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Abstract 
By a proper choice of coordinates and variables, a simple and quasi-symmetrical system of 

differential equations is obtained for the infinitesimal adiabatic perturbations of the most general 
continuous zonal air-flow. The coordinate surfaces are those of the orthogonal system built up 
with the isentropic surfaces and the meridians, and the variables are the displacements of the 
fluid in the directions of the coordinate lines, and the local disturbance of the pressure. From 
these perturbation equations a differential equation for the pressure disturbance alone is derived 
in the case of a wave, and it is then shown that this wave equation can be always greatly simpli- 
fied if account is taken of the order of magnitude of the various parameters. Simplified expres- 
sions are also given for the components of the vibration (fluid displacement). More particular 
equations and formulae are then derived for short-period, middle-period and long-period waves 
successively, this classification being made according to the value of the orbital frequency com- 
pared to the coefficient of hydrostatic stability and Coriolis parameter, and special cases are 
also considered where the wave equation reduces to one with constant coefficients (elastic, 
gravitational, Rossby’s waves). Finally some incorrect recently published results are discussed. 

I. Definition and meteorological significance 
of the perturbation problem 

It is well known that when a fluid motion 
may be considered as a disturbed motion, that is, 
resulting of an infinitesimal perturbation 
superimposed upon a given undisturbed motion, 
its differential equations can be linearized, in 
other words replaced with a system of linear 
equations, the so-called perturbation equations, 
the resolution of which is of course easier than 
that of the motion equations themselves, a t  
least when the undisturbed motion is a simple 
one. 

However, when considered from this view- 
point, the perturbation problem (resolution 
of the perturbation equations under given 
conditions) might look to be one of only 
mathematical interest, and the large place 
which it takes in modern meteorology would 
not be justified. It seems therefore necessary 

to give here a brief discussion about this 
topic: what is the practical significance of the 
perturbation problem in meteorology? 

During the past two centuries, the perturba- 
tion method was used by several of the greatest 
mathematicians or physicists when they built 
the now classical theories of such phenomena 
as sound-waves (NEWTON, LAPLACE, POISSON, 
STOKES, RAYLEIGH), ocean’s tides (LAPLACE), 
gravitational water-waves (LAGRANGE, CAUCHY, 
POISSON, STOKES, GREEN, AIRY, KELVIN), ca- 
pillary-gravitational waves (KELVIN). Nobody 
can deny the great success of these theories 
for the explanation of important observed 
facts, but it must also be noted that most of 
them only concern very simple problems: 
the fluid in the undisturbed state is stagnant 
or in uniform motion, and possesses no inter- 
nal stratification, so that the coefficients of the 
perturbation equations are generally constant, 
and the perturbations are essentially stable. 
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The first cxaniple of unstable wavcs was 
given by HELMHOLTZ 1868 when he considered 
the oscillations of the systcni formed by two 
homogcneous currents moving side by side 
with uniform but diffcrcnt velocities (shearing- 
gravitational waves). In this case, the shear at 
the common boundary is the only factor of 
instability, and the only stabilizing factor is 
gravity, which operates mairly on long waves. 
From this it follows that all thc waves are 
unstablc the wave-length of whch is smaller 
than a critical valuc, whence HELMHOLTZ 
concluded that a turbulent layer of transition 
must develop between the two currents, the 
width of this layer being comparable to the 
critical wavc-length (in modern tcrminology, 
the system is said to be “dynamically unstable”, 
or to possess a “dynamic instability”). HELM- 
HOLTZ applied his theory to stationary billow- 
clouds, by assuming that the surface of dis- 
continuity is the upper boundary of an at- 
mosphcric inversion. 

In the case of air over water, this problem 
was gencralizcd by KELVIN 1871, by introduc- 
ing capillarity as an additional stabilizing 
factor, and this author madc an application 
to the thcory of tlic formation of water-waves 
by wind. Since capillarity mainly operates on 
short wavcs, and gravity on long wavcs, it is 
found that the system is dynamically unstable 
only if the wind cxcccds some critical value, 
and if the wind increases from this value, 
there is a limited spectral-iutcrval of unstable 
wavcs, thc width of which iricreascs from zero. 
We have 11cre a simple example of an “in- 
stability critcrium” (condition for tlic un- 
disturbed motion to be dynainically unstablc), 
which may be physically interpreted as the 

, condition for the motion to change from 
laminar to turbulent type in the vicinity of 
the surface of water. 

If the theory bc correct, thc critical velocity 
would be that of the slightest wind which is 
able to raise wavcs on a smooth water-surface, 
and the theory would also give the wave- 
length of these first-appearing waves. As a 
matter of fact, it is actually obscrved that 
there is a definitc wind-velocity at which the 
surface of water begins to be ruffled, but 
this velocity is much smaller than KELVIN’S 
critical value (about six times smaller). The 
explanation of this disagreement, as pointed 
out by JEFFREY~ 1925, is probably that a turbu- 

lent air-layer begins to form on the lee-side 
of each wave at a wind-velocity which is much 
smaller than the critical value, thus increasing 
the effect of wind-shear as a factor of instability. 
But therc is still no complete theory of wind- 
waves. 

It has been noticed for a long time that 
many of the atmospheric perturbations have 
the samc character as gravitational or shearing- 
gravitational wavcs, but this analogy remained 
a purely formal one as long as tlie general 
structurc of the atmosphere was not known. 

The carliest theory concerning atmospheric 
waves was perhaps HELMHOLTZ’S already 
mentioned solution of the billow-clouds prob- 
lcm, and a quite similar thcory is that pro- 
posed by KUTTNER 1939 for mountain lec- 
wavcs (in both cases an inversion boundary 
is assumed to exist). 

