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ABSTRACT

In continuation to Part 1,! which dealt with the steady state, tracer theory is extended to time-
varying systems. Most geophysical systems are recognized as time-varying when observed for a
prolonged time and in sufficient detail. We distinguish between explicit and implicit system
variability. The unique composition system response of the steady-state system, h°(7), is replaced
by three time-dependent system functions which relate to input and output conditions. Time
relations of the steady state are also generalized and illustrated heuristically by analogies to
biological populations. Input and output average transit times are defined, as well as their
ensemble or time averages. The distributions over transit time and age in the flux and volume are
generalized to the non-steady state. Examples of the different categories of non-steady state in

natural systems are indicated.

1. Introduction

In continuation of Part I of this article we try to
formulate the tracer theory in terms of non-steady-
state systems; to develop some areas of this theory;
to demonstrate its application on specific examples
in several areas of geoscience. We attempt, as
before, to do this in a unified and consistent form,
and will refer therefore to Part I as a basic form of
presentation, which will be expanded as required.
As this task may result often in undue formalism,
which is not our objective, we will try to indicate
conceptual and geophysical background, as space
permits.

Negative definition of the subject (non-steady
state) makes it practically intractable in all its
generality, except for statements about non-validity
of most theorems of steady-state theory.

In order to avert such a situation, we treat the
subject by classifying the systems into various
classes of variability such as: internal or external

! Reference to Part I of this paper (Nir and Lewis,
Tellus 27, 372-383, 1975) will be indicated by I followed
by the section, equation or figure number, e.g., 1,2.1.2.

parameter variability, piecewise steady system,
linear time-varying, stationary stochastic systems,
etc. Here we also try to associate the mathematical
form of presentation with physical structure.

The difficulty is enhanced by the fluid state and
fast rate of development in the mathematical theory
and numerical methods dealing with non-steady-
state systems. Undoubtedly a more satisfactory
presentation could be written in a few years’ time.
We believe, however, that the user of tracers has an
immediate need for some theoretical tools and
overview of the methods. Conversely, the know-
ledge of the unsatisfactory status of this area may
induce more vigorous efforts by the system
theorist.

2. List of symbols and definitions

Definitions of Part I are used whenever possible
and are not repeated here. Additional ones are:
()'—primed quantities, e.g. (g(¢))’, are deviations

from time average. However, primed differen-

tials in integration formulae refer to dummy
variables, e.g. 7', d7'.
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q®(£)—kth derivative of q(?).

hé(r;t)—time-dependent  composition
function.

h¢(r;t )—time-dependent system response function.

h¢,(1;t,)—time-dependent input weighting function.

K, (13t }—time-dependent output weighting func-
tion.

FY;"(T; L, — T) = qi(to - T) - F‘:“(T; L,— T)

response

3. Definitions and concepts for time-
varying systems

3.1. Formal definitions

A system is defined as time-varying if the
relationship between its input and output is time-
dependent (De Russo et al., 1965). Such a system
is explicitly time-varying but linear if the governing
parameters vary independently of the input and
system variables. If parameter variation is a
function of input or system variables, the system is
non-linear and, hence, implicitly time-varying. In a
steady state, i.e. when input and state variables
have constant values, a tracer experiment will not
discern this type of implicit time variability; see
also Section 3.4 and Jaquez (1972) and DiStefano
(1976).

Essentially all environmental systems may be
shown to be time-varying when observed for a
prolonged time and in sufficient detail. Real
systems are not envisaged as persisting from
infinite past to infinite future. Therefore consider-
ations of time scale and precision of observation
will determine whether or not the system under
consideration will be described as time-varying.

3.2. Variable parameter systems in the natural
environment

Several examples of natural processes and
systems characterized by time-varying behaviour
will be mentioned briefly.

(a) Geology. Processes comprising the geo-
morphological evolution of a region, e.g. tectonics,
climate, erosion and sedimentation, introduce time
variability in structural parameters over long time
scales. The climatic factors result from periodic
and stochastic processes with periods ranging from
diurnal and annual to thousands and millions of
years (Yevdjevich, 1971). Examples of chemical
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and physical processes altering the structure of
natural systems within relatively short time spans
include hysteresis in soil permeability as a function
of water content, chemical reactions between solute
and soil matrix and transport through compacting
sediments.

