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ABSTRACT 
Diagnostic analyses of the spectra and nonlinear exchange of the kinetic energy (K), enstrophy 
(E), and available potential energy (A) are made using the degree of the Legendre polynomial 
expansion, n, as a two-dimensional spectral index. Results are presented for a data set covering 
the period from December 19, 1971 to February 27, 1972. The spectra of K, E, and A have 
slopes close to -3, -1 ,  and -3, respectively for large n. K and E cascade nonlinearly from the 
scales of intermediate n to the scales of large and small n. A cascades from n = 1 and 2, 
particularly the latter, to scales with larger n. The fluxes of nonlinear exchanges of K, E, and A 
are also evaluated to investigate if an inertial subrange exists. No firm conclusion for the 
existence of this subrange can be made. 

1. Introduction 

Diagnostic study of energy spectra and non- 
linear exchange of energy in the large-scale 
atmospheric flow is an interesting meteorological 
problem. A -3 power law over a certain range of 
kinetic and available potential energy spectra has 
been observed, e.g. Wiin-Nielsen (1967). The 
kinetic energy has been found to be transferred 
from the intermediate scales to the planetary and 
small scales (Saltzman, 1970; Steinberg et al., 
1971), while the enstrophy and available potential 
energy are transferred from large to small scales 
(Steinberg et al., 1971). 

The nonlinear exchanges of kinetic energy and 
enstrophy among different wave components have 
been investigated by Fjortoft (1953) in a theoretical 
analysis of nonlinear interaction of a barotropic 
nondivergent flow in two-dimensional motion. 
From theoretical studies of two-dimensional turbu- 
lence, Kraichnan (1967) and Leith (1968) sug- 
gested that an inertial subrange corresponding to a 
-3 power law may exist. It is characterized by a 
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constant flux of enstrophy and a vanishing flux of 
kinetic energy through the spectrum. These 
theoretical proposals were shown to exist by Lilly 
(1969 and 1972) in a numerical simulation of two- 
dimensional turbulence. Furthermore, Charney 
(1 97 1) showed analytically that the available 
potential energy spectrum should possess a -3 
slope over a spectral range where the kinetic energy 
spectrum displays the same sort of slope. For 
models with low vertical resolution, Merilees and 
Warn (1972) show that the available potential 
energy should obey a -5 power law, while the 
kinetic energy should follow a -3 power law. 

Efforts have been made observationally (Stein- 
berg et al., 1971) and numerically (Steinberg, 1973; 
Barros and Wiin-Nielsen, 1974) to investigate the 
possible existence of an inertial subrange in the 
large-scale atmospheric flow. Difficulties were 
encountered most likely because the one- 
dimensional spectral index of conventional longi- 
tudinal wavenumber is used in those studies, 
while the theory of FjortoR, Kraichnan, and k i t h  
are developed in a two-dimensional flow. 

In order to take the anisotropy of atmospheric 
data into account and to extend the conventional 
empirical study of atmospheric energy spectra and 
nonlinear exchanges of atmospheric energy and 
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enstrophy to a two-dimensional domain, the degree 
of Legendre polynomial expansion, n, has been 
proposed by Baer (1972 and 1974) and Wiin- 
Nielsen (1972) to replace the one-dimensional 
longitudinal wavenumber. Baer (1972) indicated 
that the inertial subrange possessing a -3 slope in 
the kinetic energy spectra might exist between 14 < 
n < 25, while Wiin-Nielsen (1972) suggested the 
evaluation of the nonlinear cascades of the kinetic 
energy and enstrophy using the two-dimensional 
spectral index. 

A data set for December 19, 1971-February 27, 
1972, consisting of 10 levels (1000, 850, 700, 500, 
400, 300, 250, 200, 150, and 100 mb), has been 
used to analyze the spectra of kinetic energy, 
enstrophy, and available potential energy, and their 
nonlinear exchanges as a function of the two- 
dimensional spectral index. Fluxes of nonlinear 
exchanges are also evaluated to verify the possible 
existence of an inertial subrange in the large-scale 
atmospheric flow following Leith and Kraichnan's 
criteria. However, the present investigation can be 
regarded as an extension of Wiin-Nielsen's (1972) 
and Steinberg et al.'s studies. 

