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ABSTRACT

The stochastic dynamic method for optimum weather forecasting and forecast variance
estimation suffers from computational complexity sufficient to obviate its utility as an
operational tool. The present paper suggests the use of a linear approximation for a perturbed set
of stochastic dynamic equations aimed at reducing computation time. The linearization is based
upon an assumption of small departures of the stochastic dynamic solution from the usual
deterministic forecast. The resultant linear scheme was tested by evaluating its predictions for a
simple mathematical model of the atmosphere, that described by Lorentz’s “minimum
hydrodynamic equations”.

The linearization was found to be as effective as was the standard non-linear stochastic
dynamics method, which approximates the exact stochastic dynamic solution by ignoring third-
order moments. The problem of developing efficient numerical algorithms that take advantage of
the simplification attendant upon linearization is not taken up in this paper, but will be reported

upon as the work is pursued.

1. Introduction

Following the pioneering work of Gleeson
(1968), Epstein (1969) demonstrated the potential
utility of statistical solutions of the equations used
in numerical weather forecasting. The technique
developed by Epstein, which he labelled the
“stochastic dynamic method”, enabled error estim-
ates to be assigned to forecast predictions made at
every grid point of the numerical simulation, as well
as improving on the prediction itself.

The fundamental assumption of stochastic
dynamics is that the error in numerical forecasts is
attributable to errors in initial and boundary values
and forcing terms whose statistical influence can be
computed via the forecasting equations by assign-
ing particular values to these inputs. The effects, it
has usually been assumed, are dominated by the
error associated with insufficiency or inaccuracy of
information needed for initialization of the
numerical prediction algorithm. Prediction error
arising from lack of knowledge of boundary or
forcing functions is more difficult to treat, due

primarily to the less-well-developed mathematical
tools that are available for this problem, as
compared with the rather complete formulation
that exists for stochastic forecasting in which the
uncertainty arises just from initial value error (see
Fleming, 1972). For completeness we shall sum-
marize the basic approach for dealing with the
latter case, although Epstein gave a comprehensive
and readable description in his original paper
(1969).

Following his formulation, we represent the state
of the atmosphere by a state vector x;, correspond-
ing to all the prognostic variables in the governing
differential equations of the atmosphere, the latter
being written in generalized canonical form as

dx -
.Et_l:Zakajxk—Zbijxj+Ci N
Jk i

in which a;,, b; and ¢; are constants and the
summation extends over j, k = 1,2, ... N, where N
is the total number of dependent variables defining
the state of the atmosphere. The latter is
theoretically infinite in a continuum description, but
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is of course finite, but large, in any real description
or analysis of atmospheric motions.

Equation (1), it will be noted, contains no spatial
derivatives, and is thus of a reduced form cor-
responding, for example, to a spectral decom-
position, or to a finite difference description of the
system. This form, however, does not admit of
inclusion of the integro-differential structure re-
quired for description of radiatively coupled pro-
cesses in the atmosphere. In weather forecasting
the effect of the latter is incorporated as a
prescribed set of heating and cooling sources
distributed in the atmosphere. Apart from this
restriction, eq. (1) would seem to encompass all
varieties of differential systems that might be used
for describing atmospheric circulation.

It is useful to conceptualize the stochastic
description in terms of an N-dimensional phase
space of the state variables. In these terms the
instantaneous state of the atmosphere at a given
moment is represented by a single point in phase
space, and its evolution in time corresponds to a
particular (presumably non-intersecting) trajectory
in the space. True atmospheric conditions are thus
representable by such a unique curve, but the
known state of the atmosphere (past, present, or
future) has an uncertainty that corresponds to a
spread around the true trajectory, the volume of
which is indicative of this degree of uncertainty.
More specifically, for a given numerical fore-
casting scheme, as given by the deterministic
formulation of equations of the form (1), a
prognostic solution for specific initial values of the
state variables will lead to a particular phase space
trajectory, which should correspond to the true
atmospheric conditions if the initial values are
chosen correctly (and if the equations are solved
exactly). Actually, we need to represent the initial
values as covering a certain volume in phase space,
representing the range of possible initial states that
correspond to our degree of uncertainty in their
values. Each point within this volume, when used
for initialization of eq. (1), will result in a different
trajectory, and the ensemble of all points in the
volume will generate a cylinder (enclosing the true
trajectory), whose cross section would be expected
to increase with time, corresponding to growth in
uncertainty of the prediction in time.