(b) Hydrology. Most processes involved in
mass and energy transfer in the hydrological cycle
are implicitly or explicitly time-dependent. Yevd-
jevich (1971) discussed the periodic-stochastic
nature of these processes as derived from astron-
omical cycles and the many sources of
stochasticity and attenuation in the environment.
The basic storage equation for a natural lake (Jeng
and Yevdjevich, 1966) is a clear example of time-
dependence in the equation governing a system:

‘%z(t) = q,(0) — 4,(0) = q,() — k(Y (1" (12)
or
v (1b)

T + k(Y ()" = gq,(t)

where V (1), the lake volume, is the system variable.
The exponent n comprises the ratio of exponents of
the outflow rating curve and the lake morphology
curve. The coefficient k(f) comprises both these
exponents and the lake volume and outflow.
Although n commonly varies between 0.25 and 4.0,
introducing nonlinearity, it is often given the value
of 1.0, defining a linear reservoir. However, in this
case, explicit time-dependence as retained through
k(f) may be due to evaporation and water level
manipulation by pumping or damming. The effect
of non-steady hydrological relations on the
equations of tracer concentrations in mixed lakes
has been discussed by Nir (1973).

The transport and mixing patterns in a lake may
be influenced implicitly by seasonal changes in
inflow rates, by relative changes in the contri-
butions of various components, e.g. streamflow,
groundwater seepage, direct precipitation and
evaporation. Explicit changes may be exemplified
by stratification changes caused by atmospheric
heat input or by wind stress, including winter turn-
over in monomictic lakes and, of course, man-made
changes.

These selected examples serve to emphasize the
need to deal with time-varying systems and to be
able to incorporate the tracer theory in elucidating
their structure.
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3.3. Time-dependent system response functions

As discussed in 1,2.1.2, the transit time distri-
bution of molecules in a system can be viewed
either as a system response or as a weighting
function. In analogy to the steady state we find the
system response by application of a unit impulse at
a given time, ¢. The observation of the fraction of
this input leaving the system at times ¢ > ¢, will
provide the system response function. The value of
this function will now depend both on the input
time ¢; and the transit time, T = ¢t — ¢, while in the
steady state it depended on 7 only. On the other
hand, the weighting function will be obtained by
observing the contribution of past inputs to present
output, at time ¢,. This will be discussed in more
detail in Section 3.4. Both functions were shown to
be equal to A(7) under steady-state conditions.

Fig. 1 illustrates these time relations for a
particular molecule which entered the system at

t,=t-T t to=t-T+r

e } 4
T T L
] : 1
| T ]
— : dt=dT=dr
|
L - :

Fig. 1. Time relations.

time f, has the “age” T at the instant of

observation ¢, and will leave the system at T, =
t — T + 1, after a transit time 7.

In analogy to I(1b) we can write for com-
position response of a time-varying linear system

9,0 =17 qt — Dhe(r;1) dt 2

Here h°(t;1) is a generalization of h°(7), being
dependent also on the parameter f. The time
parameter may be assigned one of several
meanings: the input time, ¢, output time, ¢, or
running time, {. We will indicate in each case the
nature of the parameter which will be selected to
suit the circumstances.

We will observe the time-dependent system
response by measuring the output q,(¢) after
application of a unit impulse at time ¢,, i.e. g(f) =
o(t — t,). We obtain, similarly to 1(2)

2,0 = I 8¢ — 1~ D ke(z;8) dr

=ho(t —t5t) (3a)
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Substituting t =t¢, + 7
go(t; + O = h(r;1) (3b)

In this representation the input time is emphasized
as a parameter of h°(z;¢)) to indicate our interest. It
is, however, a convention and other parameters
may be used if preferred.

Conservation of matter requires that the
cumulative output equals the input. We are
therefore justified to integrate the output from ¢, to
infinity and set the integral equal to the input, i.e. 1.

I3 gyt + D dr =I5 he(rst) dr = 1. @

In analogy to the steady state, the normalization of
the system response function holds also in the non-
steady state.

In cases in which ambiguity may arise we will
assign to the system response function a subscript
r,ie hS(tye).

In Fig. 2a, the position of some discrete values of
hé(z;¢) is shown in the plane determined by ¢ and ¢
coordinates. Fig. 2b shows these values in three-
dimensional representation, for an arbitrary res-
ponse function.

t
I,onL

7,
Io’hc,(n;t',)
PLACK]
A
Vd he(3; 1}
AN

A

Fig. 2. (a) System response function in the ¢—7 plane. (b)
System response function in three dimensions.

