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ABSTRACT

A method for the parameterization of the large-scale meridional transports of heat and vorticity
is proposed which rests entirely upon data and does not invoke theories of large-scale turbulence.
This method is tested for the case of a two-dimensional (zonally averaged) quasi-geostrophic
model (M2). The necessary data are gained from the three-dimensional Lorenz model (M3). The
parameterization is a linear one and the coefficients of the parameterization are determined so
that the results of M2 come as close as possible to the results of M3. It turns out that M2 simu-
lates the behaviour of M3 with great accuracy as long as the heat forcing does not depend on
time. Once we introduce a variation of the heating in a rough similarity to the annual variation of
the solar heating, our parameterization scheme behaves less satisfactorily. It then exhibits about
the same quality as parameterization methods based on the Austausch concept.

1. Introduction

It has been recognized that progress in the field
of climate modelling on time scales of decades and
more is closely linked to our ability to develop
simplified models as compared to general circu-
lation models (GCM) which can hardly be run over
such time spans (e.g. GARP Publication Series,
1975). There have been several attempts to build
such models. In most cases one has tried to achieve
the required simplicity and economic structure by
some kind of averaging of the basic equations of
atmospheric motion. In turn the closure problem
comes up as the price to be paid for this procedure.
Several proposals have been made how to solve
this problem. These range from more or less
claborate applications of the Austausch concept
(e.g. Wiin-Nielsen and Fuenzalida, 1975) to at-
tempts which invoke the baroclinic stability theory
(e.g. Stone, 1972; Saltzman and Vernekar, 1971) in
order to parameterize the sought eddy transports in
terms of average quantities. Experiments with para-
meterizations gave encouraging results but it is
generally recognized that we are far from a satis-
factory solution of the problem. In particular, we
have to be aware that the theoretical foundations of
these parameterizations are somewhat shaky. For
example, the Austausch concept rests on a rather
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hypothetical analogy of large-scale turbulence and
molecular processes. The baroclinic wave theory is
essentially linear and has not much to say when
fully developed nonlinear turbulence has to be dealt
with. Under such circumstances one might be well
advised to take a more pragmatic point of view. We
know a lot about the large-scale turbulence of the
atmosphere and are able to learn more by data
analysis. On the other hand we do not have a
reliable theory of these turbulent flows. Should we
then not try to develop a parameterization of the
transport properties of this kind of turbulence
which rests entirely on observations and not
at all on theoretical reasoning? In other words, the
parameterization should be derived from the data.
This idea will be worked out and tested in this
paper.

Since this approach appears to be novel we
should solve a somewhat simpler problem as a first
step. We shall use the well-known Lorenz model as
a three-dimensional analogue of the atmosphere.
Model data obtained from this model are used to
arrive at parameterizations for a two-dimensional
(zonally averaged) simplified model.

The basic features and the “climate” of the three-
dimensional model will be outlined in Section 2.
The zonally averaged model and its para-
meterizations are described in Section 3. Results
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obtained with this model are displayed in Section 4
as well as a discussion and presentation of
difficulties inherent to our approach.

2. The three-dimensional model at

mosphere

As mentioned above we shall not try to build a
simplified model of the atmosphere. Instead we
shall replace the atmosphere by a three-
dimensional model which will be simulated by a
zonally averaged model. The three-dimensional
model yields data. Based on these data a para-
meterization of the northward fluxes of heat and
vorticity will be derived which will be built into the
zonally averaged model. This way we have all the
data we need and are able to assess the skill of our
simplified model with considerable accuracy. An
extension of our technique to atmospheric data and
to models of the atmosphere is not considered here.