This conceptual picture can be readily put in
mathematical terms. Thus, following conventional
statistical mechanics terminology, we introduce the
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notion of density of points in phase space as an
ensemble mean of a set of solutions of eq. (1), and
define the moments of the density distribution as
follows:

U= (X, @)
0y = <%, — #)(X; = 1)), ©)
T = {06 — 1) — )X — 1)), @
A = 0 — 1) — w) 00, — )06 — 1)), (5

etc. in which { ) represents the ensemble mean
over all possible values (and given, in our case, by
the set of trajectories corresponding to a prescribed
initial distribution of initial values of the state
variables).

Application of the averaging operation { ) to eq.
(1) and to its products with (x,—u),
(x; — u)(x; — u;), etc., yields a set of equations for
the mean g, the variances and convariances oy,
and all the higher order moments defined above.
Their derivation is straightforward, if lengthy, and
will not be reproduced here (see Fleming, 1970 for
details). Up to the third order, these equations are

du;
— = Z @ty + ) — Z byu; + ¢; (6)
dt Ik J
doy;
Tu— =2 la (0 + UG + Tixs)
t k1
+ a0y + BOy + Tyl
- % Bubsi + byoyu) M
dr;;
—& -3 (@l Tt + B Tits — OimOic + Ajiim)
dt Lm

+ Qi Tyom + Bt — OmOik + Aikim)
+ (U Ty + BTyt — OOy + j'ijlm)]

- ZI (BT + byt + braTys) (8)

Each of the above moment equations is coupled
to its next higher order neighbor via linear terms on
the right-hand side, and thus, in general, only
approximate solutions are possible. The usual
approach is to terminate the formally infinite set of
equationswat as low an order as possible, with the
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expectation that the higher-order neglected mo-
ments play relatively minor roles. Such ad hoc
procedures have in fact been found to work quite
well for the weather-forecasting problem, as studied
at length, not only in the paper by Epstein already
referred to, but also in later work by him (1971),
(Epstein and Fleming, 1971; Epstein and Pitcher,
1972) as well as by Fleming (1970, 1971a,b, 1972)
and by Pitcher (1977). Indeed Epstein found that
truncation of the moment equations at the 3rd
order, i.e. putting 7, = 0, seemed adequate for
forecast periods of up to five days when applied to
a simple forecasting model, and his results have
been confirmed by later studies (Pitcher, 1974).

In spite of the seeming success of these results it
has not yet been possible to consider implementing
the stochastic dynamic method operationally. This
is a direct consequence of the inordinate amount of
computation required to solve the moment
equations; for example, if just the first two moment
equations are retained, the number of dependent
variables increases from N for the usual deter-
ministic forecast, to N(N + 3)/2, so that the
number of operations in the numerical solution
increases by a factor of the order of N. N may be of
the order of 100, for a simple hemi-spheric model,
but is more likely of the order of 10° for the type of
advanced model currently used in numerical
weather forecasting. In general, therefore, the use
of stochastic dynamic forecasting is prohibitively
expensive in computer time.

The only way of avoiding this difficulty that had
been suggested prior to the work undertaken in the
present study, was to achieve essentially the same
results as does stochastic dynamics by using the
Monte Carlo approach (Leith, 1974). In the Monte
Carlo method the statistical ensemble is construc-
ted from a set of deterministic forecasts made with
differing, randomly selected, initial states. Leith
(ibid.) found that perhaps as few as eight deter-
ministic runs were needed for satisfactory ac-
curacy, although he refined the method by intro-
ducing a regression step and employing an op-
timum filtering technique. A further advantage of
this Monte Carlo method is that it automatically
avoids the theoretical (if not practical) difficulty of
closure that exists for the stochastic dynamic
equations. However, it should also be remarked
that a Monte Carlo simulation has a problem that
is not shared with the stochastic dynamic method,
namely that of sampling approximations.