Fig. 3a and 3b show succeeding system response
functions for inputs initiated at times later than ¢,
As seen in Fig. 3b, the response functions may
differ in their shape, and are not necessarily parallel
displacements of h¢(z;¢;) as would have been the
case for a steady-state system. The discrete values
of the functions shown in Fig. 3b are tabulated in
Table 1.

3.4. Time-dependent weighting functions

An alternative interpretation of the transit time
distribution is derived from (2), by regarding it as
the input weighting function at a constant output

Tellus 30 (1978), 3
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ti+3 -— ﬁr(z’;ti)
' |

oo 2l R 2itie)
i1 oA E/;/h‘,(mi)
tl l i 1 "1‘ r-
2 3 T

ti+5

hs(r;!i)

Fig. 3. (a) Family of system response functions in the -7
plane. (b) Family of system response functions in three
dimensions.

time, ¢,, or that fraction of the input at time (¢, — 1)
contributing to the output at time ¢,

a,(t) = Iy qilt,— D K, (35 1, )dx. &)

We assign to it the subscript wi to indicate that the
weighting refers to the input at time r, — 7.

We can rewrite it in terms of system response,
noting that A{(z;¢)) has the same physical in-
terpretation as hS(z; (¢, — 7).

a,(t) =17 qt, — Dk (t, — 7)) dx. (6)

Normalization of A¢(z;(t, — 7),) is not ensured, as
was the case before, as the fractions given by
h(r; (¢, — 7)) refer here to different inputs.
Subsequent examples will emphasize this point.
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In Table 1a and Fig. 4 we observe that A,(;¢,)
is situated along the 7 coordinate, while h¢(;t) was
on the diagonal (Fig. 2).

A third representation of A°(z;f) is provided by
considering the fraction of the output flow g,(¢,)
which is contributed by the input at time ¢, — 7. We
designate this, the output weighting function, by
K (t;t). This function is normalized by its
definition as a fraction of the output at a given ¢,

Ig ke (T3 dr=1. ¢)
On grounds of physical identity we require the
fraction of input q(t, — 7) with transit time 7, to

equal that fraction of output, g,(¢,), which entered
at ¢, — 7. Using the definition of 4¢,(z;¢,):

q(t, — 1) K (T58) = q,(t,) hS(T5t,) ®
Therefore
t —_—
R (T3 t) = M ke (z5t,) (9a)
q,(t,)

At steady state q,(t, — 1) = g,(t,) = g; therefore
R (t3t,) = B, (t;¢,), and according to I(2) both are
equal to A°(7). This formulation will be of use
subsequently for the description of tracer behaviour
in non-steady-state systems. In the discrete form
(9a) becomes

q; (to - T)ha’i(r; to)

he (15t) =
w7 1) 2 q,t, — Dk (T3 1)

(9b)

Fig. 4 and the associated Table 1b compare the
input and output weighting functions for time ¢,
with an arbitrary inflow function. Table 1 uses
discrete values for simplicity of presentation.

In the probabilistic interpretation (Krambeck et
al, 1969) q(t, — 1) is proportional to the
probability of entry of a random particle into the
system at time ¢, — 7, while A%/(z;t) is the
conditional probability of exit at ¢, provided it
entered at ¢, — 7. k% (7;¢,) has then the structure,
and possible interpretation, of Bayes’ probability of
cause (Feller, 1957), and represents the conditional
probability that a particle at the output at ¢,
originated at the input at ¢, — 7.

3.5. Tracer response in non-steady-state for-

mulation
In Section 3.2 on the basis of physical identity
we set the fraction of bulk flow input, q,(t, — 7),
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Table la. Discrete system response function ki(z; t,) of Fig. 3b

