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ABSTRACT 

The stochastic dynamic method for optimum weather forecasting and forecast variance 
estimation suffers from computational complexity sufficient to obviate its utility as  an 
operational tool. The present paper suggests the use of a linear approximation for a perturbed set 
of stochastic dynamic equations aimed at reducing computation time. The linearization is based 
upon an assumption of small departures of the stochastic dynamic solution from the usual 
deterministic forecast. The resultant linear scheme was tested by evaluating its predictions for a 
simple mathematical model of the atmosphere, that described by Lorentz’s “minimum 
hydrodynamic equations”. 

The linearization was found to be as effective as was the standard non-linear stochastic 
dynamics method, which approximates the exact stochastic dynamic solution by ignoring third- 
order moments. The problem of developing efficient numerical algorithms that take advantage of 
the simplification attendant upon linearization is not taken up in this paper, but will be reported 
upon as the work is pursued. 

1. Introduction 

Following the pioneering work of Gleeson 
(1968), Epstein (1969) demonstrated the potential 
utility of statistical solutions of the equations used 
in numerical weather forecasting. The technique 
developed by Epstein, which he labelled the 
“stochastic dynamic method”, enabled error estim- 
ates to be assigned to forecast predictions made at 
every grid point of the numerical simulation, as well 
as improving on the prediction itself. 

The fundamental assumption of stochastic 
dynamics is that the error in numerical forecasts is 
attributable to errors in initial and boundary values 
and forcing terms whose statistical influence can be 
computed via the forecasting equations by assign- 
ing particular values to  these inputs. The effects, it 
has usually been assumed, are dominated by the 
error associated with insufficiency or inaccuracy of 
information needed for initialization of the 
numerical prediction algorithm. Prediction error 
arising from lack of knowledge of boundary or 
forcing functions is more difficult to treat, due 

primarily to the less-well-developed mathematical 
tools that are available for this problem, as 
compared with the rather complete formulation 
that exists for stochastic forecasting in which the 
uncertainty arises just from initial value error (see 
Fleming, 1972). For completeness we shall sum- 
marize the basic approach for dealing with the 
latter case, although Epstein gave a comprehensive 
and readable description in his original paper 
(1969). 

Following his formulation, we represent the state 
of the atmosphere by a state vector x i ,  correspond- 
ing to all the prognostic variables in the governing 
differential equations of the atmosphere, ‘the latter 
being written in generalized canonical form as 

1 aokxpk - 1 b,x, + ci dXi -= 
dt j , k  j 

in which aijk,  bij and ci are constants and the 
summation extends over j ,  k = 1,2, . . . N,  where N 
is the total number of dependent variables defining 
the state of the atmosphere. The latter is 
theoretically infinite in a continuum description, but 
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is of course finite, but large, in any real description 
or analysis of atmospheric motions. 

Equation (l), it will be noted, contains no spatial 
derivatives, and is thus of a reduced form cor- 
responding, for example, to a spectral decom- 
position, or to a finite difference description of the 
system. This form, however, does not admit of 
inclusion of the integro-differential structure re- 
quired for description of radiatively coupled pro- 
cesses in the atmosphere. In weather forecasting 
the effect of the latter is incorporated as a 
prescribed set of heating and cooling sources 
distributed in the atmosphere. Apart from this 
restriction, eq. (1) would seem to encompass all 
varieties of differential systems that might be used 
for describing atmospheric circulation. 

It is useful to  conceptualize the stochastic 
description in terms of an N-dimensional phase 
space of the state variables. In these terms the 
instantaneous state of the atmosphere at a given 
moment is represented by a single point in phase 
space, and its evolution in time corresponds to a 
particular (presumably non-intersecting) trajectory 
in the space. True atmospheric conditions are thus 
representable by such a unique curve, but the 
known state of the atmosphere (past, present, or 
future) has an uncertainty that corresponds to a 
spread around the true trajectory, the volume of 
which is indicative of this degree of uncertainty. 
More specifically, for a given numerical fore- 
casting scheme, as given by the deterministic 
formulation of equations of the form (l), a 
prognostic solution for specific initial values of the 
state variables will lead to a particular phase space 
trajectory, which should correspond to the true 
atmospheric conditions if the initial values are 
chosen correctly (and if the equations are solved 
exactly). Actually, we need to represent the initial 
values as covering a certain volume in phase space, 
representing the range of possible initial states that 
correspond to our degree of uncertainty in their 
values. Each point within this volume, when used 
for initialization of eq. (l),  will result in a different 
trajectory, and the ensemble of all points in the 
volume will generate a cylinder (enclosing the true 
trajectory), whose cross section would be expected 
to increase with time, corresponding to growth in 
uncertainty of the prediction in time. 

