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ABSTRACT 

A classification of types of stratified, rotating boundary layers, driven by periodic forcing is 
presented. The dynamics of such Row is shown to depend on the product of the Ekman number 
and a stratification parameter and on the ratio of the forcing frequency to the Coriolis frequency. 
Certain asymptotic solutions are presented for atmospheric values of the stratification parameter 
and mid-latitude-synoptic and diurnal values of the nondimensional forcing frequency. For the 
case of Row driven by diurnally varying, differential surface heating, the thermal forcing is 
absorbed primarily by the Stokes part of the flow which in turn generates an Ekman layer and 
associated vertical motion. This Ekman pumping induces adjustments in an overlying oscillating 
Lineykin layer. 

1. Introduction 

Most analytical investigations of boundary layer 
flow have considered either neutrally stratified, 
time-dependent flow or steady stratified flow. In 
geophysical flows, however, such effects occur 
simultaneously with important interactions. Kuo 
(1973) has considered such interactions for the 
case of synoptic scale oscillations. By considering 
certain simplifications to Kuo’s system, the 
present analysis clarifies some of the physics of 
such interactions and extends the analysis to a 
wider range of oscillation frequencies to include, for 
example, diurnal oscillations. 

In particular, this study focuses on boundary 
layers which are forced by timedependent hori- 
zontal variations of surface temperature. In geo- 
physical flows, such variations in surface tempera- 
ture could be ksociated with horizontal variations 
in surface properties such as heat capacity, as 
might occur in land breezes and urban circulation 
systems or in any geographical location where 
surface conditions vary systematically. The study 
of Stommel and Veronis (1957) belongs to the 
steady-state limit of this flow problem. While we 
will examine a range of forcing frequencies and 

stratification values, we will emphasize mid-latitude, 
diurnally varying flows. Since we will investigate 
the physics of the linearized dynamics, it will be 
understood that the following solutions and dis- 
cussions are not applicable to forcing frequencies 
near the Coriolis frequency (critical latitude). The 
ensuing ,analysis will also be limited to the case of 
finite stable stratification. 

2. Governing equations 
We assume the field variables to be independent 

of one horizontal direction and periodically depen- 
dent on the other horizontal direction, as for 
example, in Stommel and Veronis (1957), Leetmaa 
(1971), Hsueh and Kenny (1972), and Kuo (1973) 
and periodic with time as in Holton (1967) so that: 

[C, 
IF, 6 4  = [p . ,  0., w.1 cos [x , /Ll  exp [-iwt.l 

= [u,, v.1 sin [x , /L l  exp [-iotJ 

where u., v*,  p., 0. and w, are, respectively, the 
amplitudes of C, the dimensional eastward wind 
component, GLthe northward wind component. F, 
the pressure, 0, the potential temperature, and @, 
the vertical motion in Cartesian coordinates x,,  y .  
and 2,. These amplitudes are functions of only 
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OSCILLATING, STRATIFED BOUNDARY LAYERS 255 

height. Pressure and potential temperature are 
deviations from a static basic state which is only 
a function of height. t, is time, L the horizontal 
length scale and w the frequency of the flow. All 
variables in (1) are dimensional. 

Assuming small amplitude (small Rossby num- 
ber), Boussinesq, hydrostatic flow with constant 
eddy viscosity K and unity Prandtl number, the 
governing equations for the scaled, height-depen- 
dent amplitudes of the time-dependent horizontally 
periodic flow are: 

.* E a 2 u  
-1wu 4- u =- - 

62 aq2 

_ -  at 68 
arl 

where (u., v,, w.) = V u, v,  - w ( 
x. = Lx 
I, = 6Hq 

P. =a VPOO P 

1, = w-'1 

0 
Ci, = - = nondimensional frequency 

f 
K 

E = - = turbulent Ekman number m2 
B2= (yr - = - stratification parameter 

represents constant, basic state, scaling variables. 
V is the horizontal velocity scale, H is the scale 
height of the flow and 6 is a stretching factor for 
the vertical coordinate, to be determined later. 
This system is similar to that examined by Kuo 
(1973) except here the Coriolis parameter f is 
assumed constant. 