T
t 0 1 2 3 4 5 6 7 8 9 10
(T b+ 5) —~ 02
.05 .05 .03 .04 .05
.07 .06 .07 .07
.10 .09 .10
13 12
L+5 .14 h (8, + 5)
t+ 4 30 23 20 .18 .16
t+3 20 .18 17 .14
e+ 2 17 .10 12
L+ 1 .06 07
t 01
Table 1b with transit time 7 equal to the fraction of bulk flow
output, g,(¢,), which entered at ¢, — 7. Using the
T a,(t, — ) he (28, + 5) KE (51, + 5) definitions of AS,(t;¢,) and A%, (7;¢,) we obtained eq.
8)
9 ; 0 32 ait, — D Bu(T31) = qolt,) Hoo(T31,)
2 9 :20 :23 We want now to set up an analogous relation for
3 10 .18 .23 the response of a system to an ideal tracer
4 4 -16 08 transported by the main component.
3 2 14 04 As discussed in Part I, our basic assumption has
been that the composition response of the tracer is
‘%_ = 145 1.00 identical to that of the main component. The tracer
—o quantity input at time ¢, — 7T is given by
g t,— D =ct,— g, — 1) (10)
where c¢(f) is tracer concentration. By the above
assumption the fraction of tracer quantity input at
aled| 4 hoiritd t, — t with transit time 7 is g7 (t, — 7) i-tfv,(r;to). In
ah ' (r‘; ) other words, the fraction of tracer quantity input at
o wo'+O t, — 7 contributing to the tracer quantity output at

Fig. 4. Weighting functions situated on the 7 coordinate.

t, is the same as that for the bulk flow.

However, the fraction of tracer quantity appear-
ing in the output at ¢, which derived from the tracer
quantity input at ¢, — 7 need not be identical to the
fraction of the bulk flow input. This is so since the
tracer quantity and the bulk flow are generally not
correlated, i.e. the tracer input concentration may
not be constant.

Typical examples of such situations are: (a)
inflow composed of several components with time-

Tellus 30 (1978), 3
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varying flow rate, each having different tracer
concentration, (b) the causes of tracer variability
being different from those of main component
variability, such as tritium influx to atmospheric
moisture, which originated in atmospheric nuclear
explosions, and subsequent rainfall. Examples of
the nature of such correlations are given by Gibbs
and Slinn (1973).

In analogy to (8), we designate AT (1;) as the
fraction of tracer quantity in the output at time ¢,
g7(t,), which originates from the tracer quantity
which entered at time ¢, — 7, namely g7 (¢, — 7). In
order to evaluate hT (7;1)) we write the tracer
analogue to eq. (8):

a5 (t,) hi(t5e,) = qf (., — 1) K, (23,) (1)
Hence, using (10) and (9a)
ql(t,— 1) . lt,b—0 .
L (t;1) = —’q—(t)— B (T3 1) = Ty KGo(Tit,)
(12)

With kY (7;¢,) related to kS, (7;1,) by eq. (12), it
may be considered a higher order weighting
function in the hierarchy of response functions.

Integrating eq. (11) over 7 we obtain

qx(t) I3 hT (nit)dx
=13qr(t, — D) Ko (m3e) dr (13)

Normalization of AL (z;¢)) is guaranteed by its
definition as an output weighting function. Hence,
recalling that according to (10) g7(s) = c,()g,(?)

e,(t) =13 ct,— D M e (tt)dr (14)
9,(t,)

or,

ety =1y e t, — 1) ke (138,) dt (15)

Equation (15) demonstrates that the tracer
concentration input weighting function is identical
to the bulk flow output weighting function which is
normalized by definition. We should note the
apparent similarity to eq. (5) where the weighting
function is, however, not normalized.

It is instructive to examine eq. (14) as a guide to
possible time-dependence of the tracer con-
centration weighting function.

In the case of a system characterized by a time-
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independent input weighting function, we may write
€q. (14) using A%(17):

qi(to - T)
q,(t,)

Note, however, that the tracer concentration
weighting function retains time-dependence if the
ratio g,(¢, — 7)/q,(t,) is time-varying.

Alternatively, in cases in which q(f) =¢q,(H) =9,
then hS,(7;t)) and hS (7;¢) may nevertheless have
an explicit time-dependence due to system
parameter variability. In many cases of practical
interest hS(7;¢,) depends on the history of past
inflows (Chiu and Bittler, 1969; Nir, 1973) and
therefore both terms contribute implicitly to time-
dependence.

Table 2 summarizes representative types of time-
dependent behaviour according to the definitions of
Section 1.1. As discussed earlier, detailed study will
reveal all environmental systems to be explicitly or
implicitly time-dependent to some extent. The
essential aspect of tracer studies stressed here is
recognition of important time-dependent elements
and their inclusion in models of tracer behaviour.
Neglect of significant time-dependencies in tracer
experiments will be shown to lead in some instances
to erroneous conclusions.

