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ABSTRACT 
A finite element model is presented in order to solve a set of equations which describe the 
behaviour of moist, deep convection. The method employs elements spanning both time and 
space, and a variable time step and mesh size can be used. The equation for the pressure is 
solved in precisely the same manner as that used for the other dependent variables. An artificial, 
one-dimensional boundary layer flow, in which a mixed layer capped by an inversion is 
stabilized by cooling at the ground, is solved. The solution is found not to depend significantly 
upon the time step or the mesh size. 

1. Introduction 

In Part I of this work (Manton, 1978a), a con- 
sistent system of equations is derived to predict the 
behaviour of the first moments of the dependent 
variables for moist, deep convection. The 
covariances of the dependent variables in the 
system are modelled by means of an eddy dif- 
fusivity which is proportional to the turbulent 
kinetic energy and a characteristic time scale of the 
turbulence (Kolmogorov, 1942). In this manner the 
behaviour of the covariances is predicted for all 
stability conditions without the introduction of 
many additional differential equations. The system 
of equations also accounts for fluctuations in the 
liquid water content by approximating the total 
water (vapour plus liquid) content by a random 
binary-switching process. 

Equations of this type are solved traditionally by 
finite difference methods. However, finite dif- 
ference methods employ different techniques for 
parabolic and elliptic equations: the dependent 
variables of parabolic equations usually are given 
explicitly while those of elliptic equations are not. 
Thus the pressure, which is governed by an elliptic 
equation, must be calculated by a technique dif- 
ferent from that used to obtain the other dependent 
variables, which are governed by parabolic 
equations. A further inconvenience associated with 

finite difference methods is that their accuracy is 
maintained only when they are applied with a uni- 
form mesh. This problem can be accommodated by 
explicitly transforming the dependent variables 
such that a uniform mesh is used with the trans- 
formed variables (Yamada and Mellor, 1975). (We 
note that nested meshes of different sizes have been 
used with upstream finite differences (Walsh, 
1974).) 

On the other hand, a finite element method, 
employing linear interpolation in both space and 
time (Manton, 1978b), can be applied to both para- 
bolic and elliptic equations. Thus all the dependent 
variables are obtained consistently by the same 
technique. Being a finite element method, it can be 
used with a non-uniform mesh and yet retain its 
overall accuracy. The method of solution is stable 
for all time increments; when applied to the one- 
dimensional diffusion equation it is found to be 
comparable with the implicit Crank-Nicolson finite 
difference scheme (Manton, 1978b). The purpose of 
the present work is to show that the finite element 
method can be applied successfully to solve 
atmospheric boundary layer flows. 

The finite element method is used to  solve the 
model equations of Part I for a one-dimensional 
boundary layer; that is, the dependent variables are 
assumed to be statistically homogeneous over a 
horizontal plane so that the ensemble average 
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values vary only in the vertical direction. Then the 
ensemble average corresponds to an average over a 
horizontal plane. Such models yield predictions 
which compare favourably with some obser- 
vations in the absence of condensation (Wyngaard 
and Cote, 1974; Yamada and Mellor, 1975). 
Because the present work is concerned with the 
internal consistency of the model rather than with 
detailed comparison with observations, we intro- 
duce a further simplification: Coriolis forces and 
subsidence are neglected so that there is only one 
mean velocity component. The problem solved is 
artificial, but it provides a simple means of testing 
the ability of the solution method to handle con- 
densation, diffusion and shear. 

It is found that the solution method produces 
results which are relatively insensitive to the spatial 
mesh size and time step. Although the method of 
solution is adequate, there may be some doubt 
about the ability of the model equations, involving 
an eddy diffusivity, to represent well-mixed layers 
which are formed by turbulence in a stably strati- 
fied fluid. We show finally that the present model is 
able to predict the deepening of a well-mixed layer 
by entrainment across an inversion. 