Combining eqs. (2a-e) we obtain a single eighth- 
order equation for perturbation pressure 

x p = o  (2b) 
The factor ( (E/d2)(a2/a$)  + ih) p represents the 
thermal Stokes boundary layer with oscillation 
frequency w and dimensional boundary layer 
thickness ( 2 K l ~ ) " ~ .  This layer is associated with 
temperature diffusion as discussed in Section 3. 

We first consider the possible two-term balances 
(as in Blumsack and Barcilon, 197 1) for the second 
parenthesis of eq. (3). The restriction that the 
remaining terms be small compared with those 
retained allows us to  form restrictions among the 
governing parameters, B2, E, and Ci, defining the 
parameter regions depicted in Fig. 1. These restric- 
tions can be compactly expressed in terms of Ci, and 
m = B2E. Subdivision of region I1 in Fig. 1 is 
facilitated by altering the principal balance in the 
thermodynamic equation (2d), which in turn 

(2c) 

(2d) 

(ze) 

Y 

N G  ( -- I :)'"= Brunt-Vglisiila frequency 
I 
2 

All variables in (2) are nOndimenSiOnal. The sub- Fig. 1. Oscillating boundary layas in parameter space 
script o represents the height dependent, basic state (m, b). Subdivisions are facilitated by two-term balances 
thermodynamic variables while the subscript oo,,,, in eq. (3). 

Tellus 3 1 (1979), 3 



256 %-U. PARK AND L. MAHRT 

depends upon the relative magnitude of the ;em- 
poral and diffusion terms. 

The six possible two-term balances are sum- 
marized in Table 1. Because the coefficients are 
complex and the phase of pressure is not known 
a priori, parameter restrictions and estimates of 
boundary layer depth can only be interpreted as 
order of magnitude quantities. In the atmosphere 
any one of the boundary layers listed in Table 1 
may occur in nearly pure form or in combination 
with the other types of boundary layers. 

More than one two-term balance may occupy 
the same region in m - Ci, space but each balance 
corresponds to a different depth scale and different 
region above the ground. The approximate equa- 
tions for each two-term balance are obtained in 
the following way. The depth scale is obtained by 
equating the coefficients of the two terms retained 
in the right parenthesis of eq. (3). 

Height is rescaled with this depth. The approxi- 
mate pagnitudes of the various terms can then be 
found by allowing the dependent variables to be 
rescaled by starting with the hydrostatic equation, 
assuming 8 is 0(1) and imposing approximations 
based on restrictions for Ci, and m. Then certain 
terms in the equations with more than two terms 
can be neglected, resulting in the simplified equa- 
tions in Table l. 

3. Thermally driven mid-latitude flows 

3.1. Governing equation 
We wish to obtain asymptotic solutions for flows 

driven by surface temperature variations of the 
dimensional form &(O) cos (x./L) e-id*. The 
following boundary conditions are applied to the 
system (2): 

u , u , w = O  8=8(0) a t v = O  

u, v, w, 8 + 0 as 7 -. large 
(4) 

where e(0) = (gH/jZ.V)(8.(0)/8,,) is the scaled 
amplitude of the potential temperature perturba- 
tion. If the motion is driven by surface temperature 
variations so that 8(0) is O( l), then the character- 
istic, geostrophic, velocity amplitude V is order of 
~H/$5)(8.(0)/Bo,). However, we must assume 
&(O) 4 A$,, to make the above perturbation 
assumption applicable, where Ad, is the basic state 
potential temperature thickness. 

The following rescaling of variables can reduce 
the problem to a two-parameter system in m and 
i0 as indicated in Table 1 : 

8 = 8  - 7  

( 5 )  

Dropping the carot notation, eq. (3) assumes the 
form: 

x p = o  (6) 

Since the thermally driven flow vanishes at v + co, 
we may assume the solution of eq. (6) to be of the 
form: 

(7) 

where C, is constant and the 4's are the positive 
real roots of the following equation 

Further simplifications can be imposed by restrict- 
ing attention to limited regions of m - iL, space. 
Ci, is approximately 0.7 for mid-latitude diurnally- 
varying flows. m is normally expected to be small 
compared to one. However, before categorically 
imposing such a restriction, a relationship between 
K and N must be estimated since the turbulence is 
suppressed by the stratification. 