Attempts to use deconvolution techniques
designed for time-invariant systems, as mentioned
in 1,2.1.3, without accounting for time-varying
behaviour, can result in oscillations and unrealistic
results. These effects have been noted in the tracer
and hydrologic literature, e.g. Eriksson (1963),
Eagleson et al. (1966) and Blank et al. (1971);
however no direct solution for time-dependence
was offered.

While no general solution seems to be feasible,
there are several approaches that are satisfactory
under certain conditions of practical significance.
These are discussed and demonstrated in part III of
this study and in several other articles (Mandeville
and O’Donnell, 1973; Niemi, 1973; Ur and
Lissack, 1973).

c,(t) = lyefty,—1) ke, (7) dt (16)

4. Time relations in the non-steady state

4.1. Introduction

We will now re-examine the various distributions
and densities introduced in Part I in order to test
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Table 2. Representative types of time-dependence

Response
Type of dependence Flow functions Examples
1 No implicit or explicit q(t) h™(1) gravity flow through mixed, variable
time-dependence variable he(7) volume, linear vertical reservoir
2 Implicit dependence of q() h™(7) constant volume, completely mixed
system response on flow variable he(t; g(f) compartment
rate
3 Implicit dependence of q(9) h™(t, (1)) nonlinear rainfall-runoff relations for
system response on flow variable he(r; g(e)) a watershed
rate
4 Explicit time-dependence q,=4, h™(7) transport processes in reservoirs
of system response constant he(t; 1) controlled by weather variables
S Explicit time-dependence q(t) hm(ty t, g(1) transient water flow through
of system response and variable k(T t, q(£) unsaturated soil (incl. root activity,

flow variability

evaporation, evapotranspiration,
hysteresis)

their validity in the non-steady state and modify
them whenever required.

We will use the concepts of time as discussed in
1,2.2.1. The generalization of the density h(7) has
already been discussed in Section 1 and will be
used throughout the following.

4.2. The F(1;t) distribution

In extending the generalization of the h(7)
density, we find it expedient to define the ensuing
distributions. Analogously to 1,2.2.2 we define

Fi(z3t) = q,(t;) Jo he(z'st)de’ (172)

dF(t; 1)

——— = q; (T3 1) (17b)
dr

From normalization of h¢ follows that F&(co;¢)
= q,(t,-).
Fi(zyt,)
= [ Re(e's 1) dT

gty ° ‘

is the fraction of input at t; that will leave the
system before 1, + 7.

On the other hand, the density k¢, (t;¢,) leads to
a distribution

Fo(tt) = q,(1,) Ig he,(t'5t,) do
F¢ (3 t)
qo(ty)

(17¢)

(18a)

=Rk (F:t)dr

is the fraction of the output at ¢, that entered the
system after {, — 7.
From (5) and (7) we obtain

Fe (t3t) = o Gt,— TYRE(T3t,) dT

=fy qt,— T) h(t'st,— T')dT’  (18b)

Fe(t;t) is in general not equal to F&,(7; £,)-

Both distributions being time-dependent, we can
ask about their time averages F¢(1) and F% (7). In
stationary systems these should not depend on
time.

Fe(t) = g1) [z k(') dv’ (19a)
Fe (=15 q,t, — ) k(58— T') dT’ (19b)

Reversing the order of time averaging and in-
tegration in (19a) and (19b), we find that these
expressions are equal:

Fi(1) = F,(9) (202)

The physical interpretation of (20a) is exempli-
fied by Fig. 5. Recall from Fig. 2a that hS(7;¢) is
located on the line diagonal between the 7 and ¢
axes, whereas from Fig. 4 k¢, (7;¢,)) lies on the T
axis. The parallelogram ACFE is a typical area of
averaging of F¢(7) while the rectangle BDFE is a
corresponding area for F¢, (7). Note that the areas
of averaging are the same, except for the two
triangular end effects. For a long averaging period
and a stationary system, the end effects are

Tellus 30 (1978), 3



TRACER THEORY IN GEOPHYSICAL SYSTEMS—PART II

Fig. 5. Physical interpretation of time-averaged fluxes.

negligible and F¢(7) = F¢, (7). The same cannot be
said for a nonstationary system nor for any pair
Fe(tyt), FS,(r;t,) where the instantaneous non-
steady state may be influential.