But by far the most interesting surfacc-wave 
theory applicablc to thc atmosphere appeared 
after J. BJERKNES and his co-workers dis- 
covered the atmospheric fronts in 1919, and 
were ablc to describe the cyclones of Northern 
Europe as wavy disturbances growing and 
progressing along a quasi-permanent tempera- 
ture-discontinuity, the so-called polar-front 
surface. This interpretation could not fail to 
suggest a close analogy between cyclone- 
waves and wind-wavcs for instance, and 
therefore it was natural to consider the theo- 
retical problem of the oscillations of the system 
formed by two air currents having uniform 
but different temperatures and velocities, 
separated by the polar-front surface and 
bounded downwards by a jiorizontal surface 
at  sea level. Unfortunately this problem is 
inucli more difficult than KELVIN’S wind- 
wave problem, specially because of the slope 
of the polar-front surface, which cannot be 
neglected at the scale of cyclone-waves. 
Tentative approximate solutions were given 
by SOLBERG 1928 and then by V. BJERKNES 
and SOLBERG 1933, and thc gencral results 
wcfe quitc siinilar to KELVIN’S ones con- 
cerning wind-waves: owing to the fact that 
therc are two stabilizing factors, namely 
thc gravity, operating now mainly on the 
shortest waves (the very short waves, of the 
scale of billow-clouds, are disregarded in this 
problem), and the carth’s rotation, which on 
the contrary mainly operates on thc longest 
waves, the system is dynamically stable as 
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long as the wind shear is smaller than a critical 
value, and when this value is just exceeded a 
dominant unstable wave appears, which may 
be interpreted as the cyclone wave. 

This remarkable result, following the great 
push of enthusiasm created by J. BJERKNES’ 
discovery, largely contributed to the success 
of the Norwegian meteorological school. 
However, when considered objectively, this 
result is in reality more a disapproval than a 
justification of J. BJERKNES’ fundamental idea 
that cyclones are the result of the c o h c t  be- 
tween two air masses of different temperatures : 
in V. BJERKNES-SOLBERG’S waves, a temperature 
difference is indeed a stabilizing factor, the 
only factor of instability being the wind shear. 
On  the other hand, it very soon appeared 
that the polar-front surface is not a continuous 
surface, that it never exists out of cyclones, 
and that many extra-tropical cyclones, for 
instance those of the mediterranean area, do 
not show any front at their early stage. It was 
therefore obvious, in the years preceding the 
last world war, that the problem of cyclone 
formation had to be completely reexamined. 

In presence of this failure, the modern 
meteorologists were forced to abandon the 
idea that atmospheric perturbations are ne- 
cessarily related to discontinuities, and they 
were led to consider, as factors of stability 
and instability, those arising from the internal 
stratification and wind-shear of the atmospheric 
layers. The simplest cases being obviously 
those where there is no internal wind-shear, 
one must expect to find here the first successful 
attempts of this recent stage of theoretical 
meteorology. Let us mention specially the 
beautiful results arrived at by LAMB 1932, 
TAYLOR 1936 and PEKEHIS 1937, concerning 
the atmospheric tides, ROSSBY’S well-known 
theory of long waves in the westerlies, and 
also, as provisional theories, HAURWITZ’S results 
about billow-clouds, and the recent researches 
on mountain waves. 

But it is clear that, if the assumption of no 
shear is maintained, there can be no hope to 
arrive at an even approximate theory for 
atmospheric perturbations of the scale of 
cyclones, since these perturbations are always 
associated with important horizontal tempera- 
ture-gradients, and these in their turn are 
associated with vertical wind-shears. This 
consideration explains why the cyclone prob- 

lem has become practically identified with 
the problem of unstable waves in a baroclinic 
atmospheric current, and why so much 
importance is attached in present days to the 
derivation of instability criteria for such 
currents. Unfortunately, the results obtained 
up to now in this connection are rather dis- 
cordant: according to a first group of meteoro- 
logists (SOLBERG 1936, HOEILAND 1939 and 

1944 and 1g46), it is possible to derive, at 
every point of a baroclinic air flow, an in- 
stability criterium which only involves the 
local values of hydrodynamical parameters, 
while according to others (JAW 1946, CHARNEY 
1947, EADY 194g), on the contrary, the bound- 
ary conditioris play a dominant r&, and for 
the current values of the wind-shear all the 
short waves arc unstable as far as the vertical 
acceleration is neglected (the very short 
waves are stable, but they are unimportant 
in the problem), in other words the system 
is practically always dynamically-unstable. 
(In order to reconcile this result mith the 
existence of a dominant wave-length in the 
turbulent motion, Eady imagines to introduce 
the postulate that, among the numerous un- 
stable waves, it is the wave of maximum 
growth-rate which must predominate.) 

What may bc now the conclusion of this 
brief historical survey? The failure of the 
perturbation method when a plied to shearing 

buted, not to the method itself, but well to 
the incorrectness of the assumptions made by 
the authors of theories, concerning the hydro- 
dynamical conditions imposed to the motion : 
in the wind-wave problem, for instance, 
the motion must be taken as turbulent in- 
stead of laminar as in TAYLOR’S theory, and 
in all of the recent researches about baroclinic 
currents, the simplifying assumptions made in 
course of the computations are generally not 
permissible, as we shall prove it for some of 
them at the end of this paper. It is therefore 
to be expected that, once the perturbation 
problem is exprcssed in correct analytical 
form, and the mathematical derivation are 
correctly made, the same success will be 
obtained for baroclinic as for stagnant fluids. 

However it is obvious that the perturbation 
method will be always quite unable to explain 
and forecast the growth of perturbations inside 

1941, FJOERTOrT 1941 and 1946, VAN MIEGHEM 

or baroclinic systcms is pro : ably to be attri- 
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the turbulent regions which result from dyna- 
mic instability. This is in fact a very serious 
limitation of the meteorological significance 
of the Perturbation problem, and it may be 
that most of cyclonic perturbations, for in- 
stance, have nothing to do with dynamic in- 
stabi!ity (this is strongly suggested by J. 
BJERKNES’ original theory). However there is 
certainly a great deal of meteorological features 
such as long waves, mountain waves, main- 
tainance of turbulence (cf. ROSSBY 1947), etc., 
which will be largely explained by using 
perturbation method. 