3.2. Dependence of exchange coeflcients on 
stratification 

If the boundary layer above the surface layer is 
characterized by only one independent velocity and 
length scale then we can postulate: 

U .  
6K- 

N 
(9) 

u, = c, v (10) 

where u8 is the surface friction velocity and C, is a 
drag coefficient, u.lN is the depth scale of a parcel 
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with initial kinetic energy uf. If we assume that the 
eddy diffusivity is proportional to the turbulent 
velocity and length scales (e.g., Zilitinkevich et al., 
1967), eqs. (9) and (10) then imply that 

K = C d / N  (1 1) 

where C is a nondimensional constant. The par- 
ameter m varies only as the square root of the 
stratification d8,ldz. along with a possible com- 
pensating inverse dependence of C, on stratifica- 
tion. Considering different types of mid-latitude 
flows, m seems to be more sensitive to the hori- 
zontal length scale than to the stratification; that is 
small scale flows are more strongly influenced by 
a given stratification than large scale flows. 

For example, consider the strongly stratified case 
where N = 2 x s-l. If we also choose C, = 

V = 3 ms-l, f = 10-~ s-l and C = 1, then m 
is small compared to one if L is large compared to 
4.5 km. If stratification is decreased by a factor of 
4, then this critical length scale is 2.25 km. 
3.3 Approximation for small m 

We proceed to solve (8) with the restrictions of 
parameters; 6 < 1, m + (1 - 62)3'2 and m 6  < 
(I - ~ 3 ) ~ .  Strictly speaking, these restrictions 
correspond, respectively, to small subregions of 
flow regimes 11-a, 11-b, and IV in Fig. 1. The roots 
to (8) are obtained by guessing one root to corre- 
spond to the depth of the oscillating Lineykin layer 
(Table 1) and using Newton's iterative method to 
obtain the three roots to lowest order. Using this 
procedure, we obtain 

m +=- + O(m2) 
1 - 6 2  

-m 
2(1 - 6 2 )  

- (C f 1) i + O(m2) 4.2 = 

a,, 4 and a1,2 are identified respectively, as the 
inverse thickness of the thermal Stokes, oscillating 
Lineykin, and Ekman layers. 
This Ekman layer includes somewhat higher 

frequencies than the two-term balance Ekman layer 
in Table 1. 

3.3.1. Thermal Stokes layer. The flow in the 
thermal Stokes layer is driven by temperature 
diffusion. We notice that since (d2/dq2 + i6 )ps  = 0, 

it follows that (d2/dv2 + i 6 p S  = 0 and conse- 
quently, from eq. (2) that ws = us = 0, where the 
subscript s identifies the thermal Stokes contribu- 
tion. Therefore, the Stokes flow is geostrophic and 
the cross-isobar flow and vertical motion are pro- 
duced only by the oscillating Lineykin-layer and 
the Ekman-layer parts of the total solution. The 
governing equations and general solutions of the 
thermal Stokes layer are: 
-us = P s  

Ps=Csexp - - ( l - i ) q  M 

-l 

I 

i 
I 

where C, is a constant which will be determined 
later by application of the boundary conditions to 
the total solution. 

3.3.2. Oscillating Lineykin layer. For 6 < 1 ,  the 
oscillating Lineykin layer represents regions I1 and 
IV in Fig. 1; however, further subdivisions are 
possible according to the basic governing dynamics; 
if the diffusive processes play a dominant role com- 
pared to temporal changes, which is equivalent to 
the restriction of m 9 C(l - h2) (region 11-a in 
Fig. l), the conventional Lineykin layer is re- 
covered. The governing equations and general 
solution for this layer with approximation of 
0 ( G 2 )  are: 
-u, = PL 

U L  = 

Tellus 3 1 (1979), 3 
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(16) 

p L  = C, exp [-fiv1 

eL = +cL exp [-f ivl  

w, = - f i c L  exp I - f i v j  

uL = -c, exp [-&I 

J uL = -mc,  exp [ - 4 i q 1  

where the subscript L indicates the Lineykin layer 
contribution. 