Expanding F¢(7), from (19a) we obtain

Fi() = q) f; K(r) av
+ qt) (Johe(z'se) dr'y (20b)

In stationary, conservative systems q,(¢) = g,(¢,)
=gqand

Jo he(@'s8) dr’ = [ohe(z") dr’

(20c)
For uncorrelated g,(¢) and h¢(t; £) (20b) becomes

Fe(d) = q g k(2" dr’ (20d)

which is analogous to the steady-state formulation,
1(3a).

We must bear in mind, however, that in many
geophysical environments q,(f) and hS(t;f) are
correlated, e.g. Nir (1973) and several examples in
this work. The physical reason is that in some
systems the fluctuation of the input of a major
component modifies the transit time distribution in
the whole system, the disturbance being propagated
with appropriate phase and group velocity (e.g.
Glover and Johnson, 1974).

However, for an ideal tracer we expect that
fluctuations of tracer concentrations will not affect
the system response. This does not allow us to
assume lack of correlation between these quantities
without additional analysis, as discussed in Section
3.5. They may be correlated indirectly, through
correlations between bulk input and its tracer
concentrations, as for example when tracer quan-
tity is injected at a constant rate into varying input.
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4.3. The population analogy

The population analogy presented in Part I can
now be extended to non-steady-state systems,
which provide a better description of the real world.
The birth rate is given by the input function
q,(t, — 7). Birth and death are meant here to include
all possible entries into and exits from the system;
however, entries at ages above 0 are not considered
here. The population of age T at ¢, (observation
time) will be that which was born at ¢, — T, ie.
q{t, — T), less than which died before reaching age
T,i.e. less FE(T3(t,— T)):

q.(t,— T)~FT51,— T)
=q,(t,— TY(1 = Iy he(z; t, — T) d7)
=q,t,— T) 5 h(z;t,— T) dr

=F{T;t,—T) (21a)
Analogously to the steady-state case, this age.
group is composed of sub-groups of all lifetimes
above 7. However, the birth rate q,(¢t, — T) is
variable—it may have trends, periods or random
fluctuations. The probability of leaving the system
after the age 7, which may be considered as a
probability of survival to that age, given by the
term

J‘:’ h(r;t,— T) dr

is also variable. Both cause variability of the age
group with time.

In analogy to the relation expressing conser-
vation of probability in biological populations
(Bartlett, 1970; Gani, 1973; Rubinow, 1974) we
write

—~ AMTHF(T,H (21b)

oF (T, OF(T,p
a oT
Here the first term on the right accounts for the
effect of age composition and the second accounts
for the removal from the population (exit, death).
F (T, in the “biological” notation is equivalent to
FYT;t, — T)in (21a), the “geoscience” notation.

From (21a) we obtain

oF 9g,(1)

__(T’t)z_

* he ot
oT oT Iz (w0

J'm( 4 c(r. )
-q;(0 )7 a—T(h,(T,t)) dr

+ q, (DT 1) 21¢)
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On the other hand the change along a life-line
(diagonal) is given by differentiation with respect to
T att, — T = constant

dF(T, t)
dT

=—q,(ORAT; D) Q1d)

In geophysical systems a removal term due to
radioactive decay may add an additional term,
—AF (T; 1), resulting in

dF(T, 1) [P
. —q,(Oh(T; 1) — AF(T, 1)

21e)

More detailed insight into biological populations
will show that the input rate depends on the
population age structure and may even contain
inputs at ages other than 0. This is, however,
beyond the scope of our consideration, though
some geophysical analogy could be conceived.

We require now three dimensions to represent
the age and transit time structure of a system in
non-steady state, while two dimensions were
adequate to describe the steady state (see I, Figs. 3,
4 and 5). Following Skellam (1967, 1972) we
represent in Fig. 6 a segment of population which

Fig. 6. Population analogy of transit time structure.

originated at z, — T (a cohort), which is therefore of
age T at time ¢,. Each individual may be represen-
ted by a horizontal track advancing in time and
age. They are arranged vertically in decreasing
order of survival, so as to produce a surface over
the time—age plane.

