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ABSTRACT

If the balance equation is solved for the stream function by conventional methods, the mass field
has to satisfy a condition of ellipticity. In this paper we present a method to find a stream
function when this condition is not satisfied. The method is an iterative method presented by
Fjertoft (1962). It is shown that if this method converges, it gives a solution where the residual of
the balance equation is a minimum.

The method is tried on a height analysis of 300 mb which contains rather large hyperbolic
areas. The convergence of the method is very slow, and a solution using a conventional method
is used as a first guess. From the solution found we find a height field in balance with this stream
function by solving the balance equation for the height field. It is shown that this field is a better
approximation to the original height field than an elliptic field found after correction by a
standard method. The new height field does not satisfy the condition of ellipticity with respect to

the balance equation.

1. Introduction

For successful short-range forecasting with
primitive equation models it is necessary to adjust
the initial data so that the mass field is in balance
with the wind field. Such an adjustment is called
initialization and many different schemes of
initialization are in use today.

Some schemes use the primitive equations with a
heavy damping of the gravity waves to obtain the
balanced data for the model integrations. These
schemes are often referred to as dynamic balancing
or initialization schemes. Several examples of such
approaches are found in the Proceedings of the
JOC study group conference on four-dimensional
data assimilation, Paris (1975). In other
initialization schemes the required balance between
wind and mass fields is obtained from diagnostic
expressions derived from approximations of the
vorticity equation and the divergence equation.
Such initialization is called static balancing. An
account of how to obtain initial data from such
diagnostic models is given by Phillips (1960). A

variational procedure where the diagnostic models
are imposed as a constraint has recently been tried
by Haltiner et al. (1975).

An approach which may be placed in between
the two categories mentioned above is the higher
order balanced systems as solved by Pedersen &
Grenskei (1969) and by Lystad (1976). These
authors find a balance between all the dependent
variables including the time derivatives of the
stream function and the thickness, using iterative
methods. Their methods have not yet been tried in
connection with initialization of primitive equation
models.

Static schemes usually applied solve the balance
equation to find a stream function which is in
balance with the geopotential field. This equation
consists of the dominant terms of the divergence
equation. It is useful not only for initialization of
numerical models, but also to estimate the non-
divergent wind when only the height field is known.
The balance equation, which is of the Monge
Ampére type (see e.g. Courant Hilbert, 1962), is
nonlinear in the stream function and is usually
solved as an elliptic boundary value problem. The
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ellipticity condition, discussed, e.g. by Charney
(1955) and Bolin (1955), does not allow larger anti-
cyclonic geostrophic vorticity than half the value of
the Coriolis parameter. The condition for dynamic
stability in the atmosphere, which prescribes the
absolute vorticity to be positive, is less restrictive.
The balance equation is linear in the height field
and no similar condition need be satisfied to find a
solution for this field when the stream function is
known.

When the balance equation is solved for the
stream function, the height field is adjusted so that
the condition of ellipticity is satisfied. Almost every
hemispheric map of the height at 2—300 mb shows
areas which are non-elliptic, Paegle & Paegle
(1975). Although many of these hyperbolic areas
are a result of inadequate data coverage and
analysis techniques, there is a significant percen-
tage of hyperbolic data in the atmosphere. These
areas are most often found in subtropical high
pressure regions and south of the tropospheric jet

stream. In connection with jets, lateral geostrophic.

shear with values up to the Coriolis parameter on
the anticyclonic flank was first demonstrated by
Palmen (1948) and Palmen & Nagler (1948). If the
current is straight in the whole integration domain,
the nonlinear terms disappear from the balance
equation and there is no need for correcting the
height field. In a more general case, when the
vorticity in some areas is mostly due to horizontal
shear, correction of the height is undesired
although the balance equation is hyperbolic. Also,
in other areas where the analysis is well defined
from the data, it is undesirable to change the height
just because of a mathematical constraint.