If m < &(l - G2), in which case temporal 
changes are much larger than the diffusion terms, 
the oscillating Lineykin layer occurs. The govern- 
ing equations and general solution for this layer 
are: 

- i k L  - uL = pL 

- i h L  + uL = 0 

i 8PL - = eL 
av 
-iioeL + mw, = 0 

w L -  --i( m( 1 92 - G2) ) 1 ’ 2 c L e x p [ - ( z r v ]  1-h2 

i& 

1 - 3  
UL = - 

In the oscillating Lineykin layer, adiabatic tempera- 
ture changes are “balanced” by temporal changes 
instead of heat diffusion. 

3.3.3. Ekman layer. Since the governing equa- 
tions for the Ekman layer are the same as given in 
eq. (2), the general solutions for this layer are: 

Tellus 3 1 (1 979), 3 

1 (pj + i&)pJcJcuj* 

u,  = - 2 {(p,? + iio)2p,? - m )  c e-“* 
m “ ’  J = I  J I  

where: 

The factors h and m/2( 1 - &*) represent, respect- 
ively, the direct influence of accelerations and 
pressure adjustments on the Ekman layer. If 
accelerations and stratification are unimportant, 
then the production of vertical motion by the 
Ekman layer obeys a simple Ekman pumping 
law (Charney and Eliassen, 1949). In the next 
section, we construct the total solution by combin- 
ing the Ekman, Stokes and Lineykin components 
through application of boundary conditions. 

4. Asymptotic solutions 

Direct application of boundary conditions (4) to 
the solutions (14), (16 or 18) and (19) can 
determine the constants C,, C,, C, and C, as in 
Kuo (1973) and Leetmaa (197 1). Although solution 
is possible without further approximation, a t  least 
for some regions of the m - & parameter space, it 
is physically more illuminating to employ the 
approximation methods used in Leetmaa (197 1) and 
Allen (1972). With this approach certain boundary 
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conditions may be satisfied, to  lowest order, by 
only one or two of the component solutions 
(thermal Stokes, Lineykin and Ekman layers). 

4.1. Small forcing frequency 
If B(l - B2) < m, then the time change term in 

the thermodynamic equation can be neglected 
(case 11-a, Fig. 1; Lineykin layer, Table 1). With 
the somewhat more restrictive condition 

[B(1 - i0*)1”2 < fi 
the low level response of temperature to the surface 
heating occurs almost exclusively in the Lineykin 
part of the solution as will be seen below. 

This possibility includes significantly stratified 
mid-latitude circulations driven by interaction of 
horizontal variations of surface conditions with 
oscillations on a synoptic time scale. This case 
also includes flow contributions induced by surface 
variations approaching steady state as might occur 
with sea surface anomalies. For relative slow oscil- 
lations 16.1 < rnl the Stokes layer is much thicker 
than the Lineykin layer so that the thermal forcing 
is absorbed primarily by the Lineykin layer. That 
is, heat diffusion from the surface is compensated 
by adiabatic cooling in the “relatively” thin 
Lineykin layer so that temperature changes in the 
overlying Stokes layer are small. Thus 6, is 0(1) 
requiring that C, = -O(O)/fi. However, the 
resulting Stokes geostrophic wind is not negligible 
because the Stokes horizontal temperature gradient 
and thermal wind occur over a deep layer. 

Since the Stokes’ cross-isobar flow and vertical 
motions are zero, the no-slip lower boundary con- 
dition for cross-isobar flow and the condition of 
vanishing vertical motion at the lower boundary 
can be used to determine the two Ekman co- 
efficients. The no-slip condition for the flow in the 
geostrophic wind direction determines the co- 
efficient for the Stokes flow. Since the Lineykin and 
Stokes flows are much larger than the Ekman 
flow in this direction, this boundary condition 
states that, to lowest order, the Stokes and Liney- 
kin flows are of opposite sign and comparable 
magnitude. 

The above application of boundary conditions 
and associated order of magnitude of dependent 
variables can be shown to be the only possible 
combination by testing all other possible combina- 
tions. For example, if 6, is also 0(1), the resulting 
large thermal wind shear over the deep Stokes 

layer would produce a Stokes flow too large to 
allow satisfaction of the lower boundary conditions. 
Similarly if Oc is O( 1) the resulting vertical motion 
would be too large to satisfy the lower boundary 
condition. 

