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Abstract

A description is given of experiments carried out during 1949 and carly 1950 that were
designed to produce some phenomenen exhibiting effects of the resultant horizontal Coriolis
force on a symmetrical vortex that results from the latitude variation of the Coriolis force.
A circular cap of dense liquid at the base of a small hemispherical shell filled with liquid was
forced to rotate about a vertical axis independently of the rate of rotation of the remaining
fluid and containing vessels. Within the ranges of 20 to 150 r.p.m. for the vessel and o to 120
relative r.p.m. for the cap vortex, the center of mass of the polar cap never showed appreci-
able displacements away from the polar axis exept for a range of sufficiently high relative
rotations when the vortex was anticyclonic in sense. Numerical checks arc given with a simpli-
fied calculation in spherical coordinates of the torque equilibrium for the vortex as a whole.

FORENINGEN

1. Introduction

In two recent papers Prof. C.-G. Rosspy
(1948, 1949) has advanced the idea that a
certain type of instability of anticyclonic vor-
tices may have important dynamic and syn-
optic applications. He obtains a resultant force
(or better a resultant torque) acting on various
vortex models in a direction away from the
pole as a consequence of only somewhat
restricted hypotheses concerning the pressure-
wind field relation. The same computation,
though with some differences in results, has
been carried out by Davies (1948). Such an
effect, if not obscured by some of the processes
not fully taken care of, would have many
consequences for the pole-to-equator transfer
of air within the anticyclones and for related
mechanisms in the general circulation.

In view both of the importance of the implica-
tions of this result and of the delicacy of con-
clusions which depend on finer aspects of the

1 This research has been supported in part by the
Geophysical Rescarch Directorate, Air Force Cambridge
Research Laboratories, Air Materiel Command, U. S.
Air Force.

pressure-wind relation, Prof. Rossby suggested
i the spring of 1949 that an attempt be made
to get experimental observations of some
phenomenon as nearly analogous as possible.
This has been done by making modifications
of the rotating hemispherical shell equipment
used for an earlier investigation (FULTZ 1949)
and the following constitutes a preliminary
report on results.

A little reflection soon shows that it would
be impossible to set up an experimental baro-
tropic vortex with complete dynamic and
geometric similarity to the case contemplated
by Rossby. It was thercfore decided to attempt
to use a two-fluid system in the available appa-
ratus and modify the theoretical analysis to
correspond. A lower circular cap of denser

" fluid (shown in cross-section in fig. 1) is caused

to rotate about the vertical axis of the system
by a fan which is driven independently of the
rotating containing shells. The lower cap is
overlain by water that fills the hemispherical
space to the equator. The fan is thus able to
produce a relative rotational motion of the
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Fig. 1. Cross-section through the hemispherical shell
showing the approximate position of the cap of denser
liquid.

lower cap of fluid with respect to the upper
fluid and the hemispherical bowls. The two-
fluid arrangement was adopted in order to help
confine the relative motion to the lower cap
and to assist in identifying the cap.

The simplest case calculated by Rosssy
(1949) was that of a circular vortex of incom-
pressible fluid of unit depth and radius R
rotating rigidly with angular velocity o in
a resting environment. He found for a vortex
of infinitesimal size centered near the pole,
that the displacement b of the center from the
pole would obey approximately an equation
of the form:

dzb R2

where f; is the Coriolis parameter at the pole
and a 1s the radius of the earth or sphere. The
term on the right is an average force per unit
mass on the vortex that results from the varia-
tion of the Coriolis parameter. It tends to
displace the vortex as a whole cither toward
or away from the pole along a meridian.

Equation (1) is scen to imply that a cyclonic
vortex (w > 0) will undergo stable oscillations
across the pole while an anticyclonic vortex
{w < o) will experience an exponential flight
away.

In the experiment described there are several

T Among other approximations to be discussed later,
it may immediately be noticed that, since the fluid is
frictionless, the assumption of solid rotation within the
vortex is incompatible with the vorticity equation: f + §
=individual constant, except when the center is located
at the pole itself. Thus the real problem being considered
in this case is that of a rotating solid disc in a frictionless

fluid.
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factors that do not correspond with Rossby’s
calculation where the Coriolis force makes the
only contribution to be calculated:

1) The two-fluid system of lighter above
denser liquid introduces a hydrostatic stability
not present in the atmospheric vortex.

2) In terms of the equations of motion
relative to the rotating bowls the centrifugal
force terms do not drop out as they do in
the ordinary metcorological equations.

Both of these differences could theoretically
be climinated by sctting up a vortex relative to
a rotating paraboloidal shell of fluid that is
rotating at such a rate that the sum of the
horizontal components of the gravity and
centrifugal forces vanish. We contemplate
carrying this out with apparatus which is be-
ing designed at present, even though the
problems of gencrating a more or less isolat-
cd vortex will be more difficult to overcome.