2. Formulation 

The kinetic energy (K), enstrophy (E),  and 
available potential energy ( A )  per unit area of non- 
divergent flow can be expressed in terms of stream- 
function ( w )  and temperature (7') as follows: 

(31 

where p = sin 4, 4 = latitude, and other notation for 
physical variables is conventional. The vorticity 
and thermodynamic equations of nondivergent, 
adiabatic, frictionless atmospheric motion are, 

and 

(4) 

where J's are Jacobians. 

expressed in a series of the form, 
Streamfunction and temperature fields can be 

w n  

v ( 4 , ~ O  = 1 1 vMP!$" (6) 

T(n,p,O = 1 1 Ti(t)PL(p)ei" (7) 

n = O  I = - n  

w n  

n=O I = - n  

Since C = V2 v, we also have, 

where P',(u) is the associated Legendre function. 
Baer (1972) and Wun-Nielsen (1972) proposed to  
use the degree of the Legendre polynomial, n, as a 
two-dimensional spectral index for the atmospheric 
energy and enstrophy spectra. Substituting (6)-(8) 
into (l)-(3), and using n as spectral index, we can 
express K,  E,  and A ,  in the forms 

where 6 is a delta function, that is, do, = 1 (or 0) as 
1 = 0 (or I # 0). Comparing (8) and (9), we find Ef, 
= [n(n + l ) /a2]Kk.  Notice that the summations 
over the two scale indices I and n may be inter- 
changed. By doing so, one can express K ,  E, and A 
in terms of the longitudinal wavenumber. 

Substituting (6)-(8) into the time derivative of 
( l t ( 3 )  and using the vorticity and thermo- 
dynamic equations, (4) and (5), we obtain the n 
spectral equations of K ,  E, and A as follows: 
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dA 
dt 

n 

2 = L ,  = L!, 
I = O  

where asterisks signify a complex conjugate. Bf, 
and Cf, are the spherical harmonics coefficients of 
the Jacobian terms of the vorticity and thermo- 
dynamical equations, 

2Z 

- I' J(w ,  OP;;'e-'" dA dp (15) 
Bn-4R -, 
and 

In addition, we also can find J1, = [n(n + I)/a2]If, 
as Wiin-Nielsen (1972) remarked. 

The major purpose of the present study is to 
evaluate the n spectra of K, E,  and A ,  and the non- 
linear exchanges I,, J,, and L, of K ,  E,  and A ,  
respectively. 

3. Data 

To calculate the spectra of energy and enstro- 
phy, and the nonlinear exchanges using the two- 
dimensional spectral index, n, we need the spectral 
coefficients of streamfunction and temperature. 
Since the spherical harmonic functions are involved 
in the computation, and the data cover the 
Northern Hemisphere only, particular parity con- 
ditions must be assigned to meteorological vari- 
ables. The streamfunction is assumed to be odd, 
while the temperature is even. 

The temperature and wind fields used were 
obtained from the National Center for At- 
mospheric Research (NCAR), originated at the 
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National Meteorological Center (NMC) and 
analyzed by the method of Flattery (1970) or 
Cooley (1974). The spectral coefficients of the 
streamfunction are converted from those of vor- 
ticity, which were themselves created from the 
wind fields. The data consist of 10 levels (1o00, 
850, 700, 500, 400, 300, 250, 200, 150, and 
100 mb) available at OOOO GMT and 1200 GMT 
for the period of OOOO GMT December 19, 1971- 
0000 GMT February 27, 1972 with 12 missing 
periods. The spectral coefficients of temperature 
and streamfunction are created following Ellsaesser 
(1966). An outline of the transformation pro- 
cedures from the grid-point values to the 
spectral coefficients can also be found in Baer 
(1972). 

A triangular truncation with n = 3 1 and 1 = 30 is 
used for the expansion of the data in spectral 
coefficients. A truncation higher than n = 25 is 
used to insure recovery of the highest analysis 
modes. It must be kept in mind that contributions 
beyond n = 25 are not representative of observed 
data. 

