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ABSTRACT

The motion of turbulent forced plumes, issuing vertically from isolated sources into an otherwise
stable environment, is examined using a Lagrangian approach. Previous Eulerian approaches
have yielded only numerical solutions whereas the present approach yields partial analytic
solutions from which times of rise, from the source to levels of zero buoyancy and zero
momentum, are evaluated for fluid elements travelling with the mean speed of flow. Con-
sideration of previous work describing the asymptotic behaviour of starting plumes shows that
times of rise may also be found for the leading front of a starting plume rising in a neutral

environment.

1. Introduction

The solutions for turbulent forced plumes found
by Morton (1959) and by Morton and Middleton
(1973) describe, in Eulerian terms, the turbulent
flow issuing from steady sources of mass flux,
momentum flux and buoyancy flux into a neutral
or stably stratified environment. These solutions
are valid for flows resulting from turbulent emission
of fluid into an extensive and otherwise still en-
vironment and the emission of momentum is
assumed vertical since inclination of the angle of
emission introduces additional physical issues.
The historical development, applicability and
limitations of this theory of forced plumes originally
made by Morton, Taylor and Turner (1956) has
been discussed extensively by the above authors
and by Turner (1969, 1973) and need not be
repeated here.

In this paper the equations of motion for forced
plumes are presented and solved in terms of a
Lagrangian approach. The Lagrangian equations
of motion are derived from the Eulerian equations
and so the resulting solutions are equivalent,
however, the Lagrangian solutions have the
advantage that they may be used in a direct way to
determine times of rise, from the source to specified
levels, of fluid elements travelling with the mean
speed of flow.

A Lagrangian representation describes the time
history of elements of fluid as they proceed with
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the flow and, ideally, relies upon each element being
able to retain its identity for all time. In a turbulent
forced plume this is obviously not strictly true.
Each turbulent element emitted by the source
entrains ambient fluid as it rises and hence increases
in volume. Further, the combined effects of lateral
turbulent diffusion and mean velocity shear over
a plume cross-section act to disperse the element
in the axial direction and this effect is enhanced
by longitudinal turbulent diffusion. The net result is
that an element grows in size and, relative to its
mean position, spreads its influence both ahead
and behind that position. Lagrangian elements
may thus be conceived as overlapping to a growing
extent, but the ensemble averages of quantities
at a particular height will remain approximately
those averages pertaining to an equivalent
Lagrangian element at the same height. The
following work relies upon the assumption that,
on average, fluid elements move with the mean
speed of flow and explicit considerations of the
effects of longitudinal dispersion within the plume
are side stepped.

Some justification of a Lagrangian approach
may be gained by reference to other work involving
dispersion in a slowly spreading turbulent shear
flow. In particular, an analysis Of transport in
turbulent methane wakes was made by Morton
(1962) for the case of a body falling with uniform
speed through an environment consisting of a layer
of methane overlying a layer of air. He used a
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Lagrangian approach to determine the motion of
elements of fluid travelling at mean velocity in the
wake of the body and found expressions specifying
the position of the “mixture front” (the level in
the wake separating regions of high and low
methane concentrations) as a function of time
and Richardson number. Preliminary experiments
were made to determine the motion of this mixture
front and the results gave good general support
for the theory. Morton also analysed the time
variation in concentration in the attached flow
behind the falling body using simple Lagrangian
arguments and subsequent experimental measure-
ments by Leach and Slack (1967) were found to
be in agreement to within experimental error.

In the following a partial analytic solution of the
Lagrangian equations of motion is found for forced
plumes issuing into a stable environment and
common types of forced plumes are readily
identified by examination of the solutions.

Times of rise of turbulent fluid elements from
the source to levels of zero buoyancy and zero
momentum are found for the general case of emis-
sion of mass flux, momentum flux and buoyancy
flux from a source of finite radius into a stably
stratified environment. The analytic relation be-
tween the Lagrangian solutions and the Eulerian
solutions is shown for the case of forced plumes
rising in a neutral environment and times of rise
of fluid elements are again found. Reference to
experimental and theoretical work on starting
plumes shows that times of rise of the leading front
of a starting plume rising in a neutral environment
may also be deduced.