J. A. LAURMANN

In this paper we propose another technique for
avoiding the excessive computation time problem.
We suggest that dramatic simplification of the
stochastic dynamic equations is possible and
appropriate for sufficiently small forecast errors
(or, equivalently, sufficiently short forecasting
times), by linearizing for small perturbations about
the deterministic solution (the latter being given by
normal numerical forecasting techniques).

The present paper develops this theme and
describes its verification using a simple model
equation for the atmospheric motions. Thus, in
Section 2 we derive the linearized perturbation
equations in a general form, and Section 3
describes their application to the so-called
“minimum hydrodynamic equation” of Lorenz
(1960), Section 4 details the results of some
numerical tests of the linearization, and finally
Section 5 discusses the import of the results and
outlines the steps that are needed to develop the
technique towards operational utility.

The work performed to date and reported upon
here, covers verification of the validity of the
concept of linearization. The second major require-
ment, namely the development of numerical
algorithms for forecasting that take advantage of
the simplification attendant on linearization, has
yet to be undertaken, or indeed, proven to be
possible.

2. Linearization of the stochastic dynamic
equations

The linearization we introduce is simple in
principle, although algebraically complicated in
detail. The following outlines the main steps,
omitting intermediate algebraic manipulations.

The canonical form we use is that already given
in Section 1, eq. (1), i.e.

dx;

- = %'(a,.jkxjxk - % byx; + ¢ 9

Let us assume that (9) is already expressed in
terms of non-dimensional variables and
coefficients. To typify the perturbation of x from a
particular solution of eq. (9) we can define a single
small parameter

(10)
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which is thus representative of the magnitude of the introduced by making the following expansions of
initial error at time ¢ = 0 if its distribution is the moments:
multivariate normal.

o8]
We next introduce the perturbation variables =g+ X s
=1
M= H § s lé("’
- 5 n=1
5= ©
Z n— l& n)
- G "= b
oij = ?
T For= zs -1 (1"
~ ik
Tk —5"3— (11
. . etc. The first two of these definitions imply that ("
etc., in which the moments u;, 6, Ty . . . are =, n > 0. Substituting into eqs. (14)-(16), there
defined as in egs. (2)-(5), and results
O =y — 4l® ® g ® . ~0) ©
) = iy~ U (12) z " /75 =3 auk[ﬁ}o) Y s + i lenﬂ}n)
Jk n=1 n=
where #{” = x{® corresponds to the deterministic
result for which all moments higher than the first n) n n) 2 n—1 n)]
. + 2 ¢ 0y + s s
are identically zero. The scaling introduced in egs. Z & Z 4 %
(11) ensures that the newly defined variables are of P
order unity or less in the parameter s. —2by 2 s"aEm (18)
Substituting (11) into the moment eqgs. (6)—(8), I
we get
® dém
di, ‘ L i . "_l—d’;’ =2 [am {(ﬂk
o ?—kaijk(#jﬂk + 876,) — Lbylly + ¢; (13 = b
i J © )
+ > s"é}(’") 2 smlgp
a5, sz z " )
7 5 a,jk(u 5, + ,u‘°’§ + 50,0, + 5G;) — %buéj
dé, . - e
Ttb = k}—l[alkl(:ukajl + Gy + 5Ty) + SE s"—lfj‘;'):
3 n=1
+ @ (@G + Wby + $Tyy)] ©
_ z(blk&'jk + bjko.:ik) (15) + Ay {(ﬁlo) + le"(s;("')) Z sh-1 "(n)
k n= n=1
o : (o« o) Eoap
P Z @11l T + Him Tt — 5G1m O + SAjim) n=1 n=1
- -~ - - o~ 28]
+ Ut Btk + BTt — SG 1Ot + SAipym) +52 8" li};’:f}]
n=1
+ aklm(/zlfiim + :Jmf:ijl - SO',”,O', + SA'UIM)]
e o) oo
- g Byt + byt + biaTyp) (16) - Z(bik 2 s + by 2 S"_la‘:z))
k n=1 n=1
The small perturbation assumption is next (19)
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® F(n)
Z sl dTUk
n=1 dt

