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ABSTRACT

The non-linear normal mode initialization technique of Machenhauer (1977) and Baer (1977)
has shown great potential in removing spurious high frequency gravity modes from primitive
equation model integrations. In essence, this procedure orthogonalizes the time tendencies of the
original fields to the time tendencies of the high frequency normal modes of the linearized model
equations. In the present work this procedure is generalized by casting the problem in a
variational framework. Thus a variational integral is minimized subject to strong constraints
obtained from the theory of non-linear normal mode initialization. When applied to the shallow
water equations, it is found that this variational approach includes most previous barotropic
static initialization procedures as special cases. The procedure was tested under various

conditions and the results displayed.

1. Introduction

Gravity wave oscillations have been a persistent
problem in primitive equation models since their
introduction in the late 1950°s. These high fre-
quency oscillations have excessive amplitude
because the wind and mass fields cannot in general
be prescribed initially with sufficient accuracy. In
order to meet this problem, many initialization
procedures have been developed over the years. In
all of these procedures, the observed wind fields,
mass fields or both are adjusted or balanced in
some fashion so as to minimize gravity wave
oscillations during the model integration.

The earliest procedures, the linear and non-
linear-balance equations were developed because of
the paucity of wind data at the time. The non-linear
(forward) balance equation was not easy to use in
practice because of ellipticity problems in tropical
regions. It also produced only the rotational com-
ponent of the winds. The increasing availability of
wind data from aircraft and satellites, together with
the ellipticity problem, eventually rendered obsolete
the direct use of the balance equation for calculat-
ing winds.

Variational techniques, introduced by Sasaki
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(1958, 1969, 1970) and Stephens (1970) are static
initialization methods which permit the mutual
adjustment of wind and mass fields. In these tech-
niques, the presumed accuracy of the original wind
and mass fields is reflected in pre-specified weight
functions. Variational methods minimize the
adjustment of the original fields while satisfying
exactly or approximately such constraints as the
balance equation. Recently, baroclinic variational
initialization has been attempted by including the
hydrostatic equation as a further constraint (Phil-
lips, 1977; Barker et al., 1977). These techniques
make optimal use of the observed data, but when
used with traditional constraints such as the non-
linear balance equation, they cannot produce a
divergent wind component and they cannot com-
pletely eliminate gravity oscillations from a
primitive equation model.

One of the most promising initialization pro-
cedures of recent years has been the normal mode
approach. In this procedure, the first step is to
obtain the normal modes of a linearized version of
the primitive equation model that is to be inte-
grated. These normal modes can usually be
identified as low frequency Rossby modes, or high
frequency gravity modes, with computational
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modes also appearing if the model equations have
been discretized. In what might be called “linear
normal mode initialization”, the original fields are
adjusted in such a way as to orthogonalize them to
undesirable gravity and computational modes.
Flattery (1970, 1972) developed an operational
objective analysis scheme for global data using the
normal modes of the tidal equations. Williamson
(1976) obtained the normal modes of a grid-point
model of the shallow water equations and
orthogonalized the original fields to the high
frequency modes. This technique uses both wind
and mass fields, produces a divergent wind compo-
nent, but unfortunately does not completely elimin-
ate gravity modes from model integrations. This is
because the original fields are orthogonalized to the
high frequency modes of the linearized equations
only; during the time-integration the non-linear
terms act as forcing terms to regenerate the high
frequency modes. Moreover, the adjusted fields
satisfy only a kind of linear balance, which ignores
the non-linear relation between mass and wind
found in the gradient wind relation; thus, the fit to
the original data is not very good.

This problem was overcome by the “non-linear
normal mode initialization” technique of Mac-
henhauer (1977). Rather than orthogonalize the
original fields to the high frequency modes, he
orthogonalized their time-tendencies to the time-
tendencies of the high frequency modes. This
meant that the time tendencies of the high
frequency modes were initially zero and would
remain small, provided the non-linear terms did not
change rapidly with time. In problems with low
Rossby number, this was the case, and the tech-
nique worked very successfully. Independently,
Baer (1977) with a quite different approach using a
Rossby number expansion, arrived at basically the
same result to second order. This type of pro-
cedure uses both wind and mass fields, produces a
divergent wind component, and virtually eliminates
gravity wave oscillations. This technique, can in
principle, be used for any model or system of
equations, for which the normal modes can be
found.

It is the purpose of the present work to combine
the non-linear normal mode initialization tech-
nique of Machenhauer (1977) and Baer (1977)
with the variational procedure of Sasaki (1958).
This combined procedure will allow for the mutual
adjustment of the wind and mass fields based on
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the presumed accuracy of the observations, yield a
divergent wind component and eliminate high
frequency oscillations from the integration. It will
also allow the user to adjust the wind to the mass
or vice versa (within limits) as he chooses.

In the present article the technique is applied to
the shallow water equations, but it can, in principle,
be extended to more complicated systems. When
the technique is applied to the shallow water
equations, most previous barotropic (one-level)
static initialization procedures will be seen to be
special cases. This includes the forward and back-
ward, linear and non-linear balance equations,
variational methods employing the balance
equations as constraints, and both linear and non-
linear normal mode (barotropic) initialization tech-
niques. It does not include baroclinic variational
formulations such as that of Phillips (1977) or
normal mode initializations not based on the baro-
tropic equations.

