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ABSTRACT

A linear systems analysis of the Mauna Loa carbon dioxide data is presented using estimated
fossil carbon dioxide production as input and observed yearly means of carbon dioxide in the
atmosphere as output. The analysis is done on discrete time basis with 1 year as a time step.
Because of the near exponential increase in fossil fuel production, not much information is
possible to extract from the data concerning system parameters except that at present, 50-60%
of the atmosphere “excess” carbon dioxide is transferred to the earth’s surface yearly (the
oceans and land surfaces). However, the results indicate that the pre-industrial equilibrium level
of atmospheric carbon dioxide may have increased to a new “equilibrium” level about 10 per
mille higher. This can, however, be due to the slow exchange rate between deep sea water and
the more superficial parts, the parameter of which is not possible to deduce from the available set

of input—output data.

1. Introduction

The background of this problem is familiar to
most readers, hence, it can be summarized very
briefly. Carbon dioxide is being released in ever
increasing amounts to the atmosphere mainly
through combustion of fossil fuels. This causes a
measurable increase in the partial pressure of
atmospheric carbon dioxide. Since carbon dioxide
has absorption bands in the infrared region,
changing atmospheric concentrations may require
changes in the earth’s radiation balance mechanism
presumably through increased surface temperature.
The actual effect on the surface temperature is not
known so that speculation is free to paint any
picture of future climatic changes due to release of
fossil carbon dioxide. The problem is further
complicated, however, by the lack of knowledge
about the mechanisms which account for the
portion of emitted carbon dioxide being absorbed
in the oceans or incorporated into the terrestrial
biosphere.

Although some information is available on the
oceanic properties pertaining to the problem,
uncertainties are still considerable. As to the
terrestrial biosphere, practically nothing is known
about its dynamic behaviour.

There are several thorough reviews of this
problem (e.g. Bolin, 1970, 1975) and a short
version is found in a recent SCOPE report (1976).

Attempts have also been made to develop
mathematical models which account for the at-
mospheric increase given the fossil output and
known (and assumed) properties of oceans and the
terrestrial biosphere. Such models have been
presented by Machta (1973) and by Bacastow and
Keeling (1973) and others, admirably reviewed by
Bolin (1975). In these models natural radiocarbon
information is used to derive some parameter
values. Such parameters may be useful provided
their extraction from data is based on physically
correct models of the dynamics of the system.

The purpose of the present paper is to investigate
what kind of information can be derived from
observed data on atmospheric concentrations of
carbon dioxide and data on fossil fuel release. As a
base the observation results presented in the
SCOPE report referred to earlier will be used
(p. 92). The fossil output data are also taken from
the same report, p.74. The approach here is
therefore different from before, insofar that no
auxillary information is used. This may appear
wasteful but can still be of some guidance for future
work.
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2. The data

These are listed in Table 1 as average con-
centrations of carbon dioxide at Mauna Loa,
Hawaii, taken as differences from the 1958 average
level 316 ppm and fossil carbon dioxide output
expressed in 10° tons per year. The data are
complete up to and including 1974.

Table 1. Yearly averages of carbon dioxide con-
centrations in Mauna Loa and fossil carbon
dioxide production

Concentrations given as differences in ppm from the

1958 average, 316 ppm. Yearly fossil carbon dioxide
output in 10° metric ton units

Co, Prod of
Year ppm CO, 10° tons
1958 0.00 8.5
1959 0.61 9.0
1960 1.50 9.7
1961 2.18 9.6
1962 3.04 10.1
1963 3.50 10.7
1964 4.14 11.3
1965 4.72 11.8
1966 5.40 123
1967 6.18 12.6
1968 7.05 134
1969 8.14 14.3
1970 9.45 15.2
1971 10.49 16.0
1972 11.64 16.5
1973 13.83 17.6
1974 14,32 18.0