This conceptual picture can be readily put in 
mathematical terms. Thus, following conventional 
statistical mechanics terminology, we introduce the 

notion of density of points in phase space as an 
ensemble mean of a set of solutions of eq. (l), and 
define the moments of the density distribution as 
follows: 

Pi = ( X i > ,  (2) 

Oij = < ( X i  - P i ) ( X j  - PjUL (3) 

r i jk  = ( ( x i  - PUi)(Xj - P, j ) (xk  - Pk)) ,  (4) 

l i j k /  = ( ( x i  - Pi ) (x j  - ~ j l i ) ( x k  - P ~ ) ( x /  - ~ / ) ) r  (5) 

etc. in which ( ) represents the ensemble mean 
over all possible values (and given, in our case, by 
the set of trajectories corresponding to a prescribed 
initial distribution of initial values of the state 
variables). 

Application of the averaging operation ( ) to eq. 
(1) and to its products with ( x i - p i ) ,  
( x i  - pi)(xj  - pi), etc., yields a set of equations for 
the mean p i ,  the variances and convariances u", 
and all the higher order moments defined above. 
Their derivation is straightforward, if lengthy, and 
will not be reproduced here (see Fleming, 1970 for 
details). Up to the third order, these equations are 

Each of the above moment equations is coupled 
to its next higher order neighbor via linear terms on 
the right-hand side, and thus, in general, only 
approximate solutions are possible. The usual 
approach is to terminate the formally infinite set of 
equations'at as low an order as possible, with the 
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expectation that the higher-order neglected mo- 
ments play relatively minor roles. Such ad hoc 
procedures have in fact been found to work quite 
well for the weather-forecasting problem, as studied 
at length, not only in the paper by Epstein already 
referred to, but also in later work by him (1971), 
(Epstein and Fleming, 1971; Epstein and Pitcher, 
1972) as well as by Fleming (1970, 1971a,b, 1972) 
and by Pitcher (1977). Indeed Epstein found that 
truncation of the moment equations at the 3rd 
order, i.e. putting rijk = 0, seemed adequate for 
forecast periods of up to five days when applied to 
a simple forecasting model, and his results have 
been confirmed by later studies (Pitcher, 1974). 

In spite of the seeming success of these results it 
has not yet been possible to consider implementing 
the stochastic dynamic method operationally. This 
is a direct consequence of the inordinate amount of 
computation required to solve the moment 
equations; for example, if just the first two moment 
equations are retained, the number of dependent 
variables increases from N for the usual deter- 
ministic forecast, to N ( N  + 3)/2, so that the 
number of operations in the numerical solution 
increases by a factor of the order of N .  N may be of 
the order of 100, for a simple hemi-spheric model, 
but is more likely of the order of lo5 for the type of 
advanced model currently used in numerical 
weather forecasting. In general, therefore, the use 
of stochastic dynamic forecasting is prohibitively 
expensive in computer time. 

The only way of avoiding this difficulty that had 
been suggested prior to the work undertaken in the 
present study, was to achieve essentially the same 
results as does stochastic dynamics by using the 
Monte Carlo approach (Leith, 1974). In the Monte 
Carlo method the statistical ensemble is construc- 
ted from a set of deterministic forecasts made with 
differing, randomly selected, initial states. Leith 
(ibid.) found that perhaps as few as eight deter- 
ministic runs were needed for satisfactory ac- 
curacy. although he refined the method by intro- 
ducing a regression step and employing an op- 
timum filtering technique. A further advantage of 
this Monte Carlo method is that it automatically 
avoids the theoretical (if not practical) difficulty of 
closure that exists for the stochastic dynamic 
equations. However, it should also be remarked 
that a Monte Carlo simulation has a problem that 
is not shared with the stochastic dynamic method, 
namely that of sampling approximations. 

In this paper we propose another technique for 
avoiding the excessive computation time problem. 
We suggest that dramatic simplification of the 
stochastic dynamic equations is possible and 
appropriate for sufficiently small forecast errors 
(or, equivalently, sufficiently short forecasting 
times), by linearizing for small perturbations about 
the deterministic solution (the latter being given by 
normal numerical forecasting techniques). 