In the following sections there will be a brief
discussion of the normal modes of the shallow
water equations followed by a résumé of the non-
linear normal mode technique of Machenhauer
(1977) and Baer (1977). The variational form-
ulation will then be introduced and it will be
demonstrated that the normal mode initialization is
a special case. Other special cases will show the
relationship between normal mode techniques and
more conventional procedures such as the balance
equation. Finally the technique will be applied to
real data and its effectiveness will be tested in a
model integration.

2. Normal modes of the linearized shallow
water equations

The governing equations are the shallow water
equations on the sphere, in the differentiated form
used by Bourke (19212).
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The first step is to find the free normal modes of
eqs. (2.1-2.3) linearized about a state of rest and
with an equivalent depth D = &/g. This implies R,,
R,, R, are set to zero, for the present. We follow
basically the procedures of Kasahara (1976),
differing mainly in the choice of dependent vari-
ables.

We assume that a particular normal mode,
represented by the column vector (y, x, ®) has the
following dependence on ¢, g, A.
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where

s is the zonal (east—west) wavenumber,
Pi(u) is the associated Legendre function of
the first kind of degree s and order n,
o is the normalized frequency of the
normal mode, and
AS, BS, C% are the real expansion coefficients of the
Legendre Functions.

The Legendre Functions satisfy the following
orthonormality condition

11 Py Py () du = &

where J7, is the Kronecker delta function.

We insert the expansions (2.7) into egs. (2.1-
2.3) with R, = R, = R = 0, multiply through by
P (u)exp (—ird) and integrate over the sphere.
Using the orthogonality properties of the complex
trigonometric function exp (isA), the Legendre
orthogonality condition (2.8) and certain other
properties of Legendre functions we obtain for each
zonal wavenumber s,
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Equations (2.9-2.11) define an infinite matrix
problem, which in fact decouples into two separate
matrix problems. There is first the symmetric
problem with y, @ symmetric and y anti-symmetric
with respect to the equator. Secondly, there is the
anti-symmetric problem with y, ® anti-symmetric
and y symmetric with respect to the equator. All
modes are required in the global case, but in the
hemispheric case only the symmetric modes (x, ®
symmetric, y anti-symmetric) are required.
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To render the problem tractable we truncate the
infinite sum (2.7) at some finite value of n = s + N,
for each zonal wavenumber s. This produces two
algebraic eigenvalue problems (symmetric and anti-
symmetric) with eigenvalue ¢ for each s. The
method of obtaining the eigenvalues and eigen-
vectors closely follows Kasahara (1976) and uses
standard algebraic eigenvalue methods.

For each zonal wavenumber s, and a given
(even) N the symmetric and anti-symmetric
matrixes are of order 3N/2 and there are a total of
3N ceigenvectors and eigenvalues. These eigen-
vectors are customarily divided into 3 classes on
the basis of their eigenvalues. There are N high
frequency eastward moving gravity modes, N high
frequency westward moving gravity modes, and N
low frequency westward moving Rossby modes.
For large equivalent depths (® large) there is a
large separation between the Rossby wave frequen-
cies and the westward gravity wave frequencies.
This separation decreases as the equivalent depth
decreases.

The meridional structure of the three modes
(Rossby, eastward gravity and westward gravity)
determined in this fashion can be seen in Longuet-
Higgins (1968). These meridional structure func-
tions are generally called Hough functions after
Hough (1898).

In the case s = 0, there is a certain degeneracy
and some of the modes (generally Rossby modes)
have zero frequency, i.e. they are stationary. In this
case there are no unique eigenvectors correspond-
ing to these modes and their north—south structure
cannot be determined by this method. For the
symmetric case with s = 0, there are N/2 + 2
modes with ¢ = 0 but the remaining N — 2 gravity
modes have non-zero frequency and their eigen-
structure can be determined.

The horizontal structure of a particular free
mode ?j(p, A) with eigenfrequency o} is given by
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where j assumes some ordering of the eigenmodes
according to frequency and 0 <j <3 N.

The functions 5, %}, ®; are complex functions of
latitude and longitude. We use the circumflex
notation to indicate that these variables are known
functions of A, # and to distinguish them from
arbitrary fields y, y, ® which are denoted as
follows:

14
Y=1\x| (2.13)
[\
It is convenient to define the following integral
operator

. 1 P
(Y ¥y = y. Lo — By vy
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where the (*) indicates complex conjugation and
the integral is taken over the sphere. It will be noted
that (Y - Y*) defines the total energy (potential plus
kinetic) for eqs. (2.1-2.3).

Since Y can be expanded in spherical harmonics
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where 3, x5, @3 are complex spherical harmonics
expansion coefficients of the arbitrary fields y, y, ®
then

S+N
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+ n(n + Dk(y; 450) + 3B (), (2.16)
for - M<s <M.

The normal modes Y* are orthogonal satisfying
the following orthogonality condition
Y91 = 40253561 (2.17)

The magnitudes of the 45(7), Bi(/), C5(j) are
arbitrary when determined from (2.9-2.11) and
thus they have been adjusted to satisfy the
normalization implied by (2.17).

It is possible to expand an arbitrary field Y in
terms of the normal modes ¥3(u, ) as well as in
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spherical harmonics. Thus

M 3N R
Y= I 3 g%

s=-M j=1

(2.18)

where the y; are ttLe complex expansion coefficients
of the free modes Y.

