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Boundary layer dynamics of a decaying vortex core 
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ABSTRACT 
The rapid transient motions within a decaying axi-symmetric vortex boundary layer are 
analyzed for various “local” Rossby and Reynolds numbers. Both laminar (no-slip) and 
turbulent (slip) boundary conditions are considered for flows over rotating and stationary 
surfaces. Similarity transformations are performed by expanding the velocity components in 
powers of a ratio of dimensionless radius to time. The zeroth-order system described by two 
nonlinear second-order ordinary differential equations is solved by Newton’s iterative method. 
Comparisons are made with Hatton (1975) for the special case of laminar flow over a stationary 
surface. For the first order system, asymptotic solutions representing the flow far above the 
lower surface are obtained. 

For laminar flow our results indicate that the vertical velocity is either only downward, both 
upward and downward thus indicating the possibility of a stagnation point in the latter case or 
only upward motion depending on the value of the Rossby (Reynolds) number. Turbulent 
conditions are shown to produce only negative (downward) vertical velocities. The presence of 
an axial stagnation point and the value of the Reynolds number for which the axial motion 
(laminar, zeroth order) becomes completely downward corresponds with the findings of Hatton 
(1975). The addition of mass as simulated by blowing is shown to effectively delay the decay 
process. 

1. Introduction 
Studies of the boundary layers of concentrated 

atmospheric vortices: tornadoes, dust devils, etc., 
although simulated by many laboratory and 
theoretical investigations (for a review see Davies- 
Jones and Kessler, 1974), have faced numerous 
difficulties. These difficulties are primarily due to 
the fact that the tangential velocity profile in the 
free air changes radically with the radial distance, 
the governing partial differential equations are non- 
linear, and the lower boundary conditions are hard 
to satisfy. Some of these vortices decay fast. The 
boundary layer dynamics within the inner portion 
of such rapidly decaying vortices is of interest in 
this study. Problems peculiar to the solution of 
decaying vortices include a knowledge of the initial 
velocity profiles and the relationship between the 
tangential velocity component and the radial 
pressure gradient and the nature of their time 
dependence. The decay of a vortex is characterized 
by the core expanding outward and the radial 
inflow becoming weakened. The outward expan- 

sion itself appears to be more a result of the internal 
flow dynamics than of diffusion. 

The idealized inner core of such axisymmetric 
vortices is shown in Fig. 1 and is confined to a 
small radius r. The vertical axis is along z. The 
boundary layer is formed by the interaction of the 
vortex with the planar lower boundary and its 
vertical extent depends on n,, the angular velocity 
of the lower surface. Along the z-axis the motion 
can be upward in the low levels and downward in 
the upper levels. The simultaneous existence of 
positive and negative vertical velocities results in 
stagnation at a point along the axis. This region is 
called the stagnation point region (Bellamy- 
Knights, 1974; Hatton, 1975). The viscous core 
region overlies the boundary layer. The decaying 
viscous core was studied earlier by Oseen (19 1 l), 
Rott (1958, 1959) and Bellamy-Knights (1970, 
197 1). This core region is surrounded by potential 
flow which serves as an upper bound for the 
boundary layer flow at very large radii (Bellamy- 
Knights, 1974). 
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Fig. 1. The boundary layer of a vortex inner core of 
radius r. R, is the angular velocity of the lower contact 
surface of the vortex. The vortex axis is along z and its 
tangential velocity is u. 

Recent studies by Hatton (1975) of the boun- 
dary layer of a decaying vortex inner core showed 
that for laminar flow and solid rotation the axial 
motion can be up or down depending upon the 
value of a parameter proportional to the external 
angular velocity. Besides, an axial stagnation point 
was found provided there was radial inflow. The 
theoretical results were justified by appealing to the 
observational and laboratory findings (e.g., Ross- 
man, 1960; Hoecker, 1960; Ward, 1972; Jischke 
and Parang, 1974; and see also Hsu and Fattahi, 
1976). 