2. Equations of motion 

We consider an atmospheric boundary layer 
which is statistically homogeneous over a hori- 
zontal plane so that the average properties of the 
dependent variables vary only in the vertical 
direction and in time; that is, they are functions of 
x3 and t .  Moreover the only non-zero mean velocity 
component is the horizontal velocity ir, which acts 
in the x,-direction. Thus the model differential 
equations derived in Part I (Manton, 1978a) reduce 
to 

(2.3) 

+ K  a 3 N 3 -  - = 0 ,  { (ZY} 
- 

(2.4) 

where 6 is an average potential temperature; q, 
and $ are the mean and variance of the total 
water (liquid plus vapor) specific humidity; E is the 
average turbulent kinetic energy per unit mass; p is 
the average pressure. In these equations, the eddy 
diffusivity K is given by 

K = a,lElr, (2.7) 

where the turbulent time scale 5 satisfies the 
equation 

and the mean potential density gradient is repre- 
sented by 

(2.9) 

Ra and R ,  are the gas constants for dry air and 
water vapour, C, is the specific heat at constant 
pressure for dry air, L is the latent heat of vapor- 
ization for water, and g is the gravitational 
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acceleration. The mean total air (dry air plus water) 
density is given by 

- 
p = p/RaTv (2.10) 

where the mean virtual temperature is 

5;; = r{ 1 + ( R v / R a  - 1 ) z -  (RvIR,,)K1. (2.1 1) 

The mean temperature and mean cloud water 
specific humidity satisfy the algebraic equations 

T = &(j/poya~cpa + Lq,/C,, (2.12) 

4, = max (0,4,- YE), (2.13) 

where the mean saturation specific humidity and 
the probability of cloud are 

S, = (Ra/Rv)(p,/b) exp {a,(l- Tsolfi l .  
(2.14) 

y = q;/(p; + I qi2 i). (2.15) 

Clearly y corresponds to the fractional cloud cover 
at a given height where there is some conden- 
sation. 

as,, and T,, are computed in Part I. Thus eqs. (2.1)- 
(2.15) form a closed system, whose solution by a 
finite element method is discussed below. 

- 

The constants a,, a2, a,, a,, a5, a69 Ri,,,, p0,  ps0, 

3. Method of solution 

An approximate solution of a parabolic equation 
can be obtained by a finite element method 
(Manton, 1978b) which uses elements spanning 
both space and time. (This may be contrasted with 
the common finite element approach to time- 
dependent problems where only the spatial depen- 
dence is approximated by finite element methods; 
essentially finite difference methods are used for the 
time dependence (Zienkiewicz, 1971).) Let us 
consider a dependent variable u which satisfies the 
equation 

P ( u ,  x3, t )  = 0. (3.1) 

Assuming that u at  time t = t ,  is known at the set of 
mesh points P ( t , )  = {x, = z,,(f,): n = 1,2, ..., no], 
we extrapolate the solution to P(t ,  + Ar) by divid- 
ing the region t E [ t , ,  t ,  + &I, z E [z,, zml into tra- 
pezoidal elements with nodes {(z,,, t,), (z,,, t ,  + Ar), 
(zntlr t,), (z,,+,, t ,  + Ar): n = 1, 2, ..., no - 11. 
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Within each element, the variable u is approxi- 
mated by 

(3.2) 

where {ui : i = 1, 2, 3, 4 } are the values of u* at the 
nodes and {L ,  : i = 1, . . ., 41 are given interpolation 
(or shape) functions. The shape function L ,  is an 
hyperbola which increases linearly to unity along 
the sides including the ith node and which is zero 
along the other two sides. Thus (3.2) yields a linear 
interpolation in x, (or t) when t (or x,) is fixed. Sub- 
stitution of (3.2) into the left-hand side of (3.1) 
yields the residual g ( u * ,  x,, t) which is not zero in 
general. An algebraic equation for u* at each point 
in P(t , + At) is obtained by setting 

1 Jn W(x,,t) ~ P ( u * , x , , t )  dx, dt = 0, (3.3) 

where the region n consists of the two elements 
containing the given point and the weighting 
function W at a fixed t increases linearly from zero 
at the boundaries of R to unity a t  the common side 
of the two elements in n. Thus the extrapolation 
from P( tJ  to  P(t ,  + At) involves the solution of a 
set of algebraic equations for the values of the 
dependent variable at the mesh points. 