2. General scope of the present paper 

In the preceding section we have mentioned 
that, because of the great difficulties en- 
countered in. the mathematical derivations, 
most of the authors of rcccnt researches about 
the perturbations of baroclinic currents have 
been led to introduce several simplifying 
assumptions in the course of the computations, 
and that these assumptions are generally not 
permissible. Since the most interesting prob- 
lems are probably those related to zonal 
currents, we have found it important to give a 
system of perturbation equations for the most 
general continuous zonal stream, and to show 
that these equations can be practically always 
written in a relatively simple form if proper 
variables and coordinates are used, when the 
parameters are taken with the usual order of 
magnitude observed in the lower (or mctcoro- 
logical) atmosphere (LIP to 30  km, say), This 
is the main scope of this paper. In the last sec- 
tions, we also give some applications to simple 
cases, and a brief discussion about sonic in- 
correct recently published rcsults. 

3. 

a) A,, abridged notation for 3AlJj 

Definition and general properties of 
symbols 

D, Dt, individual derivative with rcspcct to 
tinic t 
A, value of A in undisturbed motion 
JA, local disturbance of A, that is, variation 
of A, from undisturbcd to disturbed 
motion, at fixed timc and point 
DA, individual disturbance of A, that is, 
variation of A a t  fixcd timc and fluid- 
element 

(the computation rules for differentials 
hold for the operators d and D separately) 
(A),  order of magnitude of A 
A,-B (or B - A ) ;  A + B (or B 4 A);  
A 2 B (or B 2 A), means that (A) = (B); 
(A) > (B);  (A) > (B), respectively 
A # B (or B # A), means that A - B e A  

b) M, position vector of the current point M 
defined by the space coordinates ql, qa, q3 
(DM is the displacement of the fluid- 
clement from undisturbed to disturbed 
motion) 
Dx,, Dx,, Dx,, components of DM 
along xl, x,, x,, directions of the three 
coordinate lines 
O/Jx,, d/Jx,, Jjdx,, partial derivatives in 
the directions xl, x,, x,  

D A  = A,, Dq, + A,, Dq, + A,, Dq, = 

D A  = ;)A + D A  
J (aApj) = ( d p j )  @A); D(DA/Dt)  = 

= A,, Dx, + A,, Dx, + A,, Dx, (3.1) 
(3 -4 

= (D/Dt)  (DA)  (3.3) 
c) i, imaginary unit; log A,  Neperian logarithm 

of A;  A - B, salar product; A x B, vectorial 
product 

d) L,  r ,  h, cylindrical absolute coordinates 
relative to earth’s axis : L, absolute longitude; 
r ,  distance to earth’s axis; h, distance above 
equatorial plane 
s, y,  z ,  axes pointing castwards, northwards, 
upwards, respectively 
x, Y, Z ,  direct system of rectangular axes 
such that Y is directed northwards parallel 
to isentropic surface 
x, unit vector of x-direction 

e) g, rclative gravity (that is, ordinary gravity) ; 
E, potential of absolute gravity; p ,  pressure; 
q, density; T,  absolute temperature; 0, 
potential temperature; m = c,/c,, ratio of 
specific heats; 
(I z- rn qip,  coefficient of piezotropy for 

s _= log (pm/q) = log 0 + const, a linear 

5’ == log [(I /pm) V4/’1= + [log (I /rpm) - S] ; 

No := bgs,, coefficient of hydrostatic stabil- 

adiabatic changes 

function of specific entropy 

S” = 3’ + log \i; 
1- ’ 

ity 
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f )  k; N ;  P = 27c/N, wave-number, orbital 
angular-frequency and orbital period of a 
sine wave in x-direction, respectively 

g) D x ,  Dy, D z ,  D’Y, D Z  = \IF(Dx,  
Dy, Dz ,  DY,  D z )  
ap  = 11% a p ;  2Ifp = a$/ & 

11) p, latitude; tan E = sY/sz ,  slope of the isen- 
tropic surface 
@ = p + e,  angle of Y with equatorial plane 
I /R = pr, meridian curvature of the level 
surface 
w ,  absolute angular velocity about earth‘s 
axis 
W, vector of magnitude w parallel to earth‘s 
axis 
wo, earth‘s angular velocity 
u = r (w-wo), eastward velocity rela- 

f = 2 wo sin p, Coriolis parameter 
F = 2 w sin p, vertical component of 2 W 

F ,  = 2 w sin @; F2 = 2 w cos @, compo- 
nents of z w along Z and Y, respect- 
ively 

tive to earth 

N: = - (pz/q) sz + F2rwz 
e’ = F i / ( N f - N N 2 ) ;  F ‘ = F ,  + d r w y  
F,’ = Fl- r w y ,  component of absolute 

vorticity normal to the isentropic 
surface 

G, = F,F,’- N 2 ;  G’ = G ,  + E’ (Fl’r w y  - 
- N2) 

G 
B 

= F ( F  - u y )  - N 2  
= (I/G) [F2 ( F - - ~ y ) y  + FyN2] + (F/sz) 

(aFu,+ SzY) 

4. Specitication of the motions 

The undisturbed motion is assumed to be a 
zonal flow of limpid and unviscid air, defined 
by continuous meridian distributions of w and 
of two of the parameters p ,  4, T, 0, a, s defined 
in (3.e), these three distributions being related 
together by the motion equations, given in 
next section. 

The perturbation is simpty assumed to be 
adiabatic and laminar. 