An alternative, more quantitative representation
is given in Fig. 7. Each square element d! d7 in the
t-t plane is assigned a value gq(¢, T)

S. LEWIS AND A. NIR

Fig. 7. Quantitative representation of population transit
time structure.

he(r;(t, — T))dtdr, which equals the flux of
particles leaving the system at time ¢, — T + T to
t, — T + © + drt which entered at time ¢, — T to
t,— T + dT. It is the complete specification of the
transit time and age densities in the system, valid at
time of observation ¢, Various integral represen-
tations like that of Fig. 6 may be derived from it.
One should recall, however, that such representation
entails knowledge of future behaviour of the system
(t > t,), which is applicable only for predictive
deterministic systems. However, this formulation
can be used for simulation and prediction of
stochastic properties of future behaviour of
stationary systems.

4.4. The ¢(z;1) density and the M (t;t) distribution

In analogy to the steady-state theory in 1,2.2.4
we define @(r;f)d7 as that fraction of the mass in
the system at time ¢ having transit time between 7
and 7 + dt

i) dr= A%:) 15 q,@t, — Th(z; 1, — T)dT
° (22a)

where M(¢,) is the total mass in the system at time
t,. The corresponding steady-state expression is
given by 1(4a).

The associated distribution M(t;¢,) is

M(z;) = M(t) [g 9(';5t,) dr’
= Is I qt, ~ TYh(z';1, — T)dT dt’ (22b)

The corresponding steady-state expression is given
by I(5). Fig. 8 shows the area of integration of
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Fig. 8. System mass transit time structure.

#(z;t,) and M(z;¢t,). The total mass M(z) is given
by
M(t,) = lim M(z;¢)
= I3 I3 qt,— DR('; 1, — T)dT dr'
(23)

4.5. The w(T;t) density and the
distribution

In analogy to the steady-state theory in 1,2.2.5
we define the w(T';r) density as that fraction of the
mass in the system at time ¢, having ages between T
and T + dT. Following (21a) we have

M(T;t

dT
w(T; 1) dT =

M(la) qi(to - T)

x (1 =[] he(z; 1, — T) d1)

T
(9,6, — T) = F(T;1,— T))

MG@,) (24a)
based on past information, or
w(T;t,)dT = % q,t,—T)
x [y k(tst,— T)dr
RSPy ) (24b)
M(,)

based on future information.

Tellus 30 (1978), 3

269
The associated distribution M (Tt ) is
M(T;t) = M(t) [g w(T'; t,) dT"

=I5 la,(e,— T") I3 he(z;1,— T") dr) T

= [TF(T";t,— T")dT' (25)

which may be based on integration of past or future
information, depending on the nature of the
problem.

Fig. 9 shows the area of integration of w(7,t)
and M(z;t,).

Fig. 9. System mass age structure.

The total mass is

M(t,) = lim M(T;t,)
T-w
= Iy lgt,— T") I3 h(r3 1, — T")drldT'
(26)

We expect on physical grounds that (23) and (26)
should converge to the same total mass M(¢,). By
changing the order of integration in (26) we find
that the formulations are equivalent as they cover
the same area of integration (K aplan, 1952).

4.6. Average transit time of incoming and outgo-
ing flux. Average transit time of a system.
Average age of a system

For an incoming flux we define the average
transit time similarly to 1,2.2.7,

W) =I5 thi(zse) dr @7

which is independent of the in- and outflow. For an
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outgoing flux we obtain from (5) and (9a) an
expression which depends on the flows

. | R
) = ——Jo 1q,(t, — DB (T3 8,) dT
4, "

= I3 the, (13 1) dr (28)
th(t) and 7(¢,) may therefore be different and
may have different time-dependence. They do not
necessarily equal any of the expressions M (z,)/q(t),
M(t)/q(t,), M(0)/q(t) or M(t)/q(t) which are often
found in literature as indicators of transit time.

We can ask about the values of the ensemble
average or, for ergodic systems, the time averages
of both expressions (27) and (28). As shown in
Appendix 1, direct averaging over f;, and ¢,
respectively leads to expressions for T} and 78 which
are generally different. However, weighted
averages, i.e. g,(£)T7(t) and ¢,(¢,)72(t,), are equal.

As shown in (14) the h¢ and k¢, densities are
generally unequal and the corresponding average
transit times will also be so.