In summary, the order of magnitude for the 
dependent variables for the three layers, the 
boundary conditions and coefficients, are approxi- 
mately: . 

U L  = O(fi), u, = O( 1) 

w, = 0(1), W E  = O(1) 

I BL IT 6(0) 

U L  + u,  = 0 

W L  + w, = 0 

UL -I- u, = 0 

1 

While the above boundary conditions could be 
satisfied exactly, the resulting increased complexity 
would contribute little to the basic behavior of the 
solutions and at the same time would inhibit 
physical interpretation of such solutions. 

The approximate solutions for the total flow 
are the sum of the solutions given in eqs. (14), 
(16) and (19) with constants in eq. (22). The 
leading-order solutions are: 

Tellus 3 1 (1979), 3 
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For future use we compute the dimensional 
vertical motion which is 

Note that eqs. (23a) and (23b) do not reduce to 
the neutrally stratified limit unless some provision 
is made to let the applied temperature perturbation 
at the surface approach zero. Such a result was 
also obtained by Leetmaa (1971) and Stommel 
and Veronis (1957). Since temporal changes are 
unimportant in this case, the neglect of the pertur- 
bation stratification in the thermodynamic equa- 
tion is no longer justifiable with vanishing stratifica- 
tion. 

We also note that the induced pressure pertur- 
bation and the o-flow component in the thermal 
Stokes layer remain finite as 6 --t 0, since they are 
proportional to the vertical integral of the tempera- 
ture perturbation which is independent of &. As & 
decreases, the Stokes temperature perturbation 
decreases but occurs over an increasing depth. 

The profiles of the flow (23d) and (23e) are 
presented for several different values of the par- 
ameter m in Figs. 2 and 3. As the stratification 
increases, the vertical motion weakens and be- 
comes more bottom trapped. That is, pressure 
adjustments and resulting compensating divergence 
become more important within the Ekman layer. 

When the value of m is larger than 5 x lo-*, the 
vertical velocity (Fig. 3) is reduced by more than 
50% of the homogeneous Ekman value. 

The solution for vertical motion in eq. (23e) 
could be viewed as a modified Ekman pumping law 
by evaluating eq. (23e) at a height determined by 
the intended depth of the turbulent boundary layer 
or as determined by conditions of an encompassing 
numerical model. Evaluation of the solution (23) 

Tellus 3 1 (1979), 3 

5x lo-* 

-. 2 0 .2 .4 

Fig. 2 .  Scaled amplitude of the cross-isobar flow eq. 
(23d) as a function of height for several different values 
of m. 

Fig. 3. Scaled amplitude of the vertical velocity eq. 
(23e) as a function of height for several different values 
of m. 

much above the suspected depth of turbulence has 
little geophysical application. That is, with slow 
oscillations, the thermal boundary layer with 
constant ditrusivity may become unrealistically 
deep. The depth of the thermal boundary layer is 
not directly constrained by Coriolis effects as is the 
depth of the momentum boundary layer. 
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4.2. Intermediate forcing frequency 

the inequality 
If the nondimensional forcing frequency satisfies 

[&(l - “2)11/2 9 fi 9 [&2(1 - &2)1’/2 

the flow is contained in region 11-b of Fig. 1. This 
case can be roughly associated with synoptic-scale 
oscillations of weaker stratification than Case 1 .  
The condition fi -g [ 0 ( 1  - &2)]1/2 implies 
that the adiabatic ‘‘cooling’’ (or heating) directly 
induces temperature oscillations (oscillating Liney- 
kin layer) with temperature diffusion assuming 
a secondary role. The condition d6 9 
[h2( 1 - &2)]1/2 indicates that the pressure pertur- 
bation due to the oscillatory Lineykin layer is larger 
than that in the thinner Ekman layer. The compli- 
mentary case fi e [h2(1  - 02)]1/2 is discussed 
in the next subsection. These subdivisions are 
presented in Fig. 4. 

