 
pressure-strain correlation. This approach is fol- 
lowed in the appendix where an extension of the k 
- E model to rotating flows is derived. It is found 
that the production term (1 1) and the expressions 
for the Reynolds-stresses (13) and (14) are 
modified as follows: 

3. 1. The fully deueloped channelflow 
Important parameters specifying the flow are the 

mean velocity, U, and the depth, C. An excellent 
series of measurements of this flow has been pro- 
vided by Hussain and Reynolds (1975) and their 
profiles of velocity and eddy viscosity will be used 
for comparison. The flow studied may also be 
classified as the flow between two parallel walls. 

P = v ~ [ ( ~ ) ’ + ( ~ ) ’ ] ~ / ( ~  + R 2 )  (15) 

where 

k 
R = 42-f 

E 

is a dimensionless quantity expressing the effect of 
rotation. The constant $2 is in the appendix found 
to be 0.4. Since k l c  is a timescale for the 
turbulence, R may be interpreted as the ratio 
between the time scale for turbulence and that for 
rotation. When this ratio is small R will be small 
and the model will return to the model for non- 
rotating flows. The expressions (15), (16) and (1 7) 
thus extend the regular k - E model to rotating 
flows. It is also interesting to note that Reynolds 
stresses do not by necessity change sign when the 
velocity gradients change sign. This means that an 
apparent negative eddy viscosity is possible. 

The upper boundary is thus a symmetry plane and 
therefore somewhat different from a channel flow 
with a free surface. Pressure gradients were not 
included in the mathematical formulation since 
they are assumed to be negligible for the ocean 
surface layer. In the present case it is of course the 
pressure gradient that drives the flow and this calls 
for a way of calculating it. For the steady state 
situation studied the following formula was em- 
ployed: 

where U p  is the prescribed mean velocity and C ,  a 
numerical constant. The formula produces a 
pressure gradient which in the steady state gives 
U = Up, independently of C,, since the left-hand 
side of the equation is then zero. 

Boundary conditions for k and E at the bottom 
are given by prescribed values, which are related to 
the calculated shear stress. At the upper boundary 
a zero flux condition is used, since this boundary is 
a symmetry plane. For further details concerning 
boundary conditions for the k - E model, see 
Launder and Spalding (1974). A comparison be- 
tween measured and calculated profiles of velocity 
and eddy viscosity is shown in Fig. 1. The agree- 
ment is impressive and gives support to the mathe- 
matical model. 
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Fig. 1. The fully -developed channel flow. Comparison 
between predicted and measured mean velocity and eddy 
vkosity profiles. 

3.2. The wind-induced channel-flow 
This flow is a most basic one for environmental 

fluid flows. Ideally the situation is one dimensional 
with a surface stress and an adverse pressure 
gradient. The return flow at the bottom, driven by 
the pressure gradient, ensures that mass conser- 
vation is fulfilled. Depending on the wind stress the 
surface can be hydrodynamically smooth or rough. 
Measurements of the velocity profile have been 
reported by Baines and Knapp (1965) and these 
will be used for comparison. A calculated velocity 
profile, based on an experimentally determined 
eddy viscosity distribution, has been given by 

Barannik et al. (1977). Since this profile represents 
experimental data it will also be used for com- 
parison. The pressure gradient was calculated using 
formula (19) with U p  = 0. Boundary conditions for 
k and E were specified by prescribing values which 
are related to the surface and bottom shear stresses. 

The calculated velocity profile is displayed in 
Fig. 2 together with the experimental data. As can 
be seen the agreement is satisfactory. Further 
confidence in the calculated profile can be gained 
by plotting the profile on a logarithmic scale. If this 
is done one finds that the profile is well described 
by a straight line and thus that the profile is 
logarithmic. This logarithmic profile has been 
found in several experiments (Shemdin, 1972; Wu, 
1975). The calculated eddy viscosity distribution is 
shown in Fig. 3. It is noted that the maximum non- 
dimensional eddy viscosity is the same as found in 
pipe and standard channel flows. 

4. Application to the ocean surface layer 

4.1. Response to a suddenly imposed wind stress 
The first aspect of the ocean surface layer 

dynamics to be examined is that of the transient 
response of a quiescent ocean to an impulsively 
applied wind stress. This problem was considered 
already by Ekman (1905), who found that the 
surface drift current oscillates around a mean 
deflection angle of 45O to the right (Northern 
Hemisphere) of the wind direction. A constant eddy 
viscosity was however used in Ekman's analysis. 
Recently, Madsen (1977) has estimated the deflec- 
tion angle to be of the order loo,  assuming the 
eddy viscosity to increase linearly from the surface. 