el 50

e
+ 2" o+ (ﬁ‘"‘,”

n=1
© ©

+ 2 s"é};”) 2. sy
n=1 n=1

e e ¢}
—s2 s"lgm S snigp

n=1 n=1

oo
+52 s 'M;'},,,;

n=1

8

0
+ 2 s"Om ) 3 sl
n=1 n=1

+('},‘,”

w 0
+ X s"é,‘,:") le"“f},?)
ne

n=1

0 o0
_5 Z sn—lé'l(’r’ll) Z sn—lalgl:l)

n=1 n=1

P S"“f}i’lm}

n=1

n=1

o @
+ Ay {(ﬁl(o) + 2 3"51(")) 2 st

n=1 n=1

© ©
H(aw v Zode )Eea

e o) e o]
—s2 "G 3 sngm

n=1 n=1

+ sZ s ’/1"" :]

_Z(b %sn 'f}f}+b an 11".'("}

+ by Z s"- ‘f‘"’) (20)

n=1

The governing equations for the various orders of
approximation in s are then given by identifying
terms of like order in s. In the general case,
inspection of eqs. (18)-(20) shows that the lowest
order approximations, 4{", 6, 7{}), depend only on
the first order moment ,u,“” Successively higher
orders of approximation in s introduce higher and
higher order moments with every order of approxi-
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mation being governed by a closed finite set of
equations. We thus see that the small perturbation
approach provides a rationale for closure of the set
of moment equations by neglecting moments above
a chosen order, the latter being determined by the
magnitude of the perturbation.

Rather than document the equations for this
general case we shall go directly to a particular
approximation that has been used for closure of the
moment equations, namely the so-called quasi-
normal eddy-damped closure for the third-order
moment. This approximation was first suggested by
Orzag (1970) and applied to stochastic dynamic
forecasting by Fleming (1970). In it the fourth-
order moments are assumed to be related to the
second-order moment as if the distribution were
multivariate normal, that is by

21)

and this relationship is introduced into the equation
for the third-order moments (20), which is further
modified by adding a damping term kt;, on the
right-hand side. The coefficient k is an empirical
constant determined by Fleming as 0.025 for best
fitting in stochastic dynamic predictions.

In addition to using the quasi-normal approxi-
mation we shall particularize the equations to the
usual type of initial conditions used in stochastic
dynamic forecasting, that is, we choose the initial
state for the moment equations to be given by

Ayt = OOy + OpOp + OyOp

O=1,=0;, 0,=0, i#j; t=0. 22)
which is in accord with an assumption of multivari-
ate normality of the initial distribution of error
about the mean p{®. Under these conditions,
equations for the first- and second-order approxi-
mations, as derived from egs. (18)-(20) by equat-

ing the multipliers of s, s2, s* and s* to zero, are

A=0

2(2)
dd; = z—auk(ﬂ(o) 32+ GO + 6P — Zb D
Jj ok
(23)
i =0
d~14 (0) ;7(4) 7(0) 7(4) 7(2) 7(2)
Za,,k(ﬂ A + B0 + g
+6ff) — 2 byuf® (24)
J
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dé{p
/] ~
@t Z [atkl(ﬂo)aj” + {065 + a; (B0
+ @M — Z bu P + bud) (25)
GP=0
dép
i Z[aiu(/l(o’”}:” + A6 + ﬂ(z)am
+ AP + T + a0
+ EOGP * PGP + AP
+ Tl - Z(b,kaj” + bbb (26)
=0
it

Z [a"m(‘u 0){-}2) + "(0) + o}l)o-(l)

+ GUEW) + a,, (FOTR,+ GO
+ GPGN + GGD) + 4 (FOFD),
+ ADTY + GG + GHEM)]

- Z by + byt + by T57) — 0.025 T
@7

In the above Z{" and fJ}) are identically zero
because of homogeneity.

At this stage we can see that the parameter s can
be eliminated from explicit consideration by defin-
ing the new perturbation variables

2y _ 252 — 74
wP = sTHP, ) = s

o) =56, o) =56

i) = s'tf}) (28)

so that, from (11) and (17),
= P

_ 5D 34 ...
o; =0’ + o) +

T =T+ (29)
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and the equations satisfied by these newly defined
quantities are obtained from (23)-(27) simply by
omitting the tilde. It is the latter form of the
equations that we shall in fact be employing in the
next section where application is made to a
particular atmospheric model.