Qualitatively in the present instance, we
attempted to find whether there was any
difference between cyclonic vortices and suffi-
ciently strong anticyclonic ones of the type
to be expected from the theory: namely, any
tendency for the center of mass of the experi-
mental vortex to be thrown away from the
pole beyond some critical anticyclonic rotation
value. Such a phenomenon was actually ob-
served over certain ranges of conditions, with
some accompanying difficulties of interpreta-
tion which are considered at some length
below.

2. Theoretical considerations

In the first attempts at making an analysis
corresponding to Rossby’s for this experimen-
tal casc the centrifugal term was neglected.
The gravity term was estimated as approxi-
mately that for a simple pendulum of length 4

with gravity reduced by the factor y = e—e
where g is the density of the lower fluid and
o' that of the upper fluid. (1) then becomes

& (Lf_o_Rf e, >b (2)

dre 4 a? a

where g is the acceleration of gravity and the

other terms have been defined previously.
However, in order to get a reasonable sized

experimental vortex it was necessary to carry
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the lower cap up to as far as 40° latitude. This
made it obvious that some attempt would have
to be made to perform the calculations without
restriction to infinitesimal size and also if
possible without restriction to infinitesimal
displacements of the center from the pole since
only rather pronounced ones are visible. At
first we tried analytical integration without
approximation of RossBY’s equations (1949,
p. 170). These are written for a transforma-
tion plane tangent at the pole with projection
from the center of the sphere. These approaches
were only partially successful and Mr R. R.
Long of our laboratory, going further, dis-
covered that an exact integration of these
terms could be carried out for the sphere
under any of several assumptions as to the
velocity field in the vortex. The remaining
uncertaintizs in this calculation are mainly of
a kind associated with what Rossby calls the
“‘escape motions” of the environment fluid.

The above mentioned analysis by Mr Long
may be put in the following form: consider a
circular vortex of incompressible fluid and
of unit depth centered at colatitude « of a
rotating spherical shell. This vortex is to be
imbedded in a layer of incompressible fluid
of density p’ which temporarily we consider
at rest relative to the shell. Choose coordinates
as in fig. 2 where

are rectangular coordinates with z in
the direction of gravity and also that
of the angular velocity Q of the
spherical shell. -

are auxiliary rectangular coordinates
as shown with 2z’ passing through
the center of the vortex.

are spherical polar coordinates having
the usual relation to the x, y, z frame
(@ colatitude).

are a similar set corresponding to
the x’, y’, 2’ frame.

o is the colatitude of the center of the
vortex in the r, @, 4 system.

is the angular radius of the vortex.

X, 92

xl,y,,zl

r,0, A

The essential point noticed by Mr Long is
that for displacements of the vortex as a
whole the constraints are such that the appro-
priate equations of motion are the torque-
angular acceleration equations taken about the
proper axis through the center of the sphere.
These equations for moments about the origin
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Fig. 2. Schematic diagram of the coordinate systems
used. The primed coordinate system is fixed relative to
the vortex.

written relative to the system rotating about
the z axis with angular velocity £ are

WIS rxevdv=y [nxprid—
S Srx (2@ xer)dr—
— S/ IX[@X(E2xn]edr+
+ S [ rxegdr (3)

where 7 is the radius vector from the origin,
v is the relative vector velocity inside

the vortex,
n is the outward normal at the bound-
ary of the vortex,
p is the pressure,
g is the gravity acceleration vector,
o is the density of liquid in the vortex,

and the volume integrals arc taken over the
entire volume of the vortex while the area
integral is over its boundary.

_The left-hand term is the total rate of change
of moment of momentum of the vortex about
the origin and the right-hand terms are the
moments of the applied forces neglecting
friction. In the simple case we are considering
all these terms on the right will be found by
symmetry about the xz-plane to give net
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contributions only to moments about the
y-axis. Conscquently wec may take scalar
products with the j unit vector along the y-axis

and treat only the scalar moments about this
axis.

Also it may be noted that all components
of Coriolis forces, etc., normal to the shell
will make no contribution since, regardless of
their magnitude, they have zero moments
about the origin and consequently about the
y-axis.

At least two of the right-hand terms in (3),
thc moments of the centrifugal and gravity
forces, arc functions of the geometrical con-
figuration only and may be simply calculated.
For the centrifugal force moment

my, CF=— [ [ [ j-rx[2X(2Xn)jedt
=— [/ irx2& reds
= [[fo*xzdt (4)

which transforming first to r, @, 2 and then
to r’, ©, A’ and taking the volume element
for unit depth, becomes

Gy 23
02 g2 ., ,
my,, CF=y " —- (sin @' cos A’ cos o —
S 2
o [

cos O sin a) {cos @' cos & — sin @ cos A’

sin &) a® sin @' d1’ dO’ (s)

where a is the radius of the spherical shell.
This gives

024t 7 sin zoc(

my, CF=p¢p " - 4 = (cos B’ sin? Oy (6)

The gravity force moment may be simply
calculated by finding the center: of mass of
the vortex and calculating the moment of
the force considered as acting at that point.
The total mass of the spherical cap of unit
depth is