The interpolation (3.2) is linear in x, while the 
operator Y contains terms involving the second 
derivative with respect to x3. These terms in (3.3) 
are handled by use of the integral relation 

(3.4) 

The first term on the right-hand side of (3.4) is zero 
because W is chosen to be zero on the boundaries 
zl(t) and z2(t). Thus the weighted residuals (3.3) 
can be expressed in terms of only first-order deriva- 
tives of the dependent variable over the interior of 
the elements. 

An alternative method of ensuring that (3.3) 
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contains only first-order derivatives is to introduce 
an additional dependeqt variable corresponding to 
avlax,. Some tests with this latter method on the 
one-dimensional diffusion equation show that it 
produces much more accurate solutions than the 
former method. On the other hand, it doubles the 
number of dependent variables, thus increasing the 
amount of computation and storage of data. There- 
fore the former method is used itl the present work. 

The finite element method is used to solve the six 
eqs. (2.1)-(2.6). Although (2.6) is not a parabolic 
equation, a linear analysis shows readily that an 
accurate and stable solution is obtained from the 
present method (Manton, 1978b). Thus the pressure 
is determined in the same manner as the other 
dependent variables. (The method is absolutely 
stable also when applied to the linear advection 
equation avlat + avlax, = 0. Therefore the advec- 
tion terms in the full system of equations described 
in Part I ought to be treated satisfactorily by the 
method. We note that conventional finite element 
methods can be used to solve the non-linear 
shallow-water equations (Cullen, 1974) and the 
steady-state Navier-Stokes equations (Laskaris, 
1975).) Because the differential equations are non- 
linear, the set of algebraic equations for the depen- 
dent variables at P(t ,  + At) (corresponding to 
(3.3)) is non-linear. The set is solved by iteration 
such that the coefficients in (2.1)-(2.6) are 
evaluated at the nth iteration using data from the 
(n - 1)th iteration. For the first iteration, the 
dependent variables at P ( t ,  + At) are set equal to 
those (known) values at P ( t J  after having been 
smoothed to remove high wavenumber fluctuations. 
The smoothing is achieved with a three-point 
(1-2-1) filter applied to all internal nodes, and it 
reduces the accumulation of truncation error associ- 
ated with boundary conditions especially. (Note that 
only the initial estimates of the variables at P ( t ,  + 
At) are filtered.) At each iteration there are 6n0 
linear equations, where no is the number of mesh 
points, and these are solved by Gaussian elimina- 
tion. The coefficient matrix for these equations is 
banded because the weighted residuals (3.3) for a 
given mesh point involve only the adjacent mesh 
points. A considerable saving in computation and 
storage is obtained by storing only the non-zero 
band of the coefficient matrix; thus the effective 
coefficient matrix has dimensions (6n0 x 24). 
Therefore the number of operations needed to solve 
the equations is proportional to no rather than n;. 

Because the dependent variables are defined 
everywhere (not just at mesh points), the weighted 
residuals take into account the continuous varia- 
tion of the variables. In particular, the occurrence 
of condensation over only some part of an element 
can lead to significant variations in 4, and T over 
that element. For this reason, it is advantageous 
not to have and T as explicit dependent variables, 
which are restricted to linear interpolation. 
Although the interpolation functions for the depen- 
dent variables are algebraically simple, the evalu- 
ation of the integrals for the weighted residuals is 
not straightforward, especially when condensation 
occurs. We therefore use Gaussian quadrature to 
compute all the weighted residuals. 

It is seen that all the coefficients in (2.1)-(2.6) can 
be calculated explicitly from (2.7)-(2.11) once the 
temperature T and cloud water 9, are determined 
from the coupled eqs. (2.12)-(2.15). Direct iter- 
ation on eqs. (2.12)-(2.13) does not necessarily 
converge: can alternate between zero and some 
positive value. However, these equations can be 
solved easily. Setting 

(3.5) 

and 

T, = Y(L/c~(R, /R”)(P,o /P)9  

we take T = T, as a first approximation. If eqs. 
(2.13)-(2.15) now imply that 4, = 0 then T = T, 
and 4, = 0 represent the solution of (2.12)-(2.15). 
If this is not the case then condensation occurs and 
the temperature is greater than T,. From (2.12)- 
(2.15) and (3.3, the temperature is given by the 
implicit equation 

T - T,  - T2 + T, exp la,, (1 - T J T ) }  = 0. 