In this paper we present a method to find the
stream function which is in minimum unbalance
with the height field, using ideas originating from
Fjortoft. The height field is not corrected in
advance. Once the optimal stream function has
been found, a height field in full balance with this
field is found from the reversal of the balance
equation. We first use an iterative method to find
an optimal stream function and then, by reversing
the balance equation, find a new height field which
is in full balance with the stream function. This new
height field differs from the original only in the
hyperbolic areas and the ellipticity condition is not
satisfied. The method is applied to a geopotential
field of 300 mb and the result is compared with a
solution coming from a traditional method where
the height field is corrected in advance.
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2. An optimal solution without correcting
the geopotential

2.1. Minimizing the residual

The balance equation which we are trying to
solve may be written

L) =V-fVy + 2y, v,) — Vo @.n
v is given on the boundary. The ellipticity

condition is:

lvz>—f+£VfV
AR A

The variables are:

2.2)

v, stream function;
0, geopotential;
[, Coriolis parameter.

The indexes x, y mean partial derivatives with
respect to the free variables x and y.

The condition is sufficient and necessary in order
to solve the balance equation with respect to y as
an elliptic boundary value problem. Solutions also
exist, however, when the ellipticity condition is not
satisfied. The case of a linear stream with a great
horizontal shear is an example of a solution of (2.1)
which does not satisfy the condition (2.2). This
example is, however, very special. In a more
general situation there exist smaller hyperbolic
areas within greater elliptic areas. Although we
should expect that the problem has a solution in
most cases, we do not know if it is unique and if it
can be found by standard methods.

Nevertheless, we will try to find a value of y
which makes the mean absolute residual as small as
possible in the hyperbolic areas and which satisfies
the equation in the rest of the integration domain.
This solution of y we will define as the optimal
solution. It is not necessarily in exact balance with
the geopotential field, and so the balance equation
has to be reversed to find the relevant .

According to Fjertoft (personal communi-
cation) the problem can be stated in this way:

Given Vg everywhere in the interior of the area.
Find w(x, ) so that

{fL? (w)dx dy = Minimum
 given on the boundary.

L(w) is the residual of the balance equation. To
find the minimum of the integral we use the method
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of variation of parameters (see Appendix 1). As a
result of the calculations we get that the integral is

a minimum if  satisfies the condition:
V- (#(p)-VL(y)=0 (2.3)

.#* is a symmetric tensor:

2 &
e Y
oy’ ox oy
S =
5 iy Py
ox oy’ ox?

If the balance equation is elliptic, the solution to
this minimization problem should satisfy the
balance equation L(y) = 0. The condition (2.3)
may also be satisfied if L(y) # 0. The problem is
how to find y in that case.

2.2. An iterative procedure

In the case of solving an elliptic equation it is
possible to find a relaxation coefficient x which
makes the iterative scheme

vitl=y"+ kL(y™ n=0,1,... 2.4

converge.
Fjortoft (1962) has suggested that a modified
iterative method could be used to solve equations
which are hyperbolic in some areas. The method is
simply to change the sign of k for each iteration.
We will try this method also in connection with this
non-linear equation, and see if it converges towards
a solution of the minimum condition (2.3).
Changing the sign of k gives for iteration n + 2:

Wn+2 — W"+l —_ K-L(WIH-I)

Addition of the two iteration egs. (2.4) and (2.5)
gives:

Y=yt = — k(L(y"") — L(y")

If this scheme converges, ie. y"*? — " - 0 as
n — oo, the change in the residual from one iteration
to the next will become arbitrarily small, i.e.
L{y"*Y) — L(y™ » 0 as n-co. This does not
imply L(y") - 0, but if the difference y"*! — y" is
small, we may linearize and obtain:

Ly™") ~ Ly = d,L(y") 2.7

where §,L is the variation of L due to a small
change of w at iteration number n. Using the

(2.5)

(2.6)

SIGBJBRN GRGNAS AND MAGNE LYSTAD

definition of L, this variation can be written (see
Appendix, eq. (A7)):

741 7
5L =V (.%(——W 2+ d ) -vanw)

o (A5) )

The last expression is due to eq. (2.4). When this is
placed back in eq. (2.6) for the difference of the

residuals, we get:
+1 4
Yyt =— k. (9‘( vy 5 wﬂ) : VL(W"))
2.9

This shows that if the iteration procedure con-
verges in the sense that

2.8)

ly"2 - y" -0 as n-ow

it follows that the limit value (y"*!' + y")/2 also
satisfies the condition for minimum absolute
residual in the balance equation.

2.3. Anexample

The gradient wind equation is a special case of
the balance equation. It is valid only when the
accelerations are centripetal, i.e. when the height
contours are circular. Also this simple equation has
not a real solution in all cases. We present this
example because of the analogy of the mathe-
matical methods.