The values of static stability in each level are 
computed by linear interpolation from those 
calculated by Gates (1 960) for January case. 

4. Energy and enstrophy spectra 

Several investigations have been dedicated to the 
energy spectra as a function of the two- 
dimensional spectral index, n. Wiin-Nielsen (1972) 
used the spectral coefficients of height ruld 
kinetic energy created by Eliasen and Machenhauer 
(1965 and 1969) and by Merilees (1966) at the 
500 mb level, and obtained slopes of -3 and -5 
respectively, in the kinetic and available potential 
energy spectra for large values of n. Burrows 
(1976) used a multi-level wind field for the first 2 
weeks of August, 1970, and found that a -3 slope 
of the kinetic energy spectra occurred in the upper 
levels. Based upon a 5-level wind field of January 
and February, 1969, and a 5-level temperature 
field of January, February, and March, 1970, Baer 
(1972 and 1974) found that a -3 slope exists 
in the kinetic and available potential energy 
spectra between 14 6 n < 25. 

The data set used in the present study have 
better vertical resolution (10 levels). The kinetic 
energy and enstrophy may be evaluated directly 
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from the spectral coefficients of the streamfunction 
and are connected by a simple relation shown in 
Section 2. It is desirable to re-examine the energy 
and enstrophy spectra in the two-dimensional 
spectral index, n, by using the current data sample. 
The primary assumption for the inertial subrange 
of the two-dimensional turbulence is that this range 
of the spectrum does not contain the energy- 
generating eddies. Based on the stability analysis of 
a quasi-geostrophic model and data accuracy, Baer 
(1972) concluded that the most proper scale range 
for testing two-dimensional turbulent energy ex- 
change from current atmospheric data is 14 < n < 
25 where no baroclinically forced eddies exist. 

Empirical studies of energy spectra of large-scale 
atmospheric flow in the two-dimensional spectral 
index mentioned above have shown that a power 
relationship exists between the energies and the 
scale index, n, e.g. the kinetic energy in the form of 
K, = anb, where a and b are constant determined 
by regression methods. In order to determine the 
power law between 14 < n < 25 in our results, we 
write the relation between the spectral components 
of K, E, A ,  and n in the form, 

log (3 = log 3 + [ 9 log n 
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Fig. 1 .  The kinetic energy K for the total atmosphere as 
a function of a two-dimensional spectral index (n) plotted 
on logarithmic scales. 

Fig. 2. The vertical mean enstrophy E as a function of a 
two-dimensional spectral index (n) plotted on logarithmic 
scales. 

7'0 r 

4 . 0 1  3.5 

5 I0 15 20 2530 3.0 

n 
Fig. 3. The available potential energy A for the total 
atmosphere as a function of a two-dimensional spectral 
index (n) plotted on logarithmic scales. 
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where a’s and b‘s can be determined by linear 
regression. The lower subscripts of a and b in eq. 
(17) denote the associated physical variable. The 
time mean and vertical integral spectra of kinetic 
energy, enstrophy, and available potential energy 
are respectively shown in Figs. 1-3. 

Fig. 1 shows that a vertical mean slope of b, = 
-2.6 exists for 14 Q n Q 25. The b, values at 
various pressure levels are displayed in Table 1. 
The vertical mean value of b, in this study is 
slightly smaller than Baer’s (1972). In addition, 
Baer also found that b, has a maximum value at 
250 mb, while our b, is almost constant from 500 
mb to 200 mb. Firstly, we have to  keep in mind 
that Baer’s analysis was based upon the total wind 
field, while our results are evaluated by using the 
rotational component of the wind only. 
Nevertheless, it has been shown by Chen and Wiin- 
Nielsen (1976) that the rotational wind component 
gives a good representation of the total wind. Baer 
used only the wind field of 5 levels, 700, 500, 300, 
250, and 200 mb. Table 1 shows that b, has a 
value of approximately -3 at those levels. It is 
apparent that the vertical mean value of b, is 
reduced by the smaller values of b, in the lower and 
upper layers. The small values of b, at the lower 
levels indicate that the smaller scales have more 
energy as would be expected from baroclinic 
stability theory. Furthermore, the dynamics in the 
stratosphere are different from that in the tropo- 
sphere. We cannot expect that the values of b, at 
100 mb should be similar to those in the tropo- 
sphere. The values of b, at various pressure levels 
in Table 1 indicate therefore that the two- 
dimensional turbulence theory may be properly 
applied between 700 and 200 mb. 