M = o2ma? (1 — cos 0,') (7)
The center of mass is located on the radius
vector from the origin to the center of the
vortex at a distance (a:2) (1 -+ cos @) from the
origin. Thence

my, G =—gopma®sin o (1—cos2 0’) (8)
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The resultant Coriolis force moment is
my, C=— [ [ [j 1X(22Xov)dT (9)

For the case analogous to Rossby’s we take
v = asin @' 1’ where o is the relative angular
Velocity of the vortex (a rigid rotation) and
A’ is the unit vector in the direction of the A’
coordinate. Proceeding as before

@y 2m
my, C=f [2a2w Qo (cos O coso—sin O’
o O

cos A’ sina) (sin@’ cosA’) a?sin@’ dA'dO’ (10)

2.
m, C= — -asinaatpwl
3

[2—2cos @, — cos Oy’ sin? Oy'] (11)

The most difficule term to calculate is the
pressurc term over the boundary

iy, p = [ f J-(nxprdA (12)

Only the lateral boundaries enter since
both top and bottom give zero contributions
to the moment. The principal problem is
that of assigning proper conditions outside the
vortex. Once these are assigncd a straight-
forward computation from the appropriate
Bernoulli equation for the relative frame will
give the pressures and consequently the total
moment. For the Rossby assumption of an
cnvironment at rest relative to the rotating
shell a very simple consideration gives this
term. In this case if the vortex cap is imagined
to be replaced by a cap of the environment
(water) density o’ at relative rest, the pressures
outside will bc unchanged and the entire
system will be in cquilibrium.

Conscquently the pressure force moment
over the boundary is just sufficient to equilibrate
the centrifugal and gravity moments for a cap
of density ¢’, these being the only other terms
present then. The pressurc term therefore
contributes terms cqual to the negatives of
my, CF and m,, G with o replaced by o’.
When the entire right-hand side of (3) is divid-
ed by the total moment of inertia of the cap,
involving the factor g, the gravity and centri-
fugal terms combined with the pressurc terms
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give the same terms as above except with o
replaced by the factor

_e—¢

. (13)

If I, is the total moment of inertia of the
vortex about the y-axis

4
IL=n=np i;— [4— 4cos @) —cos O sin? O]

and (3) becomes

d ) )
%E fffr K ggdr = 2 moments/unit mo-
ment of inertia,

The angular acceleration of the vortex as a
whole about the y-axis

ba_ 1 dff/txezr

dr?
022 cos « cos @, sin2 O’
[ 1]

4 — 4 cos By — cos B sin?@,’

3y
-  gsin® Oy
37, i4—4cos By — cos By sin? @]
Q[2—2c0os6,"—cosG, sin?6, ||
4—4c0s@y —cos O, sin2@, |

sin &

—20

(14)

This is entircly analogous to Rossby’s result
in equation (1), particularly if multiplicd
through by a to give a lincar measure pro-
portional to «. This cquation is exact for
evaluating equilibrium conditions (« fixed) but

d?o dx

for —-

de2’ dt
as the inertial effect of the environment liquid,
the Coriolis force for the motion of the cap
as a whole, or the Coriolian pressurc ficld
associated with the escape motions of the
environment. Other factors will be discussed
in section C in connection with evaluation
of the experimental results.

In particular, at the instant of starting from
rest under the influence of torques, two
independent analyses to be published clse-
where by Mr Long and Mr Phillips of the
University of Chicago show that the cffective
inertia of the vortex in the spherical and in a
plane case is twice that implied in equations

== 0 does not allow for such things
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(1), (2), or (14). This result arises from an
additional contribution to the pressure force
on the vortex due to the inertial reaction of the
environment to the attempted acceleration of
the vortex. This pressure torque in the above
case equals one-half the resultant of all the
others acting on the vortex! so that effectively
the vortex appears to possess twice the mass
relative to the original torques. The result
might have been anticipated from the com-
parison with that for the plane motion around
a cylinder given by Lamb (“Hydrodynamics”
6th Edition, p. 77). Part of a numerical differ-
ence between RossBY’s (1948) and Davies’
(1948) result may be due to this factor since
Davies carried out dircctly a series expansion
for the pressure on the boundary. Since
we wish to discuss mainly the equilibrium
criterion for no motion of the vortex, this
particular factor will not affect the conclusions.

It will be noted that in this form the Coriolis
term reduces to Rossby’s expression (equa-
tion [1]) for @’ of the first order of small
quantities. Thus, substituting the series expres-
sions for sine and cosine and retaining all terms
leading to 4th and 2nd order quantities,
respectively in the numerator and denominator,
one obtains

3w3/4(0,) + 08 (6,
3(0)2 4 ... T2 0
~ @ @(00)?
4 a
~ @h R
~= 0

Rewrite the equation (14) as

d?x .
0 ::ssmoc{_ 2w Q51~3y—‘§rs2+

+ 3025, cos a} (13)

where the size factors s, 55, 5; depend only
on 6G,'.