Unlike a spherical harmonic expansion (2.15),
the free mode expansion (2.18) has the same
expansion coefficient for each variable (¢, 17, ‘i)j).
7] can be obtained from Y, simply by

1

e

Y- ¥, (2.19)

3. Non-linear normal mode initialization

Having obtained the normal modes of egs. (2.1-
2.3) with R, = R, = R, =0, the next step is to use
them for initialization. We will first develop the
equations for linear normal mode initialization and
then introduce the non-linear techniques of Mac-
henhauer (1977) and Baer (1977).

Suppose we have original fields of stream-
function y velocity potential y and geopotential @,
which we will denote by Y(0). In linear normal
mode initialization we first calculate the amplitudes
of the gravity modes in the original fields

1

3(0) = —
7/() FTeY

Y(0)- Y;"), G.1n
for —M< s < M, and j € [jg], where we calculate
7}(0) for each mode in the set of modes [j,] we
wish to suppress from the initial data and the sub-
sequent model integration.

The next step is to simply remove these modes
from the original data, producing adjusted fields
Y(1)

Y()=Y0) - X X %O (32)
s J

where >°¢ indicates a sum over the modes j € [j].

If the procedure were used and then a model
integrated in which R, R,, R, were set to zero,
then the high frequency modes would be filtered for
all time. However, if the full non-linear eqs. (2.1—
2.3) were integrated in a model, the high frequency
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oscillations would reappear because the ?} are not
eigenmodes of the non-linear equations. This can
be seen, for example, in Williamson (1976) who
used essentially the procedure (3.1) and (3.2) for
initialization and then ran with the full shallow
water equations.

Ideally, one would like to obtain the normal
modes of the fully non-linear egs. (2.1-2.3) and
then suppress these high frequency non-linear
modes from the initial fields. This is, of course, not
possible, but the procedure of Machenhauer (1977)
does approach this ideal. Machenhauer hypothe-
sized that if the terms R,, R,, R, did not change
rapidly with time (as is the case for small Rossby
number) then it might be possible to produce a
better initialization by ensuring that the time
tendencies of the high frequency linear modes were
initially zero. In this case the initial amplitudes of
the high frequency linear modes would be non-zero,
but the time tendencies of the initialized fields
would be orthogonal to the time tendencies of the
high frequency linear modes.

In this case we expand y, y, ® in a normal mode
expansion (2.18) and insert into eqgs. (2.1-2.3).
Using the fact that the ?j are eigenfunctions of the
linear terms in (2.1-2.3) we get
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After multiplication of (3.3) by u?‘j (3.4) by 1%
and (3.5) by &7+, addition, integration over the
sphere and application of the orthogonality con-
dition (2.17) we obtain

: _ 1
yj = — 2910’;}’; + m—z F(R‘, RX’ RO)’ (3,6)
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1 1 2
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If y} for a particular mode is set equal to zero
then the time tendency of this mode will be initially
zero in a model integration of the full shallow water
€gs. (2.1-2.3). This can be ensured in (3.6) by
calculating a new value of the amplitude of this
mode y;(1) from (3.6) with 7 = 0. Thus

1
(1)=———F(R_,,R_,R,), T
) = s T R R Ro) €X)
for —M <s < M, and j € [j,l.
The adjusted fields Y(1) in this case would be
obtained by replacing the original amplitude yj(0)
by the desired values yj(1) for j € [jgl;

G
Y()=Y0) + 2 X [y(1) — y;ON¥;. (3.8)
s ]

So far, R, R,, R, have been calculated from
Y(0), so that if we then proceed to use the Y(1)
calculated above in the model integration to re-
calculate R, R,, R, the balance will not be perfect
and % # 0 for j € [jgl. This can be rectified by
recalculating R, R, Rq using Y(1) and thus pro-
ducing y/(2) in eq. (3.7) and Y(2) in eq. (3.8). This
procedure is then repeated to obtain progressively
better-balanced fields Y(2), Y(3), ... Y(F) until
convergence. This procedure is very effective in
removing spurious high frequency oscillations from
integrations of the shallow water equations, as can
be seen in Machenhauer (1977).

Baer (1977) and Baer and Tribbia (1977)
developed a more general scheme employing a
Rossby number expansion and two-timing tech-
niques. Equations (3.1-3.2) are equivalent to their
first order method and egs. (3.7-3.8) to their
second order method. Higher orders are also
possible, but they involve higher time derivatives.

It might at first seem that this non-linear normal
mode method cannot be improved or generalized.
However we note that for each zonal wavenumber
s, there are 2N gravity modes, but a total of 3N
degrees of freedom for y, y, ®. This means that
there are many possible ways that y, y, @ can be
adjusted to satisfy (3.7-3.8) for each of the 2N
gravity modes. This leads very naturally to a
variational formulation in which we demand that
the adjustments of y, y, ® be minimized subject to
constraints (3.7-3.8) on the high frequency modes.
This procedure, through the use of weights which
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express our confidence in the original fields, allows
a considerable degree of control over the adjust-
ment procedure. It will be shown that the non-
linear normal mode initialization technique of
Machenhauer (1977) is formally equivalent to the
minimization of a variational integral with rather
special weights.