It has been pointed out in Section 2 that the n 
spectral component of enstrophy, En, may be 
obtained simply by multiplying K, with n(n + 
l)/a2. In other words, we can predict Ib,l - Ib,l N 

2. Fig. 2 and Table 1 show that the vertical mean 
b, = -0.6. Steinberg et al. (197 1) found that the 

transient part of enstrophy in the large wave- 
number range possesses a slope of about -1, but 
their result was evaluated for a one-dimensional 
scale index. The argument for the vertical variation 
of b, above applies equally well to b,. Thus, b, has 
a value of about -1 between 700 and 200 mb 
levels. 

The available potential energy spectrum in Fig. 3 
shows that the vertical mean value of b, is about 
-3. This value is similar to the one obtained by 
Baer (1974) and is identical to  Charney’s (1971) 
prediction. The variation of b, at various pressure 
levels is also displayed in Table 1 and is similar to 
Baer’s (loc. cit.) result. b, has two minimum values 
at lo00 and 300 mb, and a maximum value at 700 
mb. The vertical variation of b, is very different 
from those of b, and b,. A possible reason for the 
small b, at 300 mb was discussed by Baer and is 
probably due to the pronounced variation of static 
stability. The small b, at lo00 mb may be due to 
the relative high energy contained in the eddies with 
higher values of n. At any rate, the comparison of 
the vertical variation between b, and b, shows that 
it would be best to test the existence of an inertial 
subrange with -3 slope by using the stream- 
function rather than the temperature field as Baer 
( 1  974) suggested. 

Finally, we would like to comment on the 
influence of spectral components n > 25. It is 
shown clearly in Figs. 1-3 that the slopes of K, E, 
and A are steeper than between 14 < n < 25. This 
indicates that the smoothing of the data may 
reduce energy in the shorter scales. Nevertheless, 
this speculation has to be tested with data accurate 
in the short scales (Baer, 1972). 

5. Nonlinear cascades of energy and 

The first step to evaluate the nonlinear exchange 
of kinetic energy, enstrophy, and available potential 
energy among different n scales, I,,, J,,, and L,, is to 

enstrophy, and inertial change 

Table 1. Values of the slope b,. b,, and b, as function ofpressure 

Pressure Vertical 
(mb) lo00 850 700 500 400 300 250 200 150 100 average 

~~ 

b, -1.3 -2.4 -2.7 -3.0 -2.9 -2.9 -2.9 -2.9 -2.6 -2.0 -2.6 
b, 0.7 -0.4 -0.7 -1.0 -0.9 -0.9 -0.9 -0.9 -0.6 0.0 -0.6 
b, -1.8 -2.8 -3.8 -3.5 -3.5 -2.1 -2.4 -2.9 -2.9 -3.1 -3.0 
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calculate the spectral coefficients of Jacobian terms 
of the vorticity and thermodynamic equations, i.e. 
B1, and C1, in eqs. ( 1 5 )  and (16).  There are two 
methods of computing BI, and C;. One is the 
interaction coefficient method (Platzman, 1960), 
and the other is the transform method 
(Machenhauer and Rasmussen, 1972). To save 
computation, the latter method is applied in the 
present study. I,, J,, and L,  can be evaluated by 
(12),  (13 ) ,  and (14).  The time mean and vertical 
integral of I,, J,, and L ,  are shown in Table 2. 

