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ABSTRACT 
The effects of the inclusion of a Helmholtz term in a quasi-geostrophic model, formulated as 
part of a lower boundary condition, are investigated using a two-layer model. The Helmholtz 
term has two main effects, both of which appear desirable in a quasi-geostrophic model. As 
well as reducing the phase speed of all waves, and thereby controlling the otherwise large 
retrograde motion of ultra-long Rossby waves, it reduces growth rates of unstable waves. 
The Helmholtz term reduces the westward slope with height of unstable waves, more so for 
shorter wave lengths. 

The Helmholtz term is shown to be important for all quasi-geostrophic models. However, 
its use with an enhanced factor of about 10, although desirable for “best” forecasts, has little 
physical basis and merely serves to offset shortcomings of the model. 

1. ..Introduction 

Errors in forecasting ultra-long waves have been 
a problem ever since the introduction of numerical 
weather prediction techniques. In quasi-geostrophic 
models, part of the source of poor performance 
can be traced to the scaling assumptions, since 
these waves are governed by a different set of 
equations (Burger, 1958; Phillips, 1963). In early 
barotropic models, the problem was corrected 
by introducing “barotropic divergence” (Cressman, 
1958) and changing the formulation to that of the 
equivalent barotropic model. This introduces an 
extra term, the so-called Helmholtz term, which 
changes the equation to be solved from one of 
Poisson type to Helmholtz type. (For a review, 
see Haltiner, 197 1 ; Section 6.1). The effect of this 
term is to substantially reduce the phase speed 
of the ultra-long waves. 

Results from numerical weather prediction using 
a 6-level quasi-geostrophic model in New Zealand 
(Trenberth, 1973; Trenberth and Neale, 1977) 
revealed problems with the very long waves similar 
to those encountered in the barotropic model. A 
Helmholtz term was included in the model’s lowest 
layer, formtlated as part of the lower boundary 
condition, and the model showed extreme sensi- 

tivity to variations in its amplitude. It has been 
used to control errors of several decameters 
occurring at all levels and covering most of the 
grid (about one-third of the Southern Hemisphere). 
Early prediction experiments also showed a marked 
tendency for the model to overdevelop systems 
(Trenberth, 1973). This was initially controlled 
by introducing surface friction and diffusion into 
the model (Trenberth, 1973) and smoothing the 
analyses (Trenberth, 1977), as well as incorpor- 
ating the Helmholtz term. However, further 
experiments have shown that a considerably 
enhanced Helmholtz term-by a factor of about 
10-is desirable. It is interesting that this is also 
approximately the factor required to produce 
optimum forecasts for the equivalent barotropic 
model (Leith, 1974). 

The Helmholtz term arises by changing the 
lower boundary condition from one of vanishing 
material derivative of pressure (w = 0) to one 
of zero vertical velocity (w = 0) on a constant 
pressure surface. It can be easily introduced into 
a baroclinic model by making an equivalent 
barotropic approximation for the lowest layer. 
The purpose of this paper is to investigate the 
effects of inserting this term with an enhanced 
coefficient, and we show, using a two-layer model, 
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that it reduces the phase speed of all waves and 
also reduces growth rates of unstable waves. Both 
features appear to be desirable in a quasi- 

where 

(3) 

(4) 

9, = VZv, + f -  A2(w1 - VJ 

s: = v2v, + f + l 2 ( V I I  - w,) geostrophic model. 
The Helmholtz term has been shown to be very 

important in tidal theory (Lindzen, 1968; Geisler 
and Dickinson, 1975; White, 1978) and the latter 
paper refers to it as the “stratification term”. 
Lindzen showed that its presence gives rise to a 
“non-Doppler” effect on the phase-speed of waves. 
Earlier, Wiin-Nielsen (1 97 1) investigated the effects 
of the same change in lower boundary condition 
on baroclinic instability. All these studies emphasize 
that without the more correct lower boundary 
condition there is a considerable over-estimate of 
the retrograde phase speed of long Rossby waves. 

The approach we use here to investigate the 
effects of the Helmholtz term on a baroclinic 
atmosphere is to analyse the baroclinic instability 
problem of the two-layer model but incorporating 
the Helmholtz term. A method along the lines 
presented in standard texts (Holton, 1972, pp. 133 
and 186; Haltiner, 1971, p. 131) will be used, and 
in order to shorten and simplify the discussion, for 
the most part the notation of Holton will be used. 