The three-dimensional model (M3) is based on
the vorticity equation and the first law of thermo-
dynamics in the two-level formuiation as used by
Lorenz (1960):
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where y is the mean streamfunction of the fluid, 8
the potential temperature, o, the static stability, f;
the constant coriolisparameter and B is a factor
which relates the streamfunction of the vertical
wind shear (1) to 6:

V20 = BV; 2.3)

k' and 2k are the coefficients of internal friction
and surface skin friction, respectively. 8* is a pre-
scribed enforced temperature and & regulates the

time scale of the thermal forcing. (2.1), (2.2) is
identical to the model equations used by Lorenz
(1960) with the only exception that Lorenz
employed an additional prognostic equation for g,.
g, is constant here. The flow described by (2.1),
(2.2) is supposed to be restricted to a channel with
walls at y = 0 and y = L. There is periodicity in x-
direction with 2zL as length of the channel.

Following Lorenz (1963) we expand v, & and 6*
into truncated double Fourier series, e.g.

M+ 2MN
W=Uﬁi2 vi b (2.4)
=1

where the functions ¢, form an orthogonal set and
satisfy the boundary conditions. M is the number of
waves enclosed in the model for the meridional
direction, N the number of waves for the zonal
direction. For i < M, ¢, does not depend on x.
These functions (~cos ny/L) must be used to
describe the zonally averaged state of the flow
whereas all ¢; with { > M are harmonic in x as well
as in y. The y, are the non-dimensional Fourier
coefficients of . Inserting (2.4) and the corre-
sponding expansions for @ and * into (2.1), (2.2)
we arrive at a system of ordinary differential
equations of first order in w,, 8,.

The various types of circulation exhibited by M3
have been studied extensively (Metz, 1976; Hart-
jenstein, 1977). Of course, the model’s behaviour
depends on the choice of parameters as well as on
the truncation of the Fourier series. M3 possesses
axisymmetric flow types, Rossby circulations,
vacillating and irregular circulations. This last type
of flow is the most interesting for us since it is only
for such “turbulent” flow that a parameterization is
called for. As an example we show the behaviour of
the mean flow in an experiment with M = 6 and
N = 6. All the Fourier coefficients displayed exhibit
an irregular behaviour (Fig. 1). Fig. 2 shows a
typical wave pattern.

With that our problem can be stated fairly
precisely: Can we develop a zonally averaged
model (M2) which is able to stimulate the
behaviour of the zonal mean state of M3? In
particular, can we reproduce the essential features
of Fig. 1 by aid of M2?

3. The zonally averaged model
The equations for the mean flow of M3 can be
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Fig. 1. The Fourier coefficients of the mean flow during a period of 120 days as obtained from M3 with constant 8*.

M = 6, N = 6. Relative units.

written in a symbolic form

'}’1 =A¥y, O30, k> M)~ k(y,— 8)

3.1
b6,=A%v), 65, k>M) + X, y,— Y,6,+ Z, 0}
i<M
Here all variables and constants are non-

dimensional, X,, ¥,, Z, are constants which depend
only on the choice of the orthogonal functions.

The mean streamfunction and the mean tem-
perature of the zonal flow are influenced by inter-
action of waves which create a zonally averaged
meridional transport of heat and vorticity (described
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by the nonlinear terms Af,47). Also frictional terms
and the heating come into play. The terms A} and
Af involve Fourier coefficients of modes with j, k >
M only. It is these terms which ought to be para-
meterized in our zonally averaged model M2.

We propose the most general linear para-
meterization. Hence, we have

Ar=ar+]Z Bhvi+756)
=1
(3.2

M
Af=al + 3 Bw,+v50)
i=1
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Fig. 2. The streamfunction in the upper (a) and lower (b) layer at ¢ = 60 days.

where the coefficients ay, of, £, B9, v§, ¥4 may
depend on time and on the parameters of the
model, but not on y;, 6. Let us, however, assume
first that these coefficients are constant in time.
Inserting (3.2) into (3.1) we obtain a linear system
of prognostic equations for y;, §, i < M:

M
wi=at+ L (B v+ 75 6) — k(v — 6)

j=1

(3.3)

. M
O=af + > (ﬁ3W1+Y3¢9;)+X1V/1—Y.'0i

j=1
+Z, 6

This is the system of equations of M2.