5. Vectorial perturbation equations 

If use is made of the cylindrical coordinates 
L, r, k defined in (3.d), the mechanical 

equations for an unviscid fluid motion may be 
written as follows: 

Applied to the undisturbed motion, they give 

p L  = 0; (p,/q) 4- E, = rw2; (ph/4)  + Eh = 0 

If we differentiate the last two of these relations 
with respect to h and r respectively, and then 
subtract, we get 

(I/q2) (4#h - 4 h p ~ )  = O h  ( 5 0 ~ )  

or, introducing the parameters defined in (3.e), 

( I / q )  ( s h p ~ - S r . p h )  2 w r w h  (5-3) 

and these relations are two equivalent forms 
of the so-called geostrophic equilibrium con- 
dition. It follows from (5.2) that the un- 
disturbed motion is barotropic if, and only if, 
w is independent of k.  

Instead of (5.3) we may write, in vectorial 
form, 

7 s  x ( W 4 )  = (2 w * r v 4 x  (5.4) 

The mechanical perturbation equations are 
readily deduced from (5.1) by applying the 
operator a to the three equations of this 
system. We  thus get, using (3.3), 

Dt 

D2k I a 
Dt2 q a k  a - + - - a p - p  

But in the undisturbed motion we have 

D2r D2k DL ,g(rzg) = o ; S = o ;  m=o; - = w  Dt 
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whence, using 
YDL = Dx, 

and 13.31, and since 

r d ( g ) 2 = 2 0 r  a- DL = 

Dt 

We thus arrive at the system 

1 0 2  D I (3 
~ Dx + 2 o-- Dr + - - Op = o 
Dt2 Dt q 3x 

I 

which is equivalent to the vectorial equation 

I +  0 2  
~ D M  + 2 LO X Dt2 DM - (rDZ) x 

Let us now consider the continuity equation 
and the thermal equation. For the motion 
itself they may be written respectively, if 
the air is treated as a perfect gas, 

and the corresponding perturbation equations 
may be written at once from analogy, if a 
proper choice is made of the correspondence 

between the fluid elements in the undisturbed 
and in the disturbed motion, as follows: 

D2 div DM + - = 0; Ds = o (5.6) 

From the last one of these equations we get, 
according to the definition of s, 

4 

34 ,,,+ + Ds; Dq = a aP + m- DF 
4 P 4 4  P 

and if we substitute in (5 .5 )  and the first 
equation (5.6), we get the desired system of 
vectorial perturbation equations as follows : 

( 5 . 7 4  

(5.7.2) 
Dp a 

P 4  
div DM + 111 - + - J p  = o 

6. Perturbation equations referred to 
isentropic coordinates 

Once a coordinate system is chosen, it is 
easy to derive from (5.7) a sct of scalar equa- 
tions in which the unknowns are 2p and Dx,, 
Ds,, Dx,, projections of DM on the directions 
of thc coordinate lines : these equations are 
obtained by substituting to (5.7.1) its pro- 
jections on these three directions, expressing 
DO, D? and OF in terms of Dxl, Dx2 and 
Dx, by means of (3.1), and likewise for 
div DM by means of Gauss’ divergence theo- 
rem for instance. We thus get a system of 
four differential equations which are obviously 
linear and homogeneous with respect to the 
four unknowns, and therefore form a com- 
plete system of perturbation equations. 

In thc present case of an adiabatic motion, 
it is found that the simplest equations are 
obtained if reference is made, not to the 
usual coordinate lines formed by parallels, 
meridian level-lines and verticals, i.e. tangent 
at each point to the X ,  y, z-axes, but to the 
similar system tangent to the x, Y, Z-axes 
(see (3.d) for definitions). A coordinate system 
corresponding to such coordinate lines may 
be conveniently called an isentropic system. 
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If isentropic coordinates are used, we have 
simply DT = sz D Z  since sy = 0, and the 
system of perturbation equations equivalent 
to (5.7) may be written as follows: 

0 2  D D 
~ Dx-F1- D Y  + F,- D Z  $- Dt2 Dt Dt 

I a  + -  - 2 p = o ,  
4 ax 

D 
Dt 

- F ,  - Dx + F z r o y  DY  + 

- + m - + - - @ z ) U Y +  2 P Y  r y  

aY p r 

+ - + m k +  ?+ @ y  

(6.1 

(& p r 

(see (3.h) for symbols). 
The quantities @z and @Y which appear in 

the last equation are equal to the curvatures 
of the coordinate lines tangent to Y and Z 
respectively, and the following relations can 
be established : 

”sin E (6.2) 
sz Y cos e Qz=--; vy=--- 
sz R g  

(@Y = q?Y + EY) 
On the other hand, the geostrophic equili- 
brium condition (5.4) takes the form 

sz = Flroz + F,rWY 

whence we conclude that the coefficient of 
D Z  in the second equation (6.1) is equal to 
the coefficient of D Y  in the third one, and a 
glance at the other coefficients of the system 

(6.3) 
PY 

4 
-- 

reveals that most of their terms are either 
symnietrical or anti-symmetrical with res, ect 
to the principal diagonal. (The same result 
holds with any other meridian coordinates.) 
The symmetry is however incomplete be- 
cause of the presence of the parameters I / q ,  
ry lr ,  rzlr, @z and @ y ,  but it is easy to get rid 
of the first three of them, by using as new 
unknowns the quantities D’x, D Y ,  D’Z, Yp 
defined in (3.8). We  thus get the following 
system, equivalent to (6. I )  and obviously 
simpler : 

0 2  D D 
- D x - F ~  - D Y  -6 F, - D’Z + 
Dt2 Dt Dt 

b 
2X 

+ - a p = = o ,  

Dt 

+ F,rwyDZ + (& 4- iY) 2’p = 0, 

D 
Dt -F ,  - D’x + F,rcoy D’Y + 

0 2  + (Dt  7 + N; ) D ’ Z - t  (&+s>) ’~=o ’  

where s’ is the parameter defined in (3.e). 
It is even possible to go further, and to get 

rid also of the term @z by taking as unknowns 
the quantities 

The symmetry of the corresponding system 
of equations is practically perfect, since @ y  is 
always small compared to si. However, in 
view of the following developments, it is 
more convenient to retain the system (6.4) 
itself, which will be therefore our fundamental 
system of perturbation equations. 
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7. 
A system of differential equations such as 