3. Application to the minimum
hydrodynamic equations

In this section we apply the linearized forms
(23)-(27) to a particular spectral model developed
by Lorenz (1960). The so-called “minimum hydro-
dynamic equations” which define this model have
been used a number of times to evaluate the
stochastic dynamic method (Epstein, 1969;
Pitcher, 1977), and are particularly convenient
because of their relative simplicity (deterministic
solutions are available in closed form); yet they
retain the essential non-linear wave interaction
features that characterize the transfer of energy
and momentum between zonal and eddy motions,
and thus the growth of uncertainty in numerical
prediction.

We shall be using the same basic flow con-
figurations for testing the linearized approximation
as used in earlier stochastic dynamic studies, and
hence we will be brief in discussions of their
physical significance, referring the reader to
Lorenz’s original paper (1960) and to the useful
summary of the mathematical features of the
equations written by Pitcher (1974).

Lorenz’s “minimum hydrodynamic equations
in fact correspond to two-dimensional barotropic
flow in which the vorticity ¢ is expanded in a double
Fourier series over a horizontal rectangular region.
If the series is truncated at wave number 1, a
solution in terms of only three spectral components
is available:

’”

{=Acosly + A,coskx + 24, sin Iy sin kx (30)
where k = 2n/L, and ! = 2n/L , L, and L, being
the disturbance wavelengths in the x and y
directions respectively. The first term in eq. (30)
corresponds to the zonal flow, so that L is the
distance between successive zonal wind maxima,
whilst the last two correspond to the superimposed
“eddy” motions. The spectral coefficients 4,, 4,
and A4, are governed by the following simple non-
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linear equations:

dA

Tzl =C,A4,4,

dA

th =C,4,4,

dA,

= C,4,4, (&3))]
where

¢, =—la(a®+ DI,

c,=a(a+ 1),

¢y =—(a*— 1)/2a 32)
and a = k/I.

Equations (31) constitute a particularly simple
form of the canonical equations used in Section 3 in
deriving the linearized stochastic representation
when the following special values for a  are
selected:

a;, =0 when

i=j or i=k or j=k

ag =4, i#jEk; b;=0.
We can thus immediately write down the linearized
moment equations corresponding to (31) using egs.

(23)~(27). They are as follows:

duf? .
= 2 Ao + pOu + o)
Jok,Fi
do{}
——d" = 2 400l + pPa")
! I, ki
+ 2 do(u®afl) + u¥al) (33)
1, k#j
_d'u}‘) 0),,(4) (0},,44) (2),,(2) (4)
il 2 e (uPu® + u®u® + uPu + o)
Sk, #i
dof
j -
—d'; = 2 i@} + uPa + uPol)
INTT

2) (1 2 "1 0) 4(3
v ufolp )+ Y de (w0l
KE]

0) (3 2 2} 4(1 2
+ PR + uPof) + ufolp + <)
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drly)
[/ S 0),(2) 0) (2 1) 5 (1
a 2 JeufO @+ uTR + ofola
. m, #i

roflo) + Y oo,
L m, #j

©)(2) (1) DA
+uWti) + olPell) + of))alP)

S | 0 2
+ 2 e ()
I, m, #k

0,(2) 1 (1) 141
+ 40t + ofP o) + ayoi)

—0.025 72

ijk (34)
where u;, o, and 7y are now moments of the
spectral coefficients, 4 ;.

The first-order linearized result involving only
first- and second-order moments, requires solution
of the two coupled egs. (33). The second-order
solution requires evaluation of the third-order
moments, 7%, so that three coupled eqs. (34) are
then involved.