In the following the governing Navier-Stokes 
equations, continuity and the two momentum 
equations, are written in dimensionless form and 
the flow variables are expressed in terms of a power 
series in rlt, an approach analogous to that 
suggested by Eliassen (197 1). Here r and t are the 
dimensionless radial and time coordinates. A 
sufficient condition (not necessary) guaranteeing 
the validity of this approach is that the ratio rlt is 
smaller than 1. This places a major restriction on 
the region of the vortex investigated and the pro- 
gression of time since the decay process began. 
This restriction will be clarified later. 

The non-dimensionalization process introduces 
either the “local” Rossby number R, or the 
Reynolds number Re depending on whether we 
examine flow over a rotating or rigid surface, 
respectively. These numbers are defined as 

R ,  = V ~ V - ’ ,  ( la )  

and 

where V is the idealized tangential velocity obser- 
ved at the top of the boundary layer, 6 represents a 
characteristic depth, v is the kinematic viscosity, 
and R, is the angular velocity of the rotating solid 
lower boundary. 

In this study the boundary layer dynamics are 
examined over a wide range of R, or Re numbers. 
Both laminar (no-slip) and turbulent (slip) bound- 
ary conditions are considered. For the case of 
laminar flow the first term approximation predicts 
an upward vertical motion and an axial stagnation 
point for a certain range of R, (Re).  The same 
approximation for turbulent flow indicates the 
vertical flow to be downward. However, in both 
cases it was found that the fluid flow in the 
boundary layer and in the viscous vortex core far 
above the boundary are dependent upon the 
Rossby (Reynolds) number. The nature of these 
latter motions is predicted from the asymptotic 
solutions of the similarity equations. These 
asymptotes indicate that cyclostrophic balance 
(centrifugal force balancing the horizontal pressure 
gradient) is quickly attained for Rossby (Reynolds) 
numbers increasingly larger than one. Suitable 
similarity transformations are now presented. 

2. The mathematical development 

Consider an axisymmetric vortex of homo- 
geneous and incompressible fluid with a fixed 
kinematic viscosity v. Let this vortex be in contact 
with a plane boundary perpendicular to the axis of 
symmetry. Following a procedure similar to that 
used by Eliassen (197 1) we express dimensional 
variables, denoted by a bar, in terms of V, a, and 6 
and introduce the dimensionless variables r, z ,  t, m, 
u, w and the transformations: 

I =  R;’t or I =  62tv-I ( 2 4  

depending on whether the flow is over a rotating or 
fixed lower surface, respectively and 

? = dr, Z = 6z,  m = Vmb-’, li = Vu, W = Vw 

(2b) 
Here z denotes the vertical coordinate, r the radial 
distance from the vortex axis (a quantity that can 
greatly exceed one) and t the time while m(r,z, t) ,  
u(r ,z , t )  and w(r,z ,  t )  represent the angular, radial 
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and vertical velocity components respectively. In ditions (Taylor, 19 16), in dimensionless notation, 
addition, 6 on a rotating surface is given by are: 
6 = "1/2n-1/2 (on a rotating surface) 

- = CR,(m - ~ ; l ) [ ( m  - R;')2r2 + u2]1/2 

governing Navier-Stokes equations representing az 
flow over a rotating surface (for flow over a au 
stationary surface replace R,  with Re) are 

a a W  (over a stationary surface) - (ru) + r - =  0 
am ar aZ 
- = CRem[m2r2 + u2] l f2  

amr2 amr2 amr2 a Z  - + R,u - + Row- 
at ar aZ aU 

-= CReu[m2r2 + ~ ' 1 ~ ' ~  
a2mr2 ra2mr ram a Z  

+-+- (3b) 
and w = 0. Here C is the dimensionless drag 

S 

am In terms of the dimensionless variables the 

( 5 4  -- - CR,u[(m- R;1)2r2 + u2]1/2 
a Z  

,.. . (3 a) 