3. Analytic method

Considering fossil carbon dioxide release as an
input to the atmosphere, some very simple box
models can be derived for a systems analysis
approach. In Fig. 1 the simplest possible system is
shown in which the box represents the atmosphere

x{f) MY > ul®

Fig. 1. The single box model of atmospheric carbon
dioxide.
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receiving an input x(f). Out of the box there is a
flux, u(¢) going into the earth’s surface with no
return flow. The oceans and the terrestrial bio-
sphere act as an infinitely large sink. For the
atmospheric box with mass M(f) we impose the
obvious condition
dM(p)
——=x(t) — u(t

o ©) — u@®
Assuming a linear, first-order response of the
atmospheric box we can state that

M

u() = k- M )
SO we can also write

du

i k(x(t) — u(e)) 3)

It is, however, convenient to transform this to an
expression valid for discrete times. Denoting the
corresponding data by x,, x,, ..., x,and u,, u,, .. .,
u, respectively, we approximate our expression as
follows. u, is the average output during year ¢ and
x, can be said to be the average input during the
same year. The difference u, — u,_, is then an
estimate of the average rate of change of output in
the time interval 7 — 1 to ¢, i.e. expresses the time
derivative. As to x(¢) and u(f) we should conse-
quently approximate these by (x, + x,_,)/2 and
(u, + u,_,)/2 respectively. Hence, eq. (3) will read

Uy— Uy = '2'(xt+xt—1‘u¢_ug_1) 4)
which can be rearranged to

2—k
=g et g e Ry ©)
Writing

2—k

= 6
¢ 2+k )
we can write
l—a

U=au,_, + (e, +x,4) M

Because of the first-order linearity condition
imposed the atmospheric mean concentration
which we call y, is simply related to u, by, say,

Y= Bu, ®
which gives

l—a
yw=ay,_,+8 T(xt +X,_1) 9
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Noting now that the z-transform can be defined by
o

X(2)= Yxz x,=0fort=—1,-2,... (10)
t=0

where z is bounded such that the sum converges,
we find that

*X (@)= Tx,_ 2z 1y
=0
Hence, the z-transform of eq. (7) will be
1—

U(z) = az7'U(2) + 3 a(l + z7HX(2)
or
U(z) = H(2)- X(2) (12)
where the transfer function H(z) is

1 —a)1 +z?
Hzy= -2+ (13)

2(1 — az™)

for a first-order linear system.
We can also use a somewhat simpler approxi-
mation, i.e. by writing

u—u,_,=kx,—ku, (14)
leading to
1 k

u,:mu}_, +—mx, (15)
If @’ = (1/1 + k) the z-transform becomes
Uz) = ‘1-1:_;,2—_1*’(2) (16)
i.e. with a transfer function

, l-a
H'(z) = mz_‘-' (an

We can apply this to a more complex system of
two linear boxes connected as in Fig. 2. Here we

xt——| M

uly vit

M,

Fig. 2. A possible two-box model of carbon dioxide flux.
M, (#) amount in the atmosphere; M (r) amount in the
“surface” reservoir.
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consider the possibility of a flux back from the
earth’s surface, linearly related to the total mass in
that box. Using the transfer functions we can
formulate the conditions simply by

U(z) = H,(2)[ X(2) + V(2)] (18
V(2) = H(z). U(2) (19}

since the transfer functions operate on the inputs.
Eliminating V(z) gives

H,(2)
T-H,0HH 0

a somewhat more complicated transfer function.
We now introduce indices @ and s to @ in eq. (13)
and rewrite eq. (20) as

U(z) =

(I—a)1 —a)d + 2P|

41 —az Y1 —-azh) |

(1 —a)1+2z7Y)

TE g @b

using the more elaborate approximation. We can
see from this that the inversion of eq. (20) will read

U@ |1 —

U= A+ Ayl _y + UeX, + X,y + px,_, (22)

the general form for a second-order linear system.
In this the parameters A and g will be functions of
a, and a,. However, looking at eq. (20) we note
that for @, = 1 we obtain eq. (12), the transform of
a first-order linear system. Since

L 2=k
T 24k,

a, would approach 1 for very small values of k, i.e.
for long turnover times of the surface reservoir. In
such a case the return flux v, will be very small
compared to u,.