The transition froin a stable to an unstable
motion as a whole occurs at equlibrium (at

! The one-half factor applies where p = p’ and is
altered to 0’/ (@ +¢’) in the case we are actually consider-
ing. In the spherical case there 1s a size restriction on
the vortices to which this result is applicable.
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least with da dt = o also) where the factor
in curly brackets cquals zero and independently
of the inertial pressures of the environment.

This condition for a critical relative angular
velocity w. of the vortex may be written as

A THERTL
p L2 2 af2 (sl> + 2 (s1> cosx (16)

Thus the boundary of instability for this case
is a straight line in the w/y Q, g/a £22 plane
(see fig. 14). In this form the rough criterion (2)
becomes

[0

'z

B ¢ — 28

(@) oy 7

Table 1. See equation (16)

. . Linear shear from
Solid rotation 0, — 28"

slope = intercept = slope == intercept =
=3/2 85,5, =:3/2 55/8, | = 3/2 5,/5, 3/2 54/5,
(ON

2° ~1830 ~1820

§° ~ 230 ~ 22§
10°  65.54 64.45
15 29.29 28.30
20°  16.40 15.41
25°  10.506 0.522
30° 7.291 6.314 8.284 7.175
35° 5.352 4.384 8.06% 6.606
40°  4.093 3.136 7.751 5.938
457 3.230 2.284 7.400 $.233
50° 2.610 1.678 7.044 4.528
5¢° 2.1§1 1.234 6.694 3.840
60° 1.800 900 6.362 3.181
65°  1.526 644 6.055 2.559
70°  1.306 -446 5.778 1.976
7s° 1128 292 5-537 1.433
80° 1.004 .210 5.341 1.1187
84° 856 074 5.20% 4536
90° 750 o 5. 151 o)

The factors > 2 and 2 % are given in table
25 25

1. The slopes derived from (17) are almost

exactly equal to those in the table but the

intercepts of coursc arc zero in (17). This

table also gives the corresponding factors

s s ) ) )
3 % amdE 8 for a case which will be important
285 25,

for the later discussion. In the actual operation
of the experiment the fan that gencrates the

FULTZ

vortex motion is usually smaller in radius
than the polar cap of liquid. While it is quite
cfficient in generating velocities approaching
solid rotation out to its outer radius there is a
morc or less rapid decrease in relative velocity
out to the interface between the two liquids.
In the water itsclf the relative zonal velocity
is gencrally observed to be quite small so that
the boundary condition of relative rest for the
top liquid at the interface is probably not far
from correct.

An obscrvationally plausible assumption
about the vortex velocity field is to take a
solid rotation to colatitude @,” (where 6,
is approximately the angular radius of the
fan) followed by a lincar decrcase to zcro
at the boundary colatitude @,’. s; in equation
(15) and cquation (16) is then replaced by

[
4—4cos By — cos @y sin? By

54
{[z —2c08 0, — cosO,"sin? 0,’]

L sin 6.’
2
T in @, sin 6,
|sin ©," cos O, (25in O," — 3 sin @)
+ 35in Oy (0, - Of) 4 sin? Oy cos O’

L+ gcos @, — 4 cos @0’]}

in the above factors. ©," is taken as 28° for
the experimental arrangement and in table 1.

Further discussion of the significance of
these relations and the approximations used
is given in section 3 in connection with the
experimgntal results.

3. Experimental results

A general view of the apparatus .used,
slightly modified from its earlier form (Furtz
1949), is given in fig. 3. A hemispherical part
of a s-liter round-bottom boiling flask 1s
fastened to a vertical hollow shaft. Inside it a
half-section of a 3-liter flask is floated giving
a space 1.6 cm deep in which liquid is placed.
The liquid has the form of a hemispherical
shell of mean radius 10 cm. The vertical shaft
is connccted by V-belt pulicys to a split-phase
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Fig. 3. General view of the apparatus showing the

hemispherical bowls in the center, mirror above the

bowls, camera to the right rear above, motor driving the

bowls to the right rear, Rotoscope to the right for-

ward, and the motor driving the fan shaft in the center
front.

electric motor which rotates the shaft at a
variety of constant rates depending on the
pulley combination. (Occasionally, it was con-
venient to use a series-wound motor whose
speed could be altered continously by varying
the impressed voltages, though in many circum-
stances this arrangement does not give steady
enough angular velocities.)

We used various liquids that were immiscible
with water and of slightly greater density to
form an isolated cap at the pole. The rest of
the hemispherical shell was filled with water as
shown in fig. 4. In order to produce relative
motion in the polar cap, fans of various forms
fixed on a separate shaft concentric with the
hollow shaft were used (fig. s). This inner
shaft passes through a packing gland at the
top of the outer shaft that prevents liquid from
leaking out of the shell. It is driven by pulleys
and oval leather belting from a series-wound
motor operating off a controlled voltage
source. By these means we were able to work
in ranges of up to 125 rpm for the outer shaft
and glass shells and up to 200 rpm in either
direction for the inner shaft and fan.!