Using the same order of magnitude analysis as 
before, we find that: 

e, = e(o) 
0, + VL = 0 

WL + w , = o  

U L  + u, = 0 

Because the imposed temperature perturbation 
and resulting temperature diffusion is not balanced 
by adiabatic cooling but instead produces signifi- 
cant temperature oscillations (thermal Stokes 

Fig. 4. Subdivisions of the oscillating Lineykin layer in 
parameter space (rn,C). The inequalities defining the 
three cases in the text are strictly satisfied only in small 
subspaces of the above three regions. 

layer), the order of magnitude of the temperature 
perturbation in the thermal Stokes-layer solution 
is now larger than that in the Lineykin-layer or 
Ekman-layer solutions. That is, the Stokes layer is 
now thinner than the Lineykin-layer and absorbs 
most of the direct thermal forcing through tempera- 
ture diffusion. Note that even though uL and u, are 
of different order, the lower boundary condition is 
still satisfied since the sine part of the Ekman 
solution automatically vanishes at the lower 
boundary. Also note that the non-dimensional 
vertical velocity is 

and thus larger than in case 1. Therefore, accelera- 
tions significantly enhance the vertical motion 
when the adiabatic cooling term does not balance 
the temperature diffusion and temporal changes are 
important (Kuo, 1973). 

After obtaining coefficients as in case 1, the 
general solution for case 2, to lowest order 
becomes: 

Tellus 3 1 (1979), 3 
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6= 

ll= 

1 
I .o 

w/e(o) -+ The dimensional vertical motion is 

w, = (1 - 9  Fig. 5. Profiles of scaled vertical motion for different 
values of ir, and m = 5 x 

____ 
f LN6, 

El1' layer (Table 1). Case 3 also includes oscilla- 
tions on a synoptic time scale of weak stratification. 

The order of magnitude of the variables for 
each layer and the approximate boundary condi- 
tions are: 

e,=o(i) ,  e,=o (264 

The influence of accelerations on the vertical us = 0 ($) 
= 0 (+). motion is shown in Fig. 5. As 0 increases, the 

vertical velocity is enhanced by accelerations, but 
the thickness of the boundary layer does not v L =  O( [ 
significantly change. 

, 

(27) 
m 

]'I2) 
~ 3 ( 1 -  0 2 )  

m 
4.3. High forcing frequency u, = 0 (+) 9 UL = o( [ 0(1 - 4'7 9 

If the nondimensional forcing frequency satisfies 
the inequality 

fi Q [W( 1 - 02)11'2 

but is still less than unity, the flow is contained in 
region 11-c of Fig. 4 which includes mid-latitude 
diurnally-varying motions of synoptic length scale 
and some meso-scale flows of intermediate or weak 
stratification. Strongly stratified meso-scale flows 
might be better described by the dynamics of the 

= Ro) 
us + 0, = 0 

u, + UL = 0 

w, + w, = 0 

Tellus 3 1  (1979), 3 
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After obtaining 
become: 

e= 

V =  

coefficients the total solutions 

+ o( p;z"z)]l'z)] 

where: 

m&f+ih)  ,+-- - ( ,/A) c. = 

and 

Here the boundary layer growth is sufficiently 
inhibited by oscillation frequency that the assump- 
tion of constant eddy voscosity is less serious than 
in cases 1 and 2. The imposed surface temperature 
perturbation drives the thermal Stokes layer 
through the thermal diffusion process as in 
case 2. 

However, the vertical velocity is inversely pro- 
portional to the square root of the imposed fre- 
quency in contrast to the case 2, where it was 
roughly proportional to the square root of the 
imposed frequency. Consequently, we expect the 
maximum vertical velocities to occur in an inter- 
mediate parameter region where m - h2(1 - hz). 
That is, in case 2, the isallobaric enhancement of 
the vertical motion increases with increasing fre- 
quency but further increase of Ci, in case 3 results 
in the drastic change of the governing dynamics. 