The present paper develops this theme and 
describes its verification using a simple model 
equation for the atmospheric motions. Thus, in 
Section 2 we derive the linearized perturbation 
equations in a general form, and Section 3 
describes their application to the so-called 
“minimum hydrodynamic equation” of Lorenz 
(1960), Section 4 details the results of some 
numerical tests of the linearization, and finally 
Section 5 discusses the import of the results and 
outlines the steps that are needed to develop the 
technique towards operational utility. 

The work performed to date and reported upon 
here, covers verification of the validity of the 
concept of linearization. The second major require- 
ment, namely the development of numerical 
algorithms for forecasting that take advantage of 
the simplification attendant on linearization, has 
yet to be undertaken, or indeed, proven to be 
possible. 

2. Linearization of the stochastic dynamic 
equations 

The linearization we introduce is simple in 
principle, although algebraically complicated in 
detail. The following outlines the main steps, 
omitting intermediate algebraic manipulations. 

The canonical form we use is that already given 
in Section 1, eq. (l), i.e. 

(9) 

Let us assume that (9) is already expressed in 
terms of non-dimensional variables and 
coefficients. To typify the perturbation of x from a 
particular solution of eq. (9) we can define a single 
small parameter 
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which is thus representative of the magnitude of the 
initial error at time t = 0 if its distribution is 
multivariate normal. 

We next introduce the perturbation variables 

i /  = Pi 

etc., in which the moments pi, uu, ruk . . . are 
defined as in eqs. ( 2 t ( 5 ) ,  and 

4 = Pi - Pj0' (12) 

where p!') = XI') corresponds to the deterministic 
result for which all moments higher than the first 
are identically zero. The scaling introduced in eqs. 
(1 1) ensures that the newly defined variables are of 
order unity or less in the parameter s. 

Substituting (1 1) into the moment eqs. (6)-(8), 
we get 

introduced by making the following expansions of 
the moments: 

m 
= 8') + 1 snpp 

n = 1  

0 0 -  8 - x s n - l b j " t  i -  
n= 1 

m 

etc,Thc first two of these definitions imply that f l )  
= a?), n > 0. Substituting into eqs. (14)-( 16), there 
results 
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\ 

mation being governed by a closed finite set of 
equations. We thus see that the small perturbation 
approach provides a rationale for closure of the set 
of moment equations by neglecting moments above 
a chosen order, the latter being determined by the 
magnitude of the perturbation. 

Rather than document the equations for this 
general case we shall go directly to  a particular 
approximation that has been used for closure of the 
moment equations, namely the so-called quasi- 
normal eddy-damped closure for the third-order 
moment. This approximation was first suggested by 
Orzag (1970) and applied to stochastic dynamic 
forecasting by Fleming (1970). In it the fourth- 
order moments are assumed to be related to the 
second-order moment as if the distribution were 
multivariate normal, that is by 

&jk,  = " i j U k /  + "ik'jI + "iI'jk (21) 

and this relationship is introduced into the equation 
m m for the third-order moments (20), which is further 

modified by adding a damping term krijk on the 1 s n -  I ' ( n )  1 f - 1  - ( n )  

right-hand side. The coefficient k is an empirical n= I 

constant determined by Fleming as 0.025 for best 
fitting in stochastic dynamic predictions. 

In addition to using the quasi-normal approxi- 
sn-  I In) mation we shall particularize the equations to the 

usual type of initial conditions used in stochastic 
dynamic forecasting, that is, we choose the initial 

- u/m uik 
n = l  

n= I 

00 

+ aklm ( (ijo) + f snan)) r i j m  
n= 1 n= I 

m 
PI$;) state for the moment equations to be given by 

d . = r . . = o ;  I  i l k  u i j z o ,  i#j; t = O .  (22) 

which is in accord with an assumption of multivari- 
ate normality of the initial distribution of error 
about the mean pio). Under these conditions, 
equations for the first- and second-order approxi- 
mations, as derived from eqs. (18)-(20) by equat- m 

m 

+ s 1 s"- ' i$;! ,  
n= 1 

- 1 I (bil,? n = l  sn-l%) + b j l  n= z 1 sn-l% ing the multipliers of s, s2, s3 and s4 to zero, are 

d$*) n= I 

-- - Za,(/y/ij" + $)#' + 6;;)) - ~ b u # '  