Equation (30) and its linearized approximations
are capable of describing qualitatively a number of
atmospheric phenomena, including index cycle fluc-
tuations (see Lorenz, 1960). The nature of the
atmospheric motions they depict depends on both
the choice of the numerical coefficients k and / in
eq. (30) and on the initial state. For the former we
select k/l = a = 2, so that, from eq. (32)

c,=-0.1, ¢,=16, c;=-0.75 (35)

which correspond to the stable flow situations
treated in earlier tests of the stochastic dynamic
method by Epstein (1969), and repeated here for
the linearized approximation. Scaling to global
atmospheric motions is obtained by setting 2n// =
10,000 km, and then, with a = 2, 2n/k = 5000 km.
In the next section we shall describe the results of
computing numerical solutions of eqgs. (33) and
(34) with the ¢ values given by eq. (35) and two
choices of initial conditions.

4. Numerical tests of the linearized
approximation

Extensive comparisons of the effectiveness of the
truncated stochastic dynamic equations have been
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made by both Epstein (1969) and Pitcher (1974)
with @ = 2 [eq. (35)] and the following initial
conditions at ¢ = 0:

u,=012; u,=024; u,;=0 *

0,=0, i#j; 0,=10" (36)
4, =012 u,=0; py;=0.333

0;=0, i#j; 0,=0,=4x10"%

Oy =1x 107 (37

In both of these instances “exact” solutions (i.e.
solutions that do not involve closure assumptions)
are available, in the form of Monte Carlo solutions
(Epstein, ibid.) and Lagrangian quadrature analysis
(Pitcher, 1974); these provide the reference for
evaluation of the approximate stochastic results.

The first case, as given by eq. (36), corresponds
to an initial maximum zonal wind of 64 km/hr [the
first term in eq. (30)] with a standard deviation of
5 km/hr. Initially the kinetic energy is distributed
equally between the zonal flow and the “eddy flow”
[the second and third terms in eq. (30)]. The
deterministic solution, corresponding to conditions
(36) but with g; =0 is

1Y = AT dnl k(e — %), k,|
40 = A% sn[h(1 — t*), k)

2O = A% enlh(t — %), k,| (38)

where sn, dn, cn are the Jacobian Elliptic functions
and the numerical coefficients in (38) have the
values
At =(0.018)12
A¥ =0.24
A} =(0.027)12
h = (0.0216)"?
ky = (0.2)12

—ht* = K(0.2), the complete elliptic integral of the
first kind.

The zonal flow, given by the first spectral com-
ponent, is in this case always unidirectional
(since the dn function is never negative), and we are
dealing here with a relatively mild vacillation of
energy between the zonal and eddy flows. The
initial uncertainties, as given in eq. (36), are also
modest (comparable with observational synoptic
errors) and result in a deterministic forecast of
good quality, as will be illustrated shortly.

We shall first discuss the results of the stochastic
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calculations when the equations are truncated after
the second-order moments, yielding, for the
linearized approximation, egs. (33). The latter have
been solved using a fourth-order Runge—Kutta
forward-marching integration scheme with a 1ih
time step. The non-linear results depicted in the
illustrations were taken from Pitcher’s work
(1977).

Figs. 1 and 2 for the second and third spectral
coefficients demonstrate the efficacy of the deter-
ministic solutions |as given by egs. (38)]; they
show little departure from the (exact) stochastic
result that allows for the initial data error, for a
week or more of forecast time. The truncated
stochastic solutions are even better, and these
remain good for a period of two weeks (much
longer, of course, than the period of validity of any
current numerical weather forecasting scheme).
Significant differences between corresponding
linear and non-linear solutions also only appear
after some two weeks.

The situation is less perfect for the variance
predictions, shown in Figs. 3 and 4. Here the
standard deviations for the second- and third-order
spectral components, o352 and 6}, computed with
truncated stochastic equations, agree with the exact
solutions for only some three days, but again the
linearization itself can be seen to be good! for much
longer, perhaps eight to nine days. Thereafter the
linear approximation gets rapidly worse, and shows
no sign of levelling off to a constant value as does
the exact solution.