2, The Lagrangian conservation equations

The following calculations are based on the same
integrated equations of motion as the earlier work
of Morton and Middleton (1973) and suppiement
the solutions found in that work. The same
assumptions are made and these may be briefly
restated as follows: that the fully developed
turbulent flow is independent of both Reynolds and
Peclét numbers, that the Boussinesq approximation
holds throughout the flow and that the mean flow
profiles remain similar at all plume cross-sections.
It follows then that the rate of entrainment of
ambient fluid into the plume must scale with the
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turbulent intensity which, in turn, must scale with
the mean flow. Closure of the equations is then
possible through use of an entrainment constant
a, defined as the ratio of mean radial inflow speed
at the plume edge to the mean vertical velocity
at the same height.

Cylindrical polar coordinates (r, ¢, X) are used
with OX vertically upwards and the motion is
assumed axisymmetric and without swirl. If p,
represents the environmental density, p the density
of the convecting fluid and p, the reference density
then the mean buoyancy may be expressed as
P = gpr'(p, — p). The density deficiency (or
buoyancy) may be the result of a temperature
excess, in which case use may be made of the
relation

Py (py— P) = B(T — Ty)

where T and T, refer to plume and environmental
temperatures respectively and £ is the coefficient
of cubical expansion (for gases, f ~ T1!).

Top-hat profiles, representing values of mean
vertical velocity and mean buoyancy which are
constant across the plume section and zero outside,
are used for simplicity since, in any case, only a
constant of proportionality survives the lateral
integration of the profile shapes and the basic axial
dependencies of flow quantities remain independent
of the choice of profile (see, for example, Turner,
1973). The mean vertical velocity is represented
here by U, the mean buoyancy by P and the plume
radius by b. The square of the Brunt-Viisild
frequency N describes the environmental stability
according to N* = —(g/p,)dp,/dX and this is
assumed to be independent of height.

With these assumptions, the integrated equations
of motion representing gross conservation of
volume (or mass), momentum and buoyancy
within the plume are given by

d d
— (b)=2abU, — (BUH=5?P,
dX( )=2a dX( )

d
— (b*UP)= —b*UN?
o 2P

The Lagrangian equations may be derived from
these equations by utilizing a change of variable
from height X to time ¢ given by

d . d
X

dt
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and since U is the mean speed of flow it follows
that the time variable ¢ is an appropriate scale
for evaluating the time of rise of elements travelling
with this speed.

Dimensional variables are defined for the mass
flux W, the buoyancy flux F and the square of the
momentum flux M according to

W =>5b, F=bUP and M=DhU? ¢))

and the Lagrangian equations of motion become

aw dM dF
— =2aM¥W -, =F, —=-NM
dt dt dt

These equations have the general solutions

M = (M2 + FY/N)V2sin[N(t — 1,) + 9]
F=(F}+ MIND)2cos|N(t—t,) + d]
Wt=4dal, MY )dt + W}

(2

Here F,, M, and W, represent the fluxes of
buoyancy, momentum (squared) and mass emitted
from the source at time ¢ = ¢, and the phase angle
dis given by

NM,
tan 6 = 0

(©)]
(1]

The solutions (2) may be simplified by defining

the argument & = N(¢t — #)) + J, and then scaling

to dimensionless form by the transformations

M=Mym, F=F,, W=a”?M{*F;"*w
The dimensionless solutions are

m=cosecdsinf, f=secdcosb

@

w2 =§(3 cos d cosec? & [9sin¥2 9" d§’ + T')

These represent the flow from the source level
@ = 0 to the general level # > 4. The dimensionless
parameter

- SFW

 8aMy? ®

defined originally by Morton (1959), represents
the balance of flow conditions existing at the source
and is a direct measure of the ratio of buoyancy
effects to inertia effects at the source.