Based upon the one-dimensional spectral index, 
I ,  i.e. the latitudinal wavenumber, it has been 
observed from the diagnostic studies of at- 
mospheric data that the kinetic energy is transfer- 
red from intermediate scales to large and small 

Table 2. Time mean and vertical integral andlor 
mean of nonlinear exchange of kinetic energy, I,, of 
enstrophy, J,, and of available potential energy, L,. 
Unit: I,, erg cm-2 s-'; J,, s-~ ;  L,, erg cm-2 s-I 

n In  J, L" 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 

-69 

-!! -9 1 840 

-598 
480 

-268 
-60 

-141 
-101 

-35 
-139 
-133 

-56 
-90 
-30 
-42 

10 
-19 

18 
26 
23 
30 
41 
27 
37 
16 
30 
13 
13 

-877 

47 

-8 1 
87 

-15 
-73 
-79 
-38. 
-68 
-24 
-38 

10 
-22 

22 
35 
34 
5 1  
69 
49 
72 
33 
89 
30 
32 

289 

-12 
-5 108 

83 
375 
217 
184 
475 
598 
380 
473 
347 
321 
283 
202 
182 
143 
128 
104 
78 
89 
72 
68 
64 
64 
46 
29 
26 
25 
22 
25 
17 

scales (e.g. Saltzman, 1970: Steinberg et al., 1971). 
The energy source of intermediate scales comes 
from the conversion of available potential energy 
due to the occurrence of baroclinic instability. The 
results of observational studies are consistent with 
Fjrartoft's theory. In fact, Fjartoft's theory was 
developed in a two-dimensional spectral domain. In 
order to take the anisotropy of atmospheric data 
into account, it is more proper to examine how the 
energy and enstrophy is nonlinearly transferred in a 
two-dimensional spectral domain. Table 2 shows 
clearly that the kinetic energy, in general, is 
transferred from intermediate n scales to large and 
small n scales. This result confirms the theoretical 
argument of Fjartoft's blocking theorem in n index 
by Wiin-Nielsen (1974) and Merilees and Warn 
(1974). If we separate n scales into three groups: 

1 < n < 7 ,  8 < n < 1 4 , '  and 1 5 ' < n < 3 1 ,  

we find that a large portion (830 ergs cm-* s-I) and 
a very small portion (47 ergs cm-* s-I) of kinetic 
energy are exported from intermediate-n scales (8 
< n < 14) respectively to small-n scales (1  < n < 7 )  
and large-n scales ( 1 5  < n < 31). The nonlinear 
cascades of kinetic energy in the two-dimensional 
spectral index are similar to those in the one- 
dimensional spectral index. 

It is interesting to compare our results of I ,  with 
Burrows (1976). The general features of both 
studies are similar, but there are two distinct 
differences: ( 1 )  The magnitude of I ,  is larger in 
the current study. This is because the data used 
in this study are a winter case, while Burrows 
used summer wind fields; ( 2 )  No contribution 
comes from n = 0 to I ,  in this study. It is because 
B! when integrated over the whole globe is zero 
when the streamfunction alone is used to evaluate 
the Jacobian term in the vorticity equation. 

It was pointed out in Section 2 that Jn is related 
to I ,  by a factor of n(n + l ) /a*.  In other words, J ,  
can be obtained simply by multiplying I ,  by n(n + 
] ) / a 2 .  J ,  displayed in Table 2 shows similar 
features to I,. That is, enstrophy is exported 
from intermediate-n scales to large- and small-n 
scales. There are very marked differences between 

Baer (1972) suggested the division between 
intermediate- and large-n scales is at n = 14. In order to 
reconcile the results of this study with conventional 
studies of one-dimensional spectral indices, we chose n = 
15. 
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I,, and J,. The enstrophy cascade is very small (39 
x lo-” s - ~ )  to small-n scales and large (393) to 
large-n scales from intermediate-n scales. Steinberg 
et al. (1971) found that enstrophy is transferred 
from the large- to small-scale motion with a very 
small accumulation in the intermediate scales in 
one-dimensional domain. It is obvious that the non- 
linear exchange of enstrophy in the two- 
dimensional spectral domain is very different from 
that in the one-dimensional spectral domain. 