(6.4), the coefficients of which are independent 
of L and t, is satisfied by solutions of the form 

zonal waves and wave equation 

(D’x, D’Y, 0‘2, a)) = (D’xo, D’Y,, D’Z,, 
Jp,) exp i (nL - n’t) 

where n is a real positive integer, n‘ a real or 
complex constant and D‘xo, D‘Y,, D’Z,, a?, 
are functions of the meridian coordinates 
only. The corresponding perturbations may 
be conveniently referred to as zonal waves, 
for which we may speak of a wave-number k 
and an orbital angular-frequency N, defined by 

k = n / r ;  N = no) - 11‘ 

so that both of these Parameters are, as a rule, 
functions of the meridian coordinates. 

In order to get the perturbation equations 
for such waves, we only have to make in 
(6.4) thc substitutions 

( 7 4  

O/Ox = i k ;  D,’Dt = i N (7.2) 

If this is done, we observe that in the first 
three equations no differential operator figures 
in the coefficients of D’x, D’Y and DZ. We 
can therefore easily solve thesc three equa- 
tions for D’x, D’Y and DZ,  and substituting 
the results in the last cquation wc gctadiffer- 
ential equation for 7 p  only, which we shall 
refer to as the wave cquation of the perturba- 
tions. 

In the wave equation, thc differential opcra- 
tors a/J.x and D ’ D t  may be reintroduced in 
place of ik and iN respectively if these para- 
meters have becn first removed from thc 
denominator, and thc differential cquation 
obtained in this fashion may be more con- 
venient than the wave equation itsclf to give 
the solution of a perturbation problem when 
the boundary conditions are not simple. 
However in many cases the solution is more 
readily obtained by using the waves as ele- 
mentary solutions, according to Fourier’s 
general method. 

8. Simplification of the wave equation 

The wave equation generally appears with 
a rather coniplcx form, but it happens that 
it can always be greatly simplified if account 

is taken of the order of magnitude of the 
parameters. It is important to note here that 
the simplification must be made only once the wave 
equation is completely derived, and not in the 
course of this derivation. W e  shall see at the 
end of the paper to what kind of errors one 
may be led by the non-observation of this 
fundamental rule. 

W e  must first observe that, as a rule, the 
scale of space-distribution of 2) and of all 
its partial derivatives is smaller than, or at 
most comparable to, that of any parameter Q 
involved in the wave equation, which we 
shall refer to as afundamental parameter. Other- 
wise the portion of atmosphere under con- 
sideration would appear as a surface of dis- 
continuity for Q, as far as the perturbation is 
concerned, and this would not agree with our 
assumption that the motion is everywhere 
continuous. 

If P denotes the variable a’p or any of its 
partial derivatives with respect to Y or Z ,  
we may thus write, as a rule, 

a a 
Q Y P Z Q -  P; Q z P Y  Q - P  (8.1) JY aZ 

whence 
a 2 2  a 
- Q P -  Q -  P ; -  Q P -  Q - P  2Y aY az 2 Z  (8.2) 

In other words, the order of magnitude of a 
term of the wave equation is not changed by an 
arbitrary permutation between the parameters and 
the d[@rcritial operators. 

The relations (8.1) and (8.2) still hold, as a 
rule, if Q is replaced with a function Q’ of 
fundamcntal parameters, provided that Q is 
not simply the difference Q, -- Qo between two 
approximately equal quantities (Q1 # QJ, or 
a function of such a difference. Therefore if a 
fundamental parameter may be put in the 
form 

Q Qo + Q’, with Q 4 Qo (or Q # Qo) 

we can write 

and likcwise with the operator JjaZ. We thus 
get 
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a a 3 a If we substitute from (9.1) in the last equa- 
- Q P # Qo p ;  Q 2 QO (8-3) tion (6.4) and observe that, according to 2Y , .  (7.1), we have 
a formula which is very convenient to simplify 
the coefficients of the wave equation. 

Considering now two arbitrary funda- 
mental parameters Q, and Q4, we can easily 
verify, by assuming successively Q, 7 Q, 

k y / k  = - r y / r ;  Ny = k r w y  (9.2) 

we obtain, for the wave equation, 

and Q1 2 Q,, that, as a rule, (A, + A,  4- A3 + A4) alp = 0 (9.3) 

and these relations still hold if Q1 and Q, are 
replaced with arbitrary symbolic functions 
of fundamental parameters and differential 
operators applied to the variable Yp, so that 
we have, for instance, 

By these formulae the different terms of the 
wave equation can be compared. In particular, 
it follows from (8.5) that 
2 Q,Q, 4 Q; 3 Q,". provided A 4 I (8.6) 
another important formula which will be 
largely used to simplify the wave equation. 

9. General approximate wave equation 
If we solve the first three equations (6.4) 

for D x ,  D'Y and D Z  we get, in the case of 
a wave, the following symmetrical expressions: 

- F2 Fi (5 + s;)] ay, 
N f - N 2  2Z 

F F '  D'Z = - k - A,.-.- . 
Nf - N 2  (A + 'y) - F N 2  G* (& -t 'Z)] '2. 

(9.1 
(see (3.h) for symbols). 

a , S Z Y  I + & ' .  A - - - +  -- 
1- G, k2 (JY sy-z) G 

Gl 
* G(Nf-NN2) (& ' 'z)' 

A ---(- F'k a +s;)-(-&sy--). I S Z Y  

+ 2s; + 7.")) SZ 

(" + I;> - 

2 - G N  aY sz 

F'k I F r w y  k 2 =  

G'N G' N 2  
. __--__ 

F, Nk A -  
- G'(Nf - N') aZ 

F2 Nk 
G ( N ;  - N') 

a I sZy 

Let us note here the important result that the 
term in k 2 / N 2  is exactly cancelled out in the 
expression for A,  in virtue of (9.2), at the 
same time as the terms in d/aY cancel out each 
other. 