How are we to choose the coefficients af, af, 8§,
% v%, v5 in order to achieve an optimum simu-
lation of M3?

(3.3) is a set of linear inhomogeneous differential
equations with constant coefficients. The general
solution of such a system of equations is well
known. Given the various constants of (3.3) we can
determine the eigenvalues. Given an initial state it is
no problem to compute the solution of (3.3) at any
time.

We may invert this statement: Given the solution
of an unknown linear system of equations of the
same type as (3.3) we can determine the constants
at, af, B¢, BY, vE,vY so that (3.3) reproduces the
given solution. We propose to solve the para-
meterization problem in accord with these con-
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siderations. Let us select from given time series of
v, 0, (i < M) of M3 (as shown in Fig. 1, for
example) main frequencies and the amplitudes
which belong to these frequencies. If the number of
these frequencies is chosen properly we can deter-
mine the parameterization coefficients of (3.3) in
such a way that the solution of M2 yields just the
selected main frequencies and amplitudes as found
in M3.

Let us repeat this idea in a more mathematical
form: The solution W, i < 2M of a homogeneous
system of 2M ordinary differential equations can be
written

™M
— Akt
W,=> A,e
k=1

3.4

where A, are the eigenvalues of the system. The
solution of an inhomogeneous system with
constant forcing is obtained by adding a constant
D, on the right-hand side of (3.4). Let us suppose
that all eigenvalues with k < k, are real, those with
k > k, are complex:

A= AP + A,

Then

k1 (2M — k1)/2
W=D+ Y A,e+ Y

k=1 =1
X (B cos APt + Cy sin A1) 3.5
Now, negative A{? correspond to damped motions,
positive A{” to exponential growth. The oscillations
of M3 show an undamped behaviour. Hence, we
pose A{? = 0 in (3.5). In addition, there is no need
for real eigenvalues (as seen in Fig. 1) so that k, =
0. Therefore

M
W;=D;+ 3 (Bycos APt + C,sin A{Pt)
=1

(3.6)

is the type of solution we want to simulate. Given a
certain run of M3 we have y; = W, (i < M); 6, =
W, (M < i< 2M). Hence, the D, are the time mean
values of y;, 6,, whereas the A’ are the main
frequencies to be chosen from the time series of M3
and the B, C, are the corresponding amplitudes.
Hence, all the constants in (3.6) can be determined
from M3. The solution of our special system may
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be written

M
W=y, + 2 (w§cos vt + yisin vt)
I=1

3.7

M
0,=6,+ > (65cos vt + 65sinv, 1)
i=1

Inserting (3.7) into (3.3) and separating the various
Fourier modes in time we arrive at a'system of
2M(2M + 1) equations (the summation rule for
double subscripts will be used here)

ap + B0y + ¥ 6, k(@ — 6) =0

i ) (3.8a)
af +Biw+ V0 + Xiw—Y,0,+Z,6/=0

VoW + B W+ vE 6 — k(v — 61)=0
VO + BEwh + v) O+ Xwi — Y, 0, =0
—V Wi +ﬂ$ Wi+ 7(“} Bfl ~—k(yy—6)=0

v O+ BowE + Y805+ X wh— Y, 05=0

: : . > (3.8b)
Vi Wik + B Wie + vE O — k(v — 03) =0

Vi O + B Wi + V5 Oy + X vl — Y, 05,=0

Vg Wi+ BY W5y + VY O — k(i — 65 =0

Vg Oy + B Wi + ¥ O + X i — Y, 65,=0

(3.8) can be viewed as a linear system of equations
for the 2M(2M + 1) coefficients af, of, Y, 6% ¥
7%. (3.8) can be solved by routine methods and the
coefficients can be determined and inserted into
(3.3). With that, M2 is a model which ought to
have a considerable degree of similarity to M3.

