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ABSTRACT

A system of equations is derived in order to predict the first moments of the dependent variables
in moist, deep convection. Closure of the non-lincar system is achieved by making the
covariances of the dependent variables proportional to an eddy diffusivity. The eddy diffusivity
is proportional to the turbulent kinetic energy and to a characteristic time scale of the
turbulence. Although the time scale is simply an algebraic function of the mean strain rate and
the Richardson number, an additional partial differential equation is required to determine the
turbulent energy. Cloud water is assumed to form instantaneously when the air becomes
saturated. Consequently the average amount of cloud water depends upon the probability distri-
bution of the total water (vapour plus liquid). To estimate the average cloud water, the total
water is approximated by a binary switching process. Part II of the work describes a finite
element method which is used to solve numerically the system of equations.

1. Introduction

The atmospheric boundary layer is invariably
turbulent and so the prediction of its properties
involves the classical problem of turbulence. Until
recently the most successful approach to this
problem has been through the use of the mixing-
length hypothesis, which assumes that the turbu-
lence acts in a viscous manner. Then the turbulent
stresses in the momentum equations are taken to be
proportional to the local mean rate of strain, where
the constant of proportionality is an eddy dif-
fusivity. The eddy diffusivity may depend upon the
local gradients of velocity and temperature. More
sophisticated techniques are being used currently
and there is particular emphasis on second-order
closure models where the explicit equations for the
second moments of the variables are considered
(e.g. Meller and Yamada, 1974; Wyngaard and
Coté, 1974). Perhaps the major disadvantage of
second-order models is the number of equations
required to close the system: a three-dimensional
model with rain and cloud water involves 28 partial
differential equations (Manton and Cotton, 1977).

Launder and Spalding (1972) describe the
evolution of turbulence modelling from the simple
eddy viscosity up to the full second-order closure
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models. The first improvement on the original
mixing-length model is to retain an eddy viscosity,
but to make it proportional to the local turbulent
energy and a local time scale (Kolmogorov, 1942).
This is the strategy adopted in the present work.
Thus, in addition to equations for the first moments
of the dependent variables, we introduce a dif-
ferential equation for the rate of change of turbu-
lent energy. The time scale is an algebraic function
of the local mean rate of strain and the local
Richardson number.

The treatment of the thermodynamic variables in
the present model is simplified by assuming that
turbulent fluctuations in the temperature, density
and pressure are small. In particular, the fractional
deviation about the local ensemble average is taken
to be small enough for second-order terms to be
neglected. Moreover, the turbulent fluctuations are
assumed to be incompressible so that the frac-
tional deviation in pressure is negligible in com-
parison with that in density (Dutton and Fichtl,
1969). The basic equations are equivalent to those
suggested by Manton and Cotton (1977) for deep
convection, except that the thermodynamic vari-
ables are expanded about the local ensemble
average in the present work and about a given
reference state in Manton and Cotton.
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Any liquid water in the present model is assumed
to move with the air; that is, the terminal velocity
of any condensate is neglected. On the other hand,
a rain parameterization could be included readily.
The degree of supersaturation in a cloud is
observed to be extremely small (Warner, 1968) and
so it is taken to be zero: the liquid water specific
humidity is set equal to the difference between the
total water and saturation specific humidities.
While this is valid instantaneously, the presence of
turbulent fluctuations implies that the average
liquid water specific humidity is not equal to the
difference between the average total water and
saturation specific humidities. The determination of
the average liquid water specific humidity requires
knowledge of the probability distributions of the
relevant specific humidities. An approach to this
problem is given by Manton and Cotton (1977),
who assume that the fluctuation in the difference
between the total water and saturation specific
humidities is normally distributed. However, obser-
vations in cumulus cloud (Warner, 1955; Squires,
1958; Warner and Squires, 1958) suggest that the
distribution of water is far from normal. There is a
sharp boundary between cloudy and clear regions,
and the peak value of the liquid water content
appears to be conserved in a horizontal flight. In
the present work we assume therefore that the
probability density function for the total water
specific humidity consists of two delta functions.
Thus the total water in a region containing some
cloud can take only two values: it is a binary
switching process. This model requires the intro-
duction of a further differential equation for the
variance of the total water specific humidity. The
information gained from this is an estimate of the
probability of the existence of cloud at a given
point.