(3.6) 

Because the left-hand side of (3.6) is a monotonic 
increasing function of T, the equation is solved 
rapidly by Newton-Raphson iteration. In practice, 
iteration is continued until the increment in Tis less 
than 6T, where 6T equals 0.001 K. It is found that 
there is no discernible change in the dependent 
variables as 6T is varied from 0.0 1 to O.OO0 1 K. 

It is seen that eqs. (2.7) and (2.15) involve the 
moduli of E and g, although these functions are 
strictly positive. This is done because no constraint 
is put on the sign of the values of the dependent 
variables obtained from the solution method. Finite 
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element methods tend to conserve the integral of a 
dependent variable and this is achieved by the mesh 
point values of the approximated variable being al- 
ternately greater and smaller than the exact solution. 
It is therefore natural for the finite element approxi- 
mation of a variable to  become negative when the 
exact form is near zero. No instability is associated 
with this process, and a variable always becomes 
positive as its magnitude increases from zero. An 
important consequence of not placing additional 
constraints on the dependent variables is that the 
solution method is applied to precisely eqs. (2.1)- 
(2.6); a constraint on the sign of E, say, means that 
the approximate solution for E at each point satis- 
fies either (2.4) or the equation E = 0. Negative 
approximate values of scalar dependent variables 
are usually eliminated in finite difference methods 
(Deardorff, 1973), because they lead to numerical 
instabilities. 

Being a parabolic system, eqs. (2.1)-(2.6) 
require all the dependent variables to be specified 
initially ( t  = 0) in order to extrapolate to later 
times. Although the initial values of T,, 4-, E and 
may be chosen rather arbitrarily, we expect there to 
be constraints on the thermodynamic variables 
and p: controls the static stability of the fluid 
layer while p ought to be approximated by the 
stress d u e t o  the weight of the layer. The initial 
values of 6, and p therefore are computed from a 
given nominal mean temperature (Trio,) by assum- 
ing that the atmosphere is dry and in static equi- 
librium. The nominal temperature field is piecewise 
linear and so we have for the layer x3 E (z,,,, zm+J 

(3.7) 

p =p,(  1 - ( x ~  - Z,, , ) /d , , , } (~dm'~Tm),  

el = ~ n o , ~ o l ~ P ~ c ~ ,  
where T,,, = Tm{ 1 - (x3 - z,,,)/d,,,}. 

The pressure and temperature are assumed to be 
continuous functions of x3. Thus only the layer 
base (z,,,) and the lapse rate (-T,,,/d,,,) need to be 
specified for each layer, except that T,,, and p,,, are 
given at the ground (x3 = 0). It is clear that the 
nominal temperature corresponds to the actual 
temperature only when there is no water in the air. 

A unique solution of (2.1)-(2.6) requires two 
boundary conditions for each of the variables F, 
e,, q,, E and p, one boundary condition is needed 
on p .  Boundary conditions are applied in general at 
the mid-points of boundary elements. This is 
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achieved readily because the variables change 
linearly across an element, and it allows Dirichlet 
and Neumann boundary conditions to be applied 
consistently. Flux boundary conditions can be 
applied very accurately by using the formally 
computed value of the eddy diffusivity at the mid- 
point of an element. 

Although the finite element method can be used 
with a completely arbitrary mesh, a fixed time 
increment and a fixed (but non-uniform) spatial 
mesh is used in all the results discussed below. This 
constraint implies that the elements are rectangles 
rather than trapezia. While there may be some 
advantage in allowing the spatial mesh to varywith 
time (in order to follow an inversion, for example), 
the computation time of a problem is increased by 
determining the location of the mesh points at each 
time and by integrating over trapezia rather than 
rectangular elements. 