There is a limit for the number of frequencies v,
which can be chosen to determine the para-
meterization coefficients. From (3.7) we see that
the limit must be M because the number of
equations (3.8) should be equal to the number of
parameterization coefficients, namely 2M(2M + 1).

Now one can understand the reason why we
chose as many parameterization coefficients as
possible in (3.2): the more coefficients, the better
will be the similarity between M2 and M3.
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Fig. 3. The time spectra of the Fourier coefficients of the zonal mean flow. /' stands, for the frequency of the
oscillations, where I = 1 indicates the wave with a period of 120 days. (a) Low resolution M = 2, N = 4; (b) high

resolution M = 6, N = 6.

A few words should be said about the problem of
how to get the various constants in (3.7) from M3.
It is obvious how to extract the time averages y,
and 6, from the series of M3. The determination of
the main frequencies is less clear. As an example
we show the spectra of the six Fourier coefficients
of the mean streamfunction and the temperature as

derived from Fig. 1 through Fourier analysis (Fig.
3). It appears that there is a group of important
frequencies near /' == 7 and another near !’ = 21
and ' = 29. In this case we have chosen by
inspection to elect I’ = 7, 9, 12, 21, 23, 39 as main
frequencies. It is obvious that a choice of another
set of frequencies will lead to somewhat different
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results. Hence, an objective method to select the
main frequencies is desirable but has not been
developed so far, since there is quite a number of
possibilities how to do that. The decision about
which one to take is again subjective. On the other
hand such a method should be defined when the
model is applied to a large number of cases.

Once the frequencies are chosen, it is a simple
matter to get the corresponding amplitudes.

4. Results and discussion

Fig. 4 shows the comparison between a low
resolution run of M3 (M = 2, N = 4) and the cor-
responding run of the simplified model. The corre-
sponding results of a high resolution run (M = 6,
N = 6) are displayed in Fig. 5. The simulation is
nearly perfect in the low resolution case. There are
certain slight deficiencies. However, the overall
agreement is fairly good. Note in particular that
M2 is able to simulate almost exactly the mean
values of the variables as well as the amplitudes of
the various oscillations. The computer time reduces
to 10% of the time used by M3 in the low
resolution case and to about 1% in the high
resolution case. It is not surprising that the simu-
lation of the high resolution case is not as good as
that of the low resolution case, for the latter has
two really outstanding frequencies (Fig. 3a)
whereas the former has a broad spectrum which
cannot be portrayed with sufficiently high con-
fidence when only six frequencies are free for

choice. Nevertheless, one may state that the
simulations are rather good. Strictly speaking, we
were entitled to expect this since the para-
meterizations have been chosen to give an “op-
timum” result.

If we could construct a model of similar quality
for the zonally averaged state of the atmosphere we
would have a quite valuable research tool since this
model would not only reproduce the time mean of
the zonally averaged state of the atmosphere but
also the characteristic oscillations of the mean
state. This would be of considerable interest when
such a model could be coupled to an ocean model
which would in turn respond to the variations of the
drag and heat flux at the surface.

There is, however, a main problem which has to
be overcome before we may hope to develop such a
model. So far we have assumed that the forcing #*
does not depend on time. 6* stands for some kind
of differential heating. In particular, if our model
M3 would be a GCM #* would vary according to
the annual cycle. M3 has been run with

@ =6 + 6 sin 2nt/T

with #*'/@* = 0.11 and T = 120 days. We
determined the parameterization coefficients as
appropriate for 8 = @. It turned out, however,
that the corresponding variation of y,, §, in M2
from “summer” to “winter” was by far too
great (Fig. 6).