(5b) 
- -- 

az2 ar2 ar 

au au aU 
- + R,u- + Row- + Ro(R2 - m2)r 
at ar aZ 

for all r, z and t > 0. The first is the continuity 
equation which in combination with the two 
horizontal momentum eqs. (3b and 3c) determines 
the vertical velocity in the similarity solution. 
Hence the vertical momentum equation is not 
written separately. The nondimensional radial 
pressure gradient is expressed as -R2r in the last 
equation. As pointed out by Greenspan (1968) and 
Barrett (1975) the importance of the nonlinear 
terms is determined by the R ,  or Re numbers. In 
the early stages of decay these numbers are fairly 
large. Alternately, one may define ii = u R ,  6 = 
mR,, tS = wR, and f2 = RR, and rewrite eqs. 
(3a,b,c). For example the term R , ( n 2  - m2)r 
becomes (A2 - rii2)r, and the equations do not 
show ,the explicit dependence on R,. But the 
dependence remains implied through the par- 
ameter A, used in describing the radial pressure 
gradient term. 

The lower boundary conditions at z = O  will 
depend upon whether the flow is laminar or 
turbulent. With the lower surface in solid rotation 
(m = 0,) the laminar case requires that 

m = R ; ' ,  u =  W = O  (4) 

at z = 0 for all t > 0. For the stationary case no- 
slip boundary conditions require that m is also 
zero. For the turbulent case the boundary con- 

coefficient. 
The exact expressions for the upper boundary 

conditions are to be determined from asymptotic 
solutions which are derived from, and are com- 
patible with, the similarity equations. These 
asymptotic solutions are similar to the boundary 
conditions employed by Hatton (1979 ,  see Section 
5 and Appendix A for a detailed comparison. The 
flow overlying the boundary layer must approach 
cyclostrophic balance for high Rossby or Reynolds 
numbers. This condition may be expressed as 
m(r,z + c0,t) + R(r,t) for large R ,  or Re. If the 
study of a decay of a vortex is contemplated when 
the initial state is represented by the steady-state 
the above condition is also a desirable initial con- 
dition at the beginning of the decay process. For 
Rossby (Reynolds) numbers of order one, transient 
terms in the equations assume importance so that 
deviation from the cyclostrophic balance exists. 
The following expressions are utilized after re- 
placing z by r 7 ( = ~ / 2 t ' / ~ ) .  

m(r ,q , t )= t - l [m, (q)+  r r l m l ( q ) +  . . - I  
u(r, a t )  = 2 1 / 2 r t - 1 [ ~ , ( q )  + rr'u,(q)  + . . . I  
w(r,V,t)= 2(2/ t )1/2[W0(q)  + rt-lw1(q) + . . I  
n(r, t )  = t-'[Ro + rt-Q1 + . . . I  (6) 

A series of equations in various powers of rlt can 
be obtained by inserting (6) in eqs. (3). This pro- 
cedure facilitates obtaining mathematical solutions 
relatively easily but their physical interpretation is 
somewhat complicated. Some of these equations 
along with the appropriate boundary conditions are 
now discussed. 
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3. The laminar boundary layer 

3.1. The equations-the zero-order system 
Substituting the above expressions into eqs. 

(3a,b,c) and collecting terms of the lowest power 
of rlt gives the zero-order system: 

2u, + w;, = 0, 
-4u, - 2rp; 

-4m, - 2qm; 
+ 2(2)1’2R,(2ui + 2w,ut, + Ri - m 3  = u; 

+ 4(2)1~2R,(2u,m,  + wom3 = m; 
(7) 

The prime denotes differentiation with respect to q. 

3.2. The upper boundary conditions 
Upper boundary conditions are determined by 

assuming that m, and u, asymptotically approach 
constant respective values for q sufficiently large, 
i.e., z large or t very small. The asymptotes, as 
determined from the equations, are 

mo = (Ri - aR21’2 and uo = [2(2)1’2R,]-1 ( 8 )  

We assume that in the limiting process ( R ,  or R ,  
large) V approaches V. This is equivalent to, via (2 )  
and (6), requiring that rn, approach R, the cyclo- 
strophic condition for the zero-order system. In 
terms of the original variables the above ex- 
pressions reduce to upper boundary conditions 
similar to those used by Hatton (1975). A com- 
parison between Hatton’s development of the 
decay problem and ours is given in Appendix A. 