1Since both the absolute and relative motions will
have to be discussed below the following terminology
will be used:

“cyclonic absolute’ for an absolute rotation in the
same direction as the hemispheres,

“anticyclonic absolute’” for an absolute rotation in
the opposite direction,

“cyclonic and anticyclonic relative’” for the same rela-

Fig. 4. Close-up view of the hemispherical bowls showing

the lower cap of darker fluid reaching about to 42°

latitude. Notice the inner bowl which is held down by

the cross-rods. The space above the cap to the equator

is filled with water. A contact switch for the revolution
counter is on the right,

Some of the data used has been obtained by
taking sequence photographs from above along
a line of sight parallel to the axis of rotation
and at the same point in successive rotations
of the hemispheres. However, much the largest
mass of numerical observations has been taken
visually with the aid of a ‘Rotoscope”
patterned after that designed by D. Thoma
(Fiscuer 1931) and used in the investigation

Fig. 5. Close-up of fan inside the outer bowl with inner

bowl and liquid removed. The fan shown is that used

in most of the earlier investigations and, e. g., for fig.
12. The fan used for fig. 13 was much larger.

tions of a relative rotation to the absolute motion of
the hemispheres.

Cyclonic absolute rotation at a rate less than that of
the hemispheres will thus be a relative anticyclonic
rotation.



Fig. 6. Detail view of the Rotoscope without magni-

fying cyepiecce. The image of the hemisphere can be

scen both in the mirror and in the reversing prism.
The variable speed motor is on the right.

of the relative flow in centrifugal pumps.
This instrument utilizes the fact that if a
mirror, observed at almost glancing incidence,
is rotated about the line of sight the virtual
image scen in the mirror will rotate uniformly
at twice the rate. In the instrument, a Dove
reversing prism to give a wider field of view
replaces the mirror. Our version (fig. 6) con-
sists of nothing but the prism, a rotatable
mounting cylinder, and a small variable speed
motor which drives the cylinder by string and
pulley or by gears.

For best results the line of sight of the
Rotoscope must be along the axis of rotation.
This requires a rather carcful adjustment but,
once it is attained, the apparatus when rotating
at any speed can be reduced to apparent rest by
rotating the Rotoscope at half the ratc in
the proper dircction. Furthermore, any wave
pattern, for example, which is moving around
relatively unchanged in shape at a steady rate
can similarly be reduced to rest. Thus the
relative rotational motion of such a featurc
can be determined cither by reducing the glass
shells to a conveniently low apparent rota-
tion and clocking its travel between fixed
meridians or by reducing the featurc to rest,
measuring the required rate of rotation of the
Rotoscope, and computing the relative motion,
knowing the rate of rotation of the hemi-
spheres. Both of these methods have been
extensively used wherever one or the other
was convenient. This device has also been
invaluable in correcting mistaken impressions
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gained from direct obscrvations of the shells
at moderatcly high rotations and from the
rather widely scparated photographs taken
only once per revolution.

A numbcr of liquids were tried in the
attempt to find some with a favorable value
of y, 1. e., with densitics close to that of water.
It is apparent from cither (2) or (16) that, within
practical limits, small values of y will give the
better chance of obtaining critical angular
velocities and unstable motions of the polar
cap as a whole. Scveral mincral oils and, in
particular, castor oil with a y of about 1,30 were
tried, but were found generally to be too viscous
to give any well defined motions. As a result
of a suggestion by Dr Gardner of Sinclair
Rescarch Laboratorics we attempted using a
mixture of monochlorobenzene and toluene
which turned out to be almost ideal. Both
compounds have low solubilities in water and
are completely miscible with one another. By
mixing n the proper proportions any density
between that of toluene (0.86) and that of
chlorobenzene (1.1) can be obtained. The
mixtures have viscosities which are cven lower
than that of water and by using a water-
insoluble dye (Sudan III) the cap can be made
to stand out clearly from the rest of the
liquid. If the above liquids are used alone, a
relatively rapid contamination of the interface
occurs which causes sticking of the lower cap
to the glass. The liquids used had to be changed
for each expcriment and the glass very care-
fully cleaned until we discovered that a pinch
of laboratory detergent in the water would
completely prevent the sticking. The water
must be arranged to wet the whole glass
surface at least once and from then on a surface
film prevents any sticking of the organic
liquids to the glass.

The experimental procedure varied some-
what depending upon the type of data being
taken but in all cascs was quite straightforward.
For instability point determinations, the bowls
were adjusted to the speed desired and the fan
then slowly changed from zero relative motion
to cyclonic or anticyclonic relative velocities
until the phenomenon wanted was reached or
until the greatest practicable value was attained.
Simultaneous angular velocity determinations
for the bowls and the fan were made at any
significant points. If the two liquids were then
unduly beaten together the fan was returned



Fig. 7. Three-crest pattern observed when fan is rotating

faster than bowl at a moderate rate. The crests progress

relatively cyclonically at a rate equal to about .16 of

the bowl rate of absolute rotation. (Apparent rotation

of bowl counterclockwise, bowl absolute rotation

$6.4 rpm, fan rate +3o.1 rpm relative cyclonic, y =
0.096 with chlorobenzene as lower liquid.)