In practice, surface friction, other boundary 
layer effects, orography, and diabatic heating 
should be included in the equations since they are 
mainly responsible for forcing the ultra-long 
stationary waves. However, these effects are in- 
cluded to  some degree in the 6-level New Zealand 
model, and for simplicity we omit them here in 
order to determine the sensitivity of the quasi- 
geostrophic model to the changed lower boundary 
condition. 

2. The two-layer model atmosphere 

The thermodynamic equation applied at level 2 
(500 mb) is combined with the vorticity equations 
applied at levels 3 (750 mb) and 1 (250 mb) to 
give to potential vorticity equations 

are the potential vorticities, J is the Jacobian and 
A 2  = f , 2 / ~ A p 2 .  

In order to eliminate w4 without introducing 
further unknowns, the equivalent barotropic 
approximation applied only to the lower layer is 
introduced, and we put iy4 = dy,, where d is a 
constant. Then at  the lower boundary 

a w3 
w4 = f Q p 4 a f  - at (5)  

When substituted into (2), this becomes part of 
the Helmholtz term in the prognostic equations, 
in analogy to the equivalent barotropic model 
(Trenberth, 1973). We may then rewrite ( 2 )  and 
(4) as 

where 

(7) 

are the re-defined potential vorticity equations for 
750 mg, and d = f , z p 4 a f / 2 A p .  

We then perform a perturbation analysis on a 
b-plane of (l), (3), (6) and (7), following Holton 
(p. 187), by putting 

where U ,  and U, are the zonal velocities at levels 
1 and 3 respectively, and assume sinusoidal 
solutions for the perturbations 

, (9) ,# - A  eik(x-c l )  w; = B eik(x-cf)  
1-  

Adding and subtracting the resulting equations 
and putting 

Y = +(A + B), T = +(A - B )  

and (10) 
U = i ( U ,  + U,),  W = i ( U , -  U,) 

so that U and W are the vertically averaged zonal 
wind and the basic state thermal wind for the 
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interval Ap12, we get 

[ ( U - c ) ( k 2 +  crZ)-P-&UlY 
-[(U-c)crZ- U d - k 2 W l ~ = 0  (1 1) 

Non-trivial solutions exist only if the determinant 
of the coefficients of Y and t is zero, so that 
(U - c) must satisfy 

( U  - C ) W ( k 2  + 212) + 2aZ(k2 + 1 2 ) l  

-2(U-c)[P(k2+A2)+ a2((P-(kz-d2)W 
+ [kZ + 12)U)l + [$ - kZ(k2 - 212) w2 

+ 2crZ (/3 - (k2 - 1') W)Ul = 0 (13) 

This has a solution 

c = u -  

If the Helmholtz term is omitted, we set a= 0 in 
(14) and (1 5) and the solution reduces to (10.19) of 
Holton (p. 188). 

Instability occurs if 6 is negative, so that we 
put c = c, + ic, where c,, ci are the real and 
imaginary parts of c. The phase velocity is given 
by c,, or the Doppler-shifted phase velocity by 
c, - U, and the growth rates of the disturbance 
given by kc,. Clearly a necessary, but not sufficient, 
condition for instability, which also applies when 
a= 0, is W > P12k2. 

The addition of the Helmholtz term has com- 
plicated the analytic solution and results are 
therefore presented for typical mid-latitude cases. 
Note, however, that whereas c, - U and ci are 
independent of U for a = 0, this is not the case 
with the Helmholtz term included. 

3. Results 

Solutions will be presented for the following set 
of parameters, typical of mid-latitudes. 

j-, = 1.03 x 10-4 s-1 

P= 1.618 x lo-" m-l s-l 
u = 3.05 m3 mb-' kg-I 
d2 = 1.39 x 10-l2 m-2 
a5 = 1.282 x 

The parameter d is of order unity in this 
formulation but will be varied to illustrate the 
effects of changes in the Helmholtz term. Results 
will be presented for different values of U and W. 
For reference purposes the solution where there is 
no Helmholtz term, a' = 0, is presented in Fig. 1. 
We also present a solution for a' = 10. This is 
approximately the optimum value for the equi- 
valent barotropic formulation (Leith, 1974) and for 
the 6-level quasi-geostrophic model. 

Fig. l a  shows the growth rates for d = 0. A 
formula for the neutral stability curve is given by 
Holton (p. 191) who also shows that no growth 
occurs for L < 27rd21 (-3768 km) and the 
minimum W for instability is W = b/2A2(-5.82 
m s-l). The most unstable wavelength for a given 
W is also indicated. 

Figs. l b  and l c  show the two solutions for 
( U  - c,). Only one solution exists for unstable 
waves, and this is not a function of W. Fig. l b  
reveals the large retrograde movement of the long 
waves associated with the Rossby wave formula. 