4. Test problem 
In order to check the internal consistency of the 

solution method described in Section 3, we con- 
sider an artificial problem which involves the 
development of condensation, shear and turbulent 
diffusion within a relatively short time. Tests can 
therefore be carried out succinctly. The nominal 
temperature field (3.7) is neutrally stable (with a 
lapse rate of 9.75 K km-I) up to 300 m, where 
there is a strong inversion ( Tnom increases by 1 K 
over 50 m); the air above 350 m is stable with a 
lapse rate of 5 K km-I. The total water specific 
humidity initially has a constant value of 8 g kg-' 
up to a height of 350 m; it then decreases linearly 
to zero so that there is no water above 400 m. It 
follows from the nominal temperature field that 
there is cloud water between 140 and 360 m, with a 
maximum value of 0.28 g kg-I at 300 m. The initial 
profile of the mean velocity increases logarithmic- 
ally (strictly, only the values of Ti; at mesh points 
increase logarithmically) up to 350 m and it is con- 
stant above 350 m. At mesh points for x3 < 350 m, 
we have 

where u, = 40 cm s-I and zo = 1 cm; hence ii, 
equals 11.96 m s-' above 350 m. The turbulent 
energy E initially decreases linearly from u:/a, 
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(which corresponds to a neutral equilibrium surface 
layer) at the first mesh point and it is zero above 
350 m. The variance is set equal to zero at t = 
0. 

The spatial domain extends from2 to 2000 m and 
the Erst element has nodes at xj equals 5 and 10 m. 
Hence the lower boundary conditions are applied 
at 7.5 m. Here q,s and E are kept constant at 
their initial values, 0, decreases a t  a constant rate 
of 3.6 K/h, while the gradient of 3 is equal to 
zero. Thus the lower boundary conditions corre- 
spond to the mixed layer being cooled and 
stabilized. The upper boundary is assumed to 
remain undisturbed; all the variables are kept con- 
stant at their initial values. 

There is no horizontal pressure gradient (i.e. 
aj/ax, 3 0 in (2.1)). Consistent with the neglect of 
Coriolis forces, the mean flow is driven by the 
specification of ir; at the upper and lower bound- 
aries. If the Coriolis forces were present then the 
geostrophic wind in the upper layers and the fric- 
tional forces at the ground would balance the hori- 
zontal pressure gradient. 

The equations are integrated from t = 0 to t = 
3000 s, and various comparisons are made at the 
final time. The dependence of the solution upon the 
time and space mesh sizes is investigated in Section 
5. The solution method involves two sources of 
truncation error: the integration of the weighted 
residuals is done numerically and the non-linear 
algebraic equations for the dependent variables at 
mesh points are solved iteratively. These effects 
also are considered below. 

5. Results 

The problem posed in Section 4 is solved using a 
CDC CYBER 7600 computer. The run time varies 
approximately linearly with the number of mesh 
points, the number of time steps and the number of 
iterations used to solve the non-linear algebraic 
equations at each time. It increases with the square 
of the number of dependent variables (fixed at six) 
and the square of the order of the Gaussian quad- 
rature. A computation using 3 1 mesh points, a time 
step of 300 s, four iterations of the equations and 
four-point integration takes nearly 7 s. 

The problem involves initially a moist mixed 

J 
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Fig. 1. Dependence of mean wind profile ~ ( X J  at t = 
3000 s upon time step. ----- at t = 0. 
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Fig. 3. Dependence of total water profile &(x3) at t = 
3000 s upon time step; isolated points represent cloud 
water specific humidity 4,. ----- qr at t = 0. - 
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layer which is capped by an inversion at 300 m and 
which has cloud from about 150 to 350 m. The 
initial distributions of <, & and 6 are shown in 
Figs. 1, 2 and 3. Two (somewhat unrealistic) 
anomalies are seen: the high value of the water 
content extends 50 m above the inversion and the 
mean velocity varies smoothly over the whole 
layer. As time increases, the water directly above 
the inversion diffuses upward and a mean shear 
develops at the inversion. The air at the lower 
boundary is steadily cooled and so the surface 
layer (up to about 25 m) is stabilized. This tends to 
suppress the turbulence in the surface layer, un- 
coupling it from the higher level motion. Because 
the mean velocity is fixed at the lower boundary, 
the suppression of the turbulence is associated with 
a lack of mean shear in the surface layer. Just above 
this layer there is a very strong shear as the velo- 
city increases from about 7 m s-l to 10.5 m s-l. 