4. Variational formulation

The basic procedure in developing a variational
framework for non-linear normal mode
initialization follows Sasaki (1958). We define first
a variational integral which is a function of the
adjustment in each of the dependent variables y, y,
® and of certain pre-specified, spatially varying
weighting functions. The idea is to find the
minimum of this variational integral subject to the
constraints we wish to impose; thus obtaining
adjusted v, x, @ fields which are optimally close to
the original fields. Minimizing the variational
integral can be shown to be equivalent to obtaining
the solution of a series of differential equations
called the Euler~Lagrange equations. In this case,
we solve the Euler—Lagrange equations of the
system by a spherical harmonic expansion, thus
obtaining the adjustment to y, y ® which
minimizes the original variational integral.

The variational integral we wish to minimize is
as follows

IAY, = 12 jl 2
@ wo= 2 ) 7 owemer

We )
+ W (VAD* + 3 (VA®)] dy du,

4.D
where
w(1) — y(1)
AY=Y(1)—YO)={ x(1)~x0) |,
@(1) — ©(0)
W (u 2)
Wy=| W, (4 |
Wolu, 1)
V = horizontal gradient operator in spherical
coordinates.

AY expresses the adjustment in Y due to the
minimization procedure where Y(0) represents the
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original fields and Y(1) the adjusted fields. The
Wy(u, A) are the pre-specified spatially-dependent
weighting functions mentioned earlier. These func-
tions can be used to express our confidence in the
original fields Y(0). Where W,, W, or W, are
large, our confidence is high and only a small
adjustment can take place. On the other hand if one
of the weights is small, our confidence is low and a
large adjustment is possible. The factor 1/4Q? in
the ® term in (4.1) has been included for
dimensional consistency. It will be noted that we
have attempted to minimize the horizontal
gradients of each of y, x, ®; this is geostrophically
consistent at least as far as y, O are concerned, and
is similar to the variational integral used by
Stephens (1970).

The next step is to introduce the constraints we
wish to impose. Essentially, we desire that the
amplitude of a particular high frequency mode
[—M < s < M; jE (jgll in the adjusted field be
given by (3.7). This means that the adjustment AY
must be such as to replace the original amplitude of
the undesirable mode —»}{0) by the desired value
%(1). By making use of (2.19) and (2.14), the
adjustments Ay, Ay, A® can be shown to be
related to (1) and ¥j(0) by

1 1 f n . . )
an f_, 18003 — DAy + MgV du
=44y - %), 4.2

for —M <s <M, and j € [jl.

For each zonal wavenumber s we will apply
(4.2) for only those modes j € {j;] which we wish
to supress from the model integration. In (4.2) the
only unknowns are Ay, Ay, A®. The horizontal
eigenfunctions §2%, 7%, ®F* are known and can be
determined from (2.12). ¥;(0) is a function of Y(0)
and can be determined from (3.1). »(1) is also
known and can be determined by calculating R,,
R, Ry from Y(0) using (2.4-2.6) and then
applying (3.6) and (3.7). It might be noted that the
constraints imposed (4.2) are integral constraints,
rather than the differential constraints which are
usually imposed in variational initialization.

There are two possible directions in which we
can proceed at this point. We can demand that the
constraints (4.2) be satisfied exactly, in which case
they will be called strong constraints. Alternatively,
we can use a weak constraint formulation in which
the constraints (4.2) are satisfied only approxi-
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mately, according to a set of pre-specified weights.
We have arbitrarily decided to choose strong con-
straints and are therefore forced to use the method
of Lagrange’s undetermined multipliers in order to
obtain a solution (Craggs, 1973). To this end we
create a new variational integral J(AY, Wy) from
I(AY, W) and the Lagrange multipliers.

J(AY, Wy) = I(AY, Wy)+Z Z a[y;(1) — ¥5(0)l.
4.3)

The ¢f, which are Lagrange’s undetermined
multipliers, are complex numbers, independent of
latitude and longitude. It can be shown that the
minimization of J(AY, W) is equivalent to mini-
mizing I(AY, W) while exactly satisfying the con-
straints (4.2). It might be noted that in variational
formulations which impose differential constraints,
the Lagrange multipliers are functions of the inde-
pendent spatial variables.

In order to make the minimization of J(AY, Wy)
more tractable we break up the weight functions
Wy in (4.1) into their zonal averages and
deviations.

Wy =Wy + Wi, 4), @49
where

—2 2x
Wy=— Wy(u, A)dA.

It can be shown (Craggs, 1973, for example)
that the minimization of a variational integral is
equivalent to obtaining the solution to the Euler—
Lagrange equations. These differential equations
can be obtained from the variational integral J(AY,
Wy) by considering the individual variation of Ay,
Ay and A®, or by using standard formulas. The
Euler—Lagrange equations for (4.3) are as follows:

222V W, VAy + —‘!’—Z E Vs
e 4 a5 a; vy,

= —2a?V. W' VAy, 4.5)
222V W, VAy + 2 Z Z HVR

427

=—2a’V-W!VAy, (4.6)
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Equations (4.5-4.7) together with the con-
straints (4.2) constitute a system of differential
equations which must be solved for the unknowns
Ay, Ay, AD and aj. As mentioned earlier, the
method of solution is by spherical harmonic
expansion, using the normalization defined in eq.
(2.15) thus

Ay M s+N AWf’
AY=| Ay > X | iAxs | Ps(u)exp(isd).
Aol =M "= oA
(4.8)