We therefore find from this test case that the
linear approximation is undoubtedly as good as the
non-linear stochastic solution that neglects 3rd-
order moments, for the range of validity of the
latter. Since no one suggests that the stochastic
dynamic method can be sensibly expanded to
include higher-order moments (although Fleming,
1971a,b asserts that it would be desirable to do so
if one could), we conclude that linearization is a
perfectly satisfactory approach for simplifying the
method. But additionally, since we anticipate the
linearization to be an effective means for reducing
computation time, we can also expect it to provide
a practical means for calculating higher-order
closure solutions of the stochastic dynamic mo-
ment equations. Figs. 5 and 6 illustrate the

'As compared with the non-linear approximate
stochastic prediction.
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Fig. 3. First case. Standard deviation predictions versus prediction time. Truncation after the second order (b, ¢, d as
in Fig. 1).
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Fig. 5. First case. Standard deviation predictions versus prediction time. Truncation after the third order (quasi-
normal eddy damped approximation) (b, c, d as in Fig. 1).
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Fig. 6. First case. Standard deviation predictions versus prediction time. Truncation after the third order (quasi-
normal eddy damped approximation) (b, ¢, d as in Fig. 1).
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improvement attendant upon using the linearized
formulation with truncation after third order, i.e.
the quasi-normal eddy-damped equations given by
eq. (34). We see from these that higher-order
closure, even with linearized equations, gives much
better results than the non-linear lower-order
approximations for periods of over 10 days, and in
rough agreement with the exact solutions for up to
two weeks. Runaway divergence of the linear
predictions occurs at about 14 days, but we do not
know as yet whether this is a fault of the
linearization or a result of too large a step-size in
the numerical integration.

We now go on to consider the second test case,
with initial conditions as given by eq. (37). Thisis a
much less stable condition than in the first case, as
can be seen from the deterministic solutions, which
are as follows:

U0 =0.12 en(ht, k,)
Uy = 0.48 sn(ht, k,)
3o = 0.333 dn(ht, k,)

with

h=0.1332

ko =0.986887491 39)

In this instance the zonal flow, as given by the first
equation in (39), and illustrated in Fig. 7, oscillates
regularly from east to west. This is the case
considered by Epstein (1969) as quite atypical of
real conditions and the most severe test for the
approximate stochastic dynamic solutions.

Figs. 7 and 8 compare the results for the first-
order moments. Agreement between the linear and

i or2
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0.08+
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(3he)!
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o
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Fig.7. Second case. Mean value predictions versus
prediction time. Truncation after the second order (a, ¢, d
as in Fig. 1).
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Fig.8. Second case. Mean value predictions versus
prediction time. Truncation after the second order (a, ¢, d
as in Fig. 1).

non-linear predictions, both employing second-
order truncation, is satisfactory for only two days,
by which time the stochastic solutions differ
radically from the deterministic forecast, implying
that even in this short time the effect of initial error
is important and should be taken into account.
Note how markedly this differs from the first test
case we have described. After three days the linear
solution rapidly diverges, a behavior that may be
the result of a break-down of the small perturbation
requirement for linearization.

Fig. 9 shows the corresponding results for the
standard deviations of the spectral component
ol2. Again, the linearization is satisfactory only
for forecast times between two and three days. The
approximate non-linear stochastic solution is also
valid only for three days or less, and indeed at
some times it appears that the linearization is in

1
4 5

T

DAYS

Fig. 9. Second case. Standard deviation predictions
versus prediction time. Truncation after the second order
(b, c,d asin Fig. 1).
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better agreement with the exact result than the non-
linear calculation. The “exact” results shown in
Fig. 9 was, in fact, computed with Monte Carlo
runs by Epstein (1969), who was also responsible
for the non-linear stochastic dynamic calculations
reproduced here.

In general it appears that the linearization is
quite robust. Study of both cases suggests that it
tolerates departures of some 50% between the
stochastic and deterministic values before gross
errors occur. Thus, at this 50% level, the error from
linearization is quite small for the first-order
moments, of the order of 10%, and is under 50%
for the second-order moments when the moment
equations are truncated after the third order. These
results enable an evaluation of the range of
accuracy of any particular linearized stochastic
dynamic forecast to be made without appeal to
knowledge of the exact stochastic dynamic
solution.