3.3. The lower boundary conditions 
In the case of laminar flow the coupled ordinary 

differential eqs. (7) are complemented by lower 
boundary conditions derived from (4). The zero- 
order conditions are: 
(on a rotating surface) 

m, = R;,, u, = w, = 0 at q = 0 

(on a stationary surface) 

m , = u , = w , = O  at q=O. 

4. Turbulent flow 

from (Sa, and b) for the turbulent flow are: 
m;=O, .  u ; = O  and w,=O when q = O  

The zero-order boundary conditions obtained 

(9) 

The nonlinear system (7-9) has the following 
solution, which may or may not be unique: 

m, = (Ri - )Rf)’I2, u, = (221/2Rg)-1 

and 

W, = - v / ~ ’ / ~ R ,  

These expressions are valid provided m, is well 
behaved, i.e., 

4 R f  1 

Note that a degenerate case occurs when R ,  = 
fa,., i.e., m, = 0 but uo and w, # 0. The general 
solution represents a vortex in solid rotation with 
outward radial and downward vertical motions. 
The total contribution made by these terms to the 
boundary layer and viscous vortex depends upon 
the parameters R, and R,. It should be noted that 
the horizontal velocity components near the top of 
the boundary layer for turbulent flow (zero-order 
solutions) are identical with the asymptotic zero- 
order solutions obtained under laminar conditions. 

5. Flow near the top of the boundary 
layer 

The asymptotic solutions of the first-order 
system will be determined for large V. Such 
solutions will be particularly interesting since they 
relate to non-solid rotation in the viscous vortex 
core. Their overall contribution is nevertheless 
small provided rt-’ R, < R,. For large R ,  the 
restriction on rt-I (given R, R,, etc) is established 
by the expression 

because we require that in the limiting process V 
approaches V. 

5.1. the first-order system 
Proceeding to the first-order system, obtained by 

substituting the series (6)  into the eqs. (3a, b, c) and 

Tellus 30 (1978), 5 



462 W. H. RAYMOND AND G .  V. RAO 

collecting terms in the next lowest powers of rlt, we 
obtain 

3u, + w; = 0 
-824, - 2 p ; +  4(2)1’2R,(3u,u, 

-8m, - 2qm:+ 4(2)1’2R,(3u, m, 
+ wou; + wlu; + RoR, - mom,) = u: 

+ w,m; + wlm; + 2u, mo)i = my (10) 

There is no contribution made by the radial 
diffusion terms [i.e., radial terms on the right-hand 
side of eqs. (3b,c)] in the above system since they 
yield expressions of a different magnitude with 
respect to rlt. 

5.2. The asymptotic solutions 
Assuming that m,  and u ,  approach constants 

provided q is sufficiently large, we can compute the 
asymptotes. They are 

QOR, m,  =- 
m0k 

and 

u ,  = 

where 

Ql a,  
4(2)lI2 R , mi k 

1 

16Rimi 
k = l + -  

For R, large 

k z  1 
m,  z R, 

and 

u, z 0. 

5.3. Zero- andfirst-order solutions combined 

boundary layer the motion is described by 
Utilizing ( 1  1,8,6), we find that a t  the top of the 

v = -  mo+--+ ... ‘ [  t t m,k 1 

and within this region the vertical velocity behaves 
as 

I 1 r 3R,R, w = - -  - +--+... “ t R ,  t 4Rom$k 

Of course the actual or observed vertical velocity at 
the top of the boundary layer must also include the 
accumulated effect from the boundary layer. If the 
above expressions are related back to dimensional 
variables then we have (for flow over a rotating 
surface) 

1 
t 

where m, is defined in (8). However, there is a 
restriction on the ratio ?I;. It must satisfy 
i Vr ? Vr 

- -- - 
t R,t 

depending on which lower boundary conditions are 
used. The restriction on r/t (Section 5 )  guarantees 
that V approaches V for R,  (Re) increasingly large. 
Similar expressions also describe di. Clearly the 
magnitude of the ratio of V over R,  or V over Re is 
established (initially) once R,, 6, and v are assigned 
values. Note the identities 

VIR ,  = (vR,)”* and VIR ,  = v/6. 