Now the induced geostrophic wind in the 
thermal Stokes layer becomes weaker with increas- 
ing frequency since the depth of the layer of 
thermal diffusion and thermal wind decrease 
quickly with increasing frequency. With higher 
frequencies, the thermal influence has less time to 
propagate before the forcing reverses sign. The 
effect of reduced geostrophic winds overrides en- 
hancement of cross-isobar flow by accelerations 
so that the frictionally-driven vertical motion also 
decreases with increasing frequency. On the other 
hand, in the corresponding dynamicallydriven flow 
where the horizontal pressure gradient is specified 
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at the top of the fluid (Park, 1978), the vertical 
motion does not decrease with d in this parameter 
region. In the dynamic case, the depths of the 
various layers are not related to frequency through 
temperature diffusion. The decrease of cross-isobar 
and vertical motion production with increasing 
frequency, for the present case, is illustrated in 
Figs. 6 ,8  and 10. 

m = IO-* 

-I 
.4 

m o )  + 
Fig. 6 .  Scaled amplitude of cross-isobar flow (29d) as a 
function of scaled height for different values of 6 for 
rn = lo-*. 

& = 0.3 

I 1 
-.I 0 . 2  .4 

u/e(o) - 
Fig. 7.  Scaled amplitude of the cross-isobar flow (29d) 
as a function of height for several different values of rn 
and iU = 0.3. 
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.6 

w /e(o) - 
Fig. 8.  Scaled amplitude of the vertical velocity as a 
function of scaled height for several different values of 
& and rn = lo-*. 

"0 .2  .4 .6 
w /e(o) + 

Fig. 9. Scaled amplitude of the vertical velocity as a 
function of scaled height for several different values of 
rn and iU = 0.3. 

Figs. 7, 9 and 10 indicate the retarding influence 
of stratification on vertical motions through 
pressure adjustments (oscillating Lineykin layer). 
That is, stratification weakens the boundary layer 
convergence and concentrates the overlying di- 
vergence and return cross-isobar flow to lower 
levels. The limit of vanishing m should be inter- 
preted as the limit of infinite horizontal length 
scale. The limit of vanishing basic state stratifica- 
tion is physically not well posed since the influence 
of the neglected perturbation Stratification would 
become important and the assumption of constant 
eddy viscosity would become particularly serious. 
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1 1  I I I  I 
.2  .4 .6 .8 

Fig. 10. Scaled amplitude of the vertical velocity versus 
6~ evaluated at the top of the classical Ekman layer, 
q = 4, for different values of stratification. 

5. Geophysical application 

The above study illustrates the influence of 
accelerations and stratification (through pressure 
adjustments) on boundary layer production of 
vertical motion and the depth of the boundary 
layer. The strength and depth of the cross-iosobar 
flow and vertical motions of the boundary layer 
are significantly suppressed by stratification in the 
lower levels when the non-dimensional stratifica- 
tion parameter m = N2K1 f ’L2 is large compared 
to the relative oscillation frequency ID/ f where f is 
the Coriolis parameter, L the horizontal length 
scale, N the Brunt-Vaisiila frequency, and K the 
eddy viscosity. This suppression involves pressure 
adjustments due to adiabatic temperature changes 
in the boundary layer. The influence of stratifica- 
tion is most effective (large m) when the horizontal 
length scale is small. The sensitivity of m to the 
actual stratification is reduced by an inverse depen- 
dence of the eddy viscosity on stratification 
(Section 3b). First-order corrections due to the 
suppression of boundary layer vertical motion by 
pressure adjustments are included in eq. (23e) for 
the case of slow oscillation frequency and very 
small stratification influence (w/f  e m <l). Such 
cases are likely to occur with weakly or moderately 
stratified synoptic scale flow. When m is large 
compared to one, the stratification influence is 
dominant and the flow is approximately described 
by the dynamics of the 

For a fixed value of m, the influence of stratifica- 
tion is reduced by increasing frequency of oscilla- 
tion. Excluding very small horizontal length scales, 

layer (Table 1). 

diurnally varying flows are frequently described by 
the conditions fi < ( w / f ) [ l  - (w/f)211’2. Here, 
boundary layer convergence and vertical motions 
may be significantly enhanced by isallobaric effects 
(eq. (26e)) in contrast to the case where m % 
(w / f ) .  However, further increases in oscillation 
frequency results in a net decrease of vertical 
motions due to decreasing depth of the thermally 
driven flow. The influence of boundary layer 
accelerations and pressure adjustments on the 
production of vertical motion for this case are 
included in eq. (29e). 