The gradient wind equation may be written using
the dimensionless rotation angle w:

(2.10)

Lw=w"+w—-w,=0

where w, is the geostrophic value. This equation
has two solutions

w =4+ H/1+ 4w,
if the pressure gradient is such that

2.11)

We will now try to find w which makes the integral
I1={{L¥w)dxdy

a minimum when the condition (2.11) is not
satisfied and therefore L(w) # 0. The variational
method gives that the condition for minimum

absolute residual is:
Lw)-(1+2w)=0 (2.12)
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and since L(w) # O this condition is satisfied only
by
w=—1 (2.13)

If we use the same iterative method as mentioned
before to solve eq. (2.10), we will show that the
result satisfies condition (2.13):

wn+2 — = — K[L(a)'”l) —L(w")]
= — k(™) — (") + 0"t — iy
= — kl(w"! — W)™ + " + 1)]

wn+1 + "
=—kL(@)|1+2 ———

If this scheme converges, we see that in the limit

- wn+l+wn 1
W=— = _

2 2
which satisfies the condition (2.13).

2.4. The iterative method in practice

The iterative method which is described in
Section 2.2, converges slowly also in the elliptic
areas. To get an idea about the rate of convergence
we inspect the quasi-geostrophic balance equation

SoViu—Vip=0

From eq. {2.4) we get the following relation for the
error in the stream function after n iterations,
"=y —y)

m2
n+l _ on _ 2.0
et =¢" + Kf, T Vig

where m is the map scale factor, d is the grid length
and V?is the five points difference equivalent to the
Laplacian operator. As this is a linear equation, we
may consider the convergence of each Fourier
component of the error separately.

We then get:

et =ep,(1— Kb, )

where

m2
bk_,=2jj,i (2 — cos kd — cos Id) (2.14)
and k and [ are the wave numbers in x and y
direction respectively.
After n iterations the relative error on a given
wave component is
1

0
2]

= (1 —«xb, )" Method 1 (2.15)
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If we instead use the method of changing the sign
of k, the relative error will be

X' = (1 — (kb ))™* Method 2

U
h

&,
(2.16)
k.
The conditions for convergence are, from the above
expressions:

0< x<2/b,, Method]l
Il < \/2/b,,, Method?2

It is the shortest wave components which determine
the choice of k. The wave length 24 makes in this
simplified case b,,,, = 8f,(m?/d?, and if we choose
x = L4/b .., both methods will converge. The
following table illustrates the rate of convergence of
two different waves and the difference between the
two methods.

The main thing is that the long waves converge
slowly and that method 2 is unusable for these
waves. For the shorter waves both methods
converge faster and method 2 should give a
reasonable accuracy after about 100 iterations.

To be more sure about the convergence of
method 2 used in the non-linear balance equation,
we have solved an elliptic case using the two
methods. As an initial guess the solution, y,, of the
linear balance equation is used. Fig. 1 shows the
residual at a point as a function of the number of
iterations. It is well demonstrated that about 200
iterations are necessary with method 2 to reduce
the residual to 3% of its initial value while method 1
gives the same accuracy after about 20 iterations.
Fig. 2 shows a cross section of y, along the x-axis
and the difference from this guess field which is
achieved after 400 iterations using the two
methods. If we assume the result of method 1 to be
the correct solution, we see that the error of method
2 has a large scale since the difference between the
results has the same sign in the whole cross section.
We also see that the convergence is slower in the
high pressure area than in the low pressure area.

Table 1

Number of Long wave Short wave
iterations (20d) (6d)
necessary 10% error 1% error
Method 1 n==65 n=11
Method 2 n=3757 n=10
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Fig. 1. The residual of the balance equation (corrected
height field) at a point as a function of the number of
iterations (n), using two methods: ———— method 1
(same sign of x), method 2 (changing sign of k).
The limits of the residual are drawn to the right in the
figure.
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Fig. 2. Upper part. A cross section of the solution of the
linear balance equation y,. Lower part. y, and y, are the
solutions of the balance equation using method 1 and
method 2 respectively after 400 iterations. The dif-
ferences from the guess value are plotted. The height
analysis as in Fig. 1.