We can now compare eq. (13), the solutions at 
the top of the boundary layer, with the correspond- 
ing flow variables used by Hatton (1975): They are 

V = K, i.14 vt, 
and 
w = -z/t 

U = ?/2t 

where 2nK, denotes the circulation. No restrictions 
were placed on ?/; or Z/i. Other comparisons are 
given in Appendix A. 

6. A numerical method 

( l 2 )  An effective numerical method for solving the 
boundary value problem described by eq. (7) and 
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the boundary conditions enumerated in Section 3 in 
Newton's method (Keller, 1968). This iterative 
technique permits an efficient application of the 
Gaussian elimination procedure. All solutions for 
the finite difference equivalent of (7) are obtained 
using a constant step size of Aq = 0.01. Other 
details of the computations included the fact that 
w, was recalculated during each iteration using a 
Gaussian integration procedure. The convergence 
criteria required that the new calculations of u, and 
m, change by less than There was no 
difficulty in obtaining convergence for all cases 
tested. The initial guess first used was the steady- 
state solution due to  Boedewadt (1940). The value 
chosen for R, was one. Interpolation for other 
values of R, is easily accomplished by using the 
relationships described in Section 2, i.e., for a 
specified fi(fi = Ron),  various combinations of R, 
and R are possible. 

The upper boundary conditions are reformulated 
using an approach suggested by Froese (1962). 
That is, the boundary conditions are replaced by 
the expressions 

= c,ut and mgN+,= c2m," 

implying that between discrete points qN and qN+ , 
the values of u, and rn, change by fixed amounts, 
c,, and c,, respectively. The values of c, and c, can 
be obtained from the asymptotic solutions. We 
choose c, = c2 = 1 since it is known that for 
sufficiently large values of q, the independent 
variable, both m, and uo approach a constant. 

7. Discussion of laminar results 

Figs. 2, 3 and 4 respectively show the numerical 
solutions for the dimensionless vertical, radial and 
angular velocity fields (zero-order) for selected 
Rossby numbers R, = 1.6, 5.0 and 500. The 
variation of vertical velocity as a function of R, is 
apparent in Fig. 2. For example, the direction of the 
axial flow is entirely upward for large Rds,  like 
500, and completely downward when R, is less 
than or equal to 1.6. For a limited range of R,; e.g., 
1.6 < R, < 10 an axial stagnation point is 
observed. 

Because the variation of R, influences the 
solution greatly, we conjecture that no similarity 
solution of an unsteady vortex for a constant R, is 
valid over a broad time period. Even though the 

ETA 

t 

Fig.2. Nondirnensional measure of the zero order 
vertical component ww The solid, dashed and dotted lines 
represent the measures of w, for R, = 5 0 0 ,  5 and 1.6 
respectively. 

0.6 

O I  

I '  
1 :  
1 ;  
I :  
I :  
I :  
I .  
I :  
I :  
I '  
I :  
I :  
I :  
I :  

> 
> U. 

-0.4 -0.2 0.0 0.2 0.4 

Fig. 3. Same as Fig. 2 except the radial component (u& 
is shown. 

entire decay of the vortex core cannot be simulated 
using a single R,, several distinct RB)s correspond- 
ing to discrete time periods may be employed. 
Hence q may be thought of as a vertical coordinate 
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/- . 
/' , ' 

>MO 
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 

Fig. 4. Same as Fig. 2 except the angular velocity (ma) is 
shown. 

since we limit the range or value o f t  (remembering 
the restriction on rlt in Section 5). Alternately, z 
can be held fixed, and variations in q can be inter- 
preted to have been caused by the changes in time. 
Thus, as Hatton (1975) has indicated, the precise 
significance of q and how the choices of z, t and rlt 
should be related to the physical situation is some- 
what unclear. A greater observational knowledge 
of the meterological vortex should pave the way for 
an exact choice. 