The Ay;, AxS, A®% are complex expansion
coefficients for the spectral harmonics. To illustrate
the method of solution we will temporarily set W,
W, Wge equal to zero. We then insert the
expansions (4.8) into (4.5-4.7), muitiply by an
arbitrary spherical harmonic P%,(u) exp (—ird) and
integrate over the sphere. The orthogonality con-
dition for Legendre Functions (2.8) and the
definition of ¥}, x5 and &; (2.12) give

S+N

2 X W, (mns)Ays + n(n + Dk Z &A35()=0,
mes ! (4.9)
s+N

2 X W (mns)Ax, + n(n+ 1)k Z @#Bi(j) =0,
m=s I (4.10)
S+N

2 Z We(m,n,s)4®s, + Z #Ci(H)=0, (4.11)

for—M<s<M ands<n<s+Nwhere

dPs, dPs,

watmn)= | Wy<y)[(1~ 2

sl
1+ 2) ]d”

In a similar manner the constraints (4.2) reduce
to

du

s+N

2 [A®:,C5,(5) + m(m + Dk(AysA%())

m=s

+ A BLUN) = vi(1) — %(0)

for —-M s

4.12)

<M, and j € [jgl.
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Equations (4.9-4.12) constitute a set of linear
algebraic equations which are to be solved for the
unknowns Ays, Axs,, A®% and af,If the W} are
symmetric with respect to the equator, then this set
of equations decomposes into symmetric and anti-
symmetric subsets. Let us suppose N even. Then
for the symmetric case, for each value of s, there
will be N/2 equations each of the form (4.9),
(4.10), (4.11). In this case there are N/2 Rossby
modes and N gravity modes. Suppose we decide to
apply the method to all N gravity modes. Then
there will be N constraints of the form (4.12). Thus
for each value of s, eqs. (4.9-4.12) will define a
matrix problem of order 5N/2 for the symmetric
case, and similarly for the anti-symmetric case. In a
typical atmospheric forecast model using spherical
harmonics, for example Daley et al. (1976), N is of
order 30, so that the matrices to be inverted are of
order 75. The left-hand side coefficient matrices
defined in (4.9—4.12) are known and independent of
data and can thus, in principle, be inverted once
and for all.

In the case s = 0, the matrix is singular because
of the degeneracy of the eigenstructure (see Section
2). This can be remedied by removing 4 rows and
columns from the matrix and then proceeding
normally with the deflated matrix.

In the case where W, W and W on the right
hand side of (4.5-4.7) are non-zero, an iterative
procedure is used. In the first pass, the right hand
sides are assumed zero and an initial guess Ay, Ay,
A® is obtained. The right hand sides of (4.5-4.7)
are calculated from this guess and the procedure is
repeated until convergence.

After we have solved (4.9-4.12) (together with
an iteration if W s 0) we have arrived at the same
stage in the procedure as eq. (3.8), i.e. we have
obtained an adjusted field 1) = Y(0) + AY.
where I(Y(1) — Y(0), W) is a minimum. At this
point, there are two possibilities. Firstly, we can
accept Y(1) as the initial field for subsequent model
integration, in which case (4.1) would be mini-
mized, but high frequency oscillations would not be
completely removed from model integrations. The
second option is to put the whole procedure in an
iterative loop as described at the end of Section 3,
thus obtaining progressively better balanced fields
Y(2), Y(3), ... Y(F), and completely eliminating
high frequency oscillations from subsequent model
integrations. It should be noted that this latter pro-
cedure minimizes I(Y(k + 1) — Y(k), W) for
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every iteration step k, but does not necessarily
minimize I(Y(F) — Y(0), W,); i.e. the total adjust-
ment Y(F) — Y(0) is not strictly a minimum. We
choose the second option, generally obtaining
satisfactory convergence in 2 to 3 scans (except in
one case discussed below).

Case 1

It was stated at the end of Section 3, that the
non-linear normal mode initialization technique of
Machenhauer (1977) was equivalent to the
minimization of a certain variational integral. We
will now demonstrate that this is so. The variational
integral that is to be minimized in this case is as
follows:

Zk 1 ‘27!
mmm#%j.fpmwumw
-1 [}

(A0y
[

subject to the same constraints (4.2) as before. It
will be noted that H(AY, Wy) is proportional to
{AY, AY*)—the adjustment of the total energy.

If we derived the Euler-Lagrange equations of
this system, substituted in a spherical harmonic
expansion (4.8) we would obtain a series of
equations similar to (4.9-4.11)

+

] dy du, (4.13)

G
kn(n + DA, + 2 a545(j)] =0, 4.14)
J
G
kn(n + Dldys + 2 a$B5()H =0, (4.15)
J
G
AD, + 2 a3Ci(j)=0. (4.16)
J

Equation (4.12) would remain the same. If we
multiply (4.14) by 43()), eq. (4.15) by B5(j) and
(4.16) by C:i(j), sum over n, and use the
orthogonality condition (2.17) we would find
& = —[7(1)— %O (4.17)

upon application of the constraints (4.12). The
insertion of (4.17) into (4.14—4.16) would give

G
2 [y3(1) — $5(0)),
J 4.18)

which is the same result as (3.8).