Here, the scaling has been chosen to be com-
patible with that used by Morton and Middleton

(1973) for the case of plumes in a stable environ-
ment so the two sets of solutions are comparable.
Also, the dimensionless parameter A defined by
Morton and Middleton is related to the phase angle
J of the work by

tan = (2A)V2

The Lagrangian solutions (4) are valid for
turbulent forced plumes rising in neutral or stably
stratified environments, the expressions for
momentum flux (squared) m and buoyancy flux f
being analytic and the expression for the volume
flux w involving a numerical integral of simple
form. These might be compared with previous
Eulerian solutions which are entirely numerical for
stably stratified environments and which are con-
cerned with heights of rise rather than times of
rise. Analytic expressions for heights of rise are
not available from (4) and the reader is referred to
Morton (1959) and Morton and Middleton (1973)
for a detailed discussion of heights of rise of tur-
bulent forced plumes. However, the Lagrangian
solutions do describe, in compact form, the full
range of behaviour exhibited by forced plumes
and readily provide estimates for times of rise of
elements travelling with the mean speed of flow. A
discussion of forced plumes in terms of the
Lagrangian solutions, including expressions for the
times of rise in stably stratified and neutral environ-
ments, is presented in the following sections.

3. Plumes in a stably stratified
environment

The solutions (4) represent plume rise in a stably
stratified environment and are shown, normalized
with respect to functions of the phase angle J,
in Figs. 1 to 3. Here the common assumption is
made that emission from the source is always
upward and thus M¥2 > 0.

Some common properties of forced plumes may
easily be recognized, for example, values of § = 7/2
and 6 = 7 represent levels of zero buoyancy and
zero momentum respectively. The level of zero
momentum is that level at which the plume
achieves its maximum height of rise and this
level is obtained by all forced plumes rising in a
stably stratified environment. The level of zero
buoyancy is reached only by those forced plumes
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Fig. 1. The solution m sin 6 = sin @ specifying the
dimensionless momentum flux (squared) m of a forced
plume plotted against the dimensionless time scale 6.
The parameter ¢ is defined by tan 6 = NM,/F, and the
horizontal arrow represents the dimensioniess time of rise
N(t — ty) = 6 — 6 of a fluid element travelling with the
mean speed of flow from the source level character-
ized by 6 = & to the higher level 6 < 8 < 7. The level of
zero momentum is represented by & = 7 and the
dimensionless time of rise to this level is N{t — #) =
n— 0.
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Fig. 2. The solution f cos 4 = cos @ specifying the
dimensionless buoyancy flux / of a forced plume plotted
against the dimensionless time scale §. The parameter
dis defined by tan § = NM/F, and the horizontal arrow
represents the dimensionless time of rise as explained
in the caption to Fig. 1. The level of zero buoyancy
is represented by @ = n/2 and the dimensionless time of
rise to this level is given by N(t — f) = n/2 — 4. Note
that if F, < O then 7/2 < & and the buoyancy flux is
always negative.

which are emitted into a stable environment with
initially positive buoyancy and the flow above this
level exists only as a result of the momentum
already possessed at that level.

The parameter A = Jtan? J may be viewed in
either of two ways. It may be thought of as the
environmental- stability suitably made dimension-
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Fig. 3. The numerical solution I = f§ sin*? 8’ d&’ used
in determining the dimensionless volume flux w accord-

ing to w? = §(3/ cos & cosec®? § + I'). The dimensionless
time of rise is represented by the horizontal arrow as
explained in the caption to Fig. 1. Since / is a monotonic
function of @ (for any d) it follows that the volume flux
always increases with time.

less by the source fluxes of buoyancy and
momentum, as in the work of Morton and
Middleton, or alternatively it may be thought of
as being the ratio of source momentum flux to
source buoyancy flux, suitably made dimensionless
by the environmental stability. For this particular
presentation, the latter is more suitable and the
values of é and I' may be thought of as primarily
describing the source, but with the restriction
that the environment is stably stratified.