Systems of partial differential equations such as
those proposed here are solved almost invariably
by finite difference methods. On the other hand, a
finite element method incorporating linear inter-
polation in both space and time (Manton, 1978) is
suitable for solving these problems. One advantage
of the method over finite difference methods is that
no special technique has to be introduced to
determine the pressure. The method is absolutely
stable for all time steps and a variable mesh can be
used without introducing an explicit trans-
formation in the independent variables. The dis-
advantages of the finite element technique are that
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for a given number of time steps and spatial mesh
points it requires considerably more computation
and storage than finite difference methods.

To demonstrate the accuracy and consistency of
the finite element method we use it in Part II of this
work to solve the model equations for a one-di-
mensional moist boundary layer. Similar models of
a boundary layer in the absence of condensation
have been developed recently (e.g. Wyngaard and
Coté, 1974; Yamada and Mellor, 1975). The model
equations of Part I are simplified by the neglect of
Coriolis forces and subsidence so that only one
mean velocity component is considered. The finite
element method of solution is shown to produce
results which are remarkably insensitive to the time
step and spatial mesh size.

2. Basic equations of motion

Although the solution of only a simple one-
dimensional model is described in Part II, it is of
interest to develop the equations of motion for a
general boundary layer. The equations are derived
under similar assumptions to those adopted by
Manton and Cotton (1977). The thermodynamic
variables can be decomposed into their local en-
semble average values and turbulent fluctuations
about the averages; thus the density, temperature
and pressure of the air are

p=/3+p’, T=T+T and p=13 +p',

where an overbar denotes an ensemble average and
a prime denotes a turbulent fluctuation. The magni-
tude of the fractional deviations p'/p, T'/T and p'/p
is assumed to be invariably small compared with
unity. Therefore, when a thermodynamic variable
occurs as a coefficient of a differential term in an
equation, fractional deviations are neglected in
comparison with unity. Moreover, when a thermo-
dynamic variable occurs in an algebraic equation,
the squares of fractional deviations are neglected in
comparison with unity: equations are correct to the
first order in fractional deviations. The specific
humidity is assumed to have a magnitude com-
parable with p'/p and so it is treated as a fractional
deviation quantity. A further assumption is that the
turbulent fluctuations have a scale small enough for
them to be incompressible; this implies, inter alia,
that the fractional deviation in the pressure can be
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neglected in comparison with that of the density
(Dutton and Fichtl, 1969).

From the above assumptions it follows readily
that the equations for the conservation of momen-
tum, mass and total water (vapour plus cloud
water) are

pdu/dt — peg sty + Op/ox, + pg,= pvVu,,
@.n

(2.2)
(2.3)

dp/dt + péu,/dx; =0, oul/ox;=0,
dg,/dt = vV,

where (x,, x,, x;) form a Cartesian coordinate
system with x, increasing vertically upward; ¢ is
time; u is the velocity vector; f is the Coriolis fre-
quency vector; g = (0, 0, g) is the gravitational
acceleration; g, is the total water specific humidity;
v is the kinematic viscosity of air and v, is the effec-
tive diffusivity of water in air.

The equations of state for dry air and water
vapour are

Pa=pPR,T and p,=pR.]T,

where R is a gas constant; the subscripts @ and v
denote dry air and water vapour, respectively. The
dry air and vapour densities are related to the total
air (air plus water) and water densities by

(2.4)

p,=(—q)p and p,=(q,—qJp, (2.5)

where g, is the cloud water specific humidity. The
air pressure is the sum of the partial pressures, i.e.