When d is non-zero, the solutions become a 
function of U and, rather than presenting results for 
U = constant, in which case the vertical wind profile 
would be unrealistic for some values of U and W 
(recall U, = U - W, U, = U + W), we present 
a solution for constant U, = 5 m s-l. Then 
U = 5 + W, and westerlies are present throughout 
the model atmosphere. 

Fig. 2a shows the growth rates for d = 10, and 
comparison with Fig. l a  reveals a reduction 
everywhere, but most pronounced for shorter 
waves. This shifts the most unstable wave to longer 
wavelengths. Figs. 2b and 2c, to be compared 
with Figs. l b  and lc, show the solutions for 
U - C, for d = 10. Most noticeable is the sub- 
stantial reduction in the retrograde speed of the 
very long waves in Fig. 2b. Also the phase speed 

d m-2 
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Fig. 1. Solution for a' = 0. (a) Growth rates (kci)  in s-l. Maximum growth is shown by the double dashed line. 
(b) and (c) Two solutions for (U - cr) in m s-l as a function of wavelength L and thermal wind W. The neutral 
stability curve is given by heavy dashed line. 

of the unstable waves now depends on both U 
and W.  

The changes in phase speeds through the 
Helmholtz term can be better seen by presenting 
this information in a different fashion since, in 
Fig. 2, (U - cc) varies because U varies with W 
as well as from changes in c,. Fig. 3 presents the 
same information as in Figs. lb, Ic and 2b, 2c 
but showing c,, assuming U = 5 + W. Immediately 
it becomes clear for d > 0 that c, is reduced for 
all wavelengths in both solutions. The points where 

c, = 0 (Figs. 3a, 3c) are independent of d and 
occur where 

UZ k2(kZ + 2d2) - 4U/?(k2 + d2) 
+ pZ - W2k2(k2 -2Az) = 0 (16) 

The reduction in phase speed is monotonic and 
growth rates are also generally reduced with 
increasing a', but greatest for an increase in d 
from 0 to 1. Table 1 shows this for W = 20 m s-', 
U = 25 m s-l for wavelengths of 6000 and 
14,000 km. There can be a very small increase in 
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Fig. 2. As for Fig. 1, but for a' = 10 and using a basic state where U = 5 + W. 

growth rate for a' = 1 (Wiin-Nielsen, 1971) but it 
affects only a very limited range of the longest 
unstable waves and is insignificant in the two-layer 
model. 

It is of interest to  consider the change in growth 
rates for a given a' as a function of U. Since 
vertical motions at the lower boundary are related 
to the surface tendency [see eq. (5)l a change in the 
speed of advection of the entire system will change 
w4. For instance, a change in c, from westward 
to eastward movement can be induced by increas- 
ing U, but would cause a reversal in o4 so that 
upward motion changes from west to east of the 

trough. Intuitively therefore, we might expect 
greatest growth rates to occur for that value of U 
which reduces c, z 0, and therefore approximately 
minimizes the effect of the Helmholtz term. This 
proves to be the case. Greatest growth rates as 
a function of U occur where 

C, = [ Wk2(A2 - k2)(2A2 + k2) - A4b)F(d) 
and F ( a 2 )  is a function of a2. 

For unstable waves k - L(L = 5330 km) and 
c, N 0. For W = 20 m s-l and d = 10, maximum 
growth occurs for U = 8.1 m s-l and c, = 
-0.8 m s-l. 

Tellus 30 (1978), 6 



492 K. E. TRENBERTH 

oJ-.---' 
0 ' 2 ' 4 6 18 ' 1 0 '  12'14 

1000 krn 

5; 
,' // 

.' /,' 

'10 ,' 

0 _-- '  

0 2 4 6 ~ 8 ' 1 ' 0 ' 1 2 ' 1 4  1000 krn 

d 
Fig. 3. Actual phase speed c, (m s-I) for a basic state where U = 5 + W. Both solutions are for a' = 0 in (a), (b); and 
a' = 10 in (c), (d). 