We are thus led to consider equations of the
form

(23)

n n
W= 2 ay, t Zhx,_+c (24)
k=1 k=0
as appropriate expressions for an n-reservoir
system. Such an expression includes all possible
variations in the arrangement of fluxes between the
n reservoirs as well as the effect of various ways of
approximating the continuous functions. For every
such arrangement there will be a specific set of a,’s
and b.’s. In theory it should, therefore, be possible
to select the proper model structure from a study of
the empirical set of a,’s and b,’s because of various
restrictions placed on the parameters in the model.
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Since the system is linear we can consider only the
perturbation on the atmosphere—earth’s surface
system caused by fossil fuel combustion, imposed
on a presumed stationary state where x, had been
zero for a very long time. The constant ¢ has to be
added to take care of some mean properties in x,
and y,.

Evaluation of the parameters in eq. (24) can, of
course, be done in the usual way by using least-
square fit to the data in Table 1. The procedure is
then one of a multiple regression and we can apply
statistical criteria to describe the success of the
procedure. However, there will be a limit to the
number of.parameters to be estimated, which
depends on the significance requirements set up.

4. Results

The analysis was done with the aid of a
computer programme for multiple regression
analysis which computes coefficients stepwise with
increasing number of “independent” variables. One
run considered a first-order process, i.e. the first
case considered.

1. The simplest case has only curiosity value
and consists of the fitted equation (16 pairs of
variables)

¥,=1.0542y,_, + 0.6006

(R? being the “multiple” regression coefficient
squared) which tells that the increase in at-
mospheric carbon dioxide fits nicely an exponen-
tial. It appears as if originating from an initial
concentration y, = —(0.6006/0-052) = —11-6.
Since our zero level is at 316 ppm y, should be
304.4 ppm.

2. Next, the source term x, is added which gives

y,=0.5291y,_, +0.7269 x, — 5.852
R?=0.9964

Both coefficients are highly significant (different
from zero). Here, a y,-value is derived by setting
x=0, ¥y, = yo_, = Yy, We obtain y, =
—(5.852/1.05291) = —12.4, ie. at 303.6 ppm. As
to k, the transfer rate we obtain this from (1/1 + k)
= 0.5291, i.e. k = 0.89. This seems very high.
Using the “better” approximation we have (2 — k)/
2 + k) =0.5291 and k = 0.616, more reasonable.
According to this about 62% of the atmospheric
“excess” of carbon dioxide is taken up by the
earth’s surface yearly.

R?=0.9929
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3. This case includes two x, terms and reads

y,=0.6020y,_, + 0.8144 x, — 0.1960 x,_,
—4976  R?=0.9965

The fit is thus about as good as in the previous
case. The y, becomes (—4.976/0.3980) = —12.5, a
carbon dioxide concentration of 303.5 ppm, nearly
the same as before. For k, the transfer rate we use
(2 - k)/(2 + k) = 0.602, k = 0.491, hence 49% per
year transfer of the atmospheric excess. This case
then looks quite good. However, the weighting of
the x, and x,_, is not equal as eq. (5) demands. This
is, of course, a question of timing observations with
the input. We find, however, from the analysis that
the coefficient —0.1960 is not statistically signifi-
cant, whereas the other coefficients are, using
conventional significance criteria.

Turning now to second-order linear models, the
computation of transfer rates becomes very com-
plicated, depending ultimately on the model struc-
ture used. As to the cases considered we obtain

4. y,=0.4544y,_,+0.1102y,_, + 0.6878 x,
— 5444 R?=0.9959.
5. 9,=0527Typ,., +0.1061 y,_, + 0.7742 x,
—-0.1899 x,_, — 4.610 R?=0.9960.
6. y,=0.6413y, ,—0.3641y, , + 0.7497 x,
—0.5732x,_, + 09209 x,_, — 8.791
R?=10.9975.

Firstly, considering the fit we notice no improve-
ment comparing cases 4 and 5 to case 3. Only the
last case increases R? a little. Secondly, in all the
cases only the first autoregression coefficient is
significant, i.e. the coefficient for y,_,. The
coefficient for y,_, is not significantly different from
zero. For that reason alone we may question the
applicability of the second-order model. It is

xth—— M —>wit
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Fig. 3. Another possible two-box model of atmospheric
carbon dioxide flux. w(/) is, say, direct loss to deep water
or uptake by the terrestrial biosphere. In that case M, (1)
may represent the sea surface reservoir.
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Fig. 4. Yearly averages of atmospheric carbon dioxide.

interesting to note that for case 6 the most
reasonable model structure seems to be that one
pictured in Fig.3 with w, dominating over u,.
However, the data hardly warrant a detailed
computation so far. Maybe in future, when more
data are available it can be justified.