The depth of the boundary layer, the region 
below that r (interpreting r as a vertical coordi- 
nate) where u, and m,, respectively, reach their 
asymptotic values given by eq. (8), can be easily 
identified in Figs. 3 and 4. Clearly the boundary 
layer is depressed when R ,  = 500. At this Rossby 
number a large inflow region exists just above the 
lower boundary but the dimensionless radial 
velocity component very quickly approaches 
0.707 x the asymptotic value for q larger than 
0.2. When R, is decreased sufficiently ( R ,  < 1.6) 
the entire boundary layer is composed of an out- 
ward directed radial velocity. From a kinematic 
point of view such an outflow contributes to the 
rapid deterioration in the final or decaying stage of 
a vortex. 

In Fig. 4 we see that the angular velocities' 
deviation from the cyclostrophic condition that 

'. \ 
'. \ 
', \ 
', \ 
' \  
' \  

0 I I  

Fig. 5. Nondimensional vertical components, wo)~,  
illustrating the influence of blowing or suction for RJ, = 
2.0. The solid, dashed and dotted lines represent w0)s 
respectively for blowing (h,  = 0.15), neutral (h, = 0) and 
suction (h,  = -0.15). 

m, = a, with 52, = 1 at the top of the boundary 
layer, is small even for R, = 1.6. Significant over- 
shooting of the angular velocity occurs for large 
Rossby numbers, when the solutions contain oscil- 
lations resembling the steady-state profiles which 
were first given by Boedewadt (1940). 

Fig. 5 illustrates how the vertical velocity is 
affected when the lower boundary condition w, = 0 
is replaced with wo = h,. Physically this is equiv- 
alent to replacing the solid rotating lower surface 
with a perforated boundary through which mass is 
added by blowing (h ,  > 0) or mass is removed by 
suction ( h ,  < 0). The effect of blowing is to increase 
the depth of the axial upflow and effectively delay 
the decay process by intensifying the radial inflow. 
Just the opposite effect is observed for 
suction. 

Numerical solutions for flow over a stationary 
surface, a more geophysically realistic problem, are 
given in Figs. 6, 7 and 8 for Reynolds numbers 
Re = 0.755, 3.0, and 200. The dimensionless 
vertical velocity shown in Fig. 6 is characterized by 
flow which ranges from totally upward ( R e  = 200) 
to flow entirely downward for R e  < 0.755. A stag- 
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-0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 

Fig. 6 .  Same as Fig. 2 except R,, is replaced by the 
nearly corresponding values of R,. 

ETA 

4 

Fig. 7. Same as Fig. 3 except for the corresponding 
values of R,. 

nation point exists near the top of the boundary 
layer when R ,  = 3.0. 

Figs. 7 and 8 show the dimensionless radial and 
angular velocities, respectively. These exhibit 
behavior very similar to  those displayed in Figs. 3 

. .  
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 

Fig.8.  Same as Fig. 4 except for the corresponding 
values of R,. 

and 4: the major differences are the occurrence of 
radial inflow for Re > 0.755 and the departure from 
the cyclostrophic balance (m,, = 1) at the smaller 
Reynolds number. 

8. Conclusions 

Our findings show that a stagnation point, as 
described by Hatton (1979, does occur, during the 
decay process, within the boundary layer of a 
vortex core having laminar flow, but only for a 
limited range of R,, or Re's. On the other hand, 
according to  the analytical discussion in Section 4, 
turbulent conditions produce only negative vertical 
velocities. Ward (1972) postulated that the enlarge- 
ment observed on a dissipating tornadic funnel 
represents the transition zone between turbulent 
flow with negative vertical velocity and the laminar 
flow, nearest the surface, with its positive vertical 
motion. Our study gives credence to Ward's 
speculation on the differences in the direction of the 
vertical velocity between laminar and turbulent 
flows. These findings, however, are valid for a 
relatively short time period typical of the transient 
decay stage of a vortex. 
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We have also implied that the outward radial 
expansion of a vortex or vortex boundary layer 
during its final stage, once established, is due to the 
internal dynamics much more than purely diffusion- 
ary processes. However, our findings show that 
this tendency can be slowed or reversed by adding 
mass as modeled, or simulated, by blowing in this 
study. 