In actual geophysical flows, many additional 
influences, not considered here, will be important 
including the dependence of the eddy viscosity and 
stratification on height and on the flow itself, and 
influences due to advections, terrain irregularities 
and evolution of larger scale flow. However, the 
above study isolates certain “frictionaldynamical” 
interactions which likely make important contribu- 
tions to more complicated geophysical flows. 

For example, land-sea breeze circulations will 
exhibit certain properties in common with the 
oscillating Ekman layer and thermal Stokes layers 
examined in this study while the overlying return 
flow of land-sea breeze circulations will share some 
properties with the oscillating Lineykin layer. Then 
one might expect the depth of the return flow to be 
roughly proportional to the horizontal length scale 
and roughly inversely proportional to the square 
root of the stratification of potential temperature. 
As a further example, low level nocturnal jets 
driven by differential surface cooling will also be 
characterized by some of the physics contained in 
the idealized boundary layers studied in Section 4. 

The above approach can also be used to study 
boundary layers dynamically forced by oscillating 
pressure gradients at the top of the fluid (Park, 
1978). However, in this case, physical interpreta- 
tion of the required boundary conditions is not so 
straightforward. 
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7. Appendix 
Stratification parameter 
Coefficient of eddy viscosity relationship 
Drag coefficient 
Coefficient of Lineykin flow 
Coefficient of Stokes flow 
Coefficient of Ekman flow 
Coefficient of Ekman flow 
Ekman number 
Coriolis parameter 
Acceleration of gravity 
Depth of fluid 
Eddy diffusivity 
Horizontal length scale 
Stratification parameter 
Brunt-Vglisiila frequency 
Nondimensional amplitude of pressure 
Dimensional pressure 
Rescaled pressure amplitude 
Lineykin pressure 
Dimensional amplitude of pressure 
Scaled time 
Dimensional time 
Nondimensional amplitude of eastward flow 
Dimensional eastward flow 
Rescaled amplitude of eastward flow 
Dimensional amplitude of eastward flow 
Ekman eastward Row 
Lineykin eastward flow 
Horizontal velocity scale 
Nondimensional amplitude of northward 
Row 
Dimensional northward flow 
Rescaled amplitude of northward flow 
Dimensional amplitude of northward flow 

Ekman northward flow 
Stokes northward Row 
Nondimensional amplitude of vertical motion 
Dimensional vertical motion 
Rescaled vertical motion amplitude 
Dimensional amplitude of vertical motion 
Lineykin vertical motion 
Ekman vertical motion 
Scaled eastward coordinate 
Dimensional eastward coordinate 
Dimensional vertical coordinate 
Ekman coefficients 
Stokes coefficient 
Lineykin coefficient 
Height scale 
Nondimensional vertical coordinate 
Nondimensional amplitude of potential 
temperature 
Dimensional potential temperature 
Rescaled amplitude of potential temperature 
Dimensional amplitude of potential tem- 
perature 
Height dependent part of basic state potential 
temperature 
Constant basic state potential temperature 
Ekman potential temperature 
Lineykin potential temperature 
Stokes potential temperature 
Potential temperature thickness of basic 
state flow 
Ekman coefficient 
Ekman coefficient 
Basic state density 
Oscillation frequency 
0lf 
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OC~MA.JIMPYH3~ME CTPATMQMUMPOBAHHLIE nOrPAHMYHblE CnOM 

YaCTOTbI ~ 0 3 6 y m n e ~ n s .  &lH UIy'iaa IIOTOKa, B 0 3 -  
6 y ~ n a e ~ o r o  CYTOYHbIM XOnOM nH@&peHUHanbHOrO 
pa30rpesa IIOBepXHOCTH, TepMUYecKOe ~036ymne~we 
nornouaeTcs B OCHOBHOM CTOKCOBO~~ YacTbH) noToKa, 
KoTopas B CBOK) orepenb reHepnpyeT ~ K M ~ H O B C K M ~ ~  
CnOfi W CBI13aHHble C H l l M  BepTHKaJlbHble ABHXCHWR. 
3Ta 3KMaHOBCKaR HaKa'lKa Bbl3bIBaeT npeCnOC0- 
6 n e ~ n e  nasneHna B pacnonoxeHHoM ceepxy ocunn- 
nnpywlueM cnoe nmefiKnHa. 
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