As to y, in the three cases we obtain it as before
by putting x,, x,_, and x,_, equal to zero and
assume y, =y, , =y,_, =Y, This gives

case 4 Ye=304.0
case 5 Yo =1303.4
case 6 yo=303.8

hence, about the same as before.

The various equations can be used to compute
concentrations y, from inputs x, starting the series
where y,_, = 0 or for a second-order model, where
Yi—» = 0. In this computation all succeeding y,_,
and y,_, used are those computed earlier. Three
sets of computed values are shown in Fig. 4
together with actual observations. One set is
computed from case 2, i.e.

y,=05291y,_, + 0.7269 x, — 5.852
the second from the 6 equation,

y,=0.6413y,_, — 03641y, , + 0.7497 x,
—0.5732x,_,+0.9209 x,_, — 8.781
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The third represented by the line is the simple
exponential increase obtained in case 1. As Fig. 4
demonstrates, the fit to observed data is remark-
ably good. The difference between the sets of
computed values, is not very pronounced except for
the exponential case.

The result is to some extent disappointing. The
past records do not contain much information on
the system. One reason for this, perhaps the most
important, is the “deterministic” nature of the input
function x,, being almost exponential. This effect
can be demonstrated by the following example.
Consider eq. (24) with x,_, being a geometric
progression given, say, by

xt—k=ﬂxt—-k—l (25)

This corresponds to an exponential increase in
continuous time (#> 1). Obviously we can also
write

X =P *x, (26)

so that eq. (24) could be written

Vi= 2 ay+x 2 bp* @n
k=1 k=0

Now we assume that a solution to this is also a
geometric progression such that

Vix=a"y, (28)
With this relation eq. (27) becomes
n n
Ve=V: X aka‘k + X, z bkﬂ_k (29)
k=1 k=0
ie. "
2 b+t
yy=—t=t—.x, (30)
1—- 2 g™
k=1

Since x, is a geometric progression y, will also show
a geometric progression, hence relation (28) is
valid. We can thus write

€3]

where 4 is a constant, when the input term is a
geometric progression. A will of course depend on
the number of boxes and their internal arrange-
ment. However, eq. (31) permits estimate of two
parameters only one of which is a measure of
means. Only one parameter describing the system
can be obtained irrespective of how many boxes
are employed in the model. The answer is trivial.

¥, = Ax, + constant
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For an exponential input the output will be an
exponential function irrespective of the order of the
model, as long as it is linear. This is perhaps one
reason for the “success” of various linear models
proposed in the past. And it explains why it is
difficult to extract any reliable information on the
system from the data. Nor is the observed increase
in atmospheric carbon dioxide of much help in
validating models. Another reason for the poor
success may be inherent in the Mauna Loa data.
We may raise the question: Do the yearly averages
from Mauna Loa really represent global yearly
averages? This means that we do not require that
the Mauna Loa data be exactly global averages but
the analysis requires that the Mauna Loa data
should be proportional to the global averages. If
they are not, a “noise” is introduced into the
calculations which increases the uncertainty of the
parameter estimates. Since most of the carbon
dioxide is released in the northern hemisphere there
must be a large-scale eddy flux into the southern
hemisphere. The large-scale eddy pattern over the
tropics is in no way stationary from year to year.
Hence, the effectiveness of the transport across the
equator may fluctuate from year to year or at least
may show some climatic fluctuations. Hence, also
the Mauna Loa yearly means may contain climatic
fluctuation patterns.

In Fig. 5 differences between observed and
computed for cases 3 and 6 are shown and it is
seen that the differences display a considerable
persistence resembling to some extent short-term
climatic fluctuations. At first sight one would
perhaps interpret this as a failure of the model.
Although the models are primitive they would
hardly respond in this way for a steadily increasing
output of carbon dioxide. Hence, climatic fiuc-
tuations are more likely.