For the system (mass) average transit time we
obtain from (22a) and analogously to I(10),

7,(t,) = Iy w(rit)dr
1

T MG,

1

T MG,

It fyq,(t, — TYRS(T5 1, — T)dT dt

Iy tFe (t; 1) dt

29

For the average age of the system (mass) we
obtain from (24a), analogously to 1(12)

T,(t,) = Iy Tw(T;t)dT
1

=0

x (1—J3 he(z; t, — T) dr) dT
1

M,

Iy Ta,¢,— T)

1§ TF(T; 1, — T)dT (30)

5. Summary

In the preceding sections an attempt was made
to formalize the concepts of tracer behaviour in
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systems which are in a non-steady state. The
ensuing formalism is a direct extension of the
steady-state theory presented in Part I. As before it
draws on the presentation and results of other
disciplines, primarily  biological population
dynamics for the theoretical basis while the more
practical aspects benefit from the experie. e of
electronic and chemical engineering and physio-
logical work with tracers.

While the results of the general theorems and
formulations may seem overly abstract for the
prospective user, they provide the basic formal and
intuitive structure to which various simplifying
assumptions can be applied. They may also serve
as a framework for simulation of tracer behaviour
in situations which do not allow for analytical
simplifications. Some of these simplifying
assumptions and examples are discussed in Part
111
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Appendix 1

Ensemble (or time) averages of average transit
times

The ensemble averages, or for ergodic systems,
the time averages of expressions (27) and (28) are
evaluated as follows:

Averaging T/(f) over ¢, yields

th= I3 thi(r; 1)) dr A(D)

in analogy to the steady-state expression.

Averaging of eq. (28) leads to a different
expression, more complex due to correlation
between three time-dependent factors:

o jp W=D
’ q,(t,)

In the singular case of constant input, ¢, = g, =
q, and therefore permitting only explicit time-
dependence, one obtains that the expressions are
equal, in analogy to the argument used in proving
(20a).

Kot 1,) d AQ)
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O TEOPUUM TPACCEPOB B 'rEO®PHM3NYECKUX CUCTEMAX B CTAIMOHAPHBIX
N HECTALIMOHAPHLIX COCTOAHUAX. YACTD I1. HECTAIITMOHAPHOE
COCTOAHUE — TEOPETUYECKOE BBEJAEHUE

B mpopomxenue wactu I (Tellus, 27, 372, 1975),
KOTOpas Kacanach CTalMOHAPHOTO COCTOSIHUSA, Te-
OpHMSA TPacCepoB PpacIUMPSIETCH HAa CHCTEMBI, MEHSA-
IOLIHECS CO BpeMeHeM. bONBIMIKHCTBO reodus-
HYECKHX CHCTEM MPEACTABIAIOTCA MEHAIOWHUMUCH CO
BPEMEHEM, eC/IH MX HabnojaTh NpOJOIKHMTENbHOE
BpeMsl H B JOCTaTOYHBIX ZeTansx. MBI pa3jinuyaeM
SIBHYIO M HEeSBHYIO BPEMEHHYK) HM3MEHUYHBOCTb
cucTeM. ENMHCTBEHHAs peakuys COCTABHON CHCTEMBbI
B YCTAaHOBHBIIEMCH COCTOSHHM, h°(T), 3aMEHAETCA
TpemMa GyHKUMAMM, 3aBHUCALUMMH OT BpEMEHH,
KOTOpbIE CBA3BIBAIOT YCIIOBHS Ha BXOAE M BBIXOJE
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CHCTEMBI. BpeMeHHble COOTHOIUEHMS I YCTaHOB-
HBLIErOCS COCTOSIHHMS Takxe oboblwaroTrca M M-
JIOCTPUPYIOTCA 3BPUCTHYECKH IyTeM aHAJIOTHH C
6GHOJIOTHYECKHMH NonyIALMAME. ONpenensioTcs BXo-
OHBIE M BBLIXOOHBbIE CpefHWe BpeMeHa nepexoaa,
TaKkKe KaK HX CpelHHe N0 BpeMEHH HJIM O aHCamO-
mo. PacnpenenieHns mo BpeMeHaM Iepexoaa M IO
BO3pacTy Ui [OTOKOB M B 00beMe oboOwaroTcs
Ha HEyCTAHOBHBILIEECH COCTOSIHKE, YKa3aHbl IPUMEPHI
pa3NHYHBIX KaTerOPHH HeyCTAHOBHBLUMXCS COCTOSTHUH
B MPHPOAHBIX CHCTEMAX,