P=Pg+ Py (2.6)

From (2.4)-(2.6) and by making the assumptions
discussed above, we find the appropriate equation
of state to be

p=RpT{1 +p'/p+T/T+ (R,/R,— )g,~

(R,/R)q.}. .7

The application of the first law of thermodynamics
to a system containing unit mass of dry air yields
{Cpo dT — (R, T/p,) dp,} + (p,/p){C,, dT —

(R,T/p,)dp,} + (p/p).C,dT=TdS, (2.8)

where C, is a specific heat at constant pressure; C,,
is the specific heat of liquid water; § is the entropy
of the fluid. The entropy is increased by the con-
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densation of water vapour and by the molecular
diffusion of heat, and so

dS/dt=(L/T) d((p/p,)g)/dt + D,

where L is the latent heat of vaporization for water
and D represents the effects of molecular diffusion.
Combining (2.8) and (2.9) and neglecting second-
order terms in the deviations, we find that the con-
servation of energy is expressed by

d8, /dt = v, V24,

2.9)

(2.10)

where v, is the diffusivity of heat and the potential
temperature §, is given by

T=8,(p/p)*=(1 + 6,/6)) + Lq./Cpi;  (2.11)

the reference pressure p, = 1000 mb. It is seen that
the natural dependent variable in the energy
equation is the potential temperature introduced by
Betts (1973).

Any liquid water is assumed to move with the
local fluid and the air does not become super-
saturated. Hence the cloud water specific humidity
is given by

g. = max (0’ q,— 4y), (2-12)

where g, is the saturation specific humidity. The
Clausius—Clapeyron equation is

dp,/dT = Lp /R,T?, (2.13)

where p, = g¢pR,T is the saturation vapour
pressure. By taking L to be constant and neglect-
ing terms that are small compared with unity, it is
found from (2.13) that

q;= {1+ aso(T;o/T)(T'/T)}

X (R,/R)(p,o/P) exp {a,(1 — Tso/i*)} (2.14)
where a,,, p,, and T,, are constants. With L =
2.5154 x 10! erg g7, p, = 12.272 mb, a,, =
19.2484 and T,, = 283.16 K, the mean saturation
vapour pressure obtained from (_2.14) is accurate to
1.7% over the range —30°C T < 20°C; L varies
by less than 2.5% over this range.

Equations (2.1), (2.2), (2.3), 2.7), (2.10), (2.11),
(2.12) and (2.14) form a system which is valid for
moist, deep convection in the atmosphere. The
equations can be adapted readily to include the
effects of rain (that is liquid water which does not
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move with the local fluid). The system of equations
involves turbulent fluctuations in addition to the
mean variables. However, for most practical situ-
ations, sufficient information is obtained from the
first (and perhaps the second) moments of the
dependent variables. This introduces the problem
of closure of the non-linear system. Although the
present system can be used for a full second-order
closure approximation (e.g. Manton and Cotton,
1977), we consider a simpler case: the turbulent
fluxes appearing in the equations for the first
moments of the dependent variables are assumed to
behave in a viscous manner and they are character-
ized by an eddy diffusivity. The eddy diffusivity is
proportional to the turbulent energy and a turbu-
lent time scale.

3. First moments of dependent variables

The equations for the first moments of the
dependent variables are found by taking the
ensemble averages of the equations in Section 2.
Thus, from (2.1), (2.2), (2.3), (2.7), (2.10), (2.11)
and (2.14), we find

Du,/Dt — g, fiu, + p~'0p/ox; + g, +

uul)/éx;= 0, (3.1)

Dp/Dt + péit] ox, + 6(p'uj)/éx; = 0, (3.2)
Dg;/Dt + 3(qu)/éx; = 0, (3.3)
P=RPT{1 + (R,/R,— D, — (R/R)T}, (3.4)
DG, /Dt + &(Gu})/ ox, =0, (3.5)
T= 0,(p/ppy=/“» + LT/C (3.6)
7= (RJ/R)(po/p) exp {ag(1 - T,/T}, (3.7

where D/Dt = 8/t + u;0/9x,.

The effects of molecular diffusion are neglected
in these equations; that is, the Reynolds number of
the mean motion is taken to be large. The deter-
mination of the second moments in (3.1)-(3.5) is
considered in Section 4 below.
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The average cloud water specific humidity is
given by the average of (2.12). Because the right-
hand side of this equation involves a Heaviside unit
step function, its average value requires some knowl-
edge of the probability distribution of ¢, — g’
If the fluctuations in g, about its mean are small
then the effects of these fluctuations can be
neglected. However, observations of g, measured
by horizontal flights through warm cumulus clouds
show that, while a uniform peak value is main-
tained over much of a flight, the instantaneous
value of g. can become very low (Warner, 1955;
Warner and Squires, 1958). Moreover the boun-
dary between cloudy and clear regions is very
sharp, and g, occasionally may even fall to zero
within the interior of a cloud (Squires, 1958). It
would seem therefore that fluctuations in g, about
its local ensemble average ought not to be neg-
lected. The fluctuations in g, become more signifi-
cant when g, represents a spatial average. For
example, in a one-dimensional model where the
variables are averaged over a horizontal plane, g.
must account for the difference between in-cloud
and out-of-cloud conditions when the cloud cover
is less than unity.