5. Conclusions

The two test cases evaluated for assessment of
the efficacy of the linearized approximation
revealed no conditions under which the linearized
predictions were worse than those obtained with
the standard non-linear stochastic dynamic
method. These comparisons were made with

J. A. LAURMANN

solutions that ignored the effect of third-order
moments, and when the latter were included in the
linearized approach its results were in considerably
better agreement with the exact solutions than were
the predictions of the standard approach.

The small perturbation expansion upon which
the linearization is founded, provides a logical basis
for closure of the stochastic dynamic moment
equations by discarding moments above a chosen
order, and thus suggests that a truncated non-linear
formulation will not in general be an improvement
over the corresponding linear expansion. This
general conclusion is confirmed by the limited test
cases reported upon here, and indicates the
potential for computing higher-order moments with
a linearized approximation.

We conclude thtat there is no reason for not using
the linearized approximation suggested in this
paper in stochastic dynamic prediction. The next
requirement is to translate the obvious analytic
simplicity attendant upon linearization into effec-
tive numerical algorithms that are much faster than
those needed for computation of solutions of the
non-linear system. The feasibility of such an
objective has yet to be demonstrated; its successful
attainment should pave the way to operational
implementation of stochastic dynamic forecasting,
since serious consideration has hitherto been
hampered by excessive computation time.
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MPUBJIVXEHUE MAJIBIX BOSMYIIEHWUN {11 CTOXACTHYECKOI'O
AUHAMMWYECKOI'O MPOIHO3A ITOIOAbI

CroxacTuyeckuit AMHAMHYECKHI METOO HAMJTY4YIIETrO
NPOTrHO3HPOBAHUA TOTOABI M METOA OLIEHUBAHHSA
JHCNIEPCHH TNPOTHO3a TpeOyloT TaKHX CIIOXHBIX
BBIYUCIIEHUH, YTO 3TO SBIAETCA AOCTATOYHBIM OCHO-
BaHHEM MUIS TOFO, YTOOBI COMHEBATLCSA B €r0 NMOJb3e
OIS ONepaTUBHON npakTtuku. B Hacrosmest paGote
NpeanaraeTca A COKPALIEHHA BBIYHCIHTEILHOIO
BPEMEHH MCIOML30BATh JIMHEHHYIO ANNPOKCHMALMIO
IUTSL BO3MYILUEHHON CHCTEMBbI CTOXAaCTHYECKHX OHHA-~
MHYECKHX ypaBHEHHH. JIMHeapu3anusi OCHOBaHa Ha
NPEANOJIOKEHHH O MAaNOCTH OTKJIOHEHHM CTOoXac-
THYECKHX [AMHAMHYECKHUX pelleHHid OT OOBIYHOro
JETEPMHHHPOBAaHHOTO mnporHo3a. [lonyueHHas B
pe3ynbTaTe AMHeHHas cxeMa Oblna HCObITAHA NyTeM
OLICHHBAaHHA Ka4yecTBa NMPOTrHO3a MJIA MPOCTOK Mare-
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MaTHYeCKOM MoIenu arMochepbl, OMHCHIBaEMOMH
‘‘MaKCHMaJIbHO YNPOIUEHHBIMH TUAPOAWHAMHYECK-
MMM ypaBHeHHAMH JlopeHua.

O6HapyxeHO, 4YTO JIMHEAPH3OBAHHBIE ypaBHEHHMS
HAAIOT Takoil xe 3dGdeKT xak ¥ 0ObIYHbIN HENMHEHHBIH
CTOXACTHYECKMH AWHAMHMYECKHH METOA, B KOTOPOM
NpH aMNpOKCMMAUMH TOYHOIO CTOXACTHYECKOTO
AMHAMHYECKOTO PpeElIeHHS NpeHeOperaroT TpeTLUMH
MoMeHTaMH. B Hacrtosiue#t pabore He obcyxmaercs
npobnemMa pa3paboTku 3PPEKTUBHBIX BBIYMCIMTENb-
HBIX aQJrOPUTMOB, MCMONL3YIOIUMX MNPEHMYLIECTBA
YOpollleHH#, OOYCIIOBJIEHHBIX JIHHeapu3auuen; o6
3ToM ©OyneT CooOOUIEHO 1O Mepe NPOABMXECHHA
paboTsI. ’