Table 1. Growth rates 
W = 20 m 

s-l) andlorphase speed (m s-l) for  6000 and 14,000 km wavelengths with 
and U = 25 m s-l, as a function of d 

a' 

0 1 2 5 10 

6000 km, cr 15.5 14.6 13.8 12.3 11.0 
12.6 11.7 10.8 8.7 6.0 

14.6 12.8 11.6 9.5 1.7 
-50.4 -37.2 -26.9 -17.7 -12.3 kc, 

14,000 km, cr, 
crl 
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The structure of the unstable waves also changes 
substantially with the Helmholtz term. For 
reference purposes the structure of unstable waves 
for d = 0 is outlined in Table 2, showing the 
amplitude and phase of the thermal wave and the 
phase of the 750 mb stream function and the 
vertical motion field relative to the 5 0 0  mb stream 
function. Thus the thermal wave lags by 72" to 
36" and upward motion occurs from 8" to 31" 
ahead of the 500 mb trough so that the upward 
motion and the warm sector are nearly in phase. 

Table 2. Amplitude (A,)  and phase (#J of the 
thermal field, and phase of the 750 mb stream 
function (4 , )  and vertical motion field (f,,,) relative 
to the 500 mb stream function for W = 20 m s-' 
and d = 0. The phase is in degrees 

Wavelength 
(km) 500 6000 7000 8000 

A&, 0.53 0.66 0.74 0.80 

I3 31 39 46 52 
I ,  -72 -66 -58 -36 

I ,  98 104 116 121 

The 750 mb trough leads the 5 0 0  mb trough by 
31" to 52" so that the 500 mb upward motion 
is about 22" upstream from that which would 
be present from the Helmholtz term. 

In a similar manner the structure of unstable 
waves for d = 10 is given in Table 3. Greatest 
change is in the phase of the thermal wave toward 
a more barotropic state. This has the effect also 
of reducing the amplitude of the 750 mb wave, 
relative to  that at 500 mb, which tends to offset 
somewhat the effects of the Helmholtz term. The 
change is greatest for the shorter waves, and the 
warm sector and region of upward motion are now 
from 46O to 52" out of phase. 

Table 3. As for Table 2, but for d = 10 

Wavelength 
(km) 5000 6000 7000 8000 

A& 0.43 0.62 0.74 0.84 

I ,  21 36 47 56 
I ,  93 97 101 108 

IT -35 -37 -32 -26 

The reason for the change in structure is 
related to the reduction in low level convergence 
ahead of the trough, thereby slowing the eastward 
movement of the 750 mb wave and tending to 
make the system more vertical. 

4. Energetics of the model 

The details of the energetics of the two-layer 
model are well known (see Holton 1972, p. 196), 
but the inclusion of the Helmholtz term introduces 
an additional form of energy. We define 

AP 
2g 

K ,  = - (Vw,)zdS; i = 1,3 

as the area integrated kinetic energy of a layer 
Ap thick. 

is the area integrated available potential 
energy of layer A p  thick and we put 

(19) 

is a potential energy term associated with the 
distribution of total mass as given by the surface 
pressure. Using (5) 

The energetics equations may then be written 
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so that total energy is conserved. We put 

which describes the process of warm air rising 
and cold air sinking converting available energy 
into kinetic energy. However, we can show that 
P = (2a2/k2)K3. Therefore, for a given amount of 
energy converted (= CE) 

a 
- [K ,  + K,(1 + 2a2/k2)I = C E  
at 

Clearly this limits the growth of the kinetic energy 
of the perturbation, especially at the lower level 
for longer waves, and some of the energy is used 
to redistribute the mass of the atmosphere. 

However, as we have already seen, a much 
greater effect is the reduction of C E  arising from 
the change in phase of the thermal wave relative 
to the vertical motion. This is more important for 
the shorter unstable waves, and is the main reason 
growth rates are reduced with the introduction 
of the Helmholtz term. 

There appears to be an inherent tendency for 
quasi-geostrophic models without an enhanced 
Helmholtz term to overdevelop systems. The 
reason for this may lie in the omission of certain 
ageostrophic effects. Krishnamurti (1968) showed 
that deformation and divergence terms both act to 
counteract vertical motions from quasi-geostrophic 
terms and are clearly important near a major storm 
undergoing cyclogenesis. Also, as noted in the 
introduction, the excessive retrograde phase speeds 
of very long waves arises from the inadequacy 
of the scaling assumptions in the quasi-geostrophic 
model when applied to ultra-long forced waves. 
Both problems can apparently be controlled by 
the Helmholtz term, although improvements in 
diabatic heating should also help. The Helmholtz 
term therefore emerges as a piece of engineering, 
albeit very effective, to control problems brought 
about by shortcomings of the quasi-geostrophic 
set of equations. 

The Helmholtz term is shown to be important, 
even if not given an enhanced value, and should 
be included in all quasi-geostrophic models. 
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BJITIIIRHME WIEHA I'EJlbMrOnbqA HA 
6APOKJIHHHYIO MOAEnb ATMOCOEPbI 
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