The observed behaviour of g, suggests that it can
be modelled by a binary switching process which
alternates between a given maximum value and a
minimum value; the latter correspondng to either
the low in-cloud value when g, is a local ensemble
average or to the (zero) out-of-cloud value when g,
is horizontal spatial average. Thus the probability
density function of g, is approximated by

where d(x) is the Dirac delta function; g¥ and g3 are
the two possible values of g,; y is the probability of
the occurrence of the peak value g¥. It follows from
(2.12) and (3.8) that g, — ¢, also is essentially a
binary switching process. (The detailed distri-
bution of g, — g, when it is less than zero is irrel-
evant to the distribution of g...)

The fluctuations in g, must be considered
because their magnitude is observed to be com-
parable with the mean value g_. If the fluctuations
in the saturation specific humidity are small
compared with g, then they can be neglected and
(2.12) reduces to

g.= max (0, ¢~ g,); (3.9)
that is, any fluctuations in g, are associated

3.8)
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primarily with fluctuations in the total water. We
have from (2.14) and (3.7) that

qs - so( O/n(T'/T)qs’

where @, ~ 20. Thus temperature fluctuations of
about 1 K lead to saturation specific humidity
fluctuations of about 0.1g,. Taking a typical value
of 1 g kg™! for g, and hence for g., we see that the
magnitude of q; is somewhat less than that of g,
when g, is less than about 10 g kg~!; that is when
the mean temperature is less than about 10°C at
900 mb. It would seem that the validity of (3.9)
increases with decreasing mean temperature, and it
ought to be satisfactory at least in temperate
regions.

Equation (3.9) can possibly be applied to trade-
wind cumulus-cloud fields when a spatial average is
taken. Warner (1967) finds that in horizontal
flights below cloud base there are temperature vari-
ations of about | K between air directly under
cloud and air not under cloud; this corresponds to
variations in g, of less than 1 g kg~'. On the other
hand, g, varies by up to 4 g kg—*. Thus fluctuations
in g, are expected to be dominated by the variations
in total water.

Some simultaneous measurements of g,, g, and
g. in warm cumulus clouds (J. Warner, private
communication) indicate that these three variables
are strongly positively correlated with each other;
that is, peak values of liquid water are associated
with peak values of buoyancy. It follows from (2.12)
that the magnitude of the fluctuations in g, must be
less than those in g,; in particular, ¢, ~ fBq} where
is less than unity. Thus the fluctuations in g, are
essentially proportional to the fluctuations in g,.
Although (3.9) is not necessarily expected to be
valid in warm clouds (i.e. 8 is not extremely small),
the probability distribution of g, can be estimated
from the probability distribution of g,. The con-
cepts used in the present analysis could therefore be
applied to more general situations.

Assuming that (3.8) and (3.9) are valid in
regions of cloud, we find that the probability
density function, mean and variance of the total
water specific humidity are given by

Sg) =1 —»dg,— gy + vdg,— q),
7= yq; + (1 = %)q,, (3.10)
=71 - P — a)%

where g, and g, are the two possible values of g,.
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From (3.9) and (3.10) we find that if the air is un-
saturated when g, = g, then the average cloud
water specific humidity is

7. = ymax (0, g, — G,). (3.11)

(Clearly the case where both g, and g, are greater
than g, could be of interest. Then » is not a measure
of the probability of cloud, which is unity; y is
simply the probability of the occurrence of the peak
value g,.) Elimination of g, from (3.10) and (3.11)
yields

g, =max {0, g, — (1 — Y)g, — ¥3,),

where 3.12)

7:(41 q0¥1(q,— ‘Io)z‘*'q

Hence the average amount of liquid water and the
probability of cloud are determined by the specifi-
cation of ¢, The variance ¢;> is evaluated in
Section 4 below.