Turbulence is suppressed also in this region 
because @ increases very rapidly. The cooling of 
the surface layer and the maintenance of the total 
water content lead to the condensation of water 
near the ground. This evolution of the boundary 
layer occurs gradually over about 2400 s, and Figs. 
1, 2 and 3 show the situation at t = 3000 s. Subse- 
quent integration of the equations to  t = 7200 s 
shows that there is little further development, 
except that there is a steady increase in the amount 
of liquid water in the surface layer. It is seen that at 
least the qualitative behaviour of the model is 
physically sound. However, our emphasis here is 
on the accuracy of the solution method. 

The validity of the specification (2.15) for the 
fractional cloud cover is not studied. In fact y is 
greater than 0.99 throughout the calculation 
because is small. It is seen from (2.5) that total 
water variance is generated particularly in regions 
of large total water gradient and high turbulence 
level. Near the ground there is no total water 
gradient and so is invariably less than 0.01 g2 
kg-*. Although there is a strong gradient in 6 at the 
inversion, the turbulence level is low because it is 
not sustained by convection from the ground. 
Moreover, the maximum value of q? (less than 1 g2 
kg-*) occurs above the inversion where & itself is 
small compared with the saturation specific 
humidity. 

All tests with the method yield an oscillation i n p  
at the lowest levels with a frequency of twice the 
time step and a magnitude of about 0.5 mb. This is 
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not an instability: the magnitude of the oscillation 
does not increase with time. As discussed in 
Section 3, finite element methods tend to cause the 
mesh-point values of a dependent variable to  be 
alternately greater and smaller than the exact 
value; thus the integral of the value is conserved. 
The pressure is obtained by integrating (2.6) down 
from 2000 m where its value is specified, and so its 
value at the lowest mesh point is relatively uncon- 
strained. 

To test the sensitivity of the solution to the order 
of the Gaussian integration and the number of 
iterations used in solving the algebraic equations, 
we set the time step at 300 s and take 31 mesh 
points located as follows: 5 m, 10 m, 25 m, 50 m, 
thence to lo00 m at 50-m intervals; eight points are 
distributed logarithmically between lo00 and 2000 
m. Thus the mesh size is 50 m over the body of the 
flow. Taking four iterations of the algebraic equa- 
tions, we first consider the solution at  t = 3000 s as 
the order of the integration is varied from two to 
eight. It is found that the solution at each mesh 
point does not necessarily converge monotonically 
with an increasing number of integration points, 
and that convergence is slowest in regions of most 
rapid change (i.e. between 25 and 100 m and 
between 300 and 400 m). Setting eight-point inte- 
gration as a standard, we observe that the “errors” 
in four-point integration are generally small: 
varies by no more than 1 cm s-l, & by 0.02 K, & 
by 0.03 g kg-I and ?&by 0.05 g kg-I, except a t  350 
m, where there is a difference of 0.1 g kg-’. The 
total water at 350 m drops from 8 g kg-I at t = 0 to 
about 2.6 g kg-’ at t = 3000 s, and i& at 3000 s 
decreases from about 8.5 g kg-1 at  300 m to 2.6 g 
kg-I at 350 m. Thus the large error in qt occurs at 
the point where it changes most significantly in 
space and time. Because two-point and three-point 
integrations yield somewhat larger errors (e.g. the 
maximum error in increases to 0.09 K), we use 
four-point integration in all the following calcu- 
lations. 