Let us now refer to the current values of 
the parameters, as observed in the meteoro- 
logical atmosphere. W e  have in cgs units 

1 
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Using these relations, we can prove that, in 
the wave equation, 

i) G, and Fl may bc substituted every- 
where to G and F' rcspcctivoly, and &' may 
be omitted in the second term of A,. This is 
obvious in virtue of (8.3) where one makes 
successively Q, = G, and Q 7 C'; Qo = F ,  
and Q = F ' ;  Qo = I and Q =- I + E ' .  

ii) G,, and F l y  may be likewise Substituted 
to G; and F ;  in the second expression forA,. 

Wc have to provc that wc may neglect 
thc two quantitics 

From the definitions of G' and F' we get, 
since krwy = Ny N (O,JY), 

r:, &? 

2Y < G' (G'-G,) - - - . I F'k 
G' C'N a, < 

3 &' 2 2  (F ' -F , ) -  - r k  a 2 T  - -  G' N OY < c, F 2  

whence, since F'F,' 2 G'; F" 2 G'; E' -* J ,  
and according to (8.5), 

Owing to the relations @ y  = p Y  + EY;  

q y  4 sz'; F Y ;  E (JjJY), we have only to 
prove that we may neglect the three quantities 

a k - - .  E 2  
-. __ -~ - 

' G'(Nt  - N 2 )  2Y' 

F,F,'E 2 (5 + s;) G ( N ; - N ~ )  Z J Y  

Since we have, by (8.5), 

it follows from (8.6) that these terms are 
negligible compared to A ,  provided 

and thcsc three conditions are actually satisfied. 
iv) The remaining ternis of A,  and A,  are 

negligible compared to A,.  Since s zy / s z  
7 O;OY, this is readily proved by putting in 
(8.6), successively, 

for in both cases we have 2 4 I. 

expression for A,. Let us put 
v) No may be substituted to Nl in the 

iii) @y may be omitted everywhere. 
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If we refer to the definitions of No and Nl 
and to equations of motion, we find that 

F~ = F~ + ,u ( ~ - W E ) ,  with 

whence, by (8.2), 

C1- 

in other words, Cl # C,. 

wave equation: 
We thus arrive a t  the following simplified 

I 

with 

This cquation can be transformed in several 
ways. 

We can first prove, by the same methods 
used for above simplifications, that G,, Fl, 
sz, s i  and 2 / 3 2  may be replaced everywhere 
with G, F, ss, si and a/&, respectivcly. That 
means that we may disregard the small de- 
parture of Z-direction from the vertical, as 
we could expect it from the smallness of all the 
horizontal gradients compared to the vertical 
ones, and that furthermore rcuy may be re- 
placed with uy.  

On the other hand, if we refer to the de- 
finition of s' and to relation (6.3) we get, 
since SY = o, 

L s y + - = - m - = - a & z  I r y  P Y  

r P 4 
A 

= - (F,rwz + F,rwy) 
SZ 

and, according to (9.2). 

GI. = F ( F  - u y ) Y  + Fy (F - uy) - 2 Nkrcoy 

whence we get, after a few obvious simplifica- 
tions have been made, the following form for 
the wave equation: 

I 

(9.6) 

where B is the quantity defined at the end of 
(3.14. 

Another practically equivalent form is . 
obtained by introducing the variable 2')  and 
the parameter s" [see (3.f) and (3.e)], as 
follows : 

(9.7) 

[In (9.6) and (9.7) m y  may be substituted 
to u y ,  and the same substitution may be made 
in the expressions for G and B.] 

We observe that the vector 2 W onlyfigures by 
its vertical component in the wave equation 
(9.6) or (9.7), in agreement with the current 
assertion that the horizontal component of 
earth's rotation may be always neglected in 
atmospheric motions. 
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Let us now compare the orders of magnitude 
of the different terms of the wave equation 
(9.5). We have, when dealing with operators 
applied to a‘p, 

c, 2Y 
-- _ _  

+ si) 
Si)” 

+ iZ)’, 

I 

. [ k 2 +  (A + S ’ Y ) ~ ]  2 ( I  + i)2 - 
I a 2 

. - G (k + + iy) 
and therefore 

This formula will be very useful in the next 
sections. 

10. General approximate formulae for the 
vibration components 

In the case of a wave, the vector DM may 
be conveniently called the vibration, and its 

components are given as functions of 2 )  by 
formulae (9.1). Let us now show that these 
formulae can be simplified like the wave 
equation, as f a r  as the magnitude and direction 
ofthe vibration is concerned. For this purpose, we 
must observe that any term of the expression 
for D’x, D’Y or D’Z may be omitted if it is 
small compared to any one of these three 
components. 

i) The last terms of D x  and D’Y are 
negligible compared to the other terms of 
these components. 

This is readily seen by using relation (9.8), 
whence we deduce that 

ii) The first two terms of D‘Z are negligible 
compared to the first term of D’x and the 
second term of D‘Y, respectively. 

This results from the fact that 

iii) d/dZ and s; may be replaced with 
D/Jz  and si, respectively, in the last term 
of D’Z. 

Siinilar proof as above. 
iv) D’y and D’z may be computed by the 

same formulae as D’Y and D’Z, respectively. 
This is obvious from the relations 

D’y = D’Y cos E + D’Z sin E ;  

D‘z = D’Z cos E -  D’Y sin E 

Finallv, if we simdifv the terms of (0.1) 
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according to (9 .4  we arrive at the following 
approximate formulae: 

(10.1) 

We observe that, just as in the wave equa- 
tion, the vector 2 w only figures by its vertical 
component. 