Fig. 8. Two-crest pattern observed when the fan is

rotating faster relatively than in fig. 7. The crests progress

relatively cyclonically at a rate equal to about .20 of

the bowl rate of absolute rotation. (Apparent rotation

of bowl counterclockwise, bowl absolute rotation $6.4

rpm, fan rate +41.4 rpm relative cyclonic, y = 0.096
with chlorobenzene as Jower liquid.)

Fig. 11. Photograph taken one bowl revolution later

than fig. 10. The off-center crest has moved clockwise

to the top of the figure corresponding to a relative

anticyclonic rotation cqual to about 0.4 of the absolute
bowl rate (conditions as for fig. 10).
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to zero relative velocity until settling out had
occurred and the experiment was then con-
tinued. If necessary, the liquids were changed.

Qualitatively, the results concerning in-
stability of the polar vortex as a whole were
clearcut. For cyclonic relative motion of the
fan, no indications of asymmetry about the
pole or throwing of the center of gravity of
the cyclonic vortex away from the pole were
observed at any velocity conditions which
could be reached with the apparatus. On the
other hand, for anticyclonic vortices, at every
velocity of the bowl except the lowest ones
there was some relatively sharp value of
anticyclonic fan speed at which the center of
gravity of the polar cap was thrown visibly
away from the pole (see figs. 10 and 11).
Quantitatively there are difficulties, discussed
below, which are still not satisfactorily
accounted for.

When the fan type pictured in fig. § is
used to drive the vortex the phenomena which
occur are roughly as follows (the general
features are insensitive to the number of fan
blades):

A. For relative cyclonic fan motion (p—p’
~ 0.1 —0.01 gm cm~?) as the speed of the
fan is increased:

First, no distinct motion of the interface is
seen in the Rotoscope though flashes of up and
down motion can be seen from the side. Then
a distinct and very stable set of 3 crests is seen
(fig. 7) which moves around cyclonically rela-
tive to the bowls but more slowly than the
fan. The rate of this motion increases with
the fan speed as appears in fig. 15. At a quite
sharp fan speed the number of crests suddenly
becomes 2 (fig. 8). It will be noticed that the
interface is very smooth and well defined in
these figures. As the fan speeds are increased the
number of lobes remains 2, their relative rate
of travel increases, and ultimately the centri-
fugal action of the fan tosses the pole free of
the lower liquid and draws water down in its
place (fig. 9). Throughout, the center of
gravity of the denser liquid remains sensibly
on the pole. Bubbling of the two liquids s
apparent in fig. 9 and ultimately the polar cap
is beaten into a froth which, however, remains
symmetrical in form about the pole.

B. For relative anticyclonic fan motion, as
the speed of the fan 1s increased from zero
relative:
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145

Fig. 9. Two-crest pattern with center partly thrown clear
of chlorobenzene and bubbling occurring at high cy-
clonic fan rates. Note that the pattern is still quite symmet-
ric about the pole. The crests progress relatively cyclo-
nically at a rate equal to about .34 of the bowl rate of
absolute rotation. (Apparent rotation of bowl counter-
clockwise, bowl absolute rotation $6.4 rpm, fan rate
+99.6 rpm relative cyclonic, ¥ = 0.096 with chloro-
benzene as lower liquid.)

First, the same sequence as in the cyclonic
case of passage through no discernible motion,
four or three crests, and finally two-crest
patterns, is seen. These crests move relatively
in the direction of the fan but at a lesser rate
(fig. 15). Very soon the interface is less smooth
and shows much more irregular, short wave-
length motion than in the cyclonic case.

Then, in a range of about § rpm or less of
the fan speed, the two-crest pattern suddenly
goes over into a single-crest pattern of more
or less regularity. This corresponds to a very
distinct displacement of the vortex center of
gravity away from the pole (figs. 10 and 11).
As the fan speed increases further, the violence
of the motions increases and also the dis-
placement of the center of gravity from the
pole. Even after the liquids have begun to be
beaten together and up to the speed limits
of the apparatus the same general feature is
present.

The single crest, or center of gravity, moves
anticyclonically relative to the bowls at about
20 rpm over the range of speeds seen in fig.
12. This immediately involves dynamical
factors which were omitted in the analysis of
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Fig. 10. Cap thrown off-center when fan is run at a
high anticyclonic rate. The lower left-hand side is much
farther out from the pole than the other side, the amount
being even decreased from its actual magnitude by the
perspective appearance from above. The fan rate at
which this appecars for the present bowl rate is about
—gs rpm relative anticyclonic. (Apparent rotation of
bowl counterclockwise, bowl absolute rotation 56.4
rpm, fan rate —146.2 rpm relative anticyclonic, no-
minal y = 0.096 with chlorobenzene as lower liquid.
The effective 9 is smaller because of the bubbling
which occurs under these conditions.)

the previous section such as effects of the
escape motions of the environment. The com-
parison with the theorctical curve in fig. 12
plus other data brings out several points:

1° The observed fan speed for transition
away from the pole is almost constant with
bow!l speed instead of strongly falling off.
Except at the lower end where, as the bowl
speed is reduced below about 45 rpm, the
critical fan speed takes a very sharp risc and
(with y = 0.10) for smaller bowl speeds the
cap is badly torn up before a well-marked
critical throw-off point is reached.