There is a certain remedy for this when we allow
for a variation of the ap, af follwing the variation
of @*. It can be seen from egs. (3.8a) that the vari-

al N ~ % ~
TXA/\ N A N DD

a7

06
a7z

06

120 days

Fig. 4. Fourier coefficients of the mean flow as obtained from M2 (solid curve) and from M3 (dashed curve) with

constant 8*. M = 2, N = 4. Relative units.
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Fig.5. Same as Fig. 4, except: M = 6, N = 6.

ables af, a should be able to satisfy these
equations for a sinusoidal oscillation of y,, 6,, 8*
where the bar now means a time average with an
averaging period < T. We have taken the am-
plitudes of these “annual” oscillations from M3 and
repeated the above experiment.

We see from Fig. 7 that M2 is again able to
simulate fairly well the “annual mean” variation of
the various variables. However, M2 fails to
simulate the increase of the most characteristic fre-
quency with * as well as the diminishing of the
short-term amplitudes for low &*. This is not sur-
prising since the 8%, B7. vy, v§ have been kept
constant. Hence the model has to fail when such

phenomena occur (variations of typical frequencies
and amplitudes of the short-term oscillations). This
is an expected but still disappointing outcome.

We have hoped to overcome this problem by
allowing for a dependence of the coefficients B4 B,
7%, y§ on time as well. M3 has been run for several
constant values of the forcing

@ = + 0 sin 2mt,/T

(¢, fixed) and the corresponding af(t,), &2(¢,), B4(t,),

(1), ¥i(t,), ¥i(t,) have been evaluated according
to the procedure outlined above. Then a run with
M2 has been made with

&= + ¢ sin2m/T

Fig. 6. Fourier coefficients of the mean flow. M = 2, N = 4. Time dependent 6*, but constant parameterization

coefficients. Relative units.
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and where the of, of, fY B% ¥t ) at time ¢
have been interpolated between the known values
of the coefficients at time ¢, and ¢,, ,. Thus, the
parameterization coefficients are altered at each
time step. It turned out, however, that this
procedure resulted in instability. Enormous am-
plitudes occurred after half a year or so.

We have to conclude then that the method of
parameterization proposed here yields fairly good
and detailed results as long as the forcing does not
depend on time. Once we admit an annual cycle of
heating the performance is much less convincing.
Then we have to be satisfied with a proper
representation of the “mean” values but we cannot
hope to resolve the higher frequencies. It will be
shown in the appendix that this is about the same
that a model with the conventional Austausch
approach can achieve (see Appendix).

5. Appendix
The general linear parameterization and the
Austausch concept

It is generally accepted that the Austausch con-
cept should be applied only to conserved quantities.

06 4 &

In particular, quasi-geostrophic potential vorticity g
is a quantity which is conserved in a geostrophic
system and, consequently, the northward eddy
transport of potential vorticity (v’'gq’) can be
parameterized

0
way=kD

(A1
oy

The brackets and the prime denote the zonal
average and the deviation of it, respectively. This
approach has been used by Sela and Wiin-Nielsen
(1971) and Wiin-Nielsen and Fuenzalida (1975).
Hence one may ask for the relationship between
our general linear parameterization and this
Austausch parameterization. If the Austausch
coefficient K depends on y but not on (g) we
have to expect that (A.1) is contained in (3.2) as a
special case. Now

Bf,

=YY R G)

in the upper (lower) layer. As usual, (A.l) is
applied separately to each layer. Hence, if we have

a 120 days

Fig. 7. Fourier coefficients of the mean flow with (a) M = 2, N = 4; (b) M = 6, N = 6. Time-dependent §* and time-
dependent af, af, but constant 8§, 8, v§, v§- Solid curve: M2; dashed curve: M3. Relative units.
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M meridional modes we have 2M para-
meterization coefficients K |;, K, because

M M

K1=L2ﬁ) 2 Kyd, K,=Lfy 3 Ky
i=1 i=1

In consequence, we have only 2M parameters {ree

when we try to adopt a simplified model M2 with

an Austausch parameterization to M3. Thus it is

left only to choose the time averages D,, i < 2M

b g
ae

(eq. (3.5)) or y;, 6, i < M (eq. (3.7)) to determine
the K,;, Ky;, | < M. Inserting v, = v,, 8, = 6, into
the corresponding differential equations (using
(A.1)) we obtain K, K,;.