The dependence of the solution upon the number 
of iterations of the algebraic equations is now dis- 
cussed. Once again the convergence of the solution 
at each mesh point is not necessarily monotonic. 
The slowest convergence occurs on the elements 
between 50 and 100 m and between 300 and 350 m 
where the variables change most rapidly. This 
suggests that these elements are really too large to 
accommodate properly the required variations. 
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X A x 3  = 50m 
0 Ax3 = 2 5 m  

A x 3  = 12 5 m  

Fig. 

P, (m 5.’) 

4. Dependence of mean wind profile ~ ( X J  at t = 3000 s upon mesh size; 
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Fig. 5. Dependence of potential temperature profile 
&(xJ at t = 3000 s upon mesh size; h = 300 s. 

However, if the 15-iteration solution is taken as a 
standard then the maximum “errors” in the four- 
iteration solution at t = 3000 s are 5 cm s-’ in Z,, 
0.06 K in &-, 0.15 g kg-, in &, 0.05 g kg-I in l& and 
0.15 K in T. In all the following calculations the 
algebraic equations are iterated four times. 

& = 3 0 0 s .  

The chosen calculation criteria (four-point Gaus- 
sian quadrature and a four-iteration solution of the 
algebraic equations) are considered to be con- 
servative. Less stringent criteria can yield solutions 
with maximum errors which are no greater than 
those in the solutions using the chosen criteria. It is 
remarkable that even a one-iteration solution 
(which perhaps could be compared with a forward 
time difference solution) is completely stable, and it 
yields maximum errors not significantly greater than 
those in higher-order solutions. On the other hand, 
the chosen criteria lead to solutions with little or no 
discernible error on elements over which the vari- 
ables do not change extremely rapidly. 

The sensitivity of the solution to the magnitude 
of the time step is studied by solving the problem 
(with 3 1 mesh points) with a time step (&) of 300, 
150 and 75 s; the results are shown in Figs. 1, 2 
and 3. The solution clearly does not depend 
strongly upon the time step. Taking At = I5 s as a 
standard, we see that the maximum errors when 
= 300 s are 9 cm s-’ in & at 50 m, 0.07 K in at 
300 m, 0.20 g kg-’ in & at 300 m and 0.10 g kg-’ 
in qc at 300 m. These errors occur on elements 
where the variables change most rapidly. The 
maximum errors when At = 150 s are 4 cm s-’ in 
6, 0.03 K in 5, 0.02 g kg-’ in 6 and 0.01 g kg-I 
in &. The solution therefore appears to converge 
rapidly with decreasing time step. 
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x Ax3 = 50m 
0 Ax3 :25m 
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Fig. 6. Dependence of total water profile &(xJ at t = 3000 s upon mesh size; Af = 300 s. 

The dependence of the solution upon the mesh 
size is investigated by solving the problem (with At 
= 300 s) with 31, 51 and 101 mesh points respec- 
tively. The first case has mesh points a t  5, 10, 25 
and 50 m and then has a mesh size (Ax,) of 50 m 
over the region 50 to lo00 m (as described above), 
while the second has a mesh size of 25 m from 25 m 
to lo00 m. The last case has an additional mesh 
point at 15 m and a mesh size of 12.5 m over the 
region from 25 to lo00 m with a further 19 mesh 
points logarithmically distributed between lo00 
and 2000 m. It is found that there is good agree- 
ment between the solutions; profiles of iil, 6 and G 
are shown in Figs. 4, 5 and 6. (Note that the small 
negative values of & above 5 0 0  m in Fig. 6 are not 
unexpected, as discussed in Section 3. As the 
magnitude of i& at a given height increases with 
time, becomes positive definite and it varies 
smoothly.) It is seen that the coarse resolution 
solution (Ax, = 50 m) is essentially a running 
average of the finer resolution solutions, which 
involve a considerable amount of structure with 
scales less than 50 m. The maximum differences 
between the 50 and 12.5 m solutions are 41 cm s-l 
in ii,, 0.27 K in &, 0.5 g kg-' in i& and 0.07 g kg-I 
in S,. For the 25 and 12.5 m solutions, these dif- 
ferences drop to 27 cm s-' in ir;, 0.23 K in 6,0.19 
g kg-' in g and 0.06 g kg-' in i&, except a t  300 m 
where S, for the 25 m solution is 0.93 g kg-' lower 
than that for the 12.5 m solution and this causes & 
to be 0.45 g kg-' lower. Away from the point xt = 
300 m, the 25 m solution follows closely the 
detailed structure of the 12.5 m solution. 