4 3 )  0 

dg4) - 

dt j . k  i 
(23) The governing equations for the various orders of 

approximation in s are then given by identifying 
terms of like order in s. In the general case, 
inspection of eqs. ( W ( 2 0 )  shows that the lowest 

orders of approximation in s introduce higher and 
higher order moments with every order of approxi- 

a ,, ( -(o, -(4) 

+ 6!3)) Jk - 2: b 4 4 )  I /  1 

-(o) -(4) + ~ j 2 ) ~ ~ ~ )  order approximations, & I ) ,  #), ?&), depend only on - I l k  Pk + Pk pj 
j ,  the first order moment ,ti,!o). Successively higher 

(24) 
j 
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In the above ,C,!’) and $2 are identically zero 
because of homogeneity. 

At this stage we can see that the parameters can 
be eliminated from explicit consideration by defin- 
ing the new perturbation variables 

and the equations satisfied by these newly defined 
quantities are obtained from (23)-(27) simply by 
omitting the tilde. It is the latter form of the 
equations that we shall in fact be employing in the 
next section where application is made to a 
particular atmospheric model. 

3. Application to the minimum 
hydrodynamic equations 

In this section we apply the linearized forms 
(23)-(27) to a particular spectral model developed 
by Lorenz (1960). The so-called “minimum hydro- 
dynamic equations” which define this model have 
been used a number of times to evaluate the 
stochastic dynamic method (Epstein, 1969; 
Pitcher, 1977), and are particularly convenient 
because of their relative simplicity (deterministic 
solutions are available in closed form); yet they 
retain the essential non-linear wave interaction 
features that characterize the transfer of energy 
and momentum between zonal and eddy motions, 
and thus the growth of uncertainty in numerical 
prediction. 

We shall be using the same basic flow con- 
figurations for testing the linearized approximation 
as used in earlier stochastic dynamic studies, and 
hence we will be brief in discussions of their 
physical significance, referring the reader to 
Lorenz’s original paper (1960) and to the useful 
summary of the mathematical features of the 
equations written by Pitcher (1974). 

Lorenz’s “minimum hydrodynamic equations” 
in fact correspond to two-dimensional barotropic 
flow in which the vorticity Cis expanded in a double 
Fourier series over a horizontal rectangular region. 
If the series is truncated at wave number 1, a 
solution in terms of only three spectral components 
is available: 

~=A,cos ly+A2coskx+2A,s in lys inkx (30) 

where k = 2n/L, and 1 = 2dL,, L, and L, being 
the disturbance wavelengths in the x and y 
directions respectively. The first term in eq. (30) 
corresponds to the zonal flow, so that L ,  is the 
distance between successive zonal wind maxima, 
whilst the last two correspond to the superimposed 
“eddy” motions. The spectral coefficients A , ,  A,  
and A ,  are governed by the following simple non- 
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linear equations: 

__- dAz - C,A,A,  
dt 

where 

cI = -[a(a2 + l)I-l, 

c, = d(d + l ) - I ,  

c3 = -(d - 1)/2a 

and a = k/l .  
Equations ( 3  1) constitute a particularly simple 

form of the canonical equations used in Section 3 in 
deriving the linearized stochastic representation 
when the following special values for auk are 
selected: 

aijk=O when i = j  or i =  k or j =  k ;  

aiik = Li, i # j #  k ;  b, = 0. 

We can thus immediately write down the linearized 
moment equations corresponding to (3 1) using eqs. 
(23)-(27). They are as follows: 

- 0.025 rf2 (34 )  

where pi, uij and ruk are now moments of the 
spectral coefficients, A i .  

The first-order linearized result involving only 
first- and second-order moments, requires solution 
of the two coupled eqs. (33).  The second-order 
solution requires evaluation of the third-order 
moments, r$, so that three coupled eqs. (34 )  are 
then involved. 

Equation (30) and its linearized approximations 
are capable of describing qualitatively a number of 
atmospheric phenomena, including index cycle fluc- 
tuations (see Lorenz, 1960). The nature of the 
atmospheric motions they depict depends on both 
the choice of the numerical coefficients k and 1 in 
eq. (30 )  and on the initial state. For the former we 
select kll = a= 2, so that, from eq. (32)  

C, = -0.1, ~2 = 1.6, cj = -0.75 ( 3 5 )  

which correspond to the stable flow situations 
treated in earlier tests of the stochastic dynamic 
method by Epstein (1969), and repeated here for 
the linearized approximation. Scaling to global 
atmospheric motions is obtained by setting 2R// = 
10,000 km, and then, with a = 2 , 2 d k  = 5000 km. 
In the next section we shall describe the results of 
computing numerical solutions of eqs. ( 3 3 )  and 
(34 )  with the c values given by eq. (35)  and two 
choices of initial conditions. 