Limiting values of g, and y are given when g, =0
(corresponding to the clear air being completely
dry) and when g, = g, (corresponding to the clear
air being just saturated). It is found from (3.12)
that in the former case (g, = 0)

7,=max (0,4, - y3,), y=q/ (@ + gD,
(3.13)
and in the latter case (g, = q,)
6:2 max (O’ q-t_ q—s)s ‘y=(é_¢_ q_s)z/{(q_,—q_,)z + q—;f}
(3.14)

The behaviour of g, and y given by (3.13) and (3.14)
is shown in Figs. 1 and 2. For a given_mean satur-
ation g,/g; and normalized variance gq; 2/q,, (3.13)
always yields a value of g, larger than that given by
(3.14); Moreover (3.13) gives rise to cloud water
even when the mean saturation is less than unity.
The difference between the formulations increases
with increasing total water variance. The frac-
tional cloud cover y increases monotonically and
approaches unity with increasing saturation. The
cloud cover decreases w1th increasing total water
variance.

It is seen from Figs. 1 and 2 that in general the
mean cloud water specific humidity depends sig-
nificantly on the closure assumption whenever the
total water variance is large. When the total water
variance is small, however, the detailed probability
distribution of g, does not affect the value of g,.. The
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3/as

oo

4/,
Fig. 1. Variation of normalized mean cloud water
specific humidity g/, with mean saturation g,/q,.

Numbers refer to the normalized total water variance
7%/qk (3.13); -—— (3.14).

3/3s

Fig. 2. Variation of fractional cloud cover y with mean
saturation /. Numbers refer to the normalized total
water variance g; %/q2. (3.13);—— (3.14).

two closures presented here correspond to dif-
ferent physical situations. The first (g, = 0) ought
to be a suitable approximation of the initial
development of a cloud field when moist elements
with g, ~ g, first penetrate into dry air with g, ~ 0.
This approximation is adopted in the present work.
The second case (g, = g,) is an approximation to
an almost uniform cloud layer in which any
isolated region of air without cloud is on the point
of becoming cloudy.

Other estimates for g, clearly can be incor-
porated into the model. However, further field
observations of the relationship between g,, g, and
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T are necessary in order to obtain the most appro-
priate closure for the parameterization of ¢,
Perhaps the primary aim of this discussion has been
to point out that the fluctuations in g, are observed
to be large and not to be normally distributed. The
consequences of these fluctuations must be taken
into account.

Equations (3.1)-(3.7) and (3.13) form a system
of equations for the first moments of the dependent
variables. The system is closed when the second
moments appearing in them are specified.

4. Second moments of dependent variables

The second moments of the dependent variables
which occur in Section 3 are assumed to have a dif-
fusive nature. Thus we introduce an eddy dif-
fusivity K such that the turbulent Reynolds stress is
given by

_ o, om 20w,
W =ES, —K{—L+—2L_-_"%§ 4.1
i =38 {ax, ax, 3ox, Y “D

where E = {u? is the turbulent kinetic energy per
unit mass. The last term on the right-hand side of
(4.1) ensures that the equation is consistent when
the mean velocity field is compressible. Similarly
the flux of a scalar quantity s, which is conserved
(in the absence of molecular diffusion) by following
a fluid particle, is represented by

Ta =K, 2,
ax,

where K, = a, K; 4.2)

a, is a constant to be determined. It follows from
(2.3), (2.10) and (4.2) that

—_— aq,
qu=—K 2.

s 6L uj =
ox,

96,
and —K, —. (4.3)
Ox

i

Now the air density p is not conserved when follow-
ing a fluid particle. However, it is found from (2.7),
(2.11), (3.6) and (3.7) that to the first order in frac-
tional deviations

p'/p=—6;/6, — (R /Ra— )q;,— (L/C, T
—R/R)q. (4.9)
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and hence

Puilp = —8u/8, — (R,/Ra — gl — (L/C,. T —

R,/R) q.u}. (4.5)
Only the cloud water flux is not known on the
right-hand side of (4.5).