6. Well-mixed layers 

The model equations derived in Part I involve an 
eddy viscosity and this may raise some doubts as 
to the ability of the model to represent well-mixed 
layers which are produced in stably stratified fluids 
by turbulence applied at a horizontal boundary. A 
common method of generating well-mixed layers in 
the laboratory (Turner, 1973) is to oscillate a hori- 
zontal grid of metal bars in order to produce tur- 
bulence which propagates through the layer to an 
inversion. One of the first experiments of this type 
is that of Cromwell (1960) in which a grid is oscil- 
lated in a tank of water with an initially linear den- 
sity gradient. We now demonstrate that such a 
mixed layer can be represented by the model 
equations. 

We consider a layer of air in which there is no 
mean horizontal motion (& E 0) and no water (4 
= 0). At time t = 0, a well-mixed layer with a lapse 
rate of 9.75 K/km extends to a height of 350 m and 
it is capped by a stable layer with a lapse rate of 5 
K/km. The turbulent energy E initially decreases 
linearly from 5000 cm2 s - ~  at 7.5 m to zero at 350 
m. The boundary values of all the variables are 
kept constant for all times. The problem is solved 
using the spatial grid with Ax3 = 25 m and a time 
step of 300 s, as described in Section 5 above. 

The profiles of 6 and E at time t = 3000 s are 
shown in Figs. 7 and 8. The mixed layer is seen to 
have increased its initial depth by about 50 m and it 
is capped by a sharp inversion. The turbulent 
energy decreases monotonically with height and 
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600 - any numerical instability and they are eliminated as 
the magnitude of E increases.) The ability of the 
model equations, despite the use of an eddy dif- 
fusivity, to represent well-mixed layers is that the 
diffusivity depends explicitly upon the turbulent 
energy which is itself predicted explicitly. Thus tur- 
bulent energy can be transported readily from one 
region of the flow to another. In the present 
example, E diffuses from the lower boundary to the 
inversion where it entrains fluid from the stable 
layer above. Turbulence above the inversion is sup- 
pressed by the strong stable density gradient. 
Similar results are found for a well-mixed layer 
generated by a positive heat or total water flux at 

500 - 

286 the lower boundary. 
0, ( K )  

Fig. 7. Potential temperature profile c(x,) in well-mixed 
layer at time t = 3000 s. ----- 0, at t = 0. 7. Conclusions 

P O O L  

\ 

'0 1030 2W0 3Mx) 4000 5000 

E (cm' 5-2 I 

Fig. 8. Turbulent energy profile E(x,)  in well-mixed layer 
at time I = 3000 s. ----- E at t = 0. 

falls to essentially zero at the top of the mixed 
layer, (The small negative values of E above 400 m 
are present because E is not constrained to be posi- 
tive, as discussed in Section 3. They do not lead to 

Equations governing the behaviour of the first 
moments of the dependent variables in moist, deep 
convection are derived in Part I of this work. In the 
present paper, a finite element method, using ele- 
ments which span both time and space, is used to 
solve these equations for a one-dimensional boun- 
dary layer. An artificial problem is chosen in order 
to test succinctly the consistency of the solution 
method. The flow consists initially of a moist mixed 
layer capped by an inversion. There is an anomal- 
ously high amount of water directly above the 
inversion and the mean wind increases smoothly 
over the whole layer. The flow develops by dif- 
fusing the water anomaly upward and by forming a 
mean shear across the inversion. Cooling at the 
ground leads to stabilizing of the surface layer and 
to condensation near the surface. These features of 
the solution are reproduced well and the solution 
does not depend significantly upon the time step 
(taken to be 300 s or less) or the mesh size (taken 
to be 50 m or less over the body of the domain). It 
is also demonstrated that the model equations, des- 
pite the use of an eddy viscosity, can represent the 
deepening of well-mixed layers. 
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