There is, however, no constraint concerning the
eigenvalues of the differential equations. The
system may have solutions such as (3.5 with
Ae # 0 and A7 # 0, 4{? # 0. This results in an
exponential growth if A, > 0 and {7 > 0 so that in

120 doys
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Fig. 8. Fourier coefficients of the mean flow using an Austausch approach with time-dependent 8* but constant
Austausch coefficients (solid curve). The corresponding results of M3 (dashed curve). Low resolution case. Relative

units.

those cases the K,,, K, are unreasonable. For
example, the solutions with the high resolution case
(M = 6, N = 6) exhibited such behaviour. If 1, < 0,
A{? < 0 initially existing oscillations will be damped
and the solutions will tend towards ;, 6, which
may vary only according to a variation of #*. This
behaviour of the solutions is observed by Sela and
Wiin-Nielsen (1971) and is confirmed by our
spectral model using (A.1) in the case of low
resolution (M = 2, N = 4). No high frequencies

appear in the results but only smoothed ‘“annual”
cycles (Fig. 8).

The special case A{” = 0 (that is: the short-term
oscillations are retained in the solutions) may be
obtained only when as many parameterization
coefficients as possible are used as in relations
(3.2). This general parameterization additionally
relates the eddy fluxes of the upper (lower) layer to
the mean flow of the lower (upper) layer, in
contrast to the Austausch approach.
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JIMHEMHAS TIAPAMETPU3AILIUS KPYITHOMACHTABHBIX BUXPEBBIX ITEPEHOCOB

Ipemsioxed MeETOHN NApaMeTpU3alMH KpyIHOMac-
WTabHOrO0 MEPUOHOHANBHONO NEPEHOCa Temia H
3aBHXPEHHOCTH, OCHOBAaHHBIM TOJIBKO HAa IAHHBIX H
HE TPHBJICKAIOIIAN TEOPDHH KpPyNMHOMaciuTaGHOMN
TypOynenTHOCTH. Merton ucnpob6oBaH Ha NpHMEpe
ABYMEPHO# (30HANBHO OCPCHHEHHOHM) KBa3HMIeocCT-
poduyeckoit Momenm (M2). HeoGxoaumble naHHbIE
MOJIy¥eHbl C MOMOUIBIO TpexMepHoit Mozaemn Jlo-
perua (M3). IMapaMeTpu3auus ABIACTCA THHEHHOM,
K03¢pULHEHTH MAapaMeTPU3AIMNH ONIPEACIAIOTCA TaK,
4TOOBI pe3ynbTaThl M2 ObUIM Kak MOXHO OJimke K
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pesynprataM M3, Oka3biBaeTcs, YTO pe3yabTaTel M2
MOAENAPYIOT noseacHre M3 ¢ 60nb1IOR TOYHOCTBIO
BO TeX HOp, MOKa TepMHUYecKoe BO30yXIeHHe He
3aBUCHT OT BpemeHd. Kak TOJIBKO MBI BBOIUM
BPEMEHHYIO 3aBUCHMOCTb HarpeBaHus B rpyoom
COOTBETCTBHH C TOJOBBIM H3MEHEHHEM COJIHEYHOTO
HarpeBaHMsi, HAILA CXEMa TNAapaMeTPH3alUHA BEAET
cebs MeHee yNOBIETBOPUTENbHO. Torma OHA BHIA-
BISET T€ K€ KayecTBa, 4TO H MeETOA Mapamer-
pH3aUMH, OCHOBaHHBIA HA KOHUENUMH KoddduumeHTa
obmena.