An estimate of the cloud water flux can be found
from the assumed probability distribution of the
total water. Thus, setting g, = 0 in (3.8) and (3.9),

we see that
qu; = qiu H@,), 4.6)

where H(x) is the Heaviside unit step function.
Equations (4.3), (4.5) and (4.6) yield

m/ﬁ =K;Nl/g’

where

@.7

N=gd L% R R 1
=8 Iax, v/ g =

+ (L/C,, T—R,/RHH(g,) _aq_—,};
Ox,

i

N3 is the Brunt-Vaisala frequency when the fluid
is stably stratified.

The eddy diffusivity is specified in the form
suggested by Kolmogorov (1942); that is

K = a,Er, (4.8)

where 7 is a characteristic time scale of the turbu-
lence, and a, is a constant. The time scale is
assumed to be of the form proposed by Manton
and Cotton (1977) when deriving a full second-
order closure approximation; hence
T2 = (du,/0x))* y(RY), 4.9)
where the Richardson number Ri = N,/(8i;/ 0x,)*

Equation (4.9) is simply a generalization of the
usual assumption, used to derive the logarithmic
velocity profile in a neutral boundary layer, that the
time scale of the mean flow and the turbulence time
scale are equivalent.

The stability function w is chosen to be given by

1—a;RIi, Rig0;
w(RD)=<1—ayRi, O0<Ri<Riy; 4.10)
a, Ri, Ri>Ri;
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where a, = Ri_} — a;; a; and Ri_,,, are constants, It
is seen that y is continuous and that it is unity for
neutral conditions (i.e. for Ri = 0). The reasons for
the detailed form of (4.10), which is somewhat dif-
ferent from that used by Manton and Cotton
(1977), is discussed below.

To determine E in (4.1) and (4.2) we use the tur-
bulent energy equation which is obtained by multi-
plying (2.1) by u; and then averaging; thus

DE | oo Bl 8 oo 10 )
—_ — + — W u) + ~—— (P'u]
Dr # ox; Ox; il p ox, P'ui
' u' a 732
e +v(—"-‘-) =0 @.11)
ox;

Since the Reynolds number of the mean motion is
high, molecular diffusion is neglected in (4.11). On
the other hand, viscous dissipation cannot be neg-
lected and the last term'in (4.11) is modelled by

(au: )’ a,
e=v|—) = - E, @.12)
ox;

where a, is a constant. Equation (4.12) is consis-
tent with the observation that, while dissipation
occurs at small scales, the rate of dissipation of
energy is controlled by the large-scale motion
(Batchelor, 1953). In accordance with (4.1), the
turbulent diffusion terms are approximated by

6 —— 190 —— d oE

A —u)=——[Kk—).

ox; (uju'z).'-pax‘ " ui ax,( ox;
4.13)

Putting (4.12) and (4.13) into (4.11), we obtain the
turbulent energy equation

DE u, pu, a a( OE
— U — + — -E=—\|K—1}.
Dr Yoy T T T T T e, ax,)

(4.14)

The eddy diffusivity can now be calculated from
(4.9), (4.10) and (4.14) provided that the constants
a, to a; and Ri_,, are known.

The constants in the turbulence parameter-
ization are evaluated by comparing the theory with
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observations in a steady-state equilibrium surface
layer. Then (4.14) and (4.9) reduce to

AL B S (KaE) (4.15)
B A A o N
with 2 = (9u,/0x,)*w(Ri), where Ri =
N,/(BT /2x, ).

In the equilibrium layer the fluxes #2 and H, are
constants, where

u = —uluy = Kou,/dx,
and (4.16)
H, = p'u}/p = a;KN,/g.

It is convenient to define the dimensionless profile
functions (Monin and Yaglom, 1971)

kx 0,

kx,u N
and ¢, = —34eTs

o 4.17)

" uy Oxy

where k is the von Karman constant.