A prediction of the development of the surface 
drift current, using the present model, has been 
carried out. The turbulence model for non-rotating 
flows was used, since the predicted result was found 
to be insensitive to the rotational effect. From Fig. 
4 it is seen that the present model predicts an 
oscillating drift current around a mean deflection 
angle of the order 10'. This deflection angle is, 
however, depending on the roughness length of the 
surface, since a logarithmic velocity profile is 
assumed close to the surface. The angle 10' refers 
to a prescribed roughness length of m which 
according to p d o  (1976) corresponds to a wind 
velocity of t$e order 7 m/s. Changing the rough- 
ness lengq within reasonable values will only 
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Fig. 2. The wind-induced channel flow. Comparison between predicted and measured mean velocity profiles. 
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Fig. 3. The wind-induced channel flow. Calculated non. 
dimensional eddy viscosity distribution. 

change the deflection angle a few degrees and the 
conclusion that the angle should be of the order 
loo still holds. Further confidence in the predic- 
tions is gained from the calculated period of the 
oscillations, since this period is not a function of the 
eddy viscosity distribution. From Ekman’s theory it 
is found to be 14.5 h for f = 1.2. s-l. From 
Fig. 4 it is seen that this is in perfect agreement with 
the model predictions. It may therefore be stated 
that the proposed model predicts a realistic 
development of the surface drift current even if a 
strict verification is out of reach. 
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Fig. 4 .  The temporal development of the surface drift 
current due to a suddenly applied surface shear stress. 

4.2. Steady state vertical distribution of mean frow 

It is realized that a steady state situation is never 
reached in the ocean surface layer. However, in 
order to be able to identify and analyse different 
variables only steady state distributions will be 
discussed in this section. The first question to be 
dealt with is how mean velocities are affected by 
different assumptions about the turbulence struc- 
ture. Is it necessary to use an advanced turbulence 
model or will a suitably chosen constant eddy 
viscosity be sufficient? From Fig. 5 it is seen that 
the constant eddy viscosity solution is in good 
agreement with the one obtained with an advanced 

and turbulence quantities 
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Fig. 5. The idealized Ekman layer. Mean velocity profiles as given by different turbulence models. 
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Fig. 6 .  The idealized Ekrnan layer. Shear stress distributions as predicted by different turbulence models. 

turbulence model. The constant eddy viscosity was 
chosen as: 

where V, is the surface friction velocity. An 
important difference between the two solutions is 
given in the near surface region. A constant 
viscosity implies that the velocity variation in the 
wind direction is linear, while the turbulence model 

assumes a logarithmic profile. This will of course 
result in different deflection angles for the surface 
drift current, as discussed earlier. The inclusion of 
the rotational effect in the turbulence model was 
found to affect the velocity profiles insignificantly. 

The Reynolds stresses are, however, affected by 
the rotational effect as shown in Fig. 6. The 
maximum value of uW is increased by about 10% 
and VW is changed by about 40% at z f lV ,  = 

Tellus 3 1 (1979), 4 



346 U. SVENSSON 

-0.55. The constant eddy viscosity solution is 
found to give a realistic distribution also of the 
Rdynolds stresses. 

Vertical distributions of turbulent kinetic energy 
and its dissipation rate are displayed in Fig. 7. The 
shape of these curves is the same as normally found 
in boundary layer flows, see Hinze (1959). 
Measurements of the dissipation rate in various 
aquatic systems have been collected by Dillon and 
Powell (1976). These data together with pre- 
dictions for three different wind velocities are 
she> 
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I in Fig. 8. In these calculations a drag 

vie 
Fig. 7. The idealized Ekman layer. Profiles of turbulent 
kinetic energy and its dissipation rate. 

coefficient of 1.3 and a Coriolis parameter of 
1.0. lop4 were assumed. 

Terms of the turbulent kinetic energy equation vs 
depth are shown in Fig. 9. Close to the surface 
there is a balance between production and dis- 
sipation while the diffusional transport contributes 
mainly in the deeper parts of the boundary layer. 
This kind of balance is also well known from 
general boundary layer theory. Eddy viscosity dis- 
tributions calculated with and without the rotation- 
al term in the turbulence model are shown in Fig. 
10. A similar eddy viscosity distribution is given by 
Shir (1973) for the atmospheric boundary layer. 