Sources emitting fluid which is positively
buoyant at source level are specified by I' > 0 and
0 < 6 < n/2, while sources emitting fluid which is
negatively buoyant at source level are specified by
I' < 0 and /2 < 8 < m. The flows resulting from
the latter are jet-like in behaviour. If the source
momentum flux M, - 0, then 6 - 0 and T - oo,
and the source tends to the asymptotically limiting
case of an infinite planar source emitting fluxes of
buoyancy and volume flux, but no momentum flux.
For finite M,, the source velocity is of order (source
radius)~! and the volume flux W, is consequently
of order (source radius). thus W, =0 (and hence I’
= 0) characterizes a point source having zero
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radius, finite momentum and infinite velocity. Here
the value of d may be greater than or less than n/2
according as the buoyancy of the fluid at the source
is negative or positive.

Certain information is more readily available
from the Lagrangian solutions rather than from the
Eulerian solutions and in particular, the Lagran-
gian format is more suitable for deter-
mining approximate times of rise of fluid elements
from the source to various heights.

In the case of the general type of forced plume
rising in a stable environment, the level of zero
buoyancy is given by N(¢t — t,) + = /2 and the
dimensionless time of rise for each element is thus

n MN
N(@¢—t))=—-—tan!
2 F,

For plumes issuing from the source with positive
buoyancy the time of rise to the level of zero
buoyancy is larger for smaller values of source
momentum and is larger for greater values of
source buoyancy since then the height of the level
of zero buoyancy is also greater (see Fig. 2). The
dimensional time of rise is less for stronger ambient
stratification.

The level of zero momentum is given by
N(t — t,) + 6 = = and represents the level of the
maximum height of rise. The dimensionless time of
rise to this level is thus

M,N
N —t)=mn—tan’! 7

0

For plumes issuing from the source with positive
buoyancy the phase angle J lies in the first quadrant
and the dimensionless time of rise is greater than
n/2, while plumes issuing from the source with
negative buoyancy (jets) have a dimensionless time
of rise less than n/2 since, in this case, J lies in the
second quadrant (see Fig. 1). The dimensionless
time of rise from the level of zero buoyancy to the
level of zero momentum is given by N(t — £,) = /2.
Plumes rising from the source with positive
buoyancy have times of rise, from the source to
the level of zero momentum, which are larger for
smaller values of source momentum and larger
for greater values of source buoyancy.

4. Forced plumes in a neutral environment

It is appropriate to show here the relation
between the Lagrangian solutions and the Eulerian
solutions found by Morton and Middleton for

plumes rising in a neutral environment. For N =0,
the phase angle & = 0 and the solutions (4) reduce
to

f=1, m=1+—t)F My,
wi=§{m¥*—1+T}

These solutions are identical with those found
previously with the Eulerian approach since the
dimensionless momentum flux v of Morton and
Middleton is related to m by v? = m. Integration
of the vertical velocity (m/w) with respect to time
shows the dimensionless height of rise as a function
of v to be

v vidv

2aV2FVIpf-34Y — lollzf
0 o l(vs_l+r)1/2

again equivalent to the previous solution.

For positively buoyant flows F, > 0 and it
follows that the momentum increases indefinitely,
the height of rise is infinite and there is an infinite
time of rise. For negatively buoyant flows the
momentum drops to zero when 1 +(t — £)F M;!
= 0 and there is a maximum height of rise at which
the dimensionless volume flux approaches the
asymptotic value of w = [{(I" — 1)]VZ The dimen-
sional time of rise to this level is given by

t—ty=—MF;!

a positive value since F, < 0.

Sufficiently far from the source, any plume
may be considered as being emitted from an
asymptotic virtual point source of buoyancy only.
The differences in height between real and
asymptotic sources have been plotted by Morton
and Middleton for all values of I" between I’ = —4
and I' = 5. These heights, in conjunction with
times of rise for simple plumes, may be therefore
used to approximate times of rise of elements
in forced plumes issuing from various sources
in cases where analytical solutions are not possible.
In some cases, however, extrapolation of an
observed flow profile down below the level of the
real source will more easily determine the level
of this asymptotic point source.