The error is reduced by about 50% on a cyclone
scale, and so the error is much less on a scale 4-84
which is the scale of the hyperbolic areas and also
the scale of the difference between the standard
solution of the balance equation and the new
solution (see Fig. 6). We conclude therefore that
although the iterative method is slow, it is sufficient
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for the purpose of our experiment, provided that
the initial guess is almost correct on scales greater
than 10d.

With the above results in mind we therefore
solve the elliptic balance equation using a standard
method (Miyakoda, 1960) and find the stream
function y, which is in balance with the corrected
height z,. This stream function is the best possible
guess, and it is used in the iteration eq. (2.4). We
use a relaxation coefficient ¥ = 10'* m? s and stop
after 400 iterations. The resulting stream function
w,, should then be accurate enough on the scales in
interest. The corresponding height z,, which also
differs from the analysis, is found by reversing the
balance equation.

3. Results

We tried the method on our routine analysis of
the height in 300 mb, 19 November 1973, 00z. The
method of analysis is an iterative method described
by Haug (1959) and modified by Bjgrheim (unpub-
lished). Background fields are 12-h prognoses with
a four-level balanced model (Grgnas & Lystad,
1975). The area of operation is shown in Fig. 3. We
focus our interest on the limited Atlantic area
shown in the figure.

The analysis in this area is shown in Fig. 4. The
quality is probably poor since there are very few
observations. The geostrophic vorticity is com-
puted and mapped in relation to the Coriolis

Jay
3

15

35 ax

Fig. 3. The area of integration. The geographical area of
Figs. 4 to 7 and Fig. 9 is the inner rectangle and the cross
section used in Fig. 8 is indicated.

Teltus 29 (1977). 6



SOLUTIONS OF THE BALANCE EQUATION

94400

93¢
/ j 9300

e,

s
KL,

e
34

?
P
Vo,
ol
5
ik

,
Y
a

2

SRR
S\

\Q \\o’ Y
NS
)\

Fig. 4. The height analysis z of 300 mb, 19 November
1973, 00 GMT. Equidistance 100 m. In the dashed areas
the geostrophic vorticity is less than —4f. The isolines
inside these areas show the geostrophic vorticity divided
by f.

parameter. We find the hyperbolic areas where this
quotient is less than minus one-half. We notice two
main regions. One is in connection with the large
anticyclonic shear on the southern flank of the jet.
The other is in connection with the main high
pressure area where the anticyclonic curvature is
large. We see that in both areas the anticyclonic
geostrophic vorticity is also much larger than the
Coriolis parameter, which indicates dynamical
instability or an analysis error.

Fig. 5 shows the analysis after it has been
corrected so that the elliptic condition is satisfied,
z,. Maximum corrections are found in the regions
mentioned above, but the.affected areas are much
wider. The method of correction used is a sim-
plification of the method given by Shuman (1957).
This is an iterative method where the height in a
hyperbolic point is lowered so that the condition is
satisfied. There is no compensation for this correc-
tion to the adjacent points. We have also tried
another correction method where the geostrophic
vorticity is increased in the hyperbolic points and
decreased by the same amount in the neighbour
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Fig. 5. The corrected height analysis z, and the
corrections z, — z.

Fig. 6. The stream function y, found by the presented
method (equidistance 100- 10° m? s~') and the difference
from the stream function found by the conventional
method, v, — v,.
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points with highest cyclonic vorticity. This method
conserves the mean height of the field, but the
amplitude of the corrections are of the same
magnitude as in the simplified method.

The stream function, ¥, found by our iterative
method, and which gives the minimum unbalance
to the original height field, is shown in Fig. 6. The
difference between this field and the solution , of
the elliptic balance equation is also mapped on the
figure (y, — v,).

The height field z,, in balance with v, is shown in
Fig. 7 together with the quotient between the
geostrophic vorticity and the Coriolis parameter as
in Fig. 5. As we see, the new height field has hyper-
bolic areas corresponding to those on the original
height field. The amplitude of the computed
geostrophic vorticity is smaller, but even on this
field we find a small area in the jet where the
absolute vorticity is negative. From this we draw a
main conclusion that the presented method gives
balanced fields with less constraints on the height
field.