AY=Y()-YO0) =2
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This implies that the minimization of H(AY,
W) defined in (4.13), subject to the constraints
(4.2) is equivalent to the non-linear normal mode
technique of Machenhauer (1977) derived in
Section 3. It is instructive to compare the
minimization of H(AY, W) with the minimization
of I(AY, W) defined in eq. (4.1). We note that in
(4.1) the horizontal gradients of Ay, Ay, A® are
minimized which is geostrophically consistent;
whereas eq. (4.13) minimizes the horizontal
gradients of Ay and Ay, but A® appears in
undifferentiated form. Thus, in effect, (4.13) is
energetically consistent. This particular weighting
gives a much smaller weight to small horizontal
scales of ®, and thus (4.13) (and the methods of
Section 3), force the heights to the winds much
more strongly than eq. (4.1).

Case 2

We go back to the original variational integral
I(AY, W) defined in eq. (4.1). If we choose W, =
We = 0, W, = 1 we will force y, ® to adjust
without changing . For each zonal wavenumber s
in the symmetric case, there are only N degrees of
freedom (those corresponding to y, ®) which can
adjust. If the set [j,] contains all N gravity modes
for each s, then (4.10) and (4.11) indicate that @} =
0 for j € [jgl.

If we consider the linear case—(i.e. R, = R, =
Ry = 0 and thus yj(1) = 0) we have an analogue to
the linear reverse balance equation. In fact as & —»
oo, the velocity potential y(1) - 0 and we will have
exactly the linear reverse balance equation.

If, on the other hand, we calculate R,, R,, R,
and (1) and iterate the non-linear term as
previously outlined we have an analogue to the non-
linear reverse balance equation. Because, in this
case, we produce both a geopotential and velocity
potential from a streamfunction field we could call
this a reverse non-linear tidal balance equation.

Case 3

We again choose the original variational integral
I(AY, W) defined in eq. (4.1), but choose W, =
W, =0, Wg=1in an attempt to force winds to
heights. There is a further degeneracy for s = Q in
this case and the left-hand side matrix defined in
(4.9—4.12) must be further deflated by one row and
column. The correct procedure for doing this can
be found in Merilees (1968). As in case 2, a=0
for [-M <s< M; j € jgll.
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If we consider the linear case (R, = R, = Ry =
7j(1) = 0) we have an analogue to the linear
forward balance equation. As in Case 2, as & -,
x(1) = 0 and we obtain exactly the forward linear
balance equation.

In the non-linear case (y(1) # 0), we must iterate
the non-linear terms, producing an analogue to the
non-linear forward balance equation. This pro-
cedure was found in practice to be non-con-
vergent. The points of non-convergence were found
to approximately coincide with the regions where
the approximate ellipticity criteria for the classical
non-linear forward balance equation (V® +
2Q%? > 0) was violated. These points generally
occur in the tropical regions, which suggests that
W, in (4.1) must not be too small in the tropics.

5. Results

In order to test the variational initialization tech-
nique developed in Section 4 a number of experi-
ments have been performed. These experiments
demonstrate the effect of varying the analysis
weights W,, W,, W,; the effect of varying the
equivalent depth D; and the difference between
linear and non-linear initialization. The effect of
computational modes in model integrations run
from the variationally adjusted fields was also
investigated.

In all experiments the same original fields were
used. These fields consisted of the 50 kPa northern
hemisphere analysis of geopotential and windfields
for 1200 GMT February 29, 1976 obtained from
the Canadian operational objective analysis system
(Rutherford, 1976). This objective analysis scheme
is a multi-variate optimum interpolation procedure
and thus the initial unadjusted windfields and geo-
potential fields are by no means independent. It
was, however, thought that the original divergent
wind component was very unrealistic and it was
thus discarded. These original analyses were
complete in the sense that they contained all the
data available at the time. However, south of about
20° N, there was virtually no data, and the fields
there were very artificial. The original stream
function and geopotential fields can be seen in Fig.
5.

After the original fields Y(0) had been adjusted

R. DALEY

by the variational procedures of Section 4 they
were used as initial conditions for an integration of
the hemispheric barotropic (one-level) primitive
equations spectral model of Bourke (1972). This
model is a semi-implicit spherical harmonic model,
which is completely compatible with egs. (2.1-2.6).
A rhomboidal spherical harmonic truncation (M
N = 30) consistent with eq. (2.15) was used for all
model integrations. In all cases the equivalent depth
used in the adjustment process was the same as
that used in the model integrations. The model has
no spatial computational modes, but it does contain
a temporal computational mode, because of the

time centered differencing formulation. To
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Fig. 1. (a) Wind adjustment (m/s) as a function of
latitude for 10 km case. (——-) non-linear adjustment W,
= W, = W¢ = 1; (——-—) linear adjustment W,=W,
= W, = 1; (———) non-linear adjustment w, =«
Y, W, =1, Weg=1- W, (b) Same as la except
for geopotential (m).
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Fig. 2. Time evolution of point (46° N, 180° W) in 10 km model for 3 initial conditions. (

) unadjusted; (——-)

non-linear adjustment W, = W, = Wy = 1; (—-—) linear adjustment W, =W = Wy=.