The nonlinear cascade of available potential 
energy, L,, is shown in the last column of Table 2. 
Available potential energy is exported from n = 1 
and 2. with an extremely large amount associated 
with the latter, to scales of other n values. 
Intermediate-n scales obviously receive a greater 
amount of available potential energy than large-n 
scales. Notice that Lo makes no contribution to the 
nonlinear exchange of available potential energy in 
the spectral index. It is because T! has been 
excluded when A is evaluated. It implies, in turn, C! 
= 0. The spectral distribution of L ,  is similar to the 
non-linear exchange of A in a one-dimensional 
spectral domain as obtained by Steinberg et al. 

From their theoretical study of two-dimensional 
turbulence, Leith ,( 1968) and Kraichnan (1967) 
suggested the existence of an inertial subrange, 
corresponding to a -3 power in the kinetic energy 
spectrum, and characterized by a constant flux of 
enstrophy and a zero flux of kinetic energy. In 
order to examine whether an inertial subrange 
satisfying ki th’s  and Kraichnan’s criteria exists, 
let us introduce flux functions. FK = FK(n) for 
kinetic energy, FE = FE(n) for enstrophy, and FA = 
FA(n) for available potential energy. Following 
Leith, we define: 

Using the observational value of I,, Jn, and L ,  
shown in Table 2, we can evaluate flux function, 
FK, FE, and FA by integrating (18). The integral of 
horizontal advection terms of kinetic energy and 
enstrophy equations over a closed domain 
vanishes. This indicates that the integrations of I,, 
J,, and L ,  through all n scales are zero. It also 
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Fig. 4. The flux function for kinetic energy as a function 
of a two-dimensional spectral index (n). 

implies that F(0) = F(nmaX). We shall select FK(0) = 
FE(0) = FA(0) = 0. 

Fig. 4 displays the flux of kinetic energy as a 
function of n. The n spectral distribution of FK is 
similar to that obtained by Steinberg et al. (197l), 
and Barros and Wiin-Nielsen (1974) in the one- 
dimensional index domain. The most interesting 
difference between observational studies of Stein- 
berg et al.’s one-dimensional FK and our two- 
dimensional FK is that the ratio of the largest 
positive FK to the largest negative FK i s  much 
smaller in the current study. 

The flux of enstrophy is depicted in Fig. 5 .  The 
spectral distribution of FE using the two- 
dimensional index is somewhat different from that 
in the one-dimensional index obtained by Steinberg 
et al. It is found that FE < 0 for small-n scales in 
the current study, while Steinberg et al.3 flux of 
entrophy is positive over all wavenumbers. The 
reason for negative values of FE in the small-n 
scales is that the enstrophy is transferred from 
intermediate-n scales to small- and large-n scales in 
two-dimensional spectral domain. On the contrary, 

n 
Fig. 5. The flux function for enstrophy as a function of a 
two-dimensional spectral index (n). 
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the enstrophy cascades from large scales to small 
scales with little accumulation in intermediate 
scales in the one-dimensional spectral domain. 

It is interesting to note that the studies of 
Steinberg et al., Barros and Wiin-Nielsen, and the 
present study find that the flux of enstrophy decays 
to insignificant values for large n. Barros and Wiin- 
Nielsen discussed that the decrease of FE for large 
n implies a viscous range in which a balance exists 
between the flux of enstrophy from small to large n 
values and the dissipation of enstrophy by various 
processes. Thus, they concluded that the cascade of 
enstrophy is better described by an exponential 
decrease by taking the viscous effect into account. 