Also for the steady state distributions it is 
interesting to compare the results with Madsen’s 
(1977) analytical model. The depth of “practically 
no motion” is by Madsen’s model estimated to 
0.4vJ f while the present model predicts the 
velocity a t  this depth to be about 3 % of the surface 
velocity. From Fig. 5 it is seen that small velocities 
will be present down to 1.0 v * /  f but Madsen’s 
estimate is anyway regarded as being in agreement 
with the present predictions. A linearly increasing 
eddy-viscosity, as assumed by Madsen, is however 
basically unrealistic since the production of tur- 
bulence vanishes with vanishing velocity gradients. 
The eddy viscosity is thus bound to decrease in the 
outer region of the boundary layer, see Fig. lo. 
Close to the surface the eddy viscosity will, 
however, increase linearly and one may therefore 
conclude that Madsen’s model is suitable for the 
near-surface region, while the model presented 
resolves the whole Ekman layer in a physically 
realistic manner. 

Fig. 8. The idealized Ekman layer. Comparison between predicted and measured dissipation rate for different wind 
velocities. 
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F!g. 9. The idealized Ekman layer. The relative impor- 
tance of terms of the turbulent kinetic energy equation. 

5. Discussion and conclusions 

The main difficulty in verifying the above pre- 
dictions is due to the lack of experimentally 
observed Ekman layers. According to Pollard 
(1977) this lack of observations is due to difficulties 
in making reliable measurements and the unsteadi- 
ness of the problem. It is unlikely that a steady 
state well-defined Ekman spiral will ever be 
observed. There are, however, two reasons for 
believing that the predictions presented give a 
realistic picture of the turbulent Ekman layer. 
Firstly, the mathematical model has, in this and 
other studies, been carefully verified against 
laboratory measurements of non-rotating flows. 
The model, and in particular the turbulence model, 
thus has proved to be able to represent the relevant 
physical processes accurately. Secondly, the 
inclusion of the Coriolis term in the momentum 
equations is straight-forward and does not intro- 
duce any uncertainty. The effect of rotation on the 
turbulence structure is analysed and found to be of 
minor importance. *There is thus no reason to  
believe that the rotating boundary layer should be 
predicted less accurately than the non-rotating one. 

The conclusions emerging from this study can be 
summarized by the following points: 

- -?r:dicf,on, Qz -04 

t 
-3 

V# 
Fig. 10. The idealized Ekman layer. Eddy viscosity dis- 
tributions as predicted with and without rotational effects 
in the turbulence model. 

A suitably chosen constant eddy viscosity, Eq. 
(20), gives velocity and shear stress dis- 
tributions in good agreement with those ob- 
tained with an advanced turbulence model. 
The k - E turbulence model has been extended 
to rotating flows. Eddy viscosity and shear 
stress distributions are found to be slightly 
modified by the rotational effect. 
Different turbulence quantities, characterizing 
the Ekman layer, are predicted and given in 
non-dimensional form. The Ekman layer is 
found to  display the same features as boundary 
layers in general. 
The predicted eddy viscosity variation, Fig. 10, 
is recommended for studies of the vertical 
transport of different chemical and biological 
species. For large-scale hydrodynamical 
models, which use a constant vertical eddy 
viscosity, Eq. (20) is recommended. 

Future work with the proposed model includes 
the extension to the stratified Ekman layer. Work in 
this direction, using the present model, has already 
been reported (Spalding and Svensson, 1976; 
Svensson, 1978a, b) but more applications are 
needed and currently undertaken. 
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6. Appendix 

6.1. Derivation of expressions for  the Reynolds- 

In this appendix an extension of the k - E model 
to flows exhibiting rotation will be derived. The 
starting point is the exact equation for the Reynolds 
stresses which reads: 

stresses 

which assumes the dissipative motions to  be 
isotropic. 

where 

Dt Diffusion 
Generation 

Dissipation pressure-strain 

This equation is, except for the rotational terms, 
given, for example, by Launder et al. (1975). In this 
equation f i  denotes the Coriolis vector, p pressure 
fluctuations, eilm the alternating tensor and 
Diff ( ~ 7 , )  all diffusional processes. The equation 
is to be modelled according to the proposals by 
Gibson and Launder (1978). They did not, how- 
ever, consider the Coriolis force; this term will be 
included in a way suggested by So (1977). In what 
follows the terms in ( A l )  are modelled term by 
term: 

This assumption states that there is a local 
equilibrium between generation and dissipation 
terms. In the standard k - E model this equilibrium 
is assumed and if the extended version is to 
conform with the standard form it is necessary to 
make the above assumption. Note, however, that it 
is possible to relax this assumption and still stay 
within the two-equation framework, see Rodi 
(1976). 
-- 

~~ 

au, au, 

a x ,  ax, 
2 v  -- = 4 a,, & 

The first two terms on the right-hand side of ( A 4 )  
are given by Gibson and Launder (1978), while the 
last term has been proposed by So (1977). Free 
surface influence on pressure-strain has been 
neglected. 