Measurements in a neutral layer (H, = 0) show
that u2/E = 0.32 (Mellor, 1973). It follows from
(4.8), (4.10), (4.15) and (4.16) that

a=a,= 0.32. (4-18)

Equations (4.2), (4.16) and (4.17) imply that
#,/6, = 1/a;. Businger et al. (1971) observe that
this ratio equals 0.74 in neutral conditions. We
therefore take

a; = 1.35. (4.19)

Businger et al. (1971) find that turbulence
cannot be sustained in the surface layer when the
Richardson number R/ is greater than 0.21, and so
we set

Rig, =0.21 (4.20)

in (4.10). When R is less than this critical value in
stable conditions, Wyngaard and Coté (1971)
observe an approximate balance between the net
production and dissipation of turbulent energy;
that is, the right-hand side of (4.15) is negligible.
Then eqs. (4.9), (4.15) and (4.16) reduce to (4.10)
over the range 0 < R/ < Ri_,,. Above the critical
Richardson number, there is a net dissipation of
turbulence. Assuming that the rate of dissipation is
proportional to the Brunt-Vaisala frequency and
independent of the mean shear, we obtain (4.10)
from (4.9) when Ri > Ri .
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In free convection conditions (Ri - —c0), the
turbulence is sustained by the unstable stratifica-
tion. The turbulent energy, the turbulent time scale,
the rate of dissipation of turbulent energy and the
mean density gradient are expected to be indepen-
dent of the mean shear. Dimensional arguments
consequently imply that as Ri -+ —oo (Monin and
Yaglom, 1971)

172~ —a,N,,

e~ al-gh,), 4.21)

E ~ c)(—gH kx,)*?,
N, ~ ‘(Cg/aa)(“an.)z”(kxg)_4/3’

where ¢, ¢, and ¢; are constants. It is apparent
from (4.9) that (4.10) for Ri < 0 is the simplest
extrapolation of (4.21a) to the origin under the con-
straint that y = 1 at Ri = 0. Putting (4.21) into
(4.12), (4.15) and (4.16), we obtain the following
relationships between the constants:

¢, = a,c,(asc,/a)?,

1 —ag/ay = 2¢,k*3c,, (4.22)

1 = ayey(ases/an)'.

(1t is of interest to note that egs. (4.15) and (4.21)
together imply that in free convection there is
locally a net sink of energy which is balanced by
turbulent diffusion. This is consistent with the
results of Wyngaard and Coté (1971), in
moderately unstable conditions at least.)

Now Wyngaard and Coté (1971) find that the
rate of dissipation of energy in unstable conditions
can be approximated by

kxye/uy = {1 + 0.5 (—kx,gH, /u})¥3p372,

This implies that ¢, = 0.35 and hence from (4.18),
(4.19) and (4.22) with k = 0.35 (Businger et al.,
1971),

a,=0.47 (4.23)
with ¢, = 3.00 and c¢; = 0.38. All the constants
appearing in the parameterization of the turbulent
fluxes are now specified.

It remains to determine the variance of the total
water specific humidity which arises in (3.13). The
equation for ¢!? is found by multiplying (2.3) by ¢;
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and averaging; thus

Dq? 6q, , (6q’ )2

=L 20 u +— @ gD +2 L) =0,

D A g o WA PG
(4.24)

where molecular diffusion is neglected. The turbu-
lent transport term and the dissipation term in
(4.24) are modelled in the same manner as those
terms in (4.11); in particular,

W = —Ksacﬁ/ ox;,

(4.25)
2v,64)/0x) = agr'q?,
where a, is a constant. Equations (4.24) and (4.25)

imply that

Dq 9q, ag 4 ( aq;? )

2 giu oy g K, —

Dr ek ox, 0= ox, (4.26)

As before, the constant a, is found from con-
sideration of the equilibrium surface layer in which
the scalar flux Q, is constant, where

Q, = —qiuy=K,0q,/0x,. .27

Defining the profile function

$ = k—x’ﬂ 3_q_, , (4.28)
Qs 0x,

we see from (4.16), (4.17), (4.27) and (4.28) that

[ (4.29)

Equation (4.26) in the equilibrium layer reduces to
93, ag— @ ( a(}'_Z)
Y A ey S i )
qe U3 x T q; s ox,
In free convection, the variance of a scalar is
expected to be independent of u, and so dimen-

sional arguments imply that as Ri - —oco (Monin
and Yaglom, 1971)

~ QL (—gH kx,) 3. 4.31)

Smedman-Hégstrém (1973) and Leavitt and Paul-
son (1975) observe that ¢, = 1.2. It therefore
follows from (4.27)-(4.31) that

as= 1.34.