2° The throw-off point of this type seems
to be very much less sensitive to the density
difference than it was expected to be. In fact,
there is almost no real change in the character
and location of the curve as the y-factor is
varied from 0.1 to less than o.or.

3° The critical fan spced curve shows even
the wrong slope beyond about 80 rpm bowl
speed. This may be connected with a circula-
tion of the escape motion about the cap and
is also probably related to the fact that the

FULTZ

interface begins to climb rapidly up the surface
of the outer bowl at about this bowl speed.
This flattens and lengthens the cap edge and
makes it depart radically from the two-
dimensional assupmtion in the calculations.
In addition, the whole outer rim s less efficient-
ly driven by the fan with a consequent
decrease of the total unstabilizing Coriolis force.
The very strong effect this might have is
shown in fig. 14 by how much the stable
area is increased under the theoretical critical
curve when a linear shear correction is applied.

Qualitatively then, this phenomenon is of
the expected order but quantitatively the dis-
crepancics are disturbing, though of course
understandable, particularly in view of the
motions of the center of mass. We looked
around then for possibly some other mani-
festation of the same effect which might give
better quantitative comparisons. A very slight
tendency had been noticed for the cap to be
very slightly higher on one side than the other
at moderate and high rotations. This had been
thought to be due to lack of sphericity of the
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Fig. 12. Curve showing values of relative anticyclonic
fan speed where the throwing-off phenomenon of figs.
10 and 11 first occurs. Off-center conditions occur
everywhere above the curve cxcept for very turbulent
conditions to the left of the end of the indicated curve.
It will be noted that figs. 10 and 11 and the curve to the
left of 6o rpm bowl speed in this case correspond to
absolute anticyclonic fan rates while to the right the fan
rate is relative anticyclonic but absolute cyclonic. Note
also that the cap radii are different for this figure and for
figs. 10 and 11. Theoretical curves from equation (16)
for solid rotation and linear shear assumptions for a cap
reaching so0° latitude are shown. Since the linear shear
correction looks too strong, but corresponds best to the
velocity pattern, it appears definitely that one of the
escape motion torque factors is involved in this pheno-
menon.
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outer bowl which was very carefully centered
in the attempt to combat it.

Meanwhile, it was decided to try fan blades
which reached almost to the interface and had
leather attachments reaching across almost the
full depth of the shell in order to drive the
cap as efficiently as possible. With this fan the
violent motions associated with the ecarlier
anticyclonic throw-off point had much less
chance to develop so that this phenomenon
and also the various waves were only poorly
developed. However, the tilting seemed to be
quite regular. Scales were therefore placed
around the outer bowl near the interface
edge which enabled its position to be measured
to within less than a */; mm. The differences
of level between the highest and lowest points
of the interface were then observed as functions
of bowl and fan speed, the cap being found to
remain very closely circular. At any given
condition, the high and low points were found
to remain at the same longitude indicating that
the center of gravity was stationary with
respect to the bowl. This of course better fits
the elementary analysis of the previous section.

The results of one such determination with
y = o.10 is shown in fig. 14 where the figures
entered are the approximate maximum diffe-
rence of level at the edge of the cap in milli-
meters. The curves drawn are for 1, 5, and
10 mm difference, respectively. The general
form of these curves is very encouraging,
particularly as to slope, except for two difh-
culties:
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Fig. 13. Curves of equal tilt (in mm difference in level)

for throwing-off occurring with large fan, The theo-

retical curve is calculated from equation (16) for assumed

solid rotation in the vortex. The general appearance of

these curves is encouraging but a definite reason for

the throwing-off to begin before it should is still to be
satisfactorily established.
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centered near-the pole (cos @ ~ 1). Throwing-off should
occur in the upper left-hand region relative to each line.
The solid lines show the critical curves for caps in solid
rotation reaching from the pole to the indicated latitudes.
The dashed lines show the critical curves for caps with
solid rotation to 62° latitude followed by a linear shear
to the indicated latitudes. The dotted curve is the cri-
tical one from equation (17) (ie omitting centrifugal

terms) for a cap extending to 40° latitude.

(16) in the plane for vortices of various sizes

a) there is little reason to expect the diffe-
rence of level to be a regular function of fan
speed since equation (16) indicates very little
dependence of the equilibrium near the pole
on «, the colatitude of the vortex center;

b) there is no reason in the analysis so far
to expect any tilting at all until the theoretical
curve is passed, whereas there are definite tilts
very much below it.!