It has been shown in the last section that the 
spectra of kinetic energy and enstrophy obey 
certain power laws in the range 14 < n < 25. 

where S N n/r, r is the radius of the earth, and q is 
the enstrophy flux. The exact expression of S which 
Wiin-Nielsen (1972) used is S = d m ) / r  - 
n/r  as n is large. In order to determine the non- 
dimensional constant C, let us follow Steinberg et 
al. (1971). The kinetic energy spectrum can be 
expressed as 

K,(n) = (20) 

in the n index. If we adjust the slope of b, in Fig. 1 
to be -3, then we may find a N 1.0155 x lo8 joule 
m-2. Combining (19) and (20), and noting that (20) 
has to be integrated over the whole depth of the 
atmosphere, we obtain 

K ,  = C5qU3rln-3 (21) 
g - 

Furthermore, neither FK is zero nor FE is constant Taking the average of enstrophy flux Over 14 < n < 
over this spectral range. But F, in Fig. 4 is not 
significant, while FE in Fig. 5 is dominant in the 
range l4  < < 25. In view Of the spectral 
distribution of FK and FE in the present study or 
compared with those in Steinberg et al.’s, it seems 
more resonable to postulate that an inertial sub- 
range might exist in the spectral range between 14 
< n < 2 5 .  

25 as shown in Fig. 5 ,  we have l o - ~ ~  
s-3. The nondimensional constant in (19) can be 
evaluated by (21), C N 4.6. This value is very close 
to Lilly,s (1969) value. 

1: 3g5 

6 Concluding remarks 

The flux of available potential energy as a 
function of n shown in Fig. 6 is very similar to the 
results of Barros and Wiin-Nielsen’s numerical 
experiment. FA for 14 < n < 25 is not so small as 
Barros and Wiin-Nielsen’s result for large wave- 
numbers. 

Following kith’s (1968) formula for the spectral 
distribution of kinetic energy, Wiin-Nielsen (1 972) 
suggested that kinetic energy over the -3 inertial 
subrange obeys the expression, 

K ,  = C f 3  S-.’ (19) 

n 
Fig. 6 .  The flux function for available potential energy as 
a function of a two-dimensional spectral index (n). 

10-level (1O00, 850, 700, 500, 400, 300, 250, 
200, 150, and 1 0 0  mb) temperatures and stream- 
functions for the period of December 19, 1971 to 
February 27, 1972 are used to compute the spectra 
and nonlinear exchange of kinetic energy (K). 
enstrophy (E) ,  and available potential energy (A) 
using a two-dimensional spectral index, n, which is 
the degree of the Legendre polynomial. 

The spectra of K and E are generated from the 
spectral coefficients of the streamfunction, while 
the spectrum of A is obtained from the spectral 
coefficients of temperature. K, E, and A have, 
respectively, vertical-mean slopes of -2.6, -0.6, 
and -3.0 in the spectral range 1 4 < n < 2 5 ,  
the spectral range over which Baer (1972) 
suggested that there might be an inertial subrange 
of large-scale atmospheric flow. 

K is nonlinearly transferred with a large fraction 
from intermediate-n scales to small-n scales, and 
with a small fraction to large-n scales. The 
nonlinear exchange of enstrophy is related to that 
of kinetic energy by a factor of n(n + l)/a2. It is 
found that the enstrophy is exported nonlinearly 
with a small portion to small-n scales and with a 
large portion to large-n scales. In fact, the non- 
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linear exchange of K in the two-dimensional 
spectral scales is similar to that in the one- 
dimensional ones, while the nonlinear exchange of 
E is very different. A cascades from n = 1 and 2, 
particularly the latter, to scales of other n-values. It 
is observed that a large amount of A is transferred 
to intermediate-n scales and a small amount to 
small-n scales. 

FK, FE and FA, the fluxes of nonlinear inter- 
actions of K, E, and A among different n scales, are 
obtained, respectively, by integrating the nonlinear 
interactions of K, E, and A through their spectra. It 
is found that the spectral distributions of FK, FE, 
and FA are generally in agreement with the one- 
dimensional spectral results obtained by Steinberg 
et al. (197 I), and Barros and Wiin-Nielsen (1974). 
Although K and E spectra between 14 < n < 25 
obey certain power laws, they are not characterized 
by a constant flux of enstrophy and a zero flux of 
kinetic energy as Kraichnan (1967) and Leith 
(1 968) suggested. The nondimensional constant in 

the'specrral distribution of kinetic energy presented 
by Leith (1968) for 14 < n < 25 is also evaluated. 
The value of this constant in the present study is 
4.6 which agrees well with Lilly's (1969) estimate. 
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