Collect terms and obtain: 

which may be rearranged to 

where once again the local equilibrium assumption 
has been used. Only the vertical component of the 
rotation vector will be considered to be important 
in the present analysis, which means that F in the 
above expression equals zero. Further, f 3  will be 
denoted by f for short. 

From (A10)  the following individual stresses 
may be formulated: 

Tellus 31 (1979). 4 
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q = j k (  c, + cl c,- 1 ). 

Introduce ( I  = (1 - C2)/C,; ( 2  = (1 - C,)/C, and 

By introducing (A12) and (A13) into ( A l l )  the 
(3 = 2(C1 + C, - 1)/3C1. 

following expression for UW is obtained: 

- uw = - (, 1,- 
E 1 + R 2  

And by introducing ( A l l )  and (A13) into (A12) 
GJ may be expressed as 

av au 

-. uw = - ( I  I3 - k2 E (x-Rx) 1 + R 2  (A 15) 

where 

k 
R = ( , f - .  

E 

From (8), (13) and (14) it is understood that the 
above expressions will only return to the standard 
k - E model for non-rotating flows if (, 4, is equal 
to C,. In fact, the constants given by Gibson and 
Launder (1978) give 4, (3 = 0.1 1 while C, = 0.09. 
For consistency, the product 1, will therefore be 
replaced by C,. The constant C2 is determined from 
a relationship given by So (1977). He determines 4, 
by postulating the Coriolis force effects to be 
similar to the centrifugal force effects due to 
surface curvature. Using this relationship gives 
(* = 0.4. 

6.2. Modification of terms in the k and E equations 
The exact expression for generation of turbulent 

kinetic energy reads: 
aUi 
a x j  

P=- i i - i i -  I i  

for the present case thus: 

If (A14) and (A15) are introduced into (A18), the 
result is: 

which is the modified expression for P .  In the E- 

equation it is P d k ,  that specifies the production 
term. The modification of the production term in 
the &-equation is thus analog. 

The exact expression for diffusion of k reads: 

a pu, __ a 
- + ~ j k ' - v  -+-m (A20) -( ax j  PO (ifj a x i  )) 

where p denotes pressure fluctuations and k' the 
instantaneous value of k. In the modelling of this 
expression it is customary to consider only the term 
containing k'. For the present case thus: 

a -  
- (u, k').  
8x3 

Since the expression for 3 (A13) does not show 
any explicit dependence on rotation it is assumed 
that the diffusion term needs no modification. 
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CTPYKTYPA 3KMAHOBCKOTO TYP6YAEHTHOrO CJIOII 

BHJKOCTL a m ~ s a ~ ~ a  nnfl n p e n c ~ a ~ a ~ ~ n  pacnpene- 
neHMii CKOPOCTH A CnmroBbix HanpnmeHHA B 
~ K M ~ H O B C K Q M  cnoe. OnHaKo n m  nepeHoca pa3nrr~- 
H b l X  X H M U k C K H X  H 6nonorn~ec~wx CY6CTaHUHii 
HeO6XO4pMO 3HaTb neTanbHble Typ6yneHTHble Xapa- 

nH3yt)OBaHbl 6e3pa3MepHble BepTHKanbHble PaCn- 
PeneneHHfl pa3nAYHblX typ6yneHTHblX BWIH9MH.  

'iTO 344eKTbl BpallleHMfl B HeKOTOPOk Mepe H3MCHflWT 

KTeplrPtMKw cnofl. ~ O ~ T O M Y  nonyseHbi M npoaea- 

x a p a ~ ~ e p ~ 3 y m o u r ~ x  ~ K M ~ H O B C K H A  cnoii. HafineHo, 

B Monenu pacnpeneneHHe HadpflmeHwn cnsnra B 
6onee my60~wx YacTflx norpaHHYHorocnofl. 
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