A final note on the y,’s, discounting case 1 which
is not of much interest. In the other cases the
standard deviation of this estimate is close to
4ppm. Hence, the computed y,’s could be
somewhere between 300 and 310 ppm. The value
normally quoted for the pre-industrial state is
290 ppm, thus well below y,.

The computed y,’s can in general not be taken to
represent initial atmospheric carbon dioxide con-
centrations. The exception to this is case 1 provided
the output had been a simple geometric progression
at all previous times. Since this is doubtful, an
extrapolation back in time is hardly permitted. In
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Fig. 5. Differences between observed and computed CO, for two different models.

all the other cases y, is the equilibrium con-
centration which would be obtained some years
after the output of fossil CO, stopped. The actual
decrease during such a phase can be simulated
easily from the equations given. Hence, y, is more a
predicted value than an extrapolation back in time.
The expectancy value of y, in those cases is
independent of the source function x,. There is an
implicit assumption made in the calculations.
Somewhere in nature there is an infinite pool of
CO, which takes care of all excess due to fossil
combustion. Hence, any pre-industrial state must
be the same as a post-industrial state. In reality this
is of course not true. The real pool is not infinite, so

whatever is taken up is likely to increase the pre-
industrial equilibrium level. Unfortunately, because
of the near exponential increase in output, it is not
possible to obtain information from the data on this
large pool, presumably represented by the deeper
parts of the oceans.

With this in mind one can provisionally consider
the y,’s computed as the new equilibrium level in
the atmosphere caused by past inputs of “excess”
CO, into the oceans. However, even so it cannot be
taken to be a very accurate measure of this new
level.

The equations derived can of course be used for
predictions.
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ITPOBJIEMA ATMOC®EPHOT'O YIJIEKUC/IOIO T'A3A

TlpencraBner aHanuz naHHbIX Mayna Jloa mo
TIBYOKHCH YT/epojia, pacCMaTpHBaeMbIX KakK JHHeM-
Haf CHCTEMa C OLEHMBAaEMBIM IPOK3BOACTBOM
IBYOKHCH YIJIepOAa H3 MCKOMAaeMbIX TOMIHB Ha
BXoOe U C HaﬁﬂlollaeML[MH CPEAHCrOAOBBIMH 3Haye-
HUSMH KOHLCHTpAalUMHM ABYOKHCH yrjepodga B arT-
Mocd)epe Ha BBIXOXIE. ARnanu3 AAH HA OCHOBE OUCK-
PETHOrO BPEMECHH C OJHHM TOAOM B Ka4yeCTBe Llara
mo BpemeHu. M3-3a 6IM3KOro K 3KCHOHEHIHATIBHOMY
pocTa B MPOH3BOACTBE MCKOMAEMOro TOIUIMBA HE
TaK YK MHOTO HHPOPMALMHK O NapaMeTpax CHCTEMbI
MOXHO M3BJIEYb M3 JAHHBIX 33 MCKIIOYEHHEM TOFO,
4TO B HacTosmee Bpema 50-609% ‘‘H3bpiTka’’
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aTMochepHOTO YIJIEKHCAOTO ra3a 3a roj hepe-
HOCHTC K 3€MHOM nNOBEpXHOCTH (OKeaHbl M NOBe-
pxHocTH cymu)., OgHaKo, pe3ynbTaThl YKa3blBaioT,
YTO JOHHAYCTPHANbHBIA DPABHOBECHHIA yPOBEHB
NBYOKHCH yrjiepojaa B aTtMocdepe MOr yBeJHMYHTLCS
N[O  Pe3ynbTHPYIOLIEro  ‘‘PaBHOBECHOTO’’  YPOBHA
npumepHo Ha 10 npomuine Bbime. 3TO, OAHAKO,
MOXeT OBITh H3-3a MEAJICHHOM CKOPOCTH oOMeHa
Mexay rayOMHHBIMH BoAamMM okeaHa u ero Gonee
NOBEPXHOCTHBIMM  CJIOSIMM, [apaMeTpa, KOTOpbIif
HEBO3MOXHO TMOJYYHTb M3 MMEIOILMXCA BXOAHLIX H
BLIXOJHBIX AAHHBIX.