11. Classification of waves according to 
orbital period P 

Up to this point, we have made no assump- 
tion about N. We shall now see that further 
simplifications appear if this variable is assumed 
to have a definite order of magnitude com- 
pared to the parameters No and$ 

Since we have always N O N ~  102, it is 
obvious that we are always in only one of the 
three following cases : 

i) N y No B f ( P  < 2 hours), short-period 
waves 

ii) N =e No and 5 f (2 hours < P < 5 
pendulum days), middle-period waves 

iii) N 4 f 4 No ( P  > 5 pendulum days), 
long-period waves 

According to these definitions, the width 
of the middle-period waves interval in the 
frequency spectrum becomes larger and larger 
as latitude decreases, and at the equator there 
are no long-period waves at all. 

i )  Short-period waves 
From the assumption N ~ . f ;  it can be 

proved, by the same method used in preceding 
sections, that the wave equation reduces to 

-($-s;)--(z I + s ; ) - a ] i ~ p = o  
N 2 -  N i  2z 

(11.1) 

On the other hand, the expressions (10.1) 
for the vibration components may be replaced 
with 

D'z = N 2 -  I N 2  (2 + d) 2fp (11.2) 
0 22 

We can see that now neither the vector W nor 
its ascendant fi ure in the formulae, so that 

from the beginning that w = 0. 
we can obtain t E e same formulae by assuming 

i i)  Middle-period waves 
If N =e No, we can simplify the wave 

equation (9.6) or (9.7) by omitting N 2  beside 
N i ,  but a more interesting result concerns the 
vibration components. 

The relation (9.8) gives 

whence we conclude, by (IO.I), that 

D'z 4 D'x or D'y 

In other words, the vertical component of 
the motion is negligible compared to its 
horizontal components. Ths is in agreement 
with the observed fact that if the scale of an 
atmospheric motion is such that its vertical 
acceleration is negligible (an assumption 
which corresponds to the condition N 4 No) 
this motion is always mainly horizontal. 

Let us observe here that, in low and middle 
latitudes, some of the middle-period waves 
satisfy both of the conditions N=e No and 



48 P. Q U E N E Y  

N + J so that the special properties of the 
short-period waves also belong to these waves. 

iii) Lotiy-period waves 
For these waves, we have of course the 

same fuiidaincntal property as for the middle- 
period ones, namely the predominance of the 
horizontal components of the motion, but 
further simplifications result from the condi- 
tion N 4 f: 

In first place the expressions for G and B 
reduce to 

and secondly the horizontal components of 
the vibration may be computed by the ap- 
proximate forinulac 

r2. Wave equation with constant 

-1) Let us first considcr the case of a short- 
coefficients 

period wave, with 

(1) =- const, whcncc N const 
No == const; 3/Oyy I O - ~ ;  O / O z ~  I O - ~ )  ' (12.1)  

We tlius liavc 5,' -;c O/Oy; sZ' 4 d/Oz 
so  that the wave equation (11.1) rcduccs to 

(12.2) 

and all its coefficients may be considered 
as constants, as well as r and R, since 
their scale of space-distribution is, according 
to (12.1) ,  large compared to that of the 
perturbation. We may therefore take, as 

particular solutions, the pseudo-plane waves 
defined by 

where x = r L ;  y = Rp; z is the altitude, 
and J ' p l ,  k', k'' are three constants. 

From (12.2) it follows that k ,  k', k" and 
N must be connected together by the 
relation 

(k2  T k'2)/N2 + k'"/(N'- N 2  ") - a = o 
or 

o N 4 - ( K 2 + a N i )  N 2 + N i  K2sin2y,-o 

wlicrc K = \ik2 + k'2 + krr2  is the geo- 
metrical wave-number, and y is the slope 
angle of the wave surface (tan y = k / K ) .  

a.1) If k' and k" are real (internal waves 
with uniform amplitude), it results from 
(12.1) that K y  I O - ~ ,  whence a Nt c K2 

and \';No sin y K, so that the abovc 
relation may be writtcn as well 

( a  N 2 -  K2)  ( N 2 -  N i  sin2 y )  = o 

Wc thus get two types of waves: 
i) If aN2 - K 2  = 0, the orbital phase- 
velocity U ~ I N,'kI has the uniform value 
U = I/\ (I, the sound velocity, and since 
N No thc relations (11.2) give us 

E x  - - -- DY ~ Dz 
k k' k" 

a proportion which means that the vibra- 
tion is longitudinal. The corresponding 
waves arc obviously nothing but the clas- 
sical clastic waves. 

ii) If N2-  N;" sin2 y = 0, whence I NI = 

= No sin y ,  we get from (11.2) 

~ D x  + k'Dy + ~ " D z  = o 

in other words the vibration is transversal. 
We have proposed the name internal gra- 
vity-rvavcs for the corresponding waves. 

a.2) If k" is a pure imaginary number, 
k' being real, the waves are no longer 
internal waves with uniform amplitude, 
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they are surface waves with an amplitude 
which decreases exponentially upwards or 
downwards. For instance if we assume 
N 5 No, and aN2 4 I O - ~ O ,  we get 
k,'z = - ( k 2  + k ' z ) ,  and the corresponding 
waves are of the type of the classical 
gravitational waves observed near the sur- 
face of deep water for instance. 

b) Let us then consider the case of a long- 
period wave, with 

w = const, whence again N = const 
No= const; k 10-8; - I O - ~  

Since w = const aiid sz # const, we have 

(12.4) 

G = F 2 ;  B #= F y  #fy 
aiid the wavc equation (9.6) reduces to 

If the study of the motion is restricted 
to a narrow middlc-latitude zone of say 
20' or 30' in width, all the coefficients of 
this equation may be taken as constants, 
as well as r and R .  We may therefore 
again consider particular solutions of the 
form ( I Z . ~ ) ,  with now k' = 0, and 

k 2  + (F2/N;)  k"z - (k /V .h  = 0 

If we consider the orbital phase-velocity 
U, = - (N/k)  in the x-direction, we get 
from this relation 