In the final conclusion, we note that the velocity 
profiles are highly dependent upon the value of R ,  
(Re).  This is equivalent, in our study, to acknow- 
ledging the fact that initial conditions are very 
important when analyzing non-steady vortices. 

9. Appendix A 
9.1. A comparison of the similarity transfor- 

mations used in this study and those due to 
Hatton (1975) 

The first term in our series can be compared with 
the similarity transformations used by Hatton 
(1975). Using (la), (2 )  and ( 6 )  we obtain the 
following expressions (first term only) for the 
dimensional velocity components (for flow over a 
fixed surface) 

r 
6 = R  -mo(q) 

' f  
r 

' z  U = 2'"R -uo(v) 

and 
1/2 

W = 2(2)'I2R, (i) w,(q) 

Hatton used the following similarity trans- 
formations: (we have changed his notation slightly 
for comparison purposes) 

r 
2t 

U = - F ( q )  

and 

where q = z / 2 P  or in terms of dimensional 
variables r]  = i / 2  (r;)',,. 

This suggests the following relationships: 

F = 2(2)1'2Re~0 

G = 4R,mdR,  

H = - ( 2 ) 1 ' 2 R , ~ o  

To obtain the equations used by Hatton it is only 
necessary to redefine 52; by 

a condition that also follows naturally from ( A 4 )  
using the asymptotic values of G and m,, i.e., G = 
1 and rn, = C2; - 4R:)"'. These equations may be 
obtained from ( 7 )  using (A3-6), they are: 

F" + 2r]F' + 4F - 2F2 + 4HF' 

+ - ( G 2 - l ) = 2  a:, 
2 

G" + 2vG' + 4G + 4HG' - 4FG = 0 ('47) 
and 
H' - F = 0, 

The critical value of a;, where the vertical 
velocity is entirely downward, was found by 
Hatton to be 52; = 4.952. From ( A 6 )  we find that 

R: = (0; + 4)/16,  if 52, = 1 

and, for = 4.952, we obtain the value of R ,  = 
0.748, a quantity reasonably close to our value of 
R ,  = 0.755. The slight difference of 0.007 is 
probably due to the type of numerical method and 
to the step size used. 
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ARHAMIlKA n O T P A H M q H O r 0  CJIOII B IIAPE 3ATYXAEOuETO BRXPII 

acmmToTmecme pemeeun, onmbmamume TeyeHUe 
BnanU Han HUXCHefi lIOBepXHOCTblo. 

Ann JIaMBHapHbIX TeYeHAk HaUIU pe3yJIbTaTbI 
nOKa3bIBaloT, YTO BepTHKanbHbIe CKOPOCTJi Han- 
PaBneHbI TWIbKO BHki3, AJIA BBepX Ei BHH3, YTO B 
IIOCnenHeM CnyYae yKa3bIBaeT H a  B03MOXHOCTb 
IlOIlBneHHR TOVKEi 3aCTOII, a TPKXe TOnbKO BBepX- 
B 3aBACAMOCTA OT YACJIa POCC~U (PekHOnbACa). 
T y p 6 y n e ~ ~ ~ b l e  yCn0BAn BeAyT TOnbKO K OTpUUa- 
TeJIbHbIM BePTAKanbHbIM CKOPOCTXM (HanpaBneH- 
HbIM BHA3). Hanewe  TOYKA 3aCTOII Ha OCA IT BCJIA- 

wHa wcna PefiHonbnca, Ann KoToporo aKcWanbHoe 
nBmceHAe (naMmiapHoe A HyneBoro nopnnra) 
CTaHOBATCX HanpaBneHHbIM TOnbKO BHEi3, COT- 
BeTCTBYloT pe3yJlbTaTaM X3TTOHa (1975). nOKa3aH0, 
YTO BBeneHAe Maccbr, MonenApyeMoe BnyBaHEieM, 
~ @ @ ~ K T H B H O  3 a n e p x ~ s a e ~  npouecc s a ~ y x a ~ w a  BWPR. 
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