4. Numerical tests of the linearized 
approximation 

Extensive comparisons of the effectiveness of the 
truncated stochastic dynamic equations have been + pjo)uj:) + pj2)u/;) + ,~j(~)u,’:) + r!:,)) 
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made by both Epstein (1969) and Pitcher (1974) 
with ct = 2 [eq. (35)l and the following initial 
conditions at  t = 0: 

p l  = 0.12; pz = 0.24; p3 = 0 

= 0: i + j ;  uii = (36) 

p l  = 0.12; p2 = 0; p3 = 0.333 

uij = 0, i # j ;  ull  = u22 = 4 x 

u~~ = 1 x 1 0 - 4  (37) 

In both of these instances “exact” solutions (i.e. 
solutions that do not involve closure assumptions) 
are available, in the form of Monte Carlo solutions 
(Epstein, ibid.) and Lagrangian quadrature analysis 
(Pitcher, 1974); these provide the reference for 
evaluation of the approximate stochastic results. 

The first case, as given by eq. (36), corresponds 
to an initial maximum zonal wind of 64 km/hr [the 
first term in eq. (30)l with a standard deviation of 
5 km/hr. Initially the kinetic energy is distributed 
equally between the zonal flow and the “eddy flow” 
[the second and third terms in eq. (30)l. The 
deterministic solution, corresponding to conditions 
(36) but with uli = 0 is 

p\’) = A :  dn[ h(t  - t*), koI 

p p  = A ;  sn[h(t  - t’), k,l 

pi’) = A :  cn[h(t  - t*), kol (38) 

where sn, dn, cn are the Jacobian Elliptic functions 
and the numerical coefficients in (38) have the 
values 
A :  = (0.018)”2 
A :  = 0.24 
A :  = (0.027)”2 

h = (0.02 16)”’ 
ko = (0.2)’’’ 

-hr* = K(0.2), the complete elliptic integral of the 
first kind. 

The zonal flow, given by the first spectral com- 
ponent, is in this case always unidirectional 
(since the dn function is never negative), and we are 
dealing here with a relatively mild vacillation of 
energy between the zonal and eddy flows. The 
initial uncertainties, as given in eq. (36), are also 
modest (comparable with observational synoptic 
errors) and result in a deterministic forecast of 
good quality, as will be illustrated shortly. 

We shall first discuss the results of the stochastic 
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calculations when the equations are truncated after 
the second-order moments, yielding, for the 
linearized approximation, eqs. (33). The latter have 
been solved using a fourth-order Runge-Kutta 
forward-marching integration scheme with a I f  h 
time step. The non-linear results depicted in the 
illustrations were taken from Pitcher’s work 
(1977). 

Figs. 1 and 2 for the second and third spectral 
coefficients demonstrate the efficacy of the deter- 
ministic solutions [as given by eqs. (38)l; they 
show little departure from the (exact) stochastic 
result that allows for the initial data error, for a 
week or more of forecast time. The truncated 
stochastic solutions are even better, and these 
remain good for a period of two weeks (much 
longer, of course, than the period of validity of any 
current numerical weather forecasting scheme). 
Significant differences between corresponding 
linear and non-linear solutions also only appear 
after some two weeks. 

The situation is less perfect for the variance 
predictions, shown in Figs. 3 and 4. Here the 
standard deviations for the second- and third-order 
spectral components, uii2 and a:$*, computed with 
truncated stochastic equations, agree with the exact 
solutions for only some three days, but again the 
linearization itself can be seen to be good’ for much 
longer, perhaps eight to nine days. Thereafter the 
linear approximation gets rapidly worse, and shows 
no sign of levelling off to a constant value as does 
the exact solution. 