[ J x  = - . f , / [ k 2  + (F2/N;)  k"2]  (12.4) 

and if, as a result of proper boundary 
conditions, the term in k" is small com- 
pared to the term in k ,  this dispersion 
equation reduces to ROSSBY'S formula for 
long atmospheric waves. 

c) If in (b) we replace the condition w = const 
with the two following ones, which are 
practically compatible : 
absolutevertical vorticity = F - 14, = const; 

we have F - tiy = const, whence B = 0, 
and the wave equation becomes 

E l z  = 0 

If the study of the motion is again restricted 
to a narrow zone, the coefficients of this 
equation may be taken as constants, and 
we may again consider solutions of the 
form (12.3), with k' = o and 

13. Considerations about some incorrect 

a) Some authors have considered that, since the 
large-scale motions are always mainly hori- 
zontal, it is permissible, in the case of 
long-period waves, to disregard the ver- 
tical motion in the perturbation equations, 
a procedure which obviously facilitates the 
derivation of the wave equation. It may 
be useful to show how far the wave equa- 
tion obtained in this fashon is incorrect. 

If we neglect the vertical motion, we are 
led to replace the perturbation equations 
(6.4) with the following approximate 

results recently published 

ones, referred to x ,  y ,  z-axes: 
0 2  D a 

~ D'x - F - Dry + - alp = 0, 
Dtz Dt JX 

Dt 

+ (g + -4) afp = 0, 

a 
ax 
- D'x + (& - s f y )  D'Y + aa? = 0. 

whence, by eliminating D x  and D'y, we 
easily get the wave equation 

with 
Go = G -I- fk, 

B o = F  

FY (2 F # F -- - - + ~ U - S ,  

4-906620 



P. Q U SO 

Let us now consider the special case where 

wy = 0, whence Ny = 0, and 

N 2  e F z ;  k 5 IO-~; ,212~ - I O - ~  
With these assumptions, (I 3. I) reduces to 
the following dispersion equation: 

E N E Y  

with now 

B O # h  +f (+- s J  

This is a second-degree equation in N, the 
roots of which arc imaginary if 

B2 
j i s Y  < o and k z  > -?-- 

4 If& I 
so that the above derivation leads to un- 
stable waves in a westerly current if the 
potential temperature decreases towards the 
pole. It is clear that this result, which has 
been given as an explanation for the origin 
of some of the extra-tropical atmospheric 
waves, is due to the presence, in wave 
equation (13.1), of the term in kZ(N2,  
which has not been cancelled out in the 
derivation of this equation, precisely be- 
cause the vertical component of thc mo- 
tion has been neglected. Since such a term 
does not exist in the correct wave cquation, 
as already emphasized, we must conclude 
that the cxistencc of unstable waves in 
the westerlies cannot be justified in this 
simple fashion. 

By this example, we also understand to 
what kind of errors may lead the applica- 
tion of the method under discussion. 

b) Another simplification which is frequently 
made is that, according to what is assumed 
in the so-called parcel method in the 
theory of hydrostatic stability, thc local 
change of pressure J p  is negligible, so that 
one may put J p  = o (or J’p = 0) in the 
wave equations. 

If we do that in equations (6.4), and if we 
only retain the first three of these equations, 
we get, by eliminating the unknowns 
D’x, D’Y, D’Z, the following condition 
in the case of a wave: 

G # F ( F - r w y ) - N 2  = o  (13.2) 

which deterinincs the value of N at any 
point. 

The corresponding waves, in the assump- 
tion that they can exist, are nothing but 
the so-called isobaric waves, so often consi- 
dered in theoretical meteorology, and the 
condition (13.2) shows that these waves 
would be stable or unstable, according as 
rwy is smaller or larger than F. If for in- 
stance u) = const, we get N = * F, and 
if (u = coo the orbital frequency must be 
equal to the Coriolis parameter f: 

But it is easy to see that such waves cannot 
exist except for particular undisturbed 
motions. For N is already connected to (u 

by the relation N = rm - n‘, which is 
compatible with (13.2) only for a special 
space-distribution of o. Furthermore, what- 
ever may be this special distribution, the 
isobaric waves are necessarily stable, for 
t l ~  -- 11’ can be a pure imaginary everywhere 
only if w is a constant, and we have already 
seen that in this case N is real. 

Wc can therefore conclude that the con- 
sideration of isobaric waves is only of poor 
interest in the case of a distorted current and 
cannot explain the apparition of unstable 
waves. 

14. Conclusion 

This paper was written with the intent, not to 
give the solution of a particular perturbation- 
problem related to a zonal air-current, but 
only to secure the first step in the way to such 
a solution, namely the derivation of the wave 
equation. The perturbation problem is thus 
reduced to a purely mathematical one: the 
resolution of the wave equation under proper 
boundary conditions. 

This rcsolution is certainly not an easy task 
for most of practical problems, but it is clear 
that it will be always possible to manage it, 
by using modem conlputers if necessary, and 
we have proved in the preceding section that, 
in fact, most of the disagreements between the 
results obtained by various authors are to be 
imputed to incorrect derivations of the wave 
equation. 

W e  think it therefore not superfluous, in 
view of generalizations to non-zonal or non- 
adiabatic motions for instance, to emphasize 
here that, when deriving a differential equa- 
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tion, the simpZ$cutions resulting j o m  the ordcr vorticity theorem or conservation of vertical 
of magnitude of the parameters must be made only vorticity, etc.), though very useful to give the 
at the very end of the derivation, and not in the distributions of some of the hydrodynamical 
course qf the computations. According to this quantities when some others are known, 
principle, the ap roximate meteorological must never be used as starting relations in a 

(vanishing of vertical acceleration or velocity, 
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laws generally app f led to large-scale motions sequence of computations where differentia- 
tions are involved. 
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