By comparing the three height fields z, z, and z,
we also clearly see that the new field z, is a better

Fig. 7. The height z, in balance with the stream function
w, on Fig. 6. In the dashed areas the geostrophic
vorticity is less than —} /. Isolines inside these areas show
geostrophic vorticity.
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Fig. 8. Upper part: Wind profiles through the jet, U,
computed from three different stream functions: y,, v,
and y,. Lower part: The expression g/fV’z + f/2. The
cross section used is shown in Fig. 3.

approximation than z, to the original field z around
the hyperbolic areas. The new field contains more
small-scale structures that correspond to the
original analysis. Perhaps this is most clearly seen
in connection with the jet area where the anti-
cyclonic shear is increased considerably. This is
demonstrated in Fig. 8, which shows a cross
section of the wind through the jet computed using
central differences of the stream function ¥, V¥,
and the linear solution y,. We see that the wind
profile from y, tends to follow the linear solution.
It is possible that our system has not converged
enough, and that the maximum speed in the jet
should be even closer to the linear solution. On the
other hand the jet stream is curved cyclonically and
the wind speed should be below the wind speed
from w,.

The difference z, — z is mapped on Fig. 9. In the
jet area there is a correction of 40 m which is
approximately 40% of the correction made to find
z,, Fig. 5. There are, however, also corrections on
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Fig. 9. The height z, and the difference from the
analysis, z, — z. Compare with Fig. 5.

the cyclonic flank of the jet which are not present in
Fig. 5, but they contribute to maintain higher shear.
In the ridge area, the maximum corrections which
result from our method are only slightly less than
those resulting from the standard method, but the
shape of the corrections differ a little from those
mapped in Fig. 5, and is such that the anticyclonic
vorticity 1s higher. This change seems to be present
both in the curvature of the ridge and in the
anticyclonic shear.
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4. Concluding remarks

A method is given to find a stream function
which is in minimum unbalance with the height
field. From this stream function a corrected height
field in full balance is found by solving the balance
equation for the height field.

We have shown that the field found in this way is
a better approximation to the original height field
than an elliptic height field found after corrections
by standard methods. The height field found using
the method described indeed does not satisfy the
condition of ellipticity with respect to the balance
equation.

We tried our method on an analysis where the
hyperbolic areas were primarily a result of inade-
quate data coverage and analysis techniques. It is
an open question how often such areas occur in the
atmosphere on the synoptic scales. In regions where
little data is available, it is probably wise to perform
height analysis with the elliptic criterion as a
constraint. The criterion should, however, probably
be avoided in connection with tropospheric jets
where large anticyclonic shear seems to be com-
mon. In the same way corrections in the jet areas
should be avoided when standard methods are
applied on analyses. If hyperbolic areas are
allowed, our method could be applied. The method,
however, converges slowly and work should be
done to speed up the rate of convergence, for
instance by applying block relaxation.
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6. Appendix

The method of variation of parameters

The problem of minimizing the residual of eq.
(2.1) can be stated in this way:

(1) L(y) is defined in the interior of the area by:

Ly)=V.fVy+ 2y, v))— Vi (A1)

L(y)=0 onthe boundary.
The indexes x, y mean partial derivatives.

(2) V2¢ given in the interior of the area.

(3) w given on the boundary.

@) I(y) = [ | L¥(y) dx dy.

Find a stream function y which gives a minimum
1.

To solve this problem we introduce a variational
parameter ¢ and a function u(x, y, €) defined by:

wx,y, £=0)=y(x,y) (A2)

u(x,y, €) — w(x,y) =0 on the boundary
Here w(x, y) is assumed to be a solution to the
problem above.

A Taylor expansion of ¢ around ¢ = 0 gives:

<€+
£=0

ou
ulx, y, €) = wix, y) + ( — )
o€

1(82;4)
_{ — gl .
2\ et i,

We see that the boundary condition for 4 implies

that
9 &

(_") :(_") -0 (A3)
de =0 oe? €=0

on the boundary
We now define the variational integral

Ke)=[ | L) dxdy (A4)
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and since 1(0) is assumed to be a minimum value of
the integral, the first derivative has to be zero:

(5)
~ -0
del

This derivative has to be calculated utilizing the
definition (A1) of L(u):