160
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Fig. 3. Time evolution of point (60°N, 75°E) in 1.5 km model for 4 initial conditions. (

) unadjusted; (-~-)

non-linear adjustment W, = W, = W, = 1, (——) non-linear adjustment W, = (1 —p)*, W, =1, Wo=1- W,

(— - -—) non-linear adjustment W, =1, W, = Wo=0.

minimize the effect of this computational mode,
most experiments were run with a very short time-
step—3 minutes. The effect of a much longer time-
step—30 minutes—will be seen later. The cal-
culation of the terms R,, R,, R, in egs. (2.4-2.6)
was performed using the same algorithms for both
the adjustment procedure and the model
integration.
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The first experiment compared variational linear
and non-linear normal mode initialization. Linear
variational adjustment is performed, simply by
setting yj(1) = 0 in eq. (4.2). In this experiment the
equivalent depth was 10 km and the weights in eq.
(4.1) were W, = W, = W, = 1 everywhere. In Fig.
1a is plotted the zonally averaged adjustment of the
windfield as a function of latitude. The non-linear
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RMS DIVERGENCE (S ! x 106)

Fig. 4. Time evolution of hemispheric root mean square divergence (s~*) for 2 initial conditions ¢
(-—-) non-linear adjustment W, = W, = W, = L.

sl

TIME (h}

) unadjusted;

Fig. 5. (a) Initial unadjusted streamfunction (contours 12 x 10° m* s7!) on a polar stereographic projection. The
contour numbers in the black boxes refer to the contours which touch the lower right corner of the box.
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adjustment is represented by the dashed (——-) line
and the linear adjustment by the dash-dot (—-—)
line. In Fig. 1b the same results are shown for geo-
potential. In both linear and non-linear cases the
wind adjustment is relatively small and the height
adjustment large in the tropics. However in mid-
latitudes both the geopotential adjustment and the
wind adjustment are less severe in the non-linear
case. Also shown in Fig. 1a and 1b is the non-linear
adjustment for weights designed to force winds to
heights at high latitude and heights to winds at low
latitude. This case, indicated by long dashes
(——) has weights of W, = (1 — )%, W, = 1|,
We = 1 — W,. There is very little difference in
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the tropics, in this case, but the effect at high
latitudes is as expected.

The model described earlier was integrated for
24 hours from these initial conditions and the
results compared with a model integration from
unadjusted initial conditions. The equivalent depth
of the model was 10 km as in the adjustment
process. The time behaviour of the forecast fields
was monitored by plotting the geopotential at a
particular point (46° N, 180° W) in Fig. 2. Here we
have plotted the time behaviour for unadjusted
initial conditions—solid line (: ) non-linearly
adjusted initial conditions—short dashes (——-)
and linearly adjusted initial conditions—dash dot

Fig. 5. (b) Initial unadjusted height fields (contours 12 dam).
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Fig. 6. (a) Non-linearly adjusted streamfunction W, = (1 —u?)*, W, = 1, Wy =1 — W, Same units as 5a.

(—-—). In the last two cases W, =W = W, =
1. The high frequency gravity waves are apparent
in the unadjusted forecast and also in the linearly
adjusted forecast, but have completely dis-
appeared from the non-linearly adjusted forecast.
Other experiments were performed with an
equivalent depth of 1.5 km, to check whether there
was any deterioration of the results. The adjust-
ments in this case, not shown, are very similar to
those of Fig. 1. We have, however, presented in
Fig. 3, the time evolution of the geopotential field at
a high latitude point (60°N, 75°E) for an
equivalent depth of 1.5 km. In this case 4 different
initial conditions were tested. The solid line ( )
indicates unadjusted initial conditions. As one
might expect, the gravity wave oscillations are of
lower frequency than in the 10-km case. The

remaining curves all have non-linear variationally
adjusted initial conditions with different weighting.
The dashed curve (——-) is for the equal weight
case W, = W_= Wy = 1. The long dash curve
(——) is for initial conditions which are forced to
the winds at low latitudes and to the heights, at
high latitudes W, = (1 — w)*, W, =1, W =1
— W,. The dash dot curve (—- -—) is for initial
conditions which everywhere force heights to winds
W,=1,W, =0, Wg=0.1In all the non-linearly
adjusted cases there are no high frequency oscil-
lations, but the solutions at 24 hours, as at zero
hours, are markedly different; demonstrating that
the present forced adjustment procedure has
altered the initial state of the Rossby modes.

In Fig. 4 is shown the hemispherically integrated
root-mean-square divergence (Div = V2y) during
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Fig. 6 (b) Non-linearly adjusted height fields—same weights as 6a.

the model integration for the case W, = W, = W,
= 1, and equivalent depth of 1.5 km. The solid line
( ) indicates the unadjusted case and the
dashed (——-) line the non-linearly adjusted case.
In the unadjusted case there is no initial divergence,
but it grows rapidly to a rms value of 2 x 108 s~1
The non-linearly adjusted case has a small initial
divergence, and this level of divergence is main-
tained throughout the integration. The difference
between the two curves indicates the level of
gravity wave activity during the unadjusted
integration.

Figs. 5 and 6 give an indication of the adjust-
ment that can be expected in the non-linear adjust-
ment procedure. Figs. 5a and 5b show the initial
unadjusted stream function and geopotential fields
over the northern hemisphere on a polar stereo-
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graphic projection. The initial divergence field is
zero everywhere. Figs. 6a, 6b, 6¢ shows the non-
linearly adjusted stream function, geopotential and
divergence fields over the same area. In this case
the equivalent depth was 1.5 km and the weights
were W, =(1 - W, =1, We=1-—W,ie
they forced winds to heights at high latitudes and
heights to winds at low latitudes.