We therefore find from this test case that the 
linear approximation is undoubtedly as good as the 
non-linear stochastic solution that neglects 3rd- 
order moments, for the range of validity of the 
latter. Since no one suggests that the stochastic 
dynamic method can be sensibly expanded to 
include higher-order moments (although Fleming, 
1971a,b asserts that it would be desirable to do so 
if one could), we conclude that linearization is a 
perfectly satisfactory approach for simplifying the 
method. But additionally, since we anticipate the 
linearization to be an effective means for reducing 
computation time, we can also expect it to provide 
a practical means for calculating higher-order 
closure solutions of the stochastic dynamic mo- 
ment equations. Figs. 5 and 6 illustrate the 

As compared with the non-linear approximate 
stochastic prediction. 
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I I I I I I I 

/J2 0 . 3 0 7  __ . 

Fig. 1 .  First case. Mean value predictions versus prediction time. Truncation after the second order. a: deterministic 
(zero initial error) solution; b: exact stochastic solution; c: approximate stochastic non-linear solution; d: approximate 
stochastic linear solution. 

~- .. .~ ~. . ~ .~ 

DAYS 
Fig. 2 .  First case. Mean value predictions versus prediction time. Truncation after the second order (a, b, c, d as in 
Fig. 1). 
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1/2 
u22 

- 
I - 
L c 

rc) 
Y 

Fig. 3. 
in Fig. 

DAYS 
Fig. 4. First case. Standard deviation predictions versus prediction time. Truncation after the second order (b, c, d as 
in Fig. 1). 
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1/2 

DAYS 

Fig. 5. First case. Standard deviation predictions versus prediction time. Truncation after the third order (quasi- 
normal eddy damped approximation) (b, c, d as in Fig. 1).  

112 

c33 o'20r- 

DAYS 

Fig. 6 .  First case. Standard deviation predictions versus prediction time. Truncation after the third order (quasi- 
normal eddy damped approximation) (b, c, d as in Fig. 1). 
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improvement attendant upon using the linearized 
formulation with truncation after third order, i.e. 
the quasi-normal eddy-damped equations given by 
eq. (34). We see from these that higher-order 
closure, even with linearized equations, gives much 
better results than the non-linear lower-order 
approximations for periods of over 10 days, and in 
rough agreement with the exact solutions for up to 
two weeks. Runaway divergence of the linear 
predictions occurs at about 14 days, but we do not 
know as yet whether this is a fault of the 
linearization or a result of too large a step-size in 
the numerical integration. 

We now go on to consider the second test case, 
with initial conditions as given by eq. (37). This is a 
much less stable condition than in the first case, as 
can be seen from the deterministic solutions, which 
are as follows: 

I,, = 0.12 cn(ht, k,) 
pzo = 0.48 sn(ht, k,) 
pula = 0.333 dt~(ht, k,) 

with 

h = 0.1332 
k, = 0.986887491 (39) 

In this instance the zonal flow, as given by the first 
equation in (39), and illustrated in Fig. 7, oscillates 
regularly from east to west. This is the case 
considered by Epstein (1969) as quite atypical of 
real conditions and the most severe test for the 
approximate stochastic dynamic solutions. 

Figs. 7 and 8 compare the results for the first- 
order moments. Agreement between the linear and 

PI 

- - 
L c 
3 

DAYS 
Fig. 7. Second case. Mean value predictions versus 
prediction time. Truncation after the second order (a, c, d 
as in Fig. I). 
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I 2 3 4 5 -0.3 
DAY s 

Fig. 8.  Second case. Mean value predictions versus 
prediction time. Truncation after the second order (a, C, d 
as in Fig. 1). 

non-linear predictions, both employing second- 
order truncation, is satisfactory for only two days, 
by which time the stochastic solutions differ 
radically from the deterministic forecast, implying 
that even in this short time the effect of initial error 
is important and should be taken into account. 
Note how markedly this differs from the first test 
case we have described. After three days the linear 
solution rapidly diverges, a behavior that may be 
the result of a break-down of the small perturbation 
requirement for linearization. 

Fig. 9 shows the corresponding results for the 
standard deviations of the spectral component 
u:f. Again, the linearization is satisfactory only 
for forecast times between two and three days. The 
approximate non-linear stochastic solution is also 
valid only for three days or less, and indeed at 
some times it appears that the linearization is in 

u:? 0.16 I 
0.14- 

0.12- 

7 0.10- 

2 0.08- 
- 
L 

- 
0.06 - 

0.04- 

0.02 
I I I I 

DAYS 
OO I 2 3 4 

Fig. 9. Second case. Standard deviation predictions 
versus prediction time. Truncation after the second order 
(b, c, d as in Fig. 1). 
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