The solutions of the equations of motion for a
simple plume issuing from a point source into a
neutral environment are

F=F,, M=(—t)F,,
W = 2315-V2gqua(g _ 44
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and the vertical velocity U = M/W and height X
are thus

U= 2—3/25 l/2a—l/2(t — to)_IMF‘l,/‘,
X= 21/23—15 llza-—1/2(t — IO)J/‘F‘I,/‘

The time of rise of elements from the asymp-
totic virtual point source to height X is thus given

by
x4 \v2
t — tp) = (Y (T) (6)
°

Times of rise from real sources are obtained from
(6) by determining the height X, that the real
source exists above the asymptotic virtual point
source. Then the time of rise from the real source
to height h above the real source is given by

(_&a)QJJF—l/J {( avs h)4/3 —_ X:c:}

where £, now represents the time of emission from
the real source.

Times of rise for starting plumes may be
readily deduced from times of rise for simple
plumes. Following Turner (1962), such calcula-
tions are possible since the leading front (or cap)
of a starting plume at any height is known to
travel at a constant fraction of the mean velocity
(at that same height) of an established steady
plume.

If the velocity of the leading front is v, and the
mean velocity of the steady plume (evaluated at
the same height) is U,, then the proportionality
of velocities may be expressed as (Middleton,
1975)
v,=4,U,
where Turner’s experimental results show the con-
stant 4, to have the value
A,=061+005

Times of rise for starting plumes are thus larger
by the constant fraction 4;' and the time of rise
to height 4 from a.real source (of height X,
above the virtual source) is thus

t—ty=

5. Discussion

The Lagrangian solutions found above have
some advantages over the previously found
Eulerian solutions, particularly in the case of a
stably stratified environment where a partial
analytic solution is available for the Lagrangian
equations but the Eulerian solutions may only be
found numerically.

The Lagrangian solutions are fully equivalent
to the Eulerian solutions, being derived from the
same set of equations, but have the advantage
that the partial analytic solutions readily allow
evaluation of the times of rise, from the real
source to levels of zero buoyancy and zero
momentum, of fluid elements travelling with the
mean speed of flow in an established plume. Since
the leading edge of a starting plume rising within
a neutral environment is known to travel at a
constant fraction of the mean velocity of the
steady plume belind, times of rise for starting
plumes may also be determined.

This work thus supplements previous work on
forced plumes and at the same time provides an
alternative view to the wide range of behaviour
exhibited by forced plumes.

Finally, it is evident that the solutions represent-
ing the times of rise of fluid elements may prove
to be more accurate in some regimes of flow than
in others and that the above work must be con-
sidered as incomplete without supporting experi-
mental evidence. This paper is offered in the
hope that it may generate such experimental
interest.
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BPEMEHA NMOABEMA JJIA BBIHYXJAEHHDBIX TYPBYJIEHTHBIX A3BIKOB

C noMolupio narpaHxeBa MOAXOAa W3YYaeTcsi NBH-
KCHHE BBIHYXACHHBIX TYPOYNEHTHBIX A3bIKOB, MOA-
HHAMAIOIMXCA BEPTHKAJIBHO OT H30JHPOBAHHBIX
HCTOYHHKOB B YCTOWYMBO CTPaTHOULIHPOBAHHYIO
cpeny. Ilpexuue 3iiepoBel NOAXOABLI NMPHBOAMIH
TOJILKO K YHCJIEHHBIM DEINEHHSM, B TO BpeMs Kak
NaHHblii MOAXOH [A€T YacCTHbIe AHAJIMTHYECKHE
peLUCHHs!, H3 KOTOPBIX HAXOAATCS BpEMeHa MoAbeMa

KHIKHX 3MEMEHTOB, PacrpOCTPaHSIOLUMXCA CO Cpel-
Heli CKOPOCTBIO NOTOKA, OT HCTOYHHKA IO YPOBHS,
rie MX IUIaBYY€CTb H BEPTHKAIbHHH HMITYJILC DABHBI
Hymo. PaccMorpeHne npexHux pabor, ONOMCHI-
BaKOIIMX ACHMITOTHYECKOE IOBEAEHHE A3BIKOB, MO-
Ka3bIBAET, YTO BPEMEHA MOABEMA MOXHO HaHTH AN
BeAyllero (poHTa BO3HMKAIOLIErO H3biKa, MOA-
HHMAIOUIErocs B HEHTPAJILHOM cpene.
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