As mentioned earlier most of the model in-
tegrations were performed with a 3-minute time-
step. However, the semi-implicit algorithm used in
the model allows much longer timesteps to be
taken. There is a small time computational mode
present in model integrations, but its presence is
aggravated by the long time steps. When the model
is run with unadjusted initial conditions, the
ensuing gravity wave oscillations completely
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Fig. 6 (c) Non-linearly adjusted divergence field (contour 10~ s~1), Same weights as 6a. The shaded area indicates

divergence greater than 10~¢s-1,

swamp the computational mode. However, with
non-linearly adjusted initial conditions and a long
timestep, the computational mode can be detected.
It was in fact very easy to remedy this problem
with a smooth starting procedure and the long
timestep model (30 minutes) produced virtually the
same results as the short timestep model.

Finally, a word should be said about the ef-
ficiency of the method. Most of the computational
time in the adjustment procedure goes into the
calculation of the non-linear terms R o Ry R asit
does in the model integrations. Convergence is
obtained in two or three iterations, so it could be
fairly said that the application of the procedure is
roughly equivalent to the execution of 3—4 time-
steps of the model.

6. Summary and conclusions

The non-linear normal mode initialization tech-
niques of Machenhauer (1976) and Baer (1977)
give some hope of being able to greatly reduce
spurious gravity wave activity in primitive equation
models. In the case of the shallow water equations,
the problem can be said to be completely solved.
The present variational generalization of the non-
linear normal mode technique gives the user much
greater control over the adjustment process and
allows optimal use of the data. The variational
formalism can also be used to show the relationship
between previous static barotropic initialization
methods and the non-linear normal mode tech-
nique.
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The next step is to apply the technique to a baro-
clinic primitive equations model. First, however, it
is necessary to find the normal modes of the model,
which is likely to be much more difficult than in the
barotropic case. Normal mode decomposition has
already been successfully applied to the z coordin-
ate NCAR GCM by Williamson and Dickinson
(1976), in the absence of mountains. Normal mode
decomposition of a pressure coordinate model
(Flattery, 1967) is also possible in the absence of
mountains and with a simplified lower boundary
condition. Normal mode decomposition of a sigma
coordinate model will be more difficult. However,
once these difficulties are overcome the application
of non-linear normal mode initialization tech-
niques with the present variational formalization,
will be relatively straightforward.

The ultimate goal of initialization is well worth
striving for. Although primitive equation models
have generally outperformed filtered models for
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forecasts greater than 24 hours, the very short
range predictions of these models have been less
satisfactory. Gravity wave oscillations and lack of
good initial vertical motion fields have resulted in
poor short-term precipitation forecasts. It is hoped,
that when procedures such as the present method
are applied to full baroclinic primitive equation
models, it will be possible for those models to be
competitive even at very short range.
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BAPUALIMOHHA S MHULIMAJIU3ALIMSA C NMMOMOIIBIO HEJUHEMHBIX
HOPMAIJIBHBIX MO/

INoka3aHo, YTO TEXHHKA MHHLIHAIHM3ALMHE C TOMOILLIO
HeJMHERHBIX HOPMAJIBHBIX MO, IpeTOXHHas Maxe-
HxayspoM (1977) u Baepom (1977), obnamaer 6oJib-
IIHMH  BO3MOXHOCTAMH U1 yJandeHHs JIOXHBIX
BBICOKOYACTOTHBIX TPABUTAMOHHLIX KOJieGaHui, BO3-
HHUKAIOIUUX NpPH HHTErPHPOBAHMHM INPUMHUTHBHBIX
ypaBuenu#i. Ilo cyuwiecTBy, 3Ta TEXHHKa OpPTOIo-
HOIM3APYET TEHOEHIHM Ha4YaJbHBIX TOJEeH 1o
OTHOLICHHIO K TEHIEHUMAM BBICOKOYACTOTHBIX HOp-
MAaNIbHBIX MOJ JIMHEAPH30BAHHBIX MO/JENLHBIX YpaB-
HeHu#t. B Hacrosme# pabore 3Ta mpoueaypa

0606maeTcs Ha BapHAUMOHHOM OCHOBe. Wiuercs
MHHKMYM BapHalMOHHOTO HHTErpana, yAOBNeT-
BOPSIIOIIETO CHJILHBIM OrPaHHYEHHAM, IOJIYYEHHBIM
M3 TEOPMH HHHULHMAIH3ALHMH C MOMOLIBIO HEJTMHEHHBIX
HOpMasIbHBIX Mog. IlpuMeHeHMe yka3aHHOH Tpoue-
IyPb! K YPAaBHEHHSAM MEJIKOM BOIBI IIOKA3BIBAET, YTO
3TOT BAapHAIMOHHBIM NOAXOA BK/IIOYae€T B cebs
GONBINMHCTBO NpelbiAyIIMX OapoOTPONHbIX CTa-
THYECKHX METOIOB HHHUMAJIH3AUKM KaK 4YacTHbIE
ciayvau. Ilpouenypa npoBepsieTcd NPH Pa3fHYHBIX
YCNOBHSAX H HPHBOAATCA PE3YNbTATHI ITOM MPOBEPKH.
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