(A5)

dl . dL

—=2[[L—dxdy (A6)
de¢ e

dL au 14

,_:V'fv,_ +2 _J(-ux’:uv)

de ot de )

u [ (r'ﬂtx )
=V-fV—+21|J sMy ) +
4 oe o€ #

au, )]
J —
(#X ae

17 17 g
:V-fV—ﬂ+2[vX %oy, ,ux]
de o€ 7

, au 6#]
Vv Z v | (cwi+ vV
/ e [( it v ae

=V. [ S+ 2:“_vy) i — 2:ux.v iﬁ - 2/1“ ﬁi +

‘s ou
S+ 200DV —]
Je
=V- [Af-vﬁ]
oe

(A7)
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The velocity v is deduced from the stream function
u

v =k x Vu

and .7 is the symmetric tensor

~2u,, )
S+ 2,
Expression (A7) is used in the calculations of

Section 2.2 (eq. 2.8). We now return to the
expression (A6) and insert for OL/de¢:

9= (f * 2y
_2!1”)’

dl ou
- =2 LV-(.%-V——) dx d
de II oe Y
17/
=2[A(~(V‘<L,V/-V—'u) dx dy —
e

17
I'I'VL-,%-V—#dxdy]
o oe

- d
2| L (.%vﬁ) di -
s cel,
4
Hvl—# < P.VL dxdy]
e

:2[— ff V-(a—u?VL) dxdy +

¢
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ffgsv (#-VL)dx dy]

=2 —§——((9'-VL)Rd1+
R

1773

ff—?éV-(.?NL)dxdy]

ou
=2ffa V(- VL)dx dy (A8)

The transformations of an area integral to a
boundary integral are done using the Gauss
theorem, and the boundary integral vanishes
because of the boundary conditions: L = 0 and
du/0e = 0. The index n means the component of
the vector normal to the boundary and [ is a line
element along the boundary.

The condition for the integral I(0) to be a
minimum is then:

o
H(;}.’Ef) V- (70 VL) dx dy=0

for all values of (du/d¢), _,.
This is only possible when w(x,y) satisfies the
condition:

VA(F(y)-VL(y)) =0

This is a fourth-order partial differential equation
in y.

(A9)

PERIEHUE YPABHEHWSI BAJIAHCA C MUHUMYMOM KOPPEKILIUH T10J151 MACCbI

Ecnu ypaBHeHHe Oananca pellaeTcs OTHOCHTENbHO
dyuxuMu TOKa 06BIYHBIMH METONAMH, TO NOJIE MACChi
AOJIKHO YAOBNETBOPATH YCJIOBUAM 3JUIMITHYHOCTH.
B 3TO# CTaThe MBI ONMCHIBAEM METOA HAXOXACHUS
GyHKIMH TOKAa, KOTAAa IJTO YC/IOBME HE YNOBNET-
popsieTcs. MeToA aBAsieTCS HMTepalMOHHBIM METO-
oM, pa3BuThiM DvoprodTom (1962). INokazano, yto
eci¥M METOI CXOAMTCA, TO OH HAeT pellcHue, B
KOTOPOM OCTATOK ypaBHeHHs 0asiaHca MHHHMAJIEH.

MeToA MCMBITHIBAJICA HA AHAJIM3E BLICOT NOBEPX-
Hocth 300 MO, xoTopas cCoOOepXHT JOBOJILHO
6onbinne ob6nactu runepOonmunocTH. CXOAWMOCTH
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METOAda O4eHb Me/JIEHHAan, NOITOMY B KavyecTBe
nepBoro NpuOIMXKEHHUA HCNONb30BANOCH peElIeHHE,
MOJlydeHHOe OOBIYHBIM MeToAOM. W3 pelueHus Mbl
HAXOAMM TIOJIE BBLICOT, Haxoasiueeca B Oanance ¢
dhyHKLHeH TOKa, MYyTEM pELICHHA ypaBHeHusa OanaHca
ans nohs BeIcOT. IlokasmiBaercs, 4TO 3TO Tmone
SABNSETCA JIydillell annpokcHMauuell mepBOHAYa-
JABHOTO MOJI BLICOT, Y€M DIUIANITHYECKOE TNONE,
HaWIEHHOE MOCJie KOPPEKUWH CTaHOAPTHBIM METO-
aoM. HoBoe nosie BLICOT He YAOBAETBOPSAET YC/IOBHIO
AIANTHYHOCTH NO OTHOIUEHHIO K YPABHEHHIO
Gananca.