(4.30)

(4.32)
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Equations (4.1), (4.2), (4.3), (4.7), (4.8), (4.9),
(4.10), (4.14) and (4.26) form a closed system for
the second moments occurring in the equations of
Section 3. The constants appearing in the equations
of Section 4 are specified by (4.18), (4.19), (4.20),
(4.23) and (4.32).

5. Conclusions

A system of equations has been derived in order
to predict the first moments of the dependent
variables in moist, deep convection. Those second
moments which arise in the equations for the first
moments are modelled by means of an eddy dif-
fusivity. The eddy diffusivity is proportional to the
turbulent kinetic energy and to a characteristic time
scale (Kolmogorov, 1942). An additional partial
differential equation is needed to determine the tur-
bulent energy, but the time scale is governed by an
algebraic function of the mean strain rate and the
Richardson number. The system models the
behaviour of the turbulence covariances in all
stability conditions without introducing many
additional differential equations. In particular, it is
shown in Part II that, despite the use of an eddy
diffusivity, the model equations can represent the
deepening of well-mixed layers.

The air in cloud is assumed to be precisely
saturated in the present model: any water in excess
of the saturation value is assumed to condense in-
stantaneously. This implies that the algebraic
equation for the cloud water specific humidity
involves a Heaviside step function. Consequently
the average value of the cloud water specific
humidity depends upon the probability distribution
of the total water (vapour plus liquid) specific
humidity. Consistent with observations in cumulus
cloud by Warner (1955), the total water is approxi-
mated by a binary switching process.

In Part II of this work it is demonstrated that a
finite element method can be used to solve numeri-
cally the system of model equations.
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KOHEYHO 2JIEMEHTHA S MOJEJIb BJIAXHOI'O NMMOI'PAHUYHOIO
CJ1I0A ATMOC®EPLHI: YACTE I — YPABHEHUA MOJEJIN

Jna mpeackal’aHdMs NEePBbLIX MOMEHTOB 3aBHCHMBIX
MEPEMEHHBIX BO BIAXHOW FiyboKol KOHBEKIVH
BBIBOOHTCS CHCTEMA YpaBHEHMM. 3amblkaHue HesH-
HelfHOH CHUCTeMBbl [OCTMraeTcs MPHHATHEM KOBa-
pHanmif 3aBUCHMBIX BEJIMYHH TNPOMOPLMOHATLHBIMH
TypOyneutHo#t BsA3kocTH. TypOysieHTHasi BA3KOCTb
MPONOPUHOHAJIbHA TYPOYJIEHTHOR KHHETHYECKOM JHe-
PrMM H XapakTepHOMy Macwitaby BpeMeHH TypO-
yneHTHOCTH. XOTA Macmral BpeMEHH SBJIAETCA
npocroil anreGpauyeckoit dyHxuuel cpenseit cxo-
poctH nedopmMauMp u yuciaa Puvapncona, s
onpenmeneuus TypOyneHTHOM sHepruMm TpebyeTcs

nononuuTensHoe AuddepeHLHaTbHOEe ypaBHEHHE B
YacTHbIX Npou3BoaHbX. IIpennonaraercs, 4ro BOA-
sHbie KaruiH B obnaxax oOpa3yroTcsi MIHOBEHHO,
KOTHa BO3/yX CTAHOBHTCA HachllleHHbIM. Ilo3tomy
cpenHsAs BOIOHOCTb OOJAKOB 3aBHCHT OT pach-
peAesieHus BEPOATHOCTH MOJHOTO KOJIMYECTBA BJIATH
(map IIKC XHOKOCTH). s OLeHKH cpennedt BOI-
HOCTH OONAaKOB TOJIHOE BNAaroCOIEpXaHWe an-
NPOKCHMHDPYETCS B BHIE NBOWHOrO anbTEPHHPYIO-
wero npouecca. B yactu II paGotsl onucan meron
KOHEYHBIX 2JIEMEHTOB, KOTODBIA HMCIONB3YETCH s
YHCIIEHHOTO CYETa CHUCTEMBb] ypaBHEHHIA.

Tellus 30 (1978), 3