Our present conjecture is that this be-
haviour is caused by a net surface tension
torque arising at the interface due to the fact
that the two bowls are not completely accu-
rately aligned. It is definitely known that this
factor exists and is appreciable because at low
density differences (y = o.0o1) the cap can be
made to climb all the way up one side of the
shell by shifting the inner bowl slightly toward
the other side so that the mean curvature of
the interface is higher on the side where there
is least distance between the bowls. Work is

11t will be noticed that the slope turns up beyond
about 90 bow! rpm. This appears definitely to be asso-
ciated with the flattening and rising of the interface
edge which begins strongly at about 80 rpm and was
mentioned above.
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Fig. 15. Relative crest (wave) speeds versus relative fan
speeds in non-dimensional measure for a bowl velocity
of 56.4 rpm and nominal ¥ of 0.096. The cap extends
to about 42° latitude and is being driven by the small
fan of fig. 5. The figures by the obscrved points indicated
the number of crests. Note apparent jump in speed as
wave number goes from 3 to 2 on the anticyclonic side.
The transition from 2 to 1 crest is identical with the
throwing-off phenomenon of figs 10 and 11. The last
few points toward the left are uncertain.

underway to track down this cffect by varying
the interfacial tension between the two liquid
phases. This will be done by varying the con-
centration of a pure detergent in the water.
The interfacial tension will be directly meas-
ured and it is expected that a close relation
between its value and the run of the curves of
equal tilt will be found.?

We also intend to rotate solid obstacles
which approximate to the cap form in the
shell of liquid. By making streak photographs
of the environment motion it should be possible
to form a definite estimate of the typc of en-
vironment motions going on (especially for
the phenomenon of figs. 10 and 11) to check
and supplement further theoretical analysis

* Some of this work has been completed (July
1950) and has indicated the following: It was dis-
covered that the inncr bowl was actually riding too
high and was leaving a space of about 2 cm between
the bowls at the pole instead of the 1.6 cm observed
at the equator. As a result, the surface tension effect
seems to be predominantly stabilizing. This may pos-
sibly be connected with result 2° above, since the sur-
face tension is relatively independent of the solution
used and of the density difference. Almost the only
apparent destabilizing effect then left to explain the
small early tilts is lack of sphericity of the bowls.
These results will be collected and discussed in Mr
Long’ succeeding contribution. Their importance ob-
viously lies primarily in the problem of estimating how
far they adversely affect the geophysical implications
to which the experiments may give rise.
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being carried out by Mr Long. This will
attempt to go as far as possible with the
general case of a moving vortex (disc) and
will be published in a succeeding paper by
Mr Long.

4. Conclusion

Qualitatively speaking, the results of the
previous section can, I think, hardly fail to be
related to the effect discussed by Rossby and
to be in some measure a confirmation of his
prediction that anticyclones can exhibit such
an instability. Quantitatively, there will remain
little more to ask for in the simple case if
the discrepancics of fig. 13 can be definitely
related to a surface tension or other effect.

No attempt will be made here to carry the
discussion of definite meteorological applica-
tions further, as this should wait on the more
extensive analyses of environment effects to
be undertaken in later work. It should be
mentioned, however, that the ‘occurrences in
these experiments have relations to so-called
“dynamic or incrtia instability”, shearing in-
stability, and wave motions in zonal currents
which should probably be investigated further.
The crest systemsarc very regular and show very
well-marked steady featurcs which appear at
certain definite specds. For example, the curve
of wave speeds m fig. 15, and other results not
included here, show very intriguing breaks at
several points where the wave number changes.
It would be very feasible to investigate photo-
graphically the internal motions associated with
these waves and their possible association
with these changes. Concerning instability
phenomena a relatively unexpected result
is that the interface is roughest with the anti-
cyclonic vortex for which the shear across the
interface is cyclonic, while it is extremely
smooth for the cyclonic vortex where the
shear is anticyclonic and might be expected
possibly to reach inertia instability values.

Onc additional rather wild speculation may
be of some interest. Call the critical angular
velocity, at which the throwing-off of figs. 10
and 11 occurs, wz. Then if we accept at face
value in a dimensional analysis the experimen-
tal independence of y and of the bowl speed

£ that is exhibited by wp,

Wi

o

would be pro-
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1 .y
G The principal parameter re-
maining would be the gravity parameter g

a £22

portional to

so that:

-

For the same sized cap on the carth, taking
the experimental anticyclonic wy =65 rpm
and a = 10 cm, the critical angular velocity for
an earth analogue to this throwing-off pheno-
menon would be 8x107% sec~!. Unfortu-
nately, or perhaps fortunately, this is far on
the absolute anticyclonic side and would not
be realizable on a large scale by ordinary
atmospheric processes.

I do not seriously suggest that this computa-
tion has any real meaning in the present case

W

o (18)

OF A POLAR VORTEX I 149
but offer it as an example of one of the sorts
of things that may eventually be possible to
do in the way of rcal meteorological dis-
covery arising